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1 Abstract: Any quantization maps linearly functions on a phase space to symmetric operators in a
= Hilbert space. Covariant integral quantization combines operator-valued measure with symmetry
s group of the phase space. Covariant means that the quantization map intertwines classical (geometric
s operation) and quantum (unitary transformations) symmetries. Integral means that we use all
s ressources of integral calculus, in order to implement the method when we apply it to singular
s  functions, or distributions, for which the integral calculus is an essential ingredient. In this paper
»  we emphasize the deep connection between Fourier transform and covariant integral quantization
¢  when the Weyl-Heisenberg and affine groups are involved. We show with our generalisations of the
s Wigner-Weyl transform that many properties of the Weyl integral quantization, commonly viewed as
10 optimal, are actually shared by a large family of integral quantizations.

1 Keywords: Weyl-Heisenberg group; Affine group; Weyl quantization; Wigner function; Covariant
1z integral quantization

s Contents

=

1« 1 Introduction: a historical overview 2
15 References 3
16 2 Covariant Integral quantization: a summary 3
17 21 Generalsettings . . . . . . ... 4
18 2.2 Semi-classical framework with probabilistic interpretation . . . ... ... ... ... .. 5
10 2.3 Semi-classical picture without probabilistic interpretation . . . . . . ... ... ... ... 5
20 3 Quantization of the plane: generalizations of the Wigner-Weyl transform 5
2 3.1 Thegroupbackground . . . ... .. ... .. .. ... 5
22 3.2 Hyperbolic W-H covariant integral quantization . . . ... ... ... .. ... ...... 6
23 321 Generalsettings . . . .. ... ... 6
24 3.22 Resolutionof theidentity . ... ... ... ... .. .. ... .. .. .. .. .. .. 7
25 3.2.3 Covariant quantization and properties. . . . . . ... ... .. o oL 8
26 324 Traceformula . .. ... ... ... ... e 8
27 3.3 Invertible W-H covariant integral quantization: generalization of the Wigner-Weyl

28 transform . . . . .. 9
29 331 Generalsettings . . . . . ... ... 9
30 3.3.2 Generalized Wigner functions . . . . . ... ... .. .. .. ..o L 9
a1 3.3.3 Some example of invertible mapping . . .. ... ... .. o oL oL 10

© 2018 by the author(s). Distributed under a Creative Commons CC BY license.


https://orcid.org/0000-0000-000-000X
http://dx.doi.org/10.20944/preprints201809.0012.v1
http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.3390/e20100787

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 September 2018 d0i:10.20944/preprints201809.0012.v1

20f 16
2 4 Quantization of the half-plane with the affine group: Wigner-Weyl-like scheme 10
33 41 Thegroupbackground . . ... .. ... .. ... L 10
34 4.2 Wigner-Weyl-like covariant affine quantization . . . . . ... ................ 11
35 421 Generalsettings . . . . ... .. .. 11
36 43 Resolutionof theidentity . .. .. ... ... ... .. .. .. . . o 11
37 4.4 Affine covariant quantization and properties . . . ... ... ... .. L L oL 12
38 441 Traceformula . . . ... ... . . 12
39 4.5 Invertible W-H-like affine covariant quantization . . . .. . ... ... ... ... ..... 13
40 4.6 Discussion . . . . ... . 13
2 5 Conclusion 14
22 A Quantization of the plane: boundedness of PSP) 14
s B Quantization of the half-plane: boundedness of 73055,) 14
s References 15

s 1. Introduction: a historical overview

More than one century after the publication by Fourier of his “Théorie analytique de la chaleur" [1],
the Fourier transform revealed its tremendous importance at the advent of quantum mechanics with
the setting of its specific formalism, specially with the seminal contributions of Weyl (1927) [2] about
phase space symmetry and Wigner (1932) [3] about phase space distribution. The phase space they
were concerned with is essentially the Euclidean plane R? = {(g,p), 9, p, € R}, g (mathematicians
prefer to use x) for position and p for momentum. It is the phase space for the motion on the line
and its most immediate symmetry is translational invariance: no point is privileged and so every
point can be chosen as the origin. Non-commutativity relation [Q, P] = iiIy; between the self-adjoint
quantum position Q and momentum P, the QM key stone, results from this symmetry through the
Weyl projective unitary irreducible representation U [4] of the abelian group R? in some separable
Hilbert space H,

R2 3 (q,p) — U(g,p) = en W29 U(q,p)U(q,p') = e W 0P U(g+ ¢, p+ ') (1.1)

or equivalently the true representation of the so-called Weyl-Heisenberg group, central extension of
the above one _
R x R? 3 (8,9,p) — Uwn(s,q,p) = e®U(q,p). (1.2)

