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A Potential Proof of Riemann Hypothesis
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Faculty of Science, National Distance Education University, 28040 Madrid, Spain mseisdedol6@alumno.uned.es

Abstract: In this study, a simple approach to solving the Riemann Hypothesis, one of the most
prominent unsolved problems in the field of Number Theory in mathematics and one of the
“Millenium Prize Problems”, is presented. The Riemann Hypothesis, a conjecture about distribution
of prime numbers, has remained unsolved since it was first proposed by German mathematician,
Bernhard Riemann in 1859. This paper introduces an analytic continuation of the Zeta Function as
well as symmetric approach through integration by parts to address this hypothesis. The proposed
solution is obtained through analytical continuation in the critical strip 0 < Re(s) < 1 to establish
that Re(s) = 1/2.
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1. INTRODUCTION

Definition 1.1. The Riemann Zeta Function is defined as the Dirichlet series of the form

Z(s) = ), % (1.1)

n=1

which is valid in the half-plane {s € C : Re(s) > 1}.

Theorem 1.1. The Riemann Zeta Function satisfies the following equation. This result is known as the Euler
product formula

| —

)

n=1

3

=[[a-p7" 1.2)
peP

Corollary 1.1. The Riemann Zeta function has no zeros for Re(s) > 1.

Proof. Both sides of equation (1.2) converge for fRe(s) > 1.As the right side of this expression never
becomes zero as it is a product of prime numbers, then the left side of this equation never becomes
zero for Re(s) > 1. O

Theorem 1.2. The Riemann Zeta function, equation (1.1), can be continued analytically through the following

functional equation, which is meromorphic for the whole complex plane {s € C : s # 1} , where s = 1 constitutes
a simple pole with residue 1, of the form

7(s) = 28> Lsin (%) I'(1—s)Z(1—s). (1.3)

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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Riemann firstly found a slightly different functional equation that was publish in 1859 in his
paper “On the Number of Primes Less Than a Given Magnitude”. The previous version of equation
(1.3) as well as its properties, and the proof of theorem 1.2 can be found in Titchmarsch’s work[1].

Corollary 1.2. The Riemann Zeta function is zero at s = —2,—4, —6, .... These are called the trivial zeros of
the Riemann Zeta function.

Proof. The sine term in equation (1.3) vanishes at s = —2,—4, —6, ... while for the same values,
257571 % 0 . If Gamma function is expressed in terms of the Euler reflection formula, I'(s)T(1 —s) =
7t/sin(7ts), it never becomes zero and only the poles at I'(—2k), k = 0,1, 2, ... are present. {(1 —s) # 0 at
s =—2,—4,—6,...as per corollary 1.1. O

Corollary 1.3. There are zeros of the Riemann Zeta function are symmetrically located on the critical strip
{s € C:0 < Re(s) < 1}around the vertical line Re(s) = 1/2. These are the so called non-trivial zeros.

Proof. Let p be a complex number such as Re(p) = cand Im(p) =t {pe C: 0 < Re(p) <1, 0 <
Jm(p) < o). If {(0 +it) = 0,as 207t~ Lsin (Z£) T(1 — p) # 0 in equation (1.3), then {(1 — o —it) = 0.
O

Lemma 1.1. The non-trivial zeros of the Riemann Zeta function are symmetric with respect to the real axis.

Proof. As{ : R —» Rfor {s € C: Re(s) # 1, Jm(s) = 0} is well defined and is holomorphic on the
upper half-plane {s € C : Re(s) # 1, IJm(s) > 0}, by the Schwarz reflection principle[2], {(s) = {(5),
and it implies that Re({(0 + it)) = Re({(o —it)) and Im({(o +it)) = —=TIm({(c —it)). O

2. RIEMANN HYPOTHESIS

Conjecture 2.1. Riemann Hypothesis (R.H.) [3] states that the real part of the non-trivial zeros of the
Riemann Zeta function, that is to say, those zeros that are not “trivial”, equals 1/2. Let be p;, the n-th
non-trivial zero of the Riemann Zeta function, then R.H. states that the non-trivial zeros! are the set
{on€C:py=0+iyy, 0=1/2, v, e RT, ne N}

Although some serious attempts have been made on attacking Riemann Hypothesis, it remains
unsolved (see, for example, Jensen Polynomials” work from Griffin[4], Montgomery’s zeros pair
correlation work[5] and Bender, Carl M. et al. on the use of Hamiltonian operators[6]). The present
paper is intended to provide an original but simple approach that ultimately leads to one-half value of
the real part of every “non-trivial” zero of the Riemann Zeta function.

