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Abstract: In this study, a simple approach to solving the Riemann Hypothesis, one of the most

prominent unsolved problems in the field of Number Theory in mathematics and one of the

“Millenium Prize Problems”, is presented. The Riemann Hypothesis, a conjecture about distribution

of prime numbers, has remained unsolved since it was first proposed by German mathematician,

Bernhard Riemann in 1859. This paper introduces an analytic continuation of the Zeta Function as

well as symmetric approach through integration by parts to address this hypothesis. The proposed

solution is obtained through analytical continuation in the critical strip 0 ă Repsq ă 1 to establish

that Repsq “ 1{2.
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1. INTRODUCTION

Definition 1.1. The Riemann Zeta Function is defined as the Dirichlet series of the form

ζpsq :“
8
ÿ

n“1

1

ns
, (1.1)

which is valid in the half-plane ts P C : Repsq ą 1u.

Theorem 1.1. The Riemann Zeta Function satisfies the following equation. This result is known as the Euler

product formula

8
ÿ

n“1

1

ns
“

ź

pPP

`

1 ´ p´s
˘´1

. (1.2)

Corollary 1.1. The Riemann Zeta function has no zeros for Repsq ą 1.

Proof. Both sides of equation (1.2) converge for Repsq ą 1.As the right side of this expression never

becomes zero as it is a product of prime numbers, then the left side of this equation never becomes

zero for Repsq ą 1.

Theorem 1.2. The Riemann Zeta function, equation (1.1), can be continued analytically through the following

functional equation, which is meromorphic for the whole complex plane ts P C : s ‰ 1u , where s “ 1 constitutes

a simple pole with residue 1, of the form

ζpsq “ 2sπs´1sin
´ πs

2

¯

Γp1 ´ sqζp1 ´ sq. (1.3)
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Riemann firstly found a slightly different functional equation that was publish in 1859 in his

paper “On the Number of Primes Less Than a Given Magnitude”. The previous version of equation

(1.3) as well as its properties, and the proof of theorem 1.2 can be found in Titchmarsch’s work[1].

Corollary 1.2. The Riemann Zeta function is zero at s “ ´2, ´4, ´6, .... These are called the trivial zeros of

the Riemann Zeta function.

Proof. The sine term in equation (1.3) vanishes at s “ ´2, ´4, ´6, ... while for the same values,

2sπs´1 ‰ 0 . If Gamma function is expressed in terms of the Euler reflection formula, ΓpsqΓp1 ´ sq “
π{sinpπsq, it never becomes zero and only the poles at Γp´2kq, k “ 0, 1, 2, ... are present. ζp1 ´ sq ‰ 0 at

s “ ´2, ´4, ´6, ... as per corollary 1.1.

Corollary 1.3. There are zeros of the Riemann Zeta function are symmetrically located on the critical strip

ts P C : 0 ă Repsq ă 1uaround the vertical line Repsq “ 1{2. These are the so called non-trivial zeros.

Proof. Let ρ be a complex number such as Repρq “ σ and Impρq “ t tρ P C : 0 ă Repρq ă 1, 0 ă
Impρq ă 8u. If ζpσ ` itq “ 0, as 2ρπρ´1sin

` πρ
2

˘

Γp1 ´ ρq ‰ 0 in equation (1.3), then ζp1 ´ σ ´ itq “ 0.

Lemma 1.1. The non-trivial zeros of the Riemann Zeta function are symmetric with respect to the real axis.

Proof. As ζ : R � R for ts P C : Repsq ‰ 1, Impsq “ 0u is well defined and is holomorphic on the

upper half-plane ts P C : Repsq ‰ 1, Impsq ą 0u, by the Schwarz reflection principle[2], ζpsq “ ζpsq,

and it implies that Repζpσ ` itqq “ Repζpσ ´ itqq and Impζpσ ` itqq “ ´Impζpσ ´ itqq .

2. RIEMANN HYPOTHESIS

Conjecture 2.1. Riemann Hypothesis (R.H.) [3] states that the real part of the non-trivial zeros of the

Riemann Zeta function, that is to say, those zeros that are not “trivial”, equals 1{2. Let be ρn the n-th

non-trivial zero of the Riemann Zeta function, then R.H. states that the non-trivial zeros1 are the set

tρn P C : ρn “ σ ` iγn, σ “ 1{2, γn P R`, n P Nu.

Although some serious attempts have been made on attacking Riemann Hypothesis,it remains

unsolved (see, for example, Jensen Polynomials’ work from Griffin[4], Montgomery’s zeros pair

correlation work[5] and Bender, Carl M. et al. on the use of Hamiltonian operators[6]). The present

paper is intended to provide an original but simple approach that ultimately leads to one-half value of

the real part of every “non-trivial” zero of the Riemann Zeta function.