Wigner introduced in 1932 his function (or quasidistribution) to study quantum corrections to classical
statistical mechanics, originally in view of associating the wavefunction ¢(x), i.e., the pure state
py = |¢) (1|, with a probability distribution in phase space. It is a Fourier transform, up to a constant
factor, for all spatial autocorrelation functions of ¢(x):

L — 2 +
Wey (4, p) = 2/_00 dx (g +x) 9(q—x) 7 = tr (U(q,p)2PU* (g, ppy ) - (1.3)

The alternative expression using in the above the parity operator (Py)(x) = ¢(—x) [5] allows us to
extend this transform to any density operator p, and in fact to any bounded operator A in H

A= Walqp) = tr (U(g,p)2PU* (g, p)4) . (1.4)
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One of the most attractive aspects of the above Wigner transform is that it is one-to-one. The inverse is
precisely the Weyl quantization, more precisely the integral Weyl-Wigner quantization, defined as the
map (with 1 =1)

flap = ar= [ UL fq.p)0gp2P0 G p) = [ BP0 TG 05)

Hence, Wa,(q, p) = f(q, p), with mild conditions on f. In the second expression of the Weyl-Wigner
quantization 1.5 is introduced the dual of the symplectic Fourier transform. The latter is defined as

dqdp s o,
&m(q,P)Z/RZ%eﬂ(qp —q P)f(q,p). (1.6)

s Itisinvolutive, §s [§s[f]] = f like its dual defined as §s[f](q, p) = Fs[f1(—q, —p)-

a7 Hence, we observe that the Fourier transform lies at the heart of the above interplay of Weyl
s and Wigner approaches. Note that both the maps (3.29) and (1.5) allow one to set up a quantum
e mechanics in phase space, as was developed at a larger extent in the 1940s by Groenewold [6] and
so Moyal [7]. This feature became so popular that it led some people to claim that if one seeks a single
51 consistent quantization procedure mapping functions on the classical phase space to operators, the
52 Weyl quantization is the “best” option. Actually, we will see below that this claimed preponderance
ss  should be somewhat attenuated, for various reasons.

54 The organisation of the paper is as follows. In Section 2 we give a general presentation of what we
ss  call covariant integral quantization associated with a Lie group, and its semi-classical side. In Section 3
s we revisit the Weyl-Heisenberg symmetry and the related Wigner-Weyl transform and Wigner function
sz by inserting in their integral definition a kernel which allows to preserve one of their fundamental
ss properties, the one-to-one character of the corresponding quantization. In Section 4 we devote a similar
so study to the case of the half-plane, for which the affine symmetry replaces the translational symmetry,
e and we compare our results with some previous works. We summarize the main points of the content
&1 in Section 5. Detailed proof of two of our results are given in Appendix A.

e Historical references

es 1.  Joseph Fourier, Théorie analytique de la chaleur, Paris: Firmin Didot Pére et Fils., Paris, 1822; The Analytical
64 Theory of Heat, Cambridge University Press, Cambridge UK, 1980.

es 2. H. Weyl, Quantenmechanik und Gruppentheorie, Zeitschrift fiir Physik. 46, 1-46 (1927).

E. Wigner, On the Quantum Correction For Thermodynamic Equilibrium, Phys. Rev. 40, 749 (1932)

ez 4. J. von Neumann, Die eindeutigkeit der Schroderschen Operatoren, Math. Ann., 104 570-578 (1931);
o8 Mathematical foundations of quantum mechanics (Princeton University Press, 1955).

eo 5.  A.Grossmann, Parity Operator and Quantization of J-Functions, Commun. math. Phys. 48, 191-194 (1976).
H. J. Groenewold, On the Principles of elementary quantum mechanics, Physica. 12 405-446. (1946).

66

I

S

70
7nn 7. ]J.E.Moyal and M. S. Bartlett, Quantum mechanics as a statistical theory, Mathematical Proceedings of the
72 Cambridge Philosophical Society 45, 99 (1949).

73 2. Covariant Integral quantization: a summary

74 Integral quantization [8-12] is a generic name for approaches to quantization based on
75 operator-valued measures. It includes the so-called Berezin-Klauder-Toeplitz quantization, and
76 more generally coherent state quantization [9,13]. The integral quantization framework includes
7z as well quantizations based on Lie groups. In the sequel we will refer to this case as covariant integral
7e  quantization. We mentioned in the introduction its most famous example, namely the covariant integral
7 quantization based on the Weyl-Heisenberg group (WH), like Weyl-Wigner [2,5,14-16] and (standard)
so coherent states quantizations [13]. It is well established that the WH group underlies the canonical
e commutation rule, a paradigm of quantum physics. However, one should be aware that there is
e2 a world of quantizations that follow this rule [8,12]. Another basic example of covariant integral
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quantization concerns the half-plane viewed as the phase space for the motion on the half-line. The
involved Lie group is the group of affine transformations x — (q,p) - x := x/q+p, g > 0, of the
real line[8,10]. The latter has been proven essential in a series of recent works devoted to quantum
cosmology [17-21]. !

