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Article
Saint-Venant Torsion of Beams with Rectangular

Cross-Section Using the Fourier Analysis

Valentin Fogang

Civil Engineer, C/o BUNS Sarl, P.O Box 1130, Yaounde, Cameroon; valentin.fogang@bunscameroun.com

Abstract: This paper presents an approach to the analysis of beams with rectangular cross-sections subjected
to Saint-Venant torsion using the Fourier analysis, body forces being not considered. The Saint-Venant torsion
of beams, also called free torsion or unrestrained torsion, is characterized by the absence of axial stresses due
to torsion; only shear stresses are developed. The solution to this torsion problem consists of finding the Prandtl
stress function that satisfies the governing equation and the boundary conditions, the governing equation being
such that the Laplacian of the stress function has a constant value within the cross-section. In this paper, Fourier
sine series was utilized to describe the constant value of the above mentioned Laplacian, while double sine
series or simple sine series was utilized to describe the Prandtl stress function. Closed-form solutions in form
of infinite series were derived for shear stresses, torsional constant and warping function. Those solutions were
identical to the exact solutions.

Keywords: Saint-Venant torsion; Prandtl stress function; rectangular cross-section;
Fourier sine series; warping

1. Introduction

The Saint-Venant torsion is characterized by the absence of axial stresses due to torsion and only
shear stresses are developed. The correct solution to the problem of torsion of prismatic beams was
given by Saint-Venant [1]; he made assumptions on the deformation of the twisted bar that could
satisfy the equations of equilibrium and the boundary conditions. Prandtl [2] introduced a stress
function in terms of which the shear stresses were defined. Therefore, the solution to the torsion
problem consists of finding a stress function which satisfies the governing equation and the boundary
conditions. Numerical methods were considered by numerous authors. Ritz [3] and Trefftz [4] used
energy methods whereby the stress function was approximately determined from the minimum
condition of the strain energy of the twisted beam. Tran [5] used isoparametric eight-noded
quadrilateral elements in order to improve Gruttmann’s isoparametric four-noded quadrilateral
elements. Fogang [6] used finite difference method for the torsional analysis of beams with arbitrary
cross-sections; a grid network was considered for the cross-section and additional nodes were
introduced at the boundaries. The additional nodes permitted to apply the governing equations at
the boundary nodes and to satisfy the boundary conditions. In a thesis Chen [7] developed a new
approach to Saint-Venant’s torsion problems based on the finite-volume method. The approach
employed the displacement formulation expressed in terms of the warping function subject to
Neumann-type boundary condition. Furthermore, the torsional problem was solved for rectangular
cross-sections using infinite trigonometric series [8, 9]. Ike et al. [10] used the double finite sine
transform method to obtain closed-form mathematical solutions for the Saint-Venant torsional
analysis of beams with rectangular cross-section. Ike [11] applied the single Fourier sine transform
method to the stress compatibility equation, converting the partial differential equation to an easier
to solve ordinary differential equation in the transformed domain. The boundary conditions were
used to find the integration constants and inversion was used to find the solution in the physical
domain.

In this paper, Fourier sine series was utilized to describe the constant value of the Laplacian of
the Prandtl stress function, while double sine series or simple sine series was utilized to describe the
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Prandtl stress function. Closed- form solutions in form of infinite series were derived for shear
stresses, torsional constant and warping function.

2. Materials and Methods

2.1. Elasticity Equations of Solid Beams Subjected to Saint-Venant Torsion

In this section, equations of the linear theory of elasticity of beams subjected to Saint-Venant
torsion are recalled. The axis convention in the cross-section is represented in Figure 1, whereas the
x-axis is the longitudinal beam’s axis. The dimensions of the beam’s cross section in y- and z-

directions are denoted by a and b, respectively.

2

—
a Y
Figure 1. Axis convention within the beam’s cross-section.

The displacements in x-, y-, and z-direction are denoted by u(x,y,z), v(x,y,z), and w(x,y,z),
respectively, and the rotation of cross-section or angle of twist (positive anticlockwise) is denoted by
0(x).

The cross-section is assumed to rotate about an axis through the center of torsion T (YT, ZT).

The displacements v(x,y,z) and w(x,y,z) are related to the angle of twist O(x) as follows

v:—(Z—ZT)Q, Wz(y—yT)9 (1a, b)

The shearing strains Yxy and Yxz and the shearing stresses Txy and Txz are related to the
displacements as follows

(2a, b)

where G is the shear modulus.
The Prandtl [2] stress function (PSF) Cl)(x,y,z) is defined in terms of stress components
0¢ 0¢
z-xy - s sz - (4a, b)
0z oy
The PSF (I)(x,y,z) must satisfy the following differential equation (a compatibility equation)
0’ 0’ do
.90 _ rg4? ®)
oy~ Oz dx
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It is shown that the PSF has a constant value throughout the boundary: that value is taken zero
for the rectangular solid section of the present study. The torque Mt is given by

M, :J.J.[sz(y_yT)_Txy (Z_ZT)]dde (6a, b)
=2|[ paydz

The torsional stiffness Glt is related to the torque Mt and the angle of twist 8(x) as follows

(7)
M, =Gl 49

dx
Combining Equations (6b) and (7) yields the torsion constant It

2
[ =— dvd
; Gd9ﬂ¢yz
dx

The analysis is then reduced of determining the Prandtl stress function: the latter is determined
using double sine series or single sine series.

