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ON THE HERMITE-HADAMARD-MERCER TYPE
INEQUALITIES FOR GENERALIZED PROPORTIONAL
FRACTIONAL INTEGRALS

SEDA KILINC YILDIRIM AND HUSEYIN YILDIRIM

ABSTRACT. Our aim in this paper is to establish some new Hermite-Hadamard-
Mercer type integral inequalities by utilizing the fractional proportional-integral
operators.For this purpose, Hermite-Hadamard-Mercer inequalities for differ-
antiable mappings whose derivatives in absolute value are convex.

1. INTRODUCTION AND PRELIMINARES

Over the past few years, various researchers studied the so-called conformable
integrals and derivatives. According to this idea, some authors used modified pro-
portional derivatives to create nonlocal fractional integrals and derivatives, called
fractional proportional integrals and derivatives, including see exponential functions
in their kernels ([5], [7],[31], [32], [33]). Our purpose here new Hermite-Hadamard-
Mercer integral inequalities in the article some convex functions using fractional

proportional integral operators.
n

Let 0 <2y < <--- <y, A= (A1, A2,---, A\,) nonnegative and > \; = 1.
j=1
The Jensen inequality [13] in literature states that if f is a convex function then,

f (il Aj%‘) < i:l i f (x5)

The f : J C R — R be a convex function defined on an interval J of real
numbers 0, 8 € J and 6 < 3, if the following inequalities

(11) 7(%2) < 55 J7 1 @) da < LOHO),

2 ) =
holds, it is called Hermite-Hadamard type inequality [5].
Theorem 1. [21] Let f is a convex function on [0, 3] ,then

(12) f (ew - ijj) <TO+F6) = X A (=)

for each z; € [0,5] and X\; € [0,1] (j =1,2,--- ,n) with Y \; =1.

j=1

Jensen-Mercer inequality, see ([1], [18], [20], [23].)
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2 SEDA KILING YILDIRIM AND HUSEYIN YILDIRIM

Definition 1. [7] Let f € L0, 8]. The Generalized proportional integral opemtOTSJgffand
Jﬂﬁ’,gf of order are defined by

(13) (1) @) = gy Jy o0 [ @ =) @ =0T g (D)dr, 2> 0
and
(1.4) (J’B éf) (x) = Egr(ﬁ) fﬁ exp [Eg—l (1 — x)} (r— x)ﬁ_l f(r)dr, B> x.

where £ € (0,1] and 8 € C and R(B) > 0 and T is known gamma function.For
more details may consult see ([7], [29], [32].)

If we consider £ =1 in (1.3) and (1.4) in classical Riemann-Liouville fractional
integrals are obtained.

2. MAIN RESULTS

Using the Jensen-Mercer inequality, Hermite Hadamard inequalities can be rep-
resented in generalized proportional fractional integral forms as follows.

Theorem 2. Let f be a positive continuous, decreasing and convex function on the
interval [0, 8], then the following inequality for, generalized proportional fractional
integrals holds;

Fi+ () ] sors-2)

n=1 ¢
(2.1) <% {3’ * 21 (%)n ain} [f )+ f(B)]
o (I F () + I75 T @)]
<z {3’*2 (5 i} [£(0)+ 1 (8) — £ (542)]
and

SR> (2)"= | s =)
o= [ Tt OB =)+ TG, - F0+8-y)
@y _ L {+ > (7) ) } [Hospmasosmy)]

o+n

;[ +Z( 1 m} [£0) + £ (8) - L2310

Then where £ € (0,1] for allx,y € [0,5] , 0 € C and R (o) >0

IA

Proof. Using the Jensen -Mercer inequality, we have

N 2 == EFURF IO R

for all z1,y1 € [0, 5]. By changing of the variable 1 = 7 + (1 — 7)y and y; =
(1-7)z+71y, z,y€lf,B] and T €[0,1] in (2.3), we obtain