2.1. General settings

Given a set X and a vector space C(X) of complex-valued functions f(x) on X, a quantization is a
linear map 9 : f € C(X) — Q(f) = Ay € A(H) from C(X) to a vector space .A(H) of linear operators
on some Hilbert space H. Furthermore this map must fulfill the following conditions:

(i) To f = 1 there corresponds Ay = I3;, where I3 is the identity in H,

(i) To a real function f € C(X) there corresponds a(n) (essentially) self-adjoint operator A FinH.
Physics puts into the game further requirements, depending on various mathematical structures
allocated to X and C(X), such as a measure, a topology, a manifold, a closure etc., together with an
interpretation in terms of measurements.

Let us assume in the sequel that X = G is a Lie group with left Haar measure dy(g), and let g — U, be
a unitary irreducible representation (UIR) of G in a Hilbert space H. Let M be a bounded self-adjoint
operator on ‘H and let us define g-translations of M as

M(g) = UgMUS . (2.1)

Using Schur’s Lemma, we prove [8] that there exists some real constant c); € R such that the following
resolution of the identity holds (in the weak sense of bilinear forms)

d

[ M)t @) _p,. 2.2)
JG CM

For instance, in the case of a square-integrable unitary irreducible representation U : g — Uy, let us

pick a unit vector i) for which cpy = [ dp(g)[(|Ug) > < o0, ie., [) is an admissible unit vector for

U. With M = |¢) (| the resolution of the identity (2.2) provided by the family of states |ipg) = Ug|¥)

reads

/. ) (e &) _ (23)

M

Vectors [1pg) are named (generalized) coherent states (or wavelets) for the group G.
The equation (2.2) provides an integral quantization of complex-valued functions on the group G as
follows

foag= [ Mg L. @4

Furthermore, this quantization is covariant in the sense that Ug A LI;;r = Apwhere F(g') = (Us f)(8') =
f(g71¢’), ie., Uy : f > F is the regular representation if f € L*(G,du(g)).
The operator-valued integral above (2.4) is understood in a weak sense, i.e., as the sesquilinear form

du(g)

3 1y By ) = [ (01 Molya) F(g) i‘ff , (2.5)
which is assumed to be defined on a dense subspace of H. If f is a complex bounded function, By
is a bounded sesquilinear form, and from the Riesz lemma we deduce that there exists a unique
bounded operator Ay associated with By. If f is real and semi-bounded, and if M is a positive operator,
Friedrich’s extension of By ([25], Thm. X23) univocally defines a self-adjoint operator. However, if

1 Let us notice that the affine group and related coherent states were also used for the quantization of the half-plane in works

by J. R. Klauder, although from a different point of view (see [22-24] with references therein).

d0i:10.20944/preprints201809.0012.v1
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f is real but not semi-bounded, there is no natural choice for a self-adjoint operator associated with
By. In this case, one can consider directly the symmetric operator Ay enabling us to obtain a possible
self-adjoint extension (an example of this kind of mathematical study is presented in [26]).

2.2. Semi-classical framework with probabilistic interpretation

Integral quantization allows also to develop a natural semi-classical framework. If M = p and
p are two non-negative (“density operator") unit trace operators, we obtain the exact classical-like
expectation value formula

du(g)
CMm

(oA = [ F(g)w(s) @6)
where, up to the coefficient cy;, w(g) = tr(pp(g)) > 0is a classical probability distribution on the
group. Furthermore we obtain a generalization of the Berezin or heat kernel transform on G:

Fro f9) = [ (pl9)p(s) S5 T8 @)

G ™M

The map f + f is a generalization of the Segal-Bargmann transform [27]. Furthermore, the function or
lower symbol f may be viewed as a semi-classical representation of the operator A - In the case of
coherent states [(g) (i.e., M = p = [¢p)(¢[), Eq.(2.6) reads

w(pAs) = [ fe) twelol) T @9

c

where w(g) = (Pg|p|ips) > 0 acts as a classical probability distribution on the group (up to the
coefficient cy). Similarly assuming § = |§) (|, the lower symbol f(g) involved in (2.7) reads

du(g’)
M

F&) = [ 1tdslye) A8 @9)

2.3. Semi-classical picture without probabilistic interpretation

A semi-classical framework similar to (2.7) can be also developed if the operators M and M are
not positive:

Frr Fig) = e (M()a7) = [ 1 (¥g) M(g") i) TS 210)

Then the probabilistic interpretation is lost in general due to the loss of positiveness of ¢’ +—
tr (M(g)M(g’)). But in some special cases Eq.(2.10) allows one to obtain an inverse of the quantization
map (2.4). Namely for special pairs (M, M) we obtain

tr (M(g) Ay) = f(g) (2.11)

In the sequel we analyze different examples of this kind in the case of the quantization of the plane
(Weyl-Heisenberg group) and the half-plane (affine group).