PRELIMINARY DEFINITIONS AND THEOREMS

Definition 2.1. The Dirichlet eta function is defined, for Re(s) > 0, as

O qyn—1
CESD Y @)

n=1

L In this paper,  will use p instead of p, to refer to any n-th “non-trivial” zero unless it is strictly necessary.
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Definition 2.2. The Gamma function is defined, for Re(s) > 0, as

0 ¢]
I'(s):= J x* e ¥dx.
0

Theorem 2.1. The Dirichlet eta function can be written is terms of the Gamma function, for Re(s) > 0, as

1 0 xsfl

Proof. Let Si, be an infinity geometric series of the form, converging for -1 <r <1

o0
Soo = Z r”.
n=0

As it is well know, this geometric series can be expressed in terms of a closed from

1

Swz 1—}"

Andletr = —e™%, so

Seo(x) = Z (e )™

n=0

If I multiply both sides of the last expression I get
0
€ S (x) = (—1)"e ™ Y (e )",

and
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On one hand, if I use Mellin transform, I ge’c2

* s—1,—x S n * s—1,—(n+1)x S (-1)" * s—1,—u
xX° e S (x)dx = -1 J x* e dx = f u’ e "du,
J;) OO( ) HZZZO( ) 0 ngo (7’l+1)5 0
* s—1,—x J- (_1)71—1 * s—1,—u
x5 e Sep(x)dx = Z — u’ e tdu =T(s)n(s).
0 n=1 n 0
On the other hand, I have

0 0 e~ X 00 4s5—1
J e ¥ S o (x)dx = f x5! dx = J dx,
0

0 14+e* e* 41

S0,

0 ,.5—1
T = [ S,

o e¥+1

and we get to equation (2.2)

1 o0 xs—l

O

Theorem 2.2. Riemann Zeta function can be continued analytically, for Re(s) > 0, in terms of the Dirichlet
eta function as

(s) = m’?(s)' (2.3)

Proof. Let {(s) be expressed as, valid for fRe(s) > 1, that can be obtained from equation (1.1) by
following an analogous procedure for proof of theorem (2.1)

2 Iperformed the variable change u = (1 + 1)x.
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1 0 xsfl
(6 - |

which is valid for fRe(s) > 1. Then I multiply both sides of the previous expression by 27° to obtain

s 1 Q0 xs—l
2 C(S):@L ex—ldx’

or more conveniently,

e P I(A/2)x]x !
2 Z(s)—r(s)JO 1 dx.

I perform a variable change (1/2)x = &, so

2757(s) = 1JOO w51 ! du
CT(s) Jo e —1

I perform a fractional separation over the term 1/(¢** — 1) as follows:
_t ot o1
e —1  2\e*—1 e*+1

so, I obtain

1 0 asfl 1 oe] lxsfl
1—s _ _
278s) = F(s)fo e r(s)f0 w1

Recalling equation (2.2) and the integral expression of the Riemann Zeta function used above, I have

21757 (s) = ¢(s) — (s)

and, reorganizing terms, I come to equation (2.3)

END OF PRELIMINARY DEFINITIONS AND THEOREMS

Proof. Conjecture 2.1 will be demonstrated from now on up to the end of the document.

I substitute equation (2.2) in equation (2.3) to obtain,

1 1 0 4s—1
0(s) = 1_21_51,(S)L mdx, Re(s) > 0. (2.4)

I can multiply both sides of equation (2.4) by s to obtain

1 1 (% sxs1
sC(s) = 1215105 Jo o 1dx, Re(s) > 0.
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Now, it is interesting to see that the integral of the last expression can be intelligently manipulated
so that can yield a more useful expression. In effect, I realize that (d/dx)x® = sx*~!. On one hand,
I perform the following variable changes, being u = 1/(e* + 1), then du = —e*/(e* + 1)?dx and
dv = (d/dx)(x*)dx, then v = x°. Given this, we can write the following