(3)

2.2. Analysis Using Double Sine Series for the Prandtl Stress Function

As a recall, the dimensions of the beam’s cross section in y- and z-directions are denoted by a

and b, respectively, as represented in Figure 1. Noting that the sine series hypothesis satisfies the
condition that the Prandtl stress function (PSF) is zero along the boundaries of the cross-section, the
PSF is described using a double sine series

do . Mmy . Nz
x,9,2)=G— S sin 9
#(x,,2) dx;ZnM ; p 9)

The double Fourier sine series expansion of unity is given by

=2 2 in 222 sin nzz (10a)

m=1,3,5...n=1,3,5... ﬂmn a

Using Equation (10a), the right-hand side of Equation (5) can be expanded into a double Fourier
sine series as follows

—ZG? = —2Gﬁ z 16 sin mry sin nrz (10b)

X dx , 235 035, 7T2MN a b

Substituting Equations (9) and (10b) into (5) yields

2

Z Z Gd@ (mz 2_ nrx - 32 | . mrxy . nmnz (100)

sin sin =0
m=13.5..n=13.5.. a b " mmn a b

Since Equation (10c) must be satisfied for any value of i and z it yields
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(11a, b)

64 _[ J. Z Z ! sin /7Y gin 172 dydz

0 0 m=1,3,5.. n=1,3.5.. (mjz (njz a b
mn||— | +| —
a b (12a, b)

256 1

-6 ab 2 2
T m=135.n=135.. | (m n
mn +| —
a b

The torsional constant can be expressed as a function of the ratio a/b as follows

I, =k(a/b)xbd’

Sk(arb)=220 :

(13a, b)

The shear stresses are then determined using Equations (4a, b), (7), and (11b)

Sin COS
2 b
m=135..n=13,5... , [ na a
mym +
b

32 aM, 1 mry . Nxz
COS sin

2
I, 255, n15s. , [ na a b
nlm +
b

32 azM 1 . My nrz
Txy (y’Z) - 72_ Z Z

(14a, b)

h“\
—_~
=
N
~
I
I
.|
1
]

Observing that Zr = b/2 and that the warping is zero along the symmetry axis y = /2, The
warping u(x,y,z) is expressed using Equations (3a, b), (7), and (14a) as follows
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T
u _ Lt (z—z,) =L >
oy 1,
3
_M, (Z_éj(y_ﬁj_i%a M, 1 : cos MY o 172 (15a, b)
Gl 2 2 7" bGl, 455, 155, s (na) a b
m | m + ?

2.3. Analysis Using Single Sine Series for the Prandtl Stress Function

For simplification purpose the y-axis was shifted to the middle of the plate as shown in Figure

Z

bi2

bi2

a
Figure 2. Axis convention with y-axis shifted.

The Prandtl stress function can be described using a single sine series, satisfying so the zero

value boundary condition at i =0 and iy = a.

do . MT
P(x.3.2)=G == D, (2)sin > )
dx < a
Observing that the single Fourier sine series expansion of unity is
4 . mrx
1= Z sin 22 (17)
m=135... TM a
the right-hand side of Equation (5) can be expanded into a single Fourier sine series as follows
do do 4 . mrx
2G—=-2G— Z sin 22
dx dx , 35, 7Tm a (18)
Substituting Equations (16) and (18) into (5) yields
2
do| d’¢ (z) (mrx 8 | . mx
Z G ¢m( )_ ¢m(2)+ sin y:O (18a)

2
molss. dx| dz a Tm a
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Since Equation (18a) holds for any value of ¥ it yields the following differential equation with

Pm(z) 2
d ¢ (z) (mrx 8
== 2] 4 ()+—=0
dz a Tm
(19)
The solution to Equation (19) that satisfies the zero value boundary conditions at z = + b/2 is
cosh "%
2 2
¢ (2) 8a a_, 8a (20)
Z)=—
m 3.3 3.3
T m mrb  m
cosh
2a
Substituting Equations (16) and (20) into (8) yields the torsional constant
mrz
a b/2 R4 cosh R4 mry
It:ZI —— ab+ T |Sin———dzdy
0 —b/2m=13,5 7Tm h mz nm a (21a, b)
2a
32ba’ 1 64a’ 1 mnrb
~T 3 4 s Z 5 tanh
T p=135.M T m=135.M a
It is well known that
4
1
e (22)
m=1,3,5... M 96
Substituting Equation (22) into (21b) yields
1 64a’ 1 mmrb
[ =—=ba’ - - Z ~tanh (23)
3 T m=135.M 2a
Similarly to Equation (13a, b) the torsional constant can be expressed as a function of the ratio
a/b as follows
1 64a 1 mrh
k(a/b)z———s— z ~tanh (24)
3 7©°b,5s.m 2a