3. Quantization of the plane: generalizations of the Wigner-Weyl transform

3.1. The group background

Let us first recall some definitions with more details about the Weyl-Heisenberg (WH) group
Gwp, that we have already mentioned in the introduction. It is a central extension of the group of
translations of the two-dimensional euclidean plane. In classical mechanics the latter is viewed as the
phase space for the motion of a particle on the real line. The UIR we are concerned with is the unitary
representation of Gy, acting in some separable Hilbert space H, which integrates the canonical

d0i:10.20944/preprints201809.0012.v1
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commutation rule (CCR) of quantum mechanics, [Q, P| = iliIy;. Forgetting about physical dimensions
(7 = 1), an arbitrary element g of Gy is of the form

g=(8,q,p), 0€R, (g,p) €R? (3.1)

with multiplication law
8182 = (91 + 82+ C[(q1, p1), (92, P2)|, 91 + 92, p1 + p2) (5.2)

where ( is the multiplier function {[(q1, p1), (42, P2)] = %(quz — p2g1). Any infinite dimensional

UIR UQ‘VH of Gy is characterized by a real number A # 0 (in addition, there are also degenerate,
one-dimensional, UIR’s corresponding to A = 0, but they are irrelevant here). These UIR’s may be
realized on the same Hilbert space H, as the one carrying an irreducible representation of the CCR:

Z’{I//\VH(& q, P) — ei)xﬂU/\(q’ p) — ei/\(@—qp/Z)ei/\er—iAqP ) (3.3)

If H = L?(R, dx) corresponding to the spectral decomposition Q = [ x |x) (x| dx of the essentially
self-adjoint position operator Q, the action of U}, reads as

(U (80, )p) (x) = XM p(x —g), ¢ € I2(R, ). (34)

Thus, the three operators I3;, Q, P appear as the generators of this representation and are realized as:

i i
(Q0)(x) = x9(x),  (Pg)(x) = =4/ (x), [Q.P] = T hy. (5)
For our purpose we take A = 1/%1 = 1 and simply write Uy for the corresponding representation.

3.2. Hyperbolic W-H covariant integral quantization

3.2.1. General settings

We investigate special cases of the Weyl-Heisenberg covariant integral quantization that have
remarkable properties. They are included in our general framework as a special case. Namely let us
choose some function F € L' (R, dx) and define its Fourier transform F as

F(v) :/RF(u)e_i"”du. (3.6)

This framework will be extended to distributions when necessary. We define the operator PSF)
(corresponding to the operator called M in the general framework) as the Weyl transform of F:

(F) _ [ dqdp . i(pQ—qP)
Py’ = /]RZ o Llap)e : (3.7)

The associate quantization is named hyperbolic because of this special dependence through a function
of gp. The operator PéF) is bounded if F € L! (R, u?—1/ 4!71/2 du) (see appendix A). The main
interest of this choice at the physical level is that all quantizations of this kind only involve the Planck

constant /i as a dimensional parameter. In fact 7z can be restored as follows

(F) _ dgdp » i(pQ—qP)/h
Py’ = /Rz o Llap/h)e : (3.8)

d0i:10.20944/preprints201809.0012.v1
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10s The already mentioned canonical Wigner-Weyl transform or the Born-Jordan quantization [28-30] are
105 special cases, but the above generalisation of the latter offers a large freedom in the choice of F with no
16 Need of introducing extra dimensional parameters.

In terms of the Dirac kets |x) such that Q |x) = x |x), the kernel (x|79(gp) ly) reads as:

1 du A
WP = gy g e () o
ot 1 +
(BN Ty
1R = g () o

The bounded operator P(gp) is self-adjoint if F verifies the hilbertian symmetry F(u) = F(—u). We

assume this condition to be fulfilled in the sequel.

(F)

The kernel of the operator P, corresponding to the WH transported operators M(g) of the general
framework reads ) )
(B — ( x+y—29 ) ip(x—y)
x|Py, = F (3.11)
WP = =y ey

17 While the variable p appears in this formula as the Fourier reciprocal variable, the variable g appears
108 as a translation parameter from the arithmetic mean of the variables x and y. Such an observation will
100 take its real importance when we will deal with the affine symmetry in the next part of this paper.

10 3.2.2. Resolution of the identity

From the Weyl-Heisenberg covariance and Schur’s lemma, we obtain the resolution of unity as

dgdp (F) _
/R Il ety (3.12)
where ¢ = [ F(u)du. Therefore we assume in the sequel [ F(u)du = 1.