(2.4) FO+8-2) < fO) +f(B) - f(rx+(1—T)y);rf((l—f)xwy)
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o—1 §g17
Multiplying both sides of (2.4) by % and integrate with respect to 7 over
[0,1], we get
1 7_o‘—l §—1 1 o= 18%"'
25)  [TeTlp (048 ) dr <[F(0)+ £ (8)] [ e dr
0 0
—‘/117-071;:% |:f(7'$+(1 7)y) +f((1 Tac+7'y):| dr
0
e s () L p(0+ 8- )
&% | o =i £ o+n 2
o0 n
<[+ (%) w| O +70)
(2.6) 1 e
—547 £ flrz+ (1 —7)y)dr
1 f 6716%1’
—547 —— (1 =T1)z+7y)d
ie
1 l+§(§—_1>n f(e-l-ﬂ x-‘ry)
7 | o = I3 otn 2
@) <+ £ () v+ s o)

_2(5(—092; {J;’ fy)+ Ja’gf( )}

and so the first inequality of (2.1) proved. To be able to prove the second inequality
n (2.1) , first we have to pay attention to that if f is a convex function, in case
that, for 7 € [0,1], it gives

f (:cT-|—y) _ f g7$+(1—T)y;—(1—T)a:+Ty)

< faetQ=n)y)+f(A=r)s+Ty)
— 2

(2.8)

gr
Multiplying both sides of (2.8) by %

[0,1], we have

and integrate with respect to 7 over

N
%f(T:L‘—I—(l—T)y)dT

s S () e

o1t

o |
Offg—ff((l —T)x+TYy)dr

= s [T )+ T ()]

—1
0'15

Tg—gT to both sides of (2.7) we find the second inequal-

Adding [ (0) + f ()]
ity of (2.1).
now we prove the inequality (2.2) .From the convexity of f we have
f (9 +8— 2142ry1) =f (9+ﬁ71142r9+57y1
S3UFO+B—2)+fO+8—p)

C—

(2.10)
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4 SEDA KILING YILDIRIM AND HUSEYIN YILDIRIM

for all z1,y1 € [0,8]. With variable replacement  + 8 — x1 = 7(0+ 58 —x) +
(I-=7)(0+B—-y)and0+—y1 =(1-7)(0+B—2)+7(0+B—-y), z,y€[0,p]
and 7 € [0,1] in (2.10),we obtain

11)
(0+8—54)

sf@O+8-2)+ (A -1)O0+B8-y)+f(QL-7)O+B—2)+7(0+5~y).

—1 -1

Multiplying both sides of (2.11) by TagiggT and integrate with respect to 7 over
[0,1], we have,

(2.
f
<

+ 3 (Ql)nm}f(ew et

1
1 T
<G T (O+B—2)+(1—T)(0+B—y))dr

0
1 1
+%f%f((1—r)<9+ﬁ—x>+r<9+ﬁ—y)>dr

(2.12) 0
0+—a St (u-Lt8zy 915y !
= o |fisss ) (- ) S (w)du
_ o—1
oo oy €T 0T (wm B2E)

_ _T(o) .8 3 _
= D IS F O+ B =)+ TGS F(0+B-y)]

The proof of first inequality of (2.2) is completed. On the other hand, using the
convexity of f we can write
(2.13)
fO0+8-2)+A-7)(0+8-y)<7f(0+B—-2)+A-7)f(0+5—y)
and
(2.14)
f(A=m)0+B-2)+7(O0+B-y)<U-7)f((0+8-2)+7f(0+5—y)
by adding these inequalities an dusing the Jensen -Mercer inequality, we have
(2.15)
f@+p-2)+A-7)(0+8-y)+f(A-7)O0+F—-z)+7(0+5-y))
SSO+B—z)+f(0+5—y)
<20 O) + 7B —1f (@) + f W]
Multiplying both sides of (2.15) by TU?I;# and then integrating the resulting
inequality with respect to 7 over [0,1], we have second and third inequalities of

(2.2). O
Remark 1. If we consider € = 1, 0 = 1 in Theorem,the following inequality is
obtain
FO+8-52) <O +F(B)~ [y fra+(Q—7)y)dr
< SO +F8) - f ()

and

FO+8-254) <5 [JfO0+B-7)dr

<f0)+f(8) - 1AW

which is proved by Kian and Moslehian in [18].
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Theorem 3. Let f be a positive continuous, decreasing and convex function on the
interval [0, 5] then the following inequality for, generalized proportional fractional
integrals holds;

a1 5 () ] s we s
EL) [ TO+B=0) 4TS 04+5 =)

<214 5 () 5] o+ s - 22pw).