0 o0 xSeX
+ ———dx|.
0 JO (e¥ +1)2 ]

I conveniently name A(s) = s{(s), B(s) = 1/((1 —2'=%))['(s), C(s) will be the first term in the
brackets, and Z; (s) will be the integral which belongs to the second term in brackets. Then, the domain
of definition D of A(s) can be expressed as D4 = D[ (DcJDz,). The function 1/(1 —217%) is
defined in the complex plane C\{1} and the reciprocal of the Gamma function, 1/T'(s) is defined,
according to definition 2.2, in the half-plane Re(s) > 0,50 D ={s € C: 0 > 0,—0 <t < o}\{1}. O

1 1 x°
66) = T 5= 1) [ex +1

Proposition 2.1. The limits limy_,o; x°/(e* + 1) and lim,_,¢ x°/(e* + 1) tend to zero whenever Re(s) > 0.

Proof. The following limits can be expressed as

xoHit . x%cos(tlnx) .. x"sin(tlnx)
im = lim ————* -—
x—wer 41 x—oo  er 41 x—oo  e¥+1
. oxotit o x%cos(tinx) ... xUsin(tlnx)
lim = lim ——————* -
x—0e*+1 x>0 e¥+1 x—0  e*+1

The limit when x — o, regardless of the oscillatory behavior of the trigonometric functions, the
exponential function in the denominator grows much faster than the polynomial term x7, so that

o+it

=0+i0=0.

m =
x—00 X + 1

For limit when x — 0, both real and imaginary parts vanish if and only if o > 0, so that
X |® o +it O +it

= lim —— —lim —— =
eX+1|p x—ooe¥+1 x—0e*+1

O
Proposition 2.2. The integral Z;(s) converges for Re(s) > —1.

Proof. For Z;(s), when x » 1, then (e* + 1)? ~ ¢?*. Then I can approximate the integral as

Recalling definition 2.2 and performing s — s + 1, I get
Q0

I'(s+1) = J x’e Ydx.
0

By comparing the two integrals above, and taking into account the fact that, as I'(s) is valid for
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MRe(s) > 0,T(s +1) is valid for Re(s) > —1 according to definition 2.2, I come to the conclusion that the
domain for which the integral convergesis Dz, = {se C:0 > —-1,0 <t < o0}, [

Then, Dc|JDz, ={s€C:0>0,0<t<w}|J{seC:oc>-1,0<t<w}={seC:0>-1,0<t<
oo} as x°/(e* + 1) vanishes as per proof of proposition 2.1. Asaresult, Dy = {seC:0>0,0<t <
oP\{1}({seC:o0>-1,0<t<w}={seC:0>0,0<t<}\{1}.

The following then remains valid for ¢ > 0 excepts = 1

1 1 [P xfer
s8(s) = 751 ) fo = 1)2dx.

I proceed analogously as I did in the proof of theorem 2.2 and I say that ¢*/(e* + 1) can be split into
the following term by performing a fractional separation:

@11 el @ 1 (e r1p

e A B A*+1)+B

It is straightforward to see that A = 1 and B = —1. Then I have

11 (* (1 1
6= e |, © (orn - @)

or,

1 1 [(® ¥ 11 (¢
56(s) = 1—21—S@L eX+1dx_1—21—S@JO GRS

Proposition 2.3. The integral of the second term on the right side converges for Re(s) > —1.

Proof. Now, let Z,(s) be the integral of the second term of the right side of the last expression:

0 0] xS
Ir(s) =f0 mdx.

Proceeding analogously as I did with Z;(s), when x » 1, then (e* + 1)? ~ ¢, s0 I get

0
Zs(s) %fo xSe~ 2 dx,

which can be conveniently re-arranged with a variable change u = 2x, giving as a result
1 0
Is(s) J ue "du,

2s+1 0

or,

valid for Re(s) > —1. O

Now, by using the functional equation of the Gamma function I'(s + 1) = sI'(s), I can divide both
sides of the last expression by s to obtain
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1 1 (® ¥ 1 1 (© 2
- - : 2.
€)= 751 F(s+1)_[0 G 1 T Tt F(s+1)J0 1™ 235)

Now, this last expression is valid for Re(s) € (—1,1) [ J(1, ).