At this point it is Valuable to give a direct proof of (3.12). Due to the polarization identity, it is sufficient
to prove that for any ¢ € H:

dqdp
L, TP wlPile) = cylw). (313)
First , 5
(F) .y — T X+Y—29\ ipx —y)
IR = [ araypiE o) o P (S (.14)
By performing the change of variables X = (x +y)/2, z = x — y, we obtain
- 1 X — ,
(IPy1y) = / dXdzy(X +2/2) (X —2/2) —F ‘7> ére. (3.15)
R2 |z| z
Then we keep z and we change X in u = (X — q)/z, this gives
|73q, / dudzF(u) e v(q+ (u+1/2)2) v(q+ (u—1/2)z). (3.16)

We remark that this equation is in fact a generalization of the Wigner function. The latter is recovered
with F(u) = 6(u). In this sense, the function F is a Cohen kernel [31,32], but its interpretation in the
present quantization context is different of the role it was given by this author and others, like [33].

Now the integral over p gives
d F
[ e twlPile)

= [ duF (). .17)
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and finally
dqdp
L TR WIPl19) = wly) [ duF). 18)
Assuming [ du F(u) = 1, we recover the resolution of the identity.
3.2.3. Covariant quantization and properties
The F-dependent quantization map f — AJ((F) is defined as
(F) _ [ dgqdp P
f e Al _/]R2 Q9P ¢ (g, p) P (3.19)

The usual Wigner-Weyl kernel corresponds to the distribution choice F(x) = é(x) and it is therefore
singular with respect to the functional framework. The case of Born-Jordan corresponds to the choice
of the indicator function F(u) = 1_y 51,5 (1). The map f — AJ((P)

above conditions)

is such that whatever F (under the
AP —=Q and AP =p, (3.20)

and more generally,

A%) = f(Q) and A = f(P). (3.21)

Therefore by linearity any classical Hamiltonian h(q, p) = %p + V(g) is mapped into the same

quantum Hamiltonian H = Z}n P2 + V(Q). Moreover, with the same conditions on F, we have

1 . .
Al — 5(QP+PQ)+¢, with c= —I/RuF(u)du- (3.22)

The constant ¢ is real due to the condition F(u) = F(—u). If F(u) is real then ¢ = 0.

Important remark Different quantizations generated by different F cannot be distinguished only using the
most common operators involved in non-relativistic quantum mechanics (and corresponding to observables that
can be really measured). Therefore there is no reason to privilege a specific one (for example the canonical one).

3.2.4. Trace formula

Let us rewrite (3.11) as:

1 X+ U 2[] ip(x—y)
q, / dxdy P —y|P < e ) e |x) (y] . (3.23)

Using the same kind of transformations as the ones used for the resolution of the identity we have
(formally):

73(1;,) = /RZ dudz F(u) e |q+ (u+1/2)z) (g4 (u—1/2)z]. (3.24)
Then (still formally)
tr 77,1(,1;) = /RZ dudzF(u) e 6(z) =1. (3.25)
For two different functions F et G we obtain the trace formula:
(F)(G) dZ —i(p—p')z -4
tr (P PY)) = e (FxG) (1) (3.26)

where F * G is the convolution product of F and G.

d0i:10.20944/preprints201809.0012.v1
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3.3. Invertible W-H covariant integral quantization: generalization of the Wigner-Weyl transform

3.3.1. General settings

Let us examine the case for which (3.26) gives the equation F * G = . Note that such an equation
has no solution with a pair of summable functions. In this case, we have
F G
tr (Pq(,p)Pq(/,,}) =2md(q—q)o(p—p). (3.27)
Therefore if F possesses a convolution inverse G, the quantization map is invertible. Indeed if G is the
inverse of convolution of F then

tr (P‘gg)A}F)) = f(q,p). (3.28)

In this regard, the Wigner-Weyl case is trivial in the sense that F = ¢ is its own inverse and therefore the
Wigner-Weyl quantization map is inverted with the same operator. Furthermore since J is a distribution,
the Wigner-Weyl choice is in fact singular within this functional framework. Therefore using a true
function F can be viewed as a regularization. However, this regularization in the quantization map has

a cost: the inverse map (if it exists) is more singular than a pure é.

In the case of Born-Jordan the Fourier transform is of the indicator function F(u) is F(k) = smk(/%Z)

that possesses simple zeros on the real axis. Whence the convolution inverse of F only exists in a
distribution sense as a series of principal values.