PRELIMINARY DEFINITIONS AND THEOREMS

Definition 2.1. The Dirichlet eta function is defined, for Repsq ą 0, as

ηpsq :“
8
ÿ

n“1

p´1qn´1

ns
. (2.1)

1 In this paper, I will use ρ instead of ρn to refer to any n-th “non-trivial” zero unless it is strictly necessary.
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Definition 2.2. The Gamma function is defined, for Repsq ą 0, as

Γpsq :“
ż 8

0
xs´1e´xdx.

Theorem 2.1. The Dirichlet eta function can be written is terms of the Gamma function, for Repsq ą 0, as

ηpsq “
1

Γpsq

ż 8

0

xs´1

ex ` 1
dx. (2.2)

Proof. Let S8 be an infinity geometric series of the form, converging for ´1 ă r ă 1

S8 “
8
ÿ

n“0

rn.

As it is well know, this geometric series can be expressed in terms of a closed from

S8 “
1

1 ´ r
.

And let r “ ´e´x, so

S8pxq “
8
ÿ

n“0

p´e´xqn.

If I multiply both sides of the last expression I get

e´xS8pxq “ p´1qne´x
8
ÿ

n“0

p´e´xqn,

and

e´xS8 “
e´x

1 ` e´x
.
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On one hand, if I use Mellin transform, I get2

ż 8

0
xs´1e´xS8pxqdx “

8
ÿ

n“0

p´1qn
ż 8

0
xs´1e´pn`1qxdx “

8
ÿ

n“0

p´1qn

pn ` 1qs

ż 8

0
us´1e´udu,

ż 8

0
xs´1e´xS8pxqdx “

8
ÿ

n“1

p´1qn´1

ns

ż 8

0
us´1e´udu “ Γpsqηpsq.

On the other hand, I have

ż 8

0
xs´1e´xS8pxqdx “

ż 8

0
xs´1 e´x

1 ` e´x
dx “

ż 8

0

xs´1

ex ` 1
dx,

so,

Γpsqηpsq “
ż 8

0

xs´1

ex ` 1
dx,

and we get to equation (2.2)

ηpsq “
1

Γpsq

ż 8

0

xs´1

ex ` 1
dx .

Theorem 2.2. Riemann Zeta function can be continued analytically, for Repsq ą 0, in terms of the Dirichlet

eta function as

ζpsq “
1

1 ´ 21´s
ηpsq. (2.3)

Proof. Let ζpsq be expressed as, valid for Repsq ą 1, that can be obtained from equation (1.1) by

following an analogous procedure for proof of theorem (2.1)

2 I performed the variable change u “ pn ` 1qx.

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 17 October 2023                   doi:10.20944/preprints202310.1050.v1

https://doi.org/10.20944/preprints202310.1050.v1


5 of 15

ζpsq “
1

Γpsq

ż 8

0

xs´1

ex ´ 1
dx,

which is valid for Repsq ą 1. Then I multiply both sides of the previous expression by 2´s to obtain

2´sζpsq “
1

Γpsq

ż 8

0

xs´1

ex ´ 1
dx,

or more conveniently,

2´sζpsq “
1

Γpsq

ż 8

0

rp1{2qxssx´1

ex ´ 1
dx.

I perform a variable change p1{2qx “ α, so

2´sζpsq “
1

Γpsq

ż 8

0
αs´1 1

e2α ´ 1
dα.

I perform a fractional separation over the term 1{pe2α ´ 1q as follows:

1

e2α ´ 1
“

1

2

ˆ

1

eα ´ 1
´

1

eα ` 1

˙

so, I obtain

21´sζpsq “
1

Γpsq

ż 8

0

αs´1

eα ´ 1
dα ´

1

Γpsq

ż 8

0

αs´1

eα ` 1
dα.

Recalling equation (2.2) and the integral expression of the Riemann Zeta function used above, I have

21´sζpsq “ ζpsq ´ ηpsq

and, reorganizing terms, I come to equation (2.3)

ζpsq “
1

1 ´ 21´s

END OF PRELIMINARY DEFINITIONS AND THEOREMS

Proof. Conjecture 2.1 will be demonstrated from now on up to the end of the document.