The shear stresses are determined using Equations (4a, b), (7), (16), and (20)
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inh "2
8aM, 1S a .. mwy
T,=——— — 5 sin
T It m=13,5.. M cosh mr a
2a
(25a, b)
hmﬂz
8aM, 1 cos a mury
=T z — 1- 5 coS
ol i3 m cosh mr a
2a

Observing that Zt = 0 and that the warping is zero along the symmetry axis Y = 4/2, the warping
function u(x,y,z) is expressed using Equations (3a, b), (7), and (25a) as follows

sinh "%
M, a) 8a’M, 1 a miy
M(X,y,Z)— Gl z y—a +3—(;1 Z 3 mih COS (26)
t 72- t m:1,3,5... m Cosh - a
3. Results and Discussion a

3.1. Analysis using Double Sine Series for the Prandtl Stress Function

e  The expressions for the Prandtl stress function, the shear stresses, and the torsional constant
obtained in this study are identical to those obtained by Ike [10].

3.2. Analysis Using Single Sine Series for the Prandtl Stress Function

e  The expression for the torsional constant obtained in this study is identical to that obtained by
Timoshenko [8] and Sadd [9] (the beam dimensions in the latters are 2A and 2B).

e  The expression for the shear stress txy obtained in this study is identical to that obtained by
Sadd (9.5.11) with txz as the corresponding shear stress. Details are presented in Appendix A.

e  Fora <b the maximum stress txz will occur at y = a and z = 0, the midpoint of the longest side.
The expression for max txz obtained in this study is identical to that obtained by Sadd (9.5.13).
Details are presented in Appendix B.

e  The expression for the warping obtained in this study is identical to that obtained by Sadd
(9.5.14). Details are presented in Appendix C.

Conflicts of Interest: The author declares no conflict of interest.

Appendix A: Shear Stress Txy

The shear stress Txy of the present study expressed in Equation (25a) is repeated below for

convenience,
sinh 772
SaM, 1 a .. mry (A1)
T, =" > > bsm
y
zl - m mrw a
t m=1,3,5.. COSh
2a

The beam dimensions (a, b), the axes (y, z), and the shear stress Txy of the present study are
related to those of Sadd [9] (24, 2B), (X, Y), and Txz, respectively, as a4 = 24, b=2B, y=A+X z=Y,
Txy = Txz.
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2 Sin (A2)
Observing that for odd values of 1 sin (mm/2) = (-1)™2 and cos (m7/2) = 0 we have

sin - (A3)

mr (;A+ X) Csin (m_;er mﬁXj _ (_1)(m—1)/2 cos X

mrB 24 24 (A4)

Equation (A4) is identical to the expression obtained by Sadd (9.5.11).

Appendix B: Maximum Shear Stress Txz

The maximum shear stress, namely Txz at y = a4 and z = 0, is calculated using Equation (25b)

z'xz(a,O):—SaM’ Z 1- 1 cosmrz (B1)

1
2 2
a1 m mh
t m—1,3,5... Cosh
2a

Recalling the relationships between the beam dimensions presented in Appendix A and

observing that for odd values of 1, £1/m? = 7t?/8 and cos (mt) = -1 we have
M A 16M, 4 1
sz (a’ O) - o Z

2
p/nad 5 mrB
t t m—1,3,5... m Cosh
24

(B2)

Equation (B2) is identical to the expression obtained by Sadd (9.5.13).

Appendix C: Warping Function

sinh

The warping function u(x,y,z) derived in Equation (26) is repeated below for convenience,
a mry

mrz
M 8a’M 1
u(x,y,z)z ’Z(y—ﬁj+% Z 5 oS (C1)
Gl 2 n°Gl, 55 m cosh m7h a
2a

Recalling the relationships between the beam dimensions and axes presented in Appendix A,
Equation (C1) becomes

mrY

sinh 772"
r(A+X (C2)
24 mr(A+X)

1
WSGI, m=13.5... m’ cosh mrB 24
24

t

Gl

t

2
u(x,y,z)= M XY+—32A M,
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9
Observing that for odd values of 1 sin (mm/2) = (-1)™12 and cos (m7/2) = 0 we have
mr(A+X) mr  mrX (m-1y2 . maX
cos————==cos| —+—— | =—(-1) sin ——— —> (C3)
24 2 24 24

) _1 (m—l)/2
M B 32]3\1 A Z ( ) sin mrx X sinh mrY
T G], m=135- m® cosh mz B 24
24

(C4)

Equation (C4) is identical to the expression obtained by Sadd (9.5.14).
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