3.3.2. Generalized Wigner functions

Given a function F, we now define the generalized Wigner function of an operator A as state |¢) as
s
Wi (g, p) =t (PA) . (3.29)

If A is the pure state |¢) (|, this function reads

Wi (a,p) = W) 0 p) = (9IP 19 (3.30)
= /RZ dudzF(u) e v(q+ (u+1/2)2) v(q+ (u—1/2)z). (3.31)

The standard Wigner function corresponds to W&fs)(q,p). All functions W&JF) (q,p) share the
same marginal properties. Namely the functions ¢ — (27)7! [ deIEJF)(q,p) and p —

(2m)~tf dqW&,F) (g, p) are the exact quantum probability distributions for position and momentum.
This is a direct consequence of (3.21). Furthermore, because of the invertible character of the
corresponding Wigner-Weyl transform, i.e.,

Wi (a,p) =t (P As) = fa.p), (3.32)
we have o
il = [ T, P, (3.33)
Therefore .y
Wy (a,p) = /R X dqzip W@, p) e (PRS- (3.34)
Using (3.26) we obtain
Wy =Wy« A(F). (3.35)

d0i:10.20944/preprints201809.0012.v1
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. . dgdp
where * holds for the 2d-convolution product with the measure and
AF)g.p) = Flap), with F) = [ e/ E(w) 336)

Remarks

e The function A(F) only depends on the variable gp. Therefore it cannot belong to some L? space on
the plane. Hence, the convolution product involved in (3.35) should be understood in general in the
distribution sense.

e The function F is defined as an integral only if F belongs to L!(R, |a|~'da). In other cases an
extension in the distribution framework is needed.

e An interesting question concerns the positiviteness of W&,F). In the Wigner-Weyl case (F = J),

Hudson theorem [34] asserts that only gaussian states ¢ lead to positive Wigner functions W&fs) (q,p),
and so the latter can be interpreted as probability densities on phase space. Now is it possible to
formulate a generalized version of this theorem (involving maybe a different family of states) for the

(F)

generalized Wigner function W, °? Otherwise, for a given state ¢, is it possible to “build” a function F

(F)

such that the corresponding Wigner function WlPF is positive?

3.3.3. Some example of invertible mapping

In the following lines, we give an explicit example of invertible map, dependent on two positive

parameters & and B and that includes the Wigner-Weyl solution as a special case (this example was
found through the use of Fourier transform). Let us define F, g as

Fop(x) = ats(x) + %leB(l — o) Bl (3.37)
Obviously we have F(x) = F(—x) (in the distribution sense), and formally [ F(x)dx = 1. Taking into
account the elementary result for a,b > 0:
2

—alx| , p=blx| _ —alx| _ o= Dblx]
e xe S (be ae ) , (3.38)

we find that an inverse of convolution of F, g is Fy g with &’ = 1/a et g/ = pa ~2. The Wigner-Weyl
case corresponds to the degenerate case Fy g(x) = 6(x).

4. Quantization of the half-plane with the affine group: Wigner-Weyl-like scheme

4.1. The group background
The half-plane is defined as IT, = {(g,p) |g > 0, p € R}. Equipped with the law

/
(@.p)d,p") = (rm’fp + Z) : (41)
I1, is viewed as the affine group Aff, (R) of the real line. The left invariant measure is du(g, p) = dgdp.
Besides a trivial one, the affine group possesses two nonequivalent square integrable UIR’s. Equivalent
realizations of one of them, say, U, are carried by Hilbert spaces L?(R,dx/x*). Nonetheless these
multiple possibilities do not introduce noticeable differences. Therefore we choose in the sequel « = 0,
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and denote H = L?(R.,dx). The UIR of Aff, (R), when expressed in terms of the (dimensionless)
phase-space variables (g, p), acts on H as

1 .
Uy pp(x) = —eP*p(x/q). 4.2)
g% (x) i p(x/q
We define the (essentially) self-adjoint operator Q on # as the multiplication operator (Q¢)(x) = x¢(x)
and the symmetric operator P as (P¢)(x) = —i¢’(x). Let us note that P has no self-adjoint extension

on H [25].

4.2. Wigner-Weyl-like covariant affine quantization

4.2.1. General settings

In the continuation of the procedure exposed in the previous sections, we now investigate special
cases of affine covariant integral quantization that leads to remarkable properties. They are analogous
to the Wigner-Weyl transform on the plane. As in the case of the plane, the interest of these cases on
the physical level is that if we restore physical dimensions for g or x (length) and p (momentum) they
only include the Planck constant as a dimensional parameter. The freedom of the quantization map
lies again in the choice of a pure mathematical function F.

In this affine context, we define the operators 73{;,1;,), (9,p) € I1;, dependent on a possibly complex

function F: R* 3 u — F(u) € C, by their kernel <x|77,§5,) ly) in the generalized basis |x), x > 0, such
that Q |x) = x |x):

(<[P ly) = 6(vay — )F (V/x/y ) V), 43)

Note the alternative expression, 5(,/xy — q) = (29/x)5(y — 4%/ x).