I substitute equation (2.2) in equation (2.3) to obtain,

ζpsq “
1

1 ´ 21´s

1

Γpsq

ż 8

0

xs´1

ex ` 1
dx, Repsq ą 0. (2.4)

I can multiply both sides of equation (2.4) by s to obtain

sζpsq “
1

1 ´ 21´s

1

Γpsq

ż 8

0

sxs´1

ex ` 1
dx, Repsq ą 0.
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Now, it is interesting to see that the integral of the last expression can be intelligently manipulated

so that can yield a more useful expression. In effect, I realize that pd{dxqxs “ sxs´1. On one hand,

I perform the following variable changes, being u “ 1{pex ` 1q, then du “ ´ex{pex ` 1q2dx and

dv “ pd{dxqpxsqdx, then v “ xs. Given this, we can write the following

sζpsq “
1

1 ´ 21´s

1

Γpsq

„

xs

ex ` 1

ˇ

ˇ

ˇ

ˇ

8

0

`
ż 8

0

xsex

pex ` 1q2
dx



.

I conveniently name Apsq “ sζpsq, Bpsq “ 1{pp1 ´ 21´sqqΓpsq, Cpsq will be the first term in the

brackets, and I1psq will be the integral which belongs to the second term in brackets. Then, the domain

of definition D of Apsq can be expressed as DA “ DB
Ş

`

DC
Ť

DI1

˘

. The function 1{p1 ´ 21´sq is

defined in the complex plane Czt1u and the reciprocal of the Gamma function, 1{Γpsq is defined,

according to definition 2.2, in the half-plane Repsq ą 0, so DB “ ts P C : σ ą 0, ´8 ă t ă 8uzt1u.

Proposition 2.1. The limits limxÑ8 xs{pex ` 1q and limxÑ0 xs{pex ` 1q tend to zero whenever Repsq ą 0.

Proof. The following limits can be expressed as

lim
xÑ8

xσ`it

ex ` 1
“ lim

xÑ8

xσcosptlnxq
ex ` 1

` i lim
xÑ8

xσsinptlnxq
ex ` 1

,

lim
xÑ0

xσ`it

ex ` 1
“ lim

xÑ0

xσcosptlnxq
ex ` 1

` i lim
xÑ0

xσsinptlnxq
ex ` 1

.

The limit when x Ñ 8, regardless of the oscillatory behavior of the trigonometric functions, the

exponential function in the denominator grows much faster than the polynomial term xσ, so that

lim
xÑ8

xσ`it

ex ` 1
“ 0 ` i0 “ 0.

For limit when x Ñ 0, both real and imaginary parts vanish if and only if σ ą 0, so that

xs

ex ` 1

ˇ

ˇ

ˇ

ˇ

8

0

“ lim
xÑ8

xσ`it

ex ` 1
´ lim

xÑ0

xσ`it

ex ` 1
“ 0.

Proposition 2.2. The integral I1psq converges for Repsq ą ´1.

Proof. For I1psq, when x " 1, then pex ` 1q2 « e2x. Then I can approximate the integral as

I1psq «
ż 8

0
xse´xdx.

Recalling definition 2.2 and performing s ÞÑ s ` 1, I get

Γps ` 1q “
ż 8

0
xse´xdx.

By comparing the two integrals above, and taking into account the fact that, as Γpsq is valid for
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Repsq ą 0, Γps ` 1q is valid for Repsq ą ´1 according to definition 2.2, I come to the conclusion that the

domain for which the integral converges is DI1
“ ts P C : σ ą ´1, 0 ă t ă 8u.

Then, DC
Ť

DI1
“ ts P C : σ ą 0, 0 ă t ă 8u

Ť

ts P C : σ ą ´1, 0 ă t ă 8u “ ts P C : σ ą ´1, 0 ă t ă
8u as xs{pex ` 1q vanishes as per proof of proposition 2.1. As a result, DA “ ts P C : σ ą 0, 0 ă t ă
8uzt1u

Ş

ts P C : σ ą ´1, 0 ă t ă 8u “ ts P C : σ ą 0, 0 ă t ă 8uzt1u.

The following then remains valid for σ ą 0 except s “ 1

sζpsq “
1

1 ´ 21´s

1

Γpsq

ż 8

0

xsex

pex ` 1q2
dx.

I proceed analogously as I did in the proof of theorem 2.2 and I say that ex{pex ` 1q2 can be split into

the following term by performing a fractional separation:

ex

pex ` 1q2
“

A

ex ` 1
`

B

pex ` 1q2
“

Apex ` 1q ` B

pex ` 1q2
.

It is straightforward to see that A “ 1 and B “ ´1. Then I have

sζpsq “
1

1 ´ 21´s

1

Γpsq

ż 8

0
xs

ˆ

1

ex ` 1
´

1

pex ` 1q2

˙

dx,

or,

sζpsq “
1

1 ´ 21´s

1

Γpsq

ż 8

0

xs

ex ` 1
dx ´

1

1 ´ 21´s

1

Γpsq

ż 8

0

xs

pex ` 1q2
dx.