I recall expression (2.4) and I perform s — s+ 1, so I get, for fRe(s) > —1 except Re(s) = 0
that leads to a simple pole, the following

1 1 DO xS
§(5+1):1—2—sr(s+1)J0 L

or

X

s B 1 Q0 S
(1-279(s+1) = 1“(s+1)f0 i (2.6)

I can then place expression (2.6) on the right side of equation (2.5), replacing the first term to finally
obtain

dx |, (2.7)

1-27% 1 [
R T E=1] My

valid for {se C: 0 > —1,—00 < t < oo}\ ({0} U{1}).

I can then repeat the same process starting from equation. (2.4), but this time by performing
a variable change s — 1 — s and multiplying both sides of the expression by 1 — s. In effect, I have

1 1 ©(1—s)x%*
(1—-9)f(1—5s)= 1—251"(1—5)J0 T+ 1) dx. (2.8)

Proposition 2.4. Equation (2.8) is valid for all Re(s) < 1.
Proof. Equation (2.4) is valid for ¢ > 0, so, according to the variable change in equation® (2.8),

1-0¢ > 0 = ¢ < 1. Performing integration by parts over (2.8), I use the following variables,
u=1/("+1),du = —e*/(e* +1)%dx, dv = (d/dx)(x'~%)dx, v = x!~*, 1 obtain

Y . Joo xl=spx p
——dx|,
0 0 (ex + 1)2

1 1 x1—s
(=s)(=5) = =% Ta =9 le"—kl

which remains valid for Re(s) < 1.
O

Proposition 2.5. The limits limy_,o, x175/(e* + 1) and lim,_o x'175/(e* + 1) tend to zero whenever Re(s) <
1.

Proof. By following the same reasoning as per proof of proposition (2.1), the limits tend to zero for all
Re(s) <1. O

3 Tuse indistinctly o or Re(s)

doi:10.20944/preprints202310.1050.v1
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So I end up with

. @2 dx. (2.9)

0 1—s,x
1=90-9 - =5 =5 )y oo

The right side of equation. (2.9) contains three terms. The term 1/(1 — 2°) is valid for
C\{se C:0 =0,t =2km/In2,k € Z}. The term 1/T'(1 — s) is valid for, according to definition 2.2,
Me(s) < 1. The convergence of the integral term,Z3(s), can be studied as done in propositions 2.2 and 2.3.

Proposition 2.6. The integral Z3(s) converges for Re(s) < 2.

Proof. When x » 1, then (e¥ + 1)? ~ %%, so

e}
T(s) ~ JO H =S¢ dx,

According to definition 2.2 and performing a variable change s — 2 — s, I have

0
r2-s)= J x!=Se % dx.
0

As I'(2 —s) is valid for PRe(s) < 2, this implies that the integral Z3(s) converges for Re(s) < 2.
Performing once more fractional separation over the exponential term in the integral, I can also write

11 (a1 1
(1S)C(1S)=1_251~(1_S)L x <eX+1(eX+1)2>dx'

which can also be expanded as

11 (* xl LN S A
(1_S)§(1_S):1—25F(1—S)J0 EX+1dx—1_25r(1_S)J;) (ex_|_1)2dx.

O
Proposition 2.7. The integral of the second term on the right side converges for Re(s) < 2.

Proof. Let Z,(s) be the integral of the second term on the right side of the last expression:

0 xlfs
I4(S) = J(; de

Proceeding analogously as before, when x » 1, then (e* + 1)? ~ %%, so I get

Q0
Ty(s) ~ Jo x175e™ 2% dyx,

which can be conveniently re-arranged with a variable change u = 2x, giving as a result

1 “ 1—s,—u
Iz(s)xzz_s . u e "du,

or

doi:10.20944/preprints202310.1050.v1
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valid for Re(s) < 2. O

Last expression above proposition 2.7 can be divided both sides by 1 — s and, by applying again
functional equation of Gamma function (1 —s)I'(1 —s) = I'(2 —s), I obtain

1 1 0 xlfs 1 1 0 xlfs
CA=%)= 15129 fo 1 T I T2 L ™ (210)

Equation (2.4) is used here again by now setting s — 2 — s and is turned into

1 1 0 xl—s
C2=s) = g5 1”(2—5)_[0 Tyt

or

. 1 o0 xl—s
(1-2 1)§(z—s):r(2_s)JO s @11)

I perform a substitution of the first term of the right side of expression 2.10 by 2.11, obtaining finally

dx | (2.12)

1—2571 1 1 Oyl
(-9 = 35 ¢C =)~ =1y L (e¥ +1)2

Proposition 2.8. The equation (2.12) is valid for Re(s) < 2 except s = 1, where there is a pole for {(2 —s),
and s = 0, where there is a pole for {(1 —s) .