It is easy to verify that the covariance with respect to the affine group holds true. If needed, we remind
that the presence of the Planck constant is restored by replacing e'?(*~¥) with exp (% p(x — y))

We prove in Appendix B that the operator Pﬁ) is bounded if the function u + u?F(u) is itself bounded.
In addition, to impose the self-adjointness of Pé,l;) we assume that F fulfills the symmetry: F(x) =
F(1/x).

Remark We already noticed that the Wigner-Weyl transform on the plane induced by the operators ’Pq(f;p)
introduced in the previous section involves the arithmetic mean (x +v)/2 through 6(271(x +y) — q).

In the present case of the half-plane, its affine symmetry leads us to replace the arithmetic mean by the
geometric mean /Xy appearing in §(,/xy — q).
4.3. Resolution of the identity

The operators P,;i,) defined by their kernels(4.3) solve the identity. Indeed, we check (formally)
that

d
[ E P ) = o(x = e ) F(D), 4

and therefore

Lo wpif) ) = s —y) 5)

+xR 27T

Therefore if we impose F(1) = 1 we obtain the resolution of the identity.
In the sequel we assume the function F fulfill both the conditions F(1) = 1 and F(x) = F(1/x).
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165 4.4. Affine covariant quantization and properties
The F-dependent quantization map f — AJ((F) is defined as
F dgd F
f»—>AJ(():/ DL fa, ) Py (4.6)
Iy
This map is such that whatever F (under the above conditions) we have:

AP —qg, AP —py P, 4.7)

2Q

Ay is symmetric because F/(1) = —F'(1). If we impose F to be real, then we have F(u) = F(1/u) and

then F/(1) = 0, therefore A;P) =P.
More generally, whatever F we have the following relation which is similar to the Wigner-Weyl
quantization map:

A = F(Q). (48)
Whatever F we have for the kinetic term p?,
Al _p2y () P+ FQ)
p =P+ — 5 QP—I—PQ 10 . 4.9)

From F/(1) = —F'(1), and F”(1) = 2F'(1) + F"(1) one deduces that A, is symmetric.
If F(u) is real, then F(u) = F(1/u), and F'(1) = 0 (but the sign of F (1) is unspecified). It follows that

F _ » F'Q)
Ay =P = > (4.10)

s If F/(1) < —3 then A;I;) has a unique self-adjoint extension on H [25,35].

17 We notice that at the opposite of the Wigner-Weyl case we have not in general A¢(,y = f(P). The free
(F)

16s  choice of function F allows some regularization at the operator level: for example, in the case of Ap2 ,

10 an adequate choice of F leads to a natural unique self-adjoint extension that uniquely specifies the
70 quantization of p?.

i 4.4.1. Trace formula

The trace of 73555,) reads (formally)
wpl) = / dx(x|PE) |x) = / dxd(x — )F(1) = F(1) = 1 @&.11)
2 . ap R+ q : :

Concerning the trace of the product of two different operators P,g,l;) and P%)

g we successively have

e (PP = [ dxdy (xlPL ) 0IPyp (G) )

=2/94'5(9 -4 / eXP<i(P—P’)<x—quI>)F< ’;q/)c;( g"')

=2ago— ) [ exp (itp—p)Vag (e —1/0)) F)GO/w). @12
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Applying our symmetry assumption G(x) = G(1/x) we get

tr (Piy/Pyy ) = 2/aq'd(g — /IR+ “exp (ip—p)Vag (u—1/u)) F)Glu)  (413)

We now define the function ¢ : R* > u = ¢ =u—-1/u € R, ¢'(u) = 1+u?andu = ¢~1(¢) =

(&/2) ++/(£/2)2 + 1. Therefore

(F)(G)\ _ T5(q — o g
tr(PqPqupr)—\/ﬁ(S(q ‘I)/RC/Z_I_\/W( \/74>><

=)V Flp~1(2)]Glp1(2)]
=2,/q99'5(

(91) [ @V el ] a1

Defining F(77) (and G(7)) as
1

Fooy o+ pre—1
F(n) = (172+1)1/4F[¢ )], (4.15)
we finally get
tr (PUPL) = 2v/agsla — ) [ dn X0 VATIEGIGT]. 10

12 4.5. Invertible W-H-like affine covariant quantization

Trivially, if we impose in (4.16) the relation G(7) = F (17)71, then
tr (7351;)7’;(;;3) =2rd(q—q)d(p—p). (4.17)

This means that the quantization map is invertible. The simplest case is obtained for F(17) = G(17) = 1
which corresponds to

F(u) = u+ 1 (4.18)

7

We notice that the constraint F(1) = 1 is verified. This solution gives an affine counterpart of the
Wigner-Weyl transform since we need an unique function to build the quantization map and its inverse.
But we notice that the function F of (4.18) does not fulfill the boundedness condition |u?F(u)| < C
which was requested at the beginning of this section. Therefore the operators 77,55,) involved in this
case might be unbounded. In fact this solution is a special case of a larger family of functions: F, (1)
with

1 v+1/2
F(u) = <2(u+u1)) : (4.19)
173 The “conjugate function” allowing to build the inverse map due to F, (u) is just F—, (u).