Proposition 2.3. The integral of the second term on the right side converges for Repsq ą ´1.

Proof. Now, let I2psq be the integral of the second term of the right side of the last expression:

I2psq “
ż 8

0

xs

pex ` 1q2
dx.

Proceeding analogously as I did with I1psq, when x " 1, then pex ` 1q2 « e2x, so I get

I2psq «
ż 8

0
xse´2xdx,

which can be conveniently re-arranged with a variable change u “ 2x, giving as a result

I2psq «
1

2s`1

ż 8

0
use´udu,

or,

I2psq «
1

2s`1
Γps ` 1q,

valid for Repsq ą ´1.

Now, by using the functional equation of the Gamma function Γps ` 1q “ sΓpsq, I can divide both

sides of the last expression by s to obtain
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ζpsq “
1

1 ´ 21´s

1

Γps ` 1q

ż 8

0

xs

ex ` 1
dx ´

1

1 ´ 21´s

1

Γps ` 1q

ż 8

0

xs

pex ` 1q2
dx. (2.5)

Now, this last expression is valid for Repsq P p´1, 1q
Ť

p1, 8q.

I recall expression (2.4) and I perform s ÞÑ s ` 1, so I get, for Repsq ą ´1 except Repsq “ 0

that leads to a simple pole, the following

ζps ` 1q “
1

1 ´ 2´s

1

Γps ` 1q

ż 8

0

xs

ex ` 1
dx,

or

p1 ´ 2´sqζps ` 1q “
1

Γps ` 1q

ż 8

0

xs

ex ` 1
dx. (2.6)

I can then place expression (2.6) on the right side of equation (2.5), replacing the first term to finally

obtain

ζpsq “
1 ´ 2´s

1 ´ 21´s
ζps ` 1q ´

1

1 ´ 21´s

1

Γps ` 1q

ż 8

0

xs

pex ` 1q2
dx , (2.7)

valid for ts P C : σ ą ´1, ´8 ă t ă 8uz pt0u
Ť

t1uq.

I can then repeat the same process starting from equation. (2.4), but this time by performing

a variable change s ÞÑ 1 ´ s and multiplying both sides of the expression by 1 ´ s. In effect, I have

p1 ´ sqζp1 ´ sq “
1

1 ´ 2s

1

Γp1 ´ sq

ż 8

0

p1 ´ sqx´sex

pex ` 1q2
dx. (2.8)

Proposition 2.4. Equation (2.8) is valid for all Repsq ă 1.

Proof. Equation (2.4) is valid for σ ą 0, so, according to the variable change in equation3 (2.8),

1 ´ σ ą 0 ñ σ ă 1. Performing integration by parts over (2.8), I use the following variables,

u “ 1{pex ` 1q, du “ ´ex{pex ` 1q2dx, dv “ pd{dxqpx1´sqdx, v “ x1´s, I obtain

p1 ´ sqζp1 ´ sq “
1

1 ´ 2s

1

Γp1 ´ sq

«

x1´s

ex ` 1

ˇ

ˇ

ˇ

ˇ

8

0

`
ż 8

0

x1´sex

pex ` 1q2
dx

ff

,

which remains valid for Repsq ă 1.

Proposition 2.5. The limits limxÑ8 x1´s{pex ` 1q and limxÑ0 x1´s{pex ` 1q tend to zero whenever Repsq ă
1.

Proof. By following the same reasoning as per proof of proposition (2.1), the limits tend to zero for all

Repsq ă 1.

3 I use indistinctly σ or Repsq

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 17 October 2023                   doi:10.20944/preprints202310.1050.v1

https://doi.org/10.20944/preprints202310.1050.v1


9 of 15

So I end up with

p1 ´ sqζp1 ´ sq “
1

1 ´ 2s

1

Γp1 ´ sq

ż 8

0

x1´sex

pex ` 1q2
dx. (2.9)

The right side of equation. (2.9) contains three terms. The term 1{p1 ´ 2sq is valid for

Czts P C : σ “ 0, t “ 2kπ{ln2, k P Zu. The term 1{Γp1 ´ sq is valid for, according to definition 2.2,

Repsq ă 1. The convergence of the integral term,I3psq, can be studied as done in propositions 2.2 and 2.3.

Proposition 2.6. The integral I3psq converges for Repsq ă 2.

Proof. When x " 1, then pex ` 1q2 « e2x, so

I3psq «
ż 8

0
x1´se´xdx.

According to definition 2.2 and performing a variable change s ÞÑ 2 ´ s, I have

Γp2 ´ sq “
ż 8

0
x1´se´xdx.

As Γp2 ´ sq is valid for Repsq ă 2, this implies that the integral I3psq converges for Repsq ă 2.