Then where £ € (0,1] for all z,y € [0,8] , 0 € C and R(c) >0

(2.16)

IA

Proof. To prove the first (2.16), by writting z1 = Zz + 257y and y; = 2357z + Jy
for x,y € [0,0] and 7 € [0,1] in the inequality (2.10) we get
2f (0+ B8 — =52
2.17
(217 <7 (0+5- (ot 270) + £ (66— (3570 + 50))]

— g7'
and then, Multiplying both sides of (2.17) by % and integrate with respect

to T over [0, 1], we get
21+ 2 () | s 04— =)
1 1
< [T (048~ (3o + 257y)) dr

0
1 . 571
+f7T & f(0+6- (572 + Zy)) dr
0
(2.18) 9+p— 25y 1
w—(0 g— E 12(u—(04+B8-y)) (9+B y)) w
— f ( ( +B y))) — f(w) jix
0+8—y
0+p—x o—1
0 2)—u & 12((0+B—z)—u) »
n f (2(( +B ) )) P f(u) y2fz
0+5— =32
_ 2°T'(0) 7,8 .6 _
— (yim)a |:J(0+ﬁqp_§y)f(9+/8 y)—’_J(OJ”B T+y)+f(0+/3 x):|

the first inequality (2.16) is proved. To be able to prove the second inequality of
(2.16) by using Jensen Mercer inequality , we get

T 2—7

(46— (Go+550) ) <10+ 10) - |31+ 2571 )

and

(2.19) fO+8—(352z+35y) <fO+f(B) - [3Zf () +5f )]

by adding these inequalities, we have

f(0+ﬁ (Zz+2357y) + £ (0+ 8- (3572 + 5v))
(220 r 0+ 5 e 2

Multiplying both sides of (2.21) by % and integrate with respect to 7 over
[0,1], we find second inequality of (2.16). O

oy
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6 SEDA KILING YILDIRIM AND HUSEYIN YILDIRIM

3. HERMITE-HADAMARD MERCER TYPE INEQUALITIES FOR FRACTIONAL
INTEGRALS

Now, we give the new following lemmas for our results.

Lemma 1. Let f be a positive continuous, decreasing and convez function a differ-
entiable mapping on (0, 58) with 0 < 8. If f € L[, 5], then the following equality
for, generalized proportional fractional integrals holds;

é;l

Ul[f@—i—ﬁ—x)—i—f(@—kﬂ—y)]
Wmff PO+ 8-y TG f 045 - )]
;;2&3’2 [J‘;iﬁ FO+B-y)+ TG, 0+ 6—2)]

= zf 9+ﬂ (te+(1—7)y))dr

(3.1)

0
1., ,
e {6%“‘” (L=7)7 f 0+ 5~ (rz+(1-1)y))dr

Then where T € [0,1], £ € (0,1] for all z,y € [0,8] , 0 € Cand R(c) >0
Proof. It is necessary to note,

£—1

e L 0+ B8—(ra+(1—7)y))dr

Ct—r

3.2 Loeo /
32 [T Q)T f O+ B~ (re+ (1—1)y))dr
0
=L -1
integrating by parts, we get
(3 3) )
fe% "O+B—(re+(1—7)y))dr
0
= e%TT"f(GJ(rB—()m+(1—T)y)) B
Yy—
1
-1
i [T (S o) J 0+ B - et (=) y)) dr
_ e SOt )
Yy—T
1) b oe
e T 04 8 (et (=) y)ar
Lo
—Z5 [T TN (04 B - (ra+ (1— 7)) dr
0
£—1
_ e € f04B-w) _ &NE=D) (OB S (=) (u-(048-y) 7 du
- (y( ) = s"y( z>)f9+ﬁ ) (y—r y)> Flu) 325
S e S0 (u0zon)) (u (O+5— y))"_lf(u)d_u
(y—x + —x y—x
-1
_ e & fe+f-x) £ HE-DI (o) yo—1¢ £70T(0) yo,€
- (y—z) (y— m)a+2 J(9+ﬁ f(9+ﬁ y) Wf‘](g_;'_ﬁ f(0+ﬁ y)
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Similary we get
(3.4)

b= [0 (7 f (048~ (ra+ (1= ) ) dr
0
€

Sa-n -
(A=) F(O+5—(rz+(1=T)y) |1
(y—=) 0

__1 j‘e%(lfﬂ (§2_1(1_7)0—|—0'(1—7')0_1>f(9+6—(7$+(1—7')y))d7'
0

T ( *")(1_T)Uf(9+ﬂ—(‘rm+(1—7')y)) |(1]