Proof. See proof of proposition 2.6 for 1/I'(2 — s), proofs of propositions 2.3 and 2.6 for integral
convergence of the term x!75/(e* + 1)2.
O

Definition 2.3. Let A(s) be a complex-valued function of the form

1-27°5

Lemma 2.1. The function A(s) satisfies A(p) # 0.

Proof. Let f(s) be the numerator in (2.13), which can be expressed as f(s) = 1 — (=72 yith
real part Re(f(s)) = 1 —27%cos(tIn2) and imaginary part Jm(f(s)) = 27 7sin(tIn2). Re(f(p)) = 0
< cos(yIn2) = 2% and Jm(f(p)) =0 < v = knr/In2 Vo € (0,1) with k = 0,41, £2, £3, .... As the
values of y have to be the same for both real and imaginary parts, then cos(krr) = 27. Fork = 2j+ 1,
withj=0,+1,+2,43, .., cos((2j+ 1)) = —1, and 27 > OVo € R, so cos((2j + 1)) # 27 Yo € R. For
k=2l withl =0,+1,+2,43,..., cos(2l7) = 1,and 27 # 1 Vo € (0,1), so cos(2lm) # 27 Yo € (0,1). 1
can conclude that o € (0,1) : cos(krt) = 27 = f(s) # 0 Vo € (0,1).
As f(s) #0Voe (0,1) = A(p) #0. O
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Lemma 2.2. The function A(s) is well defined for s = p

Proof. Let g(s) be the denominator in equation (2.13), which can be expressed as g(s) = 1 — e(l—o—it)ln2,
with real part Re(g(s)) = 1 —2!"%cos(t/n2) and imaginary part Jm(g(s)) = 21~ 7sin(tin2). Re(g(p)) = 0
= cos(yIn2) =21 and Im(g(p)) = 0 < 7 = knt/In2 Vo € (0,1) withk = 0, £1, £2, £3, .... As the
values of 7y have to be the same for both real and imaginary parts, then cos(k7r) = 2°~1. For k = 2j + 1,
with j = 0,+1,42,43,..., cos((2j + 1)t) = —1, and 2°"! > 0 Vo € R, so cos((2j + 1)) # 201
Vo € (0,1). For k = 2I, with [ = 0,+1,42,+3,..., cos(2lr) = 1, and 2! # 1 VYo € (0,1), so
cos(217) # 271 Yo € (0,1). I can conclude that fo € (0,1) : cos(krr) = 271 = ¢(s) # 0 Vo € (0,1).

As g(s) are well defined for Vo € (0,1) = A(p) is well defined. O

Theorem 2.3. The Riemann Zeta function satisfies the following equation for s = p, which has no zeros and is
well defined

_ 1 0 xP
(1-27°)(p+1) = EESY fo GEsyad (2.14)

Proof. If Iset {(p) = 0in equation (2.7) and I recall lemmas 2.1 and 2.2 to ensure A(p) has no zeros
and is well defined, respectively, and I recall corollary 1.1 to state that {(p 4+ 1) # 0, in consequence,
Ty(p) # 0, and I multiply both sides of equation (2.7) by 1 —21=F, I obtain 2.14. [