Performing once more fractional separation over the exponential term in the integral, I can also write

p1 ´ sqζp1 ´ sq “
1

1 ´ 2s

1

Γp1 ´ sq

ż 8

0
x1´s

ˆ

1

ex ` 1
´

1

pex ` 1q2

˙

dx,

which can also be expanded as

p1 ´ sqζp1 ´ sq “
1

1 ´ 2s

1

Γp1 ´ sq

ż 8

0

x1´s

ex ` 1
dx ´

1

1 ´ 2s

1

Γp1 ´ sq

ż 8

0

x1´s

pex ` 1q2
dx.

Proposition 2.7. The integral of the second term on the right side converges for Repsq ă 2.

Proof. Let I4psq be the integral of the second term on the right side of the last expression:

I4psq “
ż 8

0

x1´s

pex ` 1q2
dx.

Proceeding analogously as before, when x " 1, then pex ` 1q2 « e2x, so I get

I4psq «
ż 8

0
x1´se´2xdx,

which can be conveniently re-arranged with a variable change u “ 2x, giving as a result

I2psq «
1

22´s

ż 8

0
u1´se´udu,

or
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I2psq «
1

22´s
Γp2 ´ sq,

valid for Repsq ă 2.

Last expression above proposition 2.7 can be divided both sides by 1 ´ s and, by applying again

functional equation of Gamma function p1 ´ sqΓp1 ´ sq “ Γp2 ´ sq, I obtain

ζp1 ´ sq “
1

1 ´ 2s

1

Γp2 ´ sq

ż 8

0

x1´s

ex ` 1
dx ´

1

1 ´ 2s

1

Γp2 ´ sq

ż 8

0

x1´s

pex ` 1q2
dx. (2.10)

Equation (2.4) is used here again by now setting s ÞÑ 2 ´ s and is turned into

ζp2 ´ sq “
1

1 ´ 2s´1

1

Γp2 ´ sq

ż 8

0

x1´s

ex ` 1
dx,

or

p1 ´ 2s´1qζp2 ´ sq “
1

Γp2 ´ sq

ż 8

0

x1´s

ex ` 1
dx. (2.11)

I perform a substitution of the first term of the right side of expression 2.10 by 2.11, obtaining finally

ζp1 ´ sq “
1 ´ 2s´1

1 ´ 2s
ζp2 ´ sq ´

1

1 ´ 2s

1

Γp2 ´ sq

ż 8

0

x1´s

pex ` 1q2
dx . (2.12)

Proposition 2.8. The equation (2.12) is valid for Repsq ă 2 except s “ 1, where there is a pole for ζp2 ´ sq,

and s “ 0, where there is a pole for ζp1 ´ sq .

Proof. See proof of proposition 2.6 for 1{Γp2 ´ sq, proofs of propositions 2.3 and 2.6 for integral

convergence of the term x1´s{pex ` 1q2.

Definition 2.3. Let Λpsq be a complex-valued function of the form

Λpsq :“
1 ´ 2´s

1 ´ 21´s
. (2.13)

Lemma 2.1. The function Λpsq satisfies Λpρq ‰ 0.

Proof. Let f psq be the numerator in (2.13), which can be expressed as f psq “ 1 ´ ep´σ´itqln2, with

real part Rep f psqq “ 1 ´ 2´σcosptln2q and imaginary part Imp f psqq “ 2´σsinptln2q. Rep f pρqq “ 0

ðñ cospγln2q “ 2σ and Imp f pρqq “ 0 ðñ γ “ kπ{ln2 @σ P p0, 1q with k “ 0, ˘1, ˘2, ˘3, .... As the

values of γ have to be the same for both real and imaginary parts, then cospkπq “ 2σ. For k “ 2j ` 1,

with j “ 0, ˘1, ˘2, ˘3, ..., cospp2j ` 1qπq “ ´1, and 2σ ą 0@σ P R, so cospp2j ` 1qπq ‰ 2σ @σ P R. For

k “ 2l, with l “ 0, ˘1, ˘2, ˘3, ..., cosp2lπq “ 1, and 2σ ‰ 1 @σ P p0, 1q, so cosp2lπq ‰ 2σ @σ P p0, 1q. I

can conclude that Eσ P p0, 1q : cospkπq “ 2σ ùñ f psq ‰ 0 @σ P p0, 1q.

As f psq ‰ 0 @σ P p0, 1q ùñ Λpρq ‰ 0.
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Lemma 2.2. The function Λpsq is well defined for s “ ρ.