(y—=)
—éﬁ—lw)feﬁ(l )(1—7') FO+8—(re+ (1 —71)y))dr
0
o R g(1—7-) o—1
_(yiz)fes (1-7)7"fO+8—(tz+(1—7)y))dr
0
£—1
_ _e 048y | €MD) (0B i (1-e=ltion) u=(0+8-9)\° du
- (y—=) + 56(1/ x) fe"rﬁ Y )1(1 y—x ) f(“’) y—x
oe”  (0+B-w S (1-vtion u—(0+6-y)\ 7~ d
+5”y z)f9+ﬁ y )<1—y_—x) fu) 325

e 5 0 o1 o) yo ‘o
(J;( 5t + SRy F O+ B2+ 5T, f (048 2)

We can write

(3.5)
I=5LH—-1
g 1
= o O+ 8—2) + [0+ 58— y)] - 5 [0S FO+8-y)+ IG5 L fO+5—1)

et [Tty S O+ B =)+ TGy S @045 =)

Multiplying the both sides by 5%, we proof is obtained (3.1). O

Corollary 1. If we consider £ =1, 0 =1 in Lemma 1, then we have the following
equality

[f(6+B— )+f(9+»3 vl _
0+5— .z‘
[fa+6 y du]

= y;mof @2r—=1)f (0+8—(ra+(1—1)y))dr.

which is proved by Sarikaya and Ogilmis in [27].

Remark 2. If we consider { =1, o =1, x =0, y =0 in Lemma 1,in that case
the following equality we get,

f(9)+f(ﬁ)

(3.6) B [f0 }

6_
:B—f 2r = 1) f (0+B—(r0+ (1 —7)p))dr.
0

which is proved by Dragomir and Agarwal in [9].
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Remark 3. If we consider £ =1, in Lemma 1, in that case the following equality
we get,

fO+B—a)+f(0+8—y)
o [Ty sy FO+B—g) + TG F(O+5— )]
1

= y_ifT”f @+p—(ra+(1—7)y))dr

.
yzmgl—r "0+ 8—(rz+ 1 —7)y))dr

which is proved by Sarikaya and Ogilmis in [27] .

Lemma 2. Let f be a positive continuous, decreasing and convex function a differ-
entiable mapping on (0, 58) with 0 < . If f el [0,5], then the following equality
for fractional integrals holds;

(3.7)

567125(6—1) o—1,¢ _ o—1,€ _
(yfm)o— |:J(9+B_I;_y)+f(9+ﬁ -T)"_J(GJ’_E_ITH),J((H"_/B y):|
g2 [ o v e B

T [y 0482y 1045 )

£

e (046 -2
1 _1 , ,
=13 [T [/ (0+8-(37a+3y) — f (0+8- (Gz+257y)) | ar.

Then where T € [0,1], € € (0,1] for all z,y € [0,8] , 0 € Cand R(c) >0

Proof. Tt suffices to note that

£—1

T 1 (048 (3t 59) — £ (0+ 5 (5o + 7)) | dr

Ct—r

£—1

e € r7f (0+8— (5ta+ Ty))dr

(3.8)
[Ty of (048 (Fz+ 2Ty)) dr
1— 1>

NO%HO\H
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Integrating by parts, we get

£—1

eTTT"f, (9—!—6 — (2_77'3:4— %y)) dr
T 2 f (046 (5Tt
T [T or | £ 045 (e + 5)
T2+ 8- oY)
1 —1
H [T 046 (et 3) dr

~

1=

O —

I
@ O O
|w

x

H |

1 1
i [T 048 (5t )

(3.9) el oty
=e s y— xf( +6 )
seen) "I e pensoan) (oorson -\ s
“wo ) e ’ (=) o (52)
o+ _# o—1
20 S [AHL=mI] (2((048—2)—w) —2du
-2 e v BEET— fu) (525
(y )9+[3f—ac ( Y ) (y )
= (9+ﬂ 12 )