Definition 2.4. Let A(s) be a complex-valued function of the form

1— 2571
Lemma 2.3. The function A(s) satisfies A(p) # 0.
Proof. Let F(s) be the numerator in equation 2.15, which can be expressed as F(s) = 1 — (@ +i#=1In2,

with real part Re(F(s)) = 1 — 27 lcos(tln2) and imaginary part Jm(F(s)) = —27 lsin(tn2).
Re(F(p)) = 0 < cos(yIn2) = 277 and Im(F(p)) = 0 <= v = kn/ln2 Yo e (0,1) with
k = 0,41,4+2,43,... Again, as the values of v have to be the same for both real and imaginary
parts, then cos(km) = 21=¢ Fork = 2j+1,withj=0,41,42,43,.., cos((2j + 1)) = —1, and 21=r > 0
Vo e R, socos((2j+1)m) # 21=7 Yo e R. Fork = 21, with [ = 0, +1,+2,+3, ..., cos(2l7r) = 1,and 2 # 1
Yo € (0,1), so cos(2I7t) # 2° Vo € (0,1). I can conclude that #c € (0,1) : cos(krt) = 2° = F(s) # 0
Yo e (0,1).
AsF(s) #0Vo e (0,1) = A(p) #0. O

Lemma 2.4. The function A(s) is well defined for s = p
Proof. Let G(s) be the denominator in equation (2.15), which can be expressed as G(s) = 1 — e(7 )12,
with real part Re(G(s)) = 1 — 27cos(tIn2) and imaginary part Jm(G(s)) = —2%sin(tIn2). Re(G(p)) =
< cos(yIn2) = 277 and Im(G(p)) = 0 < v = kn/In2 Vo € (0,1) with k = 0, +£1,+2,+3,.
Following an identical reasoning, as the values of v have to be the same for both real and imaginary
parts, then cos(krt) =277 Fork = 2j + 1, with j = 0,41, 42,43, ..., cos((2j + 1)1) = —1,and 277 > 0
Vo e R,socos((2j + 1)) # 277 VYo € (0,1). For k = 2], with | = 0,+1,4+2,43, ..., cos(2l7r) = 1, and
277 #1Vo e (0,1),s0 cos(2lm) # 277 Yo € (0,1). I can conclude that #ic € (0,1) : cos(krr) =277 =
G(s) #0Vo e (0,1).

As G(s) are well defined for Vo € (0,1) = A(p) is well defined. O

doi:10.20944/preprints202310.1050.v1
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Theorem 2.4. The Riemann Zeta function satisfies the following equation for s = p, which has no zeros and is
well defined

_ 1 © xlp
(1-2"H72—-p) = F(2—p>L (ex+1)2dx. (2.16)

Proof. IfIset((p) = 0inequation (2.12) and I recall lemmas 2.3 and 2.4 to ensure A(p) has no zeros and
is well defined, respectively, and I recall again corollary 1.1 to state that {(2 — p) # 0, in consequence,
Z4(p) # 0, and I multiplying both sides of (15) by 1 —2°, I get to (2.16). O

Now, I multiply expressions (2.14) and (2.16) to get

2 1 1 0 xp R
C(p+1)€(2—P):3—2P—21—Pr(p+1)1’(2—p)£) (6"+1)2de (ex+1)2dx'

Let D+ be the domain of the Riemann Zeta function in expression (2.7) and letD; - be the domain of the
Riemann Zeta function in expression (2.12). Let D* be the domain of the multiplication of expressions
(2.7) and (2.12), so that D* = D+ (D~ = {s € C: =1 < Re(s) < 2,0 < Im(s) < o}. If Ilet D be the
domain the last boxed expression, it is easy to see that Dy < D*asp e {o+iy:0<0 <1,0 <7y <o}
Now, I re-arrange the last boxed expression by applying again the properties of the functional equation
of the gamma function. By doing so, one can obtain

2 1 1 Coa © o xlr
é(P + 1)@(2 - p) = 3_20_2l—p pr(P) (1 — p)r(l — p) J;] (Ex + 1)2 de;) mdx’
or
a2 1 1 G v
Pl T3 2 Lo+ DI2—p) T()T(1—p) Jo (e* + 1)2dxfo ERESV

As it is known by the Euler’s reflection formula, I'(s)I'(1 —s) = 7t/sin(rs), s ¢ Z, therefore, the last
expression can be written as

2 2 1 sin(mp) JOO xP foo ,l-p
P =3 = o+ )22 —p) 7 o (exH)de . (eX+1)2dx‘ (2.17)
Definition 2.5. Let ()(p) be the right side of equation (2.17)
_ 2 1 sin(7tp) JOO P JOO 1-p
Qlp) = 3-20-21=0C(p+1){(2—p) 7 o (eX+ 1)2dx o (e¥+ 1)2dx i (2.18)