Proof. Let gpsq be the denominator in equation (2.13), which can be expressed as gpsq “ 1 ´ ep1´σ´itqln2,

with real part Repgpsqq “ 1 ´ 21´σcosptln2q and imaginary part Impgpsqq “ 21´σsinptln2q. Repgpρqq “ 0

ðñ cospγln2q “ 2σ´1 and Impgpρqq “ 0 ðñ γ “ kπ{ln2 @σ P p0, 1q with k “ 0, ˘1, ˘2, ˘3, .... As the

values of γ have to be the same for both real and imaginary parts, then cospkπq “ 2σ´1. For k “ 2j ` 1,

with j “ 0, ˘1, ˘2, ˘3, ..., cospp2j ` 1qπq “ ´1, and 2σ´1 ą 0 @σ P R, so cospp2j ` 1qπq ‰ 2σ´1

@σ P p0, 1q. For k “ 2l, with l “ 0, ˘1, ˘2, ˘3, ..., cosp2lπq “ 1, and 2σ´1 ‰ 1 @σ P p0, 1q, so

cosp2lπq ‰ 2σ´1 @σ P p0, 1q. I can conclude that Eσ P p0, 1q : cospkπq “ 2σ´1 ùñ gpsq ‰ 0 @σ P p0, 1q.

As gpsq are well defined for @σ P p0, 1q ùñ Λpρq is well defined.

Theorem 2.3. The Riemann Zeta function satisfies the following equation for s “ ρ, which has no zeros and is

well defined

p1 ´ 2´ρqζpρ ` 1q “
1

Γpρ ` 1q

ż 8

0

xρ

pex ` 1q2
dx . (2.14)

Proof. If I set ζpρq “ 0 in equation (2.7) and I recall lemmas 2.1 and 2.2 to ensure Λpρq has no zeros

and is well defined, respectively, and I recall corollary 1.1 to state that ζpρ ` 1q ‰ 0, in consequence,

I2pρq ‰ 0, and I multiply both sides of equation (2.7) by 1 ´ 21´ρ, I obtain 2.14.

Definition 2.4. Let ∆psq be a complex-valued function of the form

∆psq :“
1 ´ 2s´1

1 ´ 2s
. (2.15)

Lemma 2.3. The function ∆psq satisfies ∆pρq ‰ 0.

Proof. Let Fpsq be the numerator in equation 2.15, which can be expressed as Fpsq “ 1 ´ epσ`it´1qln2,

with real part RepFpsqq “ 1 ´ 2σ´1cosptln2q and imaginary part ImpFpsqq “ ´2σ´1sinptln2q.

RepFpρqq “ 0 ðñ cospγln2q “ 21´σ and ImpFpρqq “ 0 ðñ γ “ kπ{ln2 @σ P p0, 1q with

k “ 0, ˘1, ˘2, ˘3, .... Again, as the values of γ have to be the same for both real and imaginary

parts, then cospkπq “ 21´σ. For k “ 2j ` 1, with j “ 0, ˘1, ˘2, ˘3, ..., cospp2j ` 1qπq “ ´1, and 21´σ ą 0

@σ P R, so cospp2j ` 1qπq ‰ 21´σ @σ P R. For k “ 2l, with l “ 0, ˘1, ˘2, ˘3, ..., cosp2lπq “ 1, and 2σ ‰ 1

@σ P p0, 1q, so cosp2lπq ‰ 2σ @σ P p0, 1q. I can conclude that Eσ P p0, 1q : cospkπq “ 2σ ùñ Fpsq ‰ 0

@σ P p0, 1q.

As Fpsq ‰ 0 @σ P p0, 1q ùñ ∆pρq ‰ 0.

Lemma 2.4. The function ∆psq is well defined for s “ ρ.

Proof. Let Gpsq be the denominator in equation (2.15), which can be expressed as Gpsq “ 1 ´ epσ`itqln2,

with real part RepGpsqq “ 1 ´ 2σcosptln2q and imaginary part ImpGpsqq “ ´2σsinptln2q. RepGpρqq “ 0

ðñ cospγln2q “ 2´σ and ImpGpρqq “ 0 ðñ γ “ kπ{ln2 @σ P p0, 1q with k “ 0, ˘1, ˘2, ˘3, ....

Following an identical reasoning, as the values of γ have to be the same for both real and imaginary

parts, then cospkπq “ 2´σ. For k “ 2j ` 1, with j “ 0, ˘1, ˘2, ˘3, ..., cospp2j ` 1qπq “ ´1, and 2´σ ą 0

@σ P R, so cospp2j ` 1qπq ‰ 2´σ @σ P p0, 1q. For k “ 2l, with l “ 0, ˘1, ˘2, ˘3, ..., cosp2lπq “ 1, and

2´σ ‰ 1 @σ P p0, 1q, so cosp2lπq ‰ 2´σ @σ P p0, 1q. I can conclude that Eσ P p0, 1q : cospkπq “ 2´σ ùñ
Gpsq ‰ 0 @σ P p0, 1q.