£ 12"+g5 1) yo—1,¢
+(yx—)”(“)‘](a+5 w+y)+f(9+5—$)
cr2a+1 ,&-

+(y_z)a+1J(9+B_mT+y)+f(9+ﬂ —i‘)

Similary we get

1 — ’
I = IG%TTUf (04 8- (32 + 257y)) dr
0
=TT R (040~ (504 557)) b
1 i et . -
_g’ 2% [55—17 +or }f(@—l—ﬁ (Zz + 2357y))
=TS (045 -2
1.
SH T O~ (5r 4 By)) dr
1.
— 2y [T (046 (5o + 5))
(3.10) e O .
=e 7J—_£f(0++/8_Ty)
‘9+ﬁ_w2y o
2(¢-1) S [2@0mu] (3 (045-)) 24
~fe [ e P (3)
+8-y
2 Op— =5 €;1[2(u—(9f6—y))] 2(u—(64+8—y)) o-1 2du
g e () )
o +B-y
S (05— )
_5”_12”“(5—1)‘]0*1,5 7f(9+ﬁ _y)

(y—ax)7tT (0+8—24%)

_ g2 e -
(y_w)c'Jrl (0+ﬁ—%)_f(0+ﬂ y)
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We can write
(3.11)

g1 .
L—Dh=-e% 2 f(0+8-5Y)
o—loo+2/p o o—
+ {J Y e f OBz IS )_f(9+ﬁ—y)]

(6+8-234) (6+8—2F2
50‘20'4»1 o.’g . 76 .
e [ F OO0+ T 045 -).
Multiplying the both sides by 7%, we obtain the conclusion (3.6) . O

Remark 4. If we consider x = 0,y = 8 and £ = 1 in Theorem 2 becomes Theorem
3 proved by Sarikaya et. al in [25].

Remark 5. If we consider x =0, c =1,y = and £ =1 in Theorem 2 becomes
Theorem 2 gives [9, Theorem2.2] .

Remark 6. If we consider £ =1, in Lemma 2, in that case the following equality
we get,

2971 o o
(y—z)7 |:J(9+ﬁ_z-é-y)+f(9+ﬂ )+J(9+5 z+y)*

—f(etﬁ—m)
=g [ £ 045 - (et 50)) = 1 (045~ (5o + 570)) | dr

FO+6-)

which is proved by Sarikaya and Ogiilmiig in [27] .

Theorem 4. Let f be a positive continuous, decreasing and convex function a
differentiable mapping on (0, 8) with § < . If ‘f" is convex on [0, 5] , then the
following inequality for fractional integrals holds;

£—1

‘65 [f(O0+B—2)+F(0+5-y)
—iiﬁiﬁﬁ{fPMM,ﬂe+ﬁ—w+J“*f f0+8-2)]

2(y—=z)7t (6+8 (6+8-y)*
&0l [ o B

ngwﬂ+ (@Lme*f@>

oo 1
A g7 B T
X <0'+1 o+1 + z ( ) n! <a+n+1 a+1+n)>

Then where T € [0,1], € € (0,1] for all z,y € [0,8] , 0 € Cand R(c) >0
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Proof. By means of the Lemma 1 and Jensen Mercur inequality, we find that
(3.13)
£—1
e &

€771 (E=DI(0) [ yo—1¢ o—1,6
_ et [

S [IGS oy FO+B =g+ IG5, fO+5-3)|
< %j’)egglﬁ'”—eél(lﬂ (1—7)°7 (9+,6’— (T.’L‘—i—(l—T)y))‘dT
= 15 {f [T -7 =] (|7 o)+ 5 @) - (r|f @+ a-n]f w))]

i [T e a-n] [ o) +|f |- (7|7 @|+a-n]r ©))]}
Ry).

calculating Ry and Ry , we obtain

(3.14) 1
of o) (#0102

Rlz(f

fI (33)’ fe%(l ™) (1—7)7 rdr — fegé_lTT"‘HdT]
-
J
0

£ ®)+]7 ®)) (T -+ %)

1 oo n 1
1 S0F1 é—l 1 1 SoFnF1l
f (x)’ ((o+1)(a+2) — Tt X ( 3 ) nl [(o+1+n)(a+2+n) N (3+1+n)D

n=1
’ % o0 1 n #
el | (- 25+ £ ()" 4 [t - )}
and
(3.15)