17a  The boundedness condition |u?F,(u)| < C is fulfilled only for v < —5/2. Therefore F, and F_,
17s  cannot fulfill this condition at once. But if we assume v < —5/2 for the quantization mapping, then

e F'(1) = ; (v+1/2) < —3. Therefore in that case the operator A( ") has a unique self-adjoint extension.

17z We notice also that for v = 0 (our analogue of Wigner-Weyl) we obtain an attractive potential in A;z).

17s  4.6. Discussion

179 Some Wigner-like and Weyl-like aspects of affine covariant quantization are presented in [10].
10 The calculations developed in Section 7 of [10] corresponds to the simplest case F(#) = 1 which
11 corresponds to v = —1/2 in our family F,. This choice allows to reproduce in the affine framework
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the Wigner-Weyl properties A¢,) = f(Q) and Af(,) = f(P). But in that case the inverse of the
quantization mapping cannot be built using the same function (as noticed in Proposition 7.5 of [10])
and there exists different possible self-adjoint extensions of the quantized kinetic operator A, = p?
(as noticed below Equation (7.7) of [10]). Therefore this choice is not a complete analogue of the
Wigner-Weyl map. In fact a complete analogue of the Wigner-Weyl map does not exist in the affine
framework. In general for v # —1/2 we fail to impose A(,) = f(P), but for v = 0 we preserve the
use of a unique function (operator) for the inverse map, while for v < —5/2 we are able to uniquely
specify the self-adjoint kinetic operator A .

5. Conclusion

Through the above specifications of covariant integral quantization, in their Wigner-Weyl like
restrictions, to two basic cases, the euclidean plane with its translational symmetry on one hand, the
open half-plane with its affine symmetry on the other hand, we have provided an illustration of the
crucial role of the Fourier transform, which is needed at each steps of the calculations. With these
generalisations of the Wigner-Weyl transform we have shown that the Weyl integral quantization,
often thought of as the “best” option, has many interesting features shared by a wide panel of other
integral quantizations.

As a matter of fact, we think that the methods of quantization which have been exposed here are
just a tiny part of a huge variety of ways of building quantum models from a unique classical one.
Physics is essentially effective, and this freedom of choice should be viewed as an attractive feature
rather than a drawback.

Appendix Quantization of the plane: boundedness of PSF)

We prove the bounded character of the operator P(SF) when F belongs to
LY(R,du)NL! (R,\u2—1/4|_1/2du). From the Riesz lemma it is sufficient to prove that

B(¢,p) = <¢|73(§P) |¢) is a bounded bilinear form. Using (3.16) we have

1B, y)| < [ 1FG)ldu [ dz [p(Cu+172)2)|[p((u = 1/2)2)], (A1)
Using Cauchy-Schwarz inequality and a change of variable we obtain
— 1
/Rdz #((u+1/2)2)[ [p((u —1/2)2)| < an [l (A2)

Therefore if F belongs to L' (R, du) L} (]R, |u? — 1/4\71/2du) we have |B(¢, ¥)| < C||¢||||p]| with
C = [g [F(u)||u* - 1/4|7Y2 du and B(¢, ) is a bounded bilinear functional.

We notice that the same reasoning holds if we replace F(u)du by a positive measure dy (1) such that
u — |u? —1/4|712 belongs to L' (R, dy(u)). This is in particular the case when we choose F (1) = (u)
(Wigner-Weyl transform).

Appendix Quantization of the half-plane: boundedness of 73,;,1;)

(F)

We prove the boundedness of the operator P;; when u — u?F(u) is a bounded function. From

the Riesz lemma it is sufficient to prove that B(¢, ) = <</)|’P(,I;,)
(4.3) B(¢, ¢) reads *

) is a bounded bilinear form. From

Bpy) = [ dx quF (x/q) () y(g7/x) 7T (A1)
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Therefore we obtain: X
x 912
[B(¢,¢)| < Z/W dx ti(x/Q)|¢(x)| L /x)l. (A2)
Thus if u — u?F(u) is a bounded function with [u?F(u)| < C we have
B ) <2€ [ dxlp(x)l Lp(a?/)]. (43)

Then using the Cauchy-Schwarz inequality and a change of variable in the integral involving
(q/x)¥(g%/x) we obtain:
B(¢, )| < 2C |9l 1]l - (A4)
(F)

200 We conclude that the operator P; ; is bounded.
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