As Gpsq are well defined for @σ P p0, 1q ùñ ∆pρq is well defined.
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Theorem 2.4. The Riemann Zeta function satisfies the following equation for s “ ρ, which has no zeros and is

well defined

p1 ´ 2ρ´1qζp2 ´ ρq “
1

Γp2 ´ ρq

ż 8

0

x1´ρ

pex ` 1q2
dx . (2.16)

Proof. If I set ζpρq “ 0 in equation (2.12) and I recall lemmas 2.3 and 2.4 to ensure ∆pρq has no zeros and

is well defined, respectively, and I recall again corollary 1.1 to state that ζp2 ´ ρq ‰ 0, in consequence,

I4pρq ‰ 0, and I multiplying both sides of (15) by 1 ´ 2ρ, I get to (2.16).

Now, I multiply expressions (2.14) and (2.16) to get

ζpρ ` 1qζp2 ´ ρq “
2

3 ´ 2ρ ´ 21´ρ

1

Γpρ ` 1q
1

Γp2 ´ ρq

ż 8

0

xρ

pex ` 1q2
dx

ż 8

0

x1´ρ

pex ` 1q2
dx .

Let Dζ` be the domain of the Riemann Zeta function in expression (2.7) and letDζ´ be the domain of the

Riemann Zeta function in expression (2.12). Let D˚ be the domain of the multiplication of expressions

(2.7) and (2.12), so that D˚ “ Dζ`

Ş

Dζ´ “ ts P C : ´1 ă Repsq ă 2, 0 ă Impsq ă 8u. If I let D˚
ρ be the

domain the last boxed expression, it is easy to see that D˚
ρ Ă D˚ as ρ P tσ ` iγ : 0 ă σ ă 1, 0 ă γ ă 8u.

Now, I re-arrange the last boxed expression by applying again the properties of the functional equation

of the gamma function. By doing so, one can obtain

ζpρ ` 1qζp2 ´ ρq “
2

3 ´ 2ρ ´ 21´ρ

1

ρΓpρq
1

p1 ´ ρqΓp1 ´ ρq

ż 8

0

xρ

pex ` 1q2
dx

ż 8

0

x1´ρ

pex ` 1q2
dx,

or

ρ ´ ρ2 “
2

3 ´ 2ρ ´ 21´ρ

1

ζpρ ` 1qζp2 ´ ρq
1

ΓpρqΓp1 ´ ρq

ż 8

0

xρ

pex ` 1q2
dx

ż 8

0

x1´ρ

pex ` 1q2
dx.

As it is known by the Euler’s reflection formula, ΓpsqΓp1 ´ sq “ π{sinpπsq, s R Z, therefore, the last

expression can be written as

ρ ´ ρ2 “
2

3 ´ 2ρ ´ 21´ρ

1

ζpρ ` 1qζp2 ´ ρq
sinpπρq

π

ż 8

0

xρ

pex ` 1q2
dx

ż 8

0

x1´ρ

pex ` 1q2
dx. (2.17)

Definition 2.5. Let Ωpρq be the right side of equation (2.17)

Ωpρq “
2

3 ´ 2ρ ´ 21´ρ

1

ζpρ ` 1qζp2 ´ ρq
sinpπρq

π

ż 8

0

xρ

pex ` 1q2
dx

ż 8

0

x1´ρ

pex ` 1q2
dx . (2.18)

Lemma 2.5. Omega function satisfies Ωpρq “ Ωp1 ´ ρq.
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Proof. If I place 1 ´ ρ in expression (2.18), then the Omega function leads to

2

3 ´ 21´ρ ´ 21´p1´ρq

1

ζp1 ´ ρ ` 1qζp2 ´ p1 ´ ρqq
sinpπp1 ´ ρqq

π

ż 8

0

x1´ρ

pex ` 1q2
dx

ż 8

0

x1´p1´ρq

pex ` 1q2
dx

as the sine term can be broken down as sinpπ ´ πρq “ sinpπqcospπρq ´ sinpπρqcospπq, then I get back

to (2.18).

I therefore come to

ρ ´ ρ2 “ Ωpρq. (2.19)

Now, left side of equation (2.19) can be expanded as

ρ ´ ρ2 “ pσ ` iγq ´ pσ ` iγq2 “ pσ ´ σ2 ` γ2q ` iγp1 ´ 2σq.

As two complex-valued functions are equal if and only if their real and imaginary parts are equal, I

can state that

pσ ´ σ2 ` γ2q “ RepΩpρqq (2.20)

γp1 ´ 2σq “ ImpΩpρqq (2.21)

Lemma 2.6. Omega function satisfies Ωpρq “ Ωpρq.