1. 1
—f (3:)’ IG%TTU"_ldT fegﬁ =7 (1—-7)7 TdT]
/ (1 boemag ot
—|—f(y)’ feﬁTT"(l—T)dT—feé( (-7 dr

’ / . 00 (g=1)n(1)oH1+ny
£ O)+]r @) (F2 -2+ %)
PYEaEss
(a+2+n) (a+1+n)]>
l ! przas 3 —1 1 1 FoFRET
d (y)‘ ((”H)(Hz) X (§€_> nl |:(U+1+n)(0+2+n) ~ iitm

By adding Ry and Ra, we get the inequality (3.11). O

kﬁ\
—
8
S~—
VR
3
=+~
(V)
|
Qv
+3
=
+
3
118
N
"axy
m||
—
N——
33
Sln—t
S

_|_
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Remark 7. If we consider x =0,y = 3 and £ = 1 in Theorem 2 becomes Theorem
3 proved by Sarikaya et. al in [25].

Remark 8. If we consider x =0, c =1,y =0 and £ =1 in Theorem 2 becomes
Theorem 2 gives |9, Theorem?2.2] .

Remark 9. If we consider £ = 1, in Theorem 4, in that case the following inequality
we get,

FO+B—x)+F(0+8-1)
e [y pay S OF B0+ Tep s F(O+B- )]

< ()f, (9)‘ oy (ﬁ)‘ @ >

2

which is proved by Sarikaya and Ogiilmiig in [27].

Theorem 5. Let f be a positive continuous, decreasing and convex function a
differentiable mapping on (6,8) with § < B. If ‘f,‘ is convex on [0,] , then the
following inequality for fractional integrals holds;

(3.16)
50—120(5—1) o—1,& . o—1,¢ _
(yf.z‘)cr_ |:J<0+ﬁ_z2+y)+f(0+6 .T) + J(@—&-,B—#)if(e—’—ﬁ y):|
g2t [ o - o -
+(y_x)o J(9+ﬂ—m2ﬂ)+f(0+6 $)+J(0+ﬁ—#)_f(0+ﬂ y):|

T (045 - =)

<z b S A () | (|5 o) +
| It

f’(ﬁ)‘— f(w)+f(y)>

2

Then where T € [0,1], &€ € (0,1] for all z,y € [0,8] , 0 € Cand R (o) > 0.
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Proof. Using the Lemma 2 and Jensen -Mercer inequality, we find

w[ﬂl@ FO+B—2)+ 7 f(“ﬁ_y)}

(==) (0+8-=52) (0+8—=f2)
+52 [J@;iﬂ_m;yyf O+5—2)+ J@’iﬁ_%)_f 0+5- y)}

—e%f(ew—%)\

<Lfe ST |f (04 8- (e + 3w)) | dr

+ufe “ro | f 0+ 8- (;w%TTy))\dT
= %Ofeffra[f’ O +|f @] - (Z|F @|+3]f @])]
i [ |F @+ |7 0 (57 @]+ 2] 0]

:%(f (9)_‘+‘f, (5))) [a+1 nio:l 1 ( )na+i+1]
—122\f (@) o 2([,—14_2) + ) (ég—l)n nl (a+n+1 - 2(a+1n+2))]

il VA E) 2<a—1+2>+§ (gT) i (2(0+n+2))
1

~
<
~—
+

2= @) [ + 2, (F) 3 ()|

(oo} n
- ! 1 1 -1 1 1 1
_y4x () o+1 ~ 2(0+2) + > (ég nl (a—‘,—n—‘rl - 2(o+n+2)>:|

O

Remark 10. If we consider & = 1, in Theorem 5, in that case the following in-
equality we get,

201 o _ o
(y—2)7 [J(ew—z;fy)*f(e—i_ﬁ z) +J(9+ﬁ =)

—f(0+8 -] o
= (|7 @+ | 0] - ekl “”')

which is proved by Sarikaya and Ogiilmiis in [27] .

f(9+ﬁ—y)]

Corollary 2. If we consider £ = 1 and o = 1, in Theorem 5, in that case the
following inequality we get
LIy du— f (04 8 — ZEY) \

0+8—y
ﬁ% [If’(9)|+|f’(/3)| [r @l w] ]

which is proved by Sarikaya and Ogiilmiig in [27] .
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