Lemma 2.5. Omega function satisfies Q(p) = Q(1 — p).
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Proof. IfI place 1 — p in expression (2.18), then the Omega function leads to

2 1 sin(mt(1—p)) JOO xl=p p JOO x1=(1=p)

3 21 _21-(p) {(1—p+ 12— (1—p)) - o @™, ™

as the sine term can be broken down as sin(m — 7tp) = sin(m)cos(mtp) — sin(rtp)cos(mr), then I get back
to (2.18).
O

I therefore come to

p—p* = Q(p). (2.19)

Now, left side of equation (2.19) can be expanded as

p—02 = (0 +iy) — (0 +i7)? = (0 — % + %) +iy(1—20).

As two complex-valued functions are equal if and only if their real and imaginary parts are equal, I
can state that

(c—0?+9%) = Re(OQ(p)) (2.20)

7(1-20) = Im(Qp)) (2.21)

Lemma 2.6. Omega function satisfies Q(p) = Q(p).

Proof. The conjugate of the Omega function is

0 = (5525 (grmee=p) ("2 ) |, @i, R

By means of 1.1, {(p + 1) = {(p +1) and Z(2 — p) = {(2 — p), and sin(mp) = (?pf e*"P) J2i =
(e'? — e~P)/2i. Equally, the integrals can be broken down as

oyt © x7cos(ylnx) [ x"sin(yInx)
Jy e, T ],

© yl-o—iy © x1=Tcos(yInx) [ x'sin(ylnx)
fo (ex+1)2d"_fo (e +1)2 dx_lfo GRS

By conjugating both previous expressions, one can easily see that the conjugate of each integral equals
the integral of each conjugate, so I finally have

—— 2 1 sin(rp) (*  xP O xl-P
Q(p)_3—2ﬁ—zl—ﬁg(ﬁ+1)g(z—ﬁ) - L(ex+1)2dxjo 1™
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and it implies that
Q(p) = Q(p). (2.22)
O

Therefore, the imaginary part of omega function is Jm(Q(p)) = (Q(p) — Q(p))/(2i). Now, I
conjugate both sides of equation (2.19) so that I have

p—p*=Qp).

By noting that the conjugate of a subtraction is the subtraction of the conjugates, the conjugate of a
product is the product of the conjugates, and by applying lemma, 2.6 I realize that the above expression
can be written as

p—p°=0Qp). (2.23)

The left side of (2.23) is just

p—p%=(0—iy)— (0 —i7)? = (0 —0?+9%) +iy(20 - 1).

Proceeding analogously, I can say that

(0 — 0% +9%) = Re(Qp)) (2.24)

—7(1-20) = Im{Q(p)} (2.25)

Proposition 2.9. Both (2.21) and (2.25) have to satisfy the same o-values of the zeros p and p, as the conjugation
does not affect (2.20) and (2.24).

Proof. I recall equations and (2.25) and, by lemma 2.5, I know that Q(c +iy) = Q((1 —0) —iv)

and by 2.6, I also know that Q((1 —¢) —iy) = Q((1 — o) +iv). In the same way, by, again, 2.5,

Q((1 —0) +iy) = Qo —ivy) and again, by 2.6, it turns out that Q(c —iy) = Qo + iv). If I recall

equation (2.21), its right side is also Im(Q (0 + i) = (Q(0 + iv) — Qo + iy))/(2i). But at the same time
and according to the development of this proof, it can also be expressed as Jm(Q(c + ivy)) = (Q((1 —

o) —iy) — Q((1 — o) —iv))/(2i). If I substitute the real part o of the left side of equation (2.21) by 1 — o,

then y(1-2(1 —0)) = y(—1+20)). As Q(c +iy) — Qo +iy) = Q1 —0) —iy) — Q1A —0) —iv),
then Jm(Q(c +ivy)) = Im(Q((1 — o) +i7y)), and then (1 —20) = y(—1 +20)). So, 1 — 20 = -1 + 20,
or

c==| (2.26)

O

The last value of ¢ is consistent with equations (2.21) and 2.25, which leads to Q(p) = Q(p), which
means that Jm(Q)(p) = 0 and, therefore, the Omega function is real.
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