Proof. The conjugate of the Omega function is

Ωpρq “

ˆ

2

3 ´ 2ρ ´ 21´ρ

˙ˆ

1

ζpρ ` 1qζp2 ´ ρq

˙ˆ

sinpπρq
π

˙
ż 8

0

xρ

pex ` 1q2
dx

ż 8

0

x1´ρ

pex ` 1q2
dx.

By means of 1.1, ζpρ ` 1q “ ζpρ ` 1q and ζp2 ´ ρq “ ζp2 ´ ρq, and sinpπρq “
´

eiρ ´ e´iρ
¯

{2i “

peiρ ´ e´iρq{2i. Equally, the integrals can be broken down as

ż 8

0

xσ`iγ

pex ` 1q2
dx “

ż 8

0

xσcospγlnxq
pex ` 1q2

dx ` i

ż 8

0

xσsinpγlnxq
pex ` 1q2

dx,

ż 8

0

x1´σ´iγ

pex ` 1q2
dx “

ż 8

0

x1´σcospγlnxq
pex ` 1q2

dx ´ i

ż 8

0

x1´σsinpγlnxq
pex ` 1q2

dx.

By conjugating both previous expressions, one can easily see that the conjugate of each integral equals

the integral of each conjugate, so I finally have

Ωpρq “
2

3 ´ 2ρ ´ 21´ρ

1

ζpρ ` 1qζp2 ´ ρq
sinpπρq

π

ż 8

0

xρ

pex ` 1q2
dx

ż 8

0

x1´ρ

pex ` 1q2
dx,

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 17 October 2023                   doi:10.20944/preprints202310.1050.v1

https://doi.org/10.20944/preprints202310.1050.v1


14 of 15

and it implies that

Ωpρq “ Ωpρq. (2.22)

Therefore, the imaginary part of omega function is ImpΩpρqq “ pΩpρq ´ Ωpρqq{p2iq. Now, I

conjugate both sides of equation (2.19) so that I have

ρ ´ ρ2 “ Ωpρq.

By noting that the conjugate of a subtraction is the subtraction of the conjugates, the conjugate of a

product is the product of the conjugates, and by applying lemma, 2.6 I realize that the above expression

can be written as

ρ ´ ρ2 “ Ωpρq. (2.23)

The left side of (2.23) is just

ρ ´ ρ2 “ pσ ´ iγq ´ pσ ´ iγq2 “ pσ ´ σ2 ` γ2q ` iγp2σ ´ 1q.

Proceeding analogously, I can say that

pσ ´ σ2 ` γ2q “ RepΩpρqq (2.24)

´ γp1 ´ 2σq “ ImtΩpρqu (2.25)

Proposition 2.9. Both (2.21) and (2.25) have to satisfy the same σ-values of the zeros ρ and ρ, as the conjugation

does not affect (2.20) and (2.24).

Proof. I recall equations and (2.25) and, by lemma 2.5, I know that Ωpσ ` iγq “ Ωpp1 ´ σq ´ iγq
and by 2.6, I also know that Ωpp1 ´ σq ´ iγq “ Ωpp1 ´ σq ` iγq. In the same way, by, again, 2.5,

Ωpp1 ´ σq ` iγq “ Ωpσ ´ iγq and again, by 2.6, it turns out that Ωpσ ´ iγq “ Ωpσ ` iγq. If I recall

equation (2.21), its right side is also ImpΩpσ ` iγqq “ pΩpσ ` iγq ´ Ωpσ ` iγqq{p2iq. But at the same time

and according to the development of this proof, it can also be expressed as ImpΩpσ ` iγqq “ pΩpp1 ´
σq ´ iγq ´ Ωpp1 ´ σq ´ iγqq{p2iq. If I substitute the real part σ of the left side of equation (2.21) by 1 ´ σ,

then γp1 ´ 2p1 ´ σqq “ γp´1 ` 2σqq. As Ωpσ ` iγq ´ Ωpσ ` iγq “ Ωpp1 ´ σq ´ iγq ´ Ωpp1 ´ σq ´ iγq,

then ImpΩpσ ` iγqq “ ImpΩpp1 ´ σq ` iγqq, and then γp1 ´ 2σq “ γp´1 ` 2σqq. So, 1 ´ 2σ “ ´1 ` 2σ,

or

σ “
1

2
. (2.26)

The last value of σ is consistent with equations (2.21) and 2.25, which leads to Ωpρq “ Ωpρq, which

means that ImpΩpρq “ 0 and, therefore, the Omega function is real.
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