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Abstract: Ramsey theory enables re-shaping of the basic ideas of the quantum mechanics. Quantum
observables, represented by linear Hermitian operators are seen as the vertices of the graph.
Relation of commutation define coloring of the edges linking the vertices: if the operators commute,
they are connected with the red link; if they do not commute they are connected with the green link.
Thus, a bi-colored, complete, Ramsey graph emerges. According to the Ramsey theorem, complete,
bi-colored graph built of six vertices, will inevitably contain at least one monochromatic triangle; in
other words, the Ramsey number R(3,3) = 6. In our interpretation, this triangle represents the triad
of observables, which could or, alternatively, could not be established simultaneously in a given
quantum system. The Ramsey approach to the quantum mechanics is illustrated with the numerous
examples, including the motion of a particle in a centrally symmetrical field.

Keywords: quantum mechanics; Ramsey theorem; observables; operators; complete graph; Ramsey
number; centrally symmetrical field

1. Introduction

In this paper, we introduce the Ramsey approach for the analysis of the fundamental quantum
mechanics problems. We implement the theory of graphs for the analysis of foundations of quantum
mechanics. In particular, we demonstrate that the Ramsey theory enables re-shaping of the basic
principles of quantum mechanics, when operators/observables are seen as the vertices of the
complete, bi-colored graph and their commutative properties represent the relations between the
vertices of the graph. In its very general meaning, the Ramsey theory refers to any mathematical
problem which states that a structure of a given kind is guaranteed to contain a prescribed
substructure. The classical problem in Ramsey theory is the so-called seminal “party problem”, which
asks the minimum number of guests (each of whom is either a “friend” or a “stranger” to the others)
denoted R(m,n) that must be invited so that at least m will know each other, or at least n will not
know each other [1-11]). When Ramsey theory is re-shaped in the notions of the graph theory, it
states that any structure will necessarily contain an interconnected substructure [3,6]. The Ramsey
theorem, in its graph-theoretic form, states that one will find monochromatic cliques in any edge
color labelling of a sufficiently large complete graph [3,6]. Applications of the Ramsey theory to
physics remain scarce [12-14]. In our paper, we address the Ramsey graphs emerging from Hermitian
operators, representing the quantum mechanics observables [15-18].

2. Results and Discussion
2.1. Observables, Operators and Graphs

In quantum mechanics, an observable is a linear operator, denoted in the text [ [15-18].
Observables manifest as Hermitian, self-adjoint operators on a separable complex Hilbert space
representing the quantum state space, which possess a complete orthogonal set of eigenfunctions
[15-18]. For every physical quantity in quantum mechanics, there is a definite corresponding linear
operator. All Hermitian operators do not possess a complete orthogonal set of eigenfunctions;
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however the Hermitian operators capable of representing physical quantities possess such a set. To
prove that a specific Hermitian operator is an observable is, often, a very difficult physical problem
[15]. The proof has already been given for simple cases, such as coordinate, momentum and angular
momentum [15]. Two operators fand § say to commute with each other if Equation (1) takes place:

fg-9r=0 (1)

If a particle can be in a definite state for two observables, then the two operators associated with
those observables will commute [15-18]. The converse is therefore also true; if two operators do not
commute, then it is not possible for a quantum state to have a definite value of the corresponding

two observables at the same time [15-18]. The operator of momentum is defined as: p = —jhvV, j =
v—1, or in components:

A g 0 A . 0 A ., 0
px=_]h£/ py=—]ﬁ£, pz=—]h£ (2)

The operator corresponding to coordinate g is simply multiplication by g [15-18]. The spectrum
of this operator is continuous. The commutation rules for p and x are given by Equation (3):

Dixy — xxP; = —jhdy, 3)

where J; is a Kronecker delta. Equation (3) demonstrates that the coordinate of the particle along
one of the axes can have a definite value at the same time as the components of the momentum along
the other two axes; contrastingly the coordinate and the momentum component along the same axis,
cannot be established simultaneously [15-18]. For the angular momentum component operators of a
particle, denoted [;,i = 1..3, we have, in turn [15-18]:

th =yp, — Zﬁy; hzy = ZPyx — XDy hzz = xﬁy — YD 4)

The rules for commutation of the angular momentum operators with the operators of
coordinates and linear momenta are given by Equations (5) and (6):

{Zi'xk} = jeiaxy, (5) ©)

{lu o} = jewapr (6) (6)

where ey, is the antisymmetric unit tensor of rank three, and summation is implied over those
indices, which appear twice, e;,3 = 1 [16]. The rules of commutation for the operator of angular
momentum are given by Equation (7):

{li U} = jeul, @)
For the commutation rules established for the total angular momentum of the system, denoted

L, see ref. 16. It should be emphasized that the commutation relations given by Equations (3)~(7) are
non-transitive. The transitive Ramsey numbers are different from the non-transitive ones [19].

2.2. Graph Approach to the Observables: Converting Observables into Graph

We start from the motion of a single quantum particle m. Following mathematical procedure
enabling converting of the observables into graph is suggested: observables themselves are
represented by the vertices of the graph. The relation between observables/vertices/operators are
established by the commutation rules, namely: if the observables/vertices commute, they are linked
with the red edge (they are “friends” within the terminology of the Ramsey theory). And, when the
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observables/vertices do not commute (thus, they are “strangers”), they are connected with the green
link, as shown in Figure 1.
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Figure 1. Mathematical procedure enabling converting of observables into graph is depicted. A.
Vertex 1 represents observable p, = —jhaa—x; Vertex 2 represents observable p, = —jh%; the
observables commute, therefore are connected with the red link. B. Vertex 1 represents observable
Py = —jh :—x; Vertex 2 represents observable %; the observables do not commute, hence they are

connected with the green link.

Let us illustrate the idea with the graphs depicted on Figure 2. The commutating relations are
given by Equation (6). The vertices/observables in inset A are p,,p, and [,. The emerging graph is bi-
colored.

x

® W
o~

8]

NH)

A B

Figure 2. Graphs possessing three vertices, representing observables are depicted. A. The observables
are: py, Py and I,. The graph is bi-colored. B. The observables are I, Zy and I,. The graph is mono-
colored/green.

The vertices/observables shown in inset B are 1, fy and [,. The commutating relations between
observables are given in this case by Equation (7). The emerging graph is mono-colored/green. This
means that three components of the angular momentum could not be measured simultaneously [15-
18].

Now address the graph built of four vertices, depicted in Figure 3. No monochromatic/mono-
colored triangle is recognized in the graph. This means that no triad of the addressed observables
may be measured simultaneously. The graph shown in Figure 3 is complete, i.e., it is a graph in which
every pair of distinct vertices is connected by a unique edge [6].
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Figure 3. Complete bi-colored graph arising from four observables p,,p,,% and ¥ is depicted. No

monochromatic triangle is recognized.

Now consider the graph emerging from five vertices/observables presented in Figure 4. The bi-
colored, complete Ramsye graph shown in Figure 4, emerges from the vertices/observables
Px» Py, P22 and J. This graph contains the monochromatic triangles, numbered “123”, “125”; “134”
and “144”. This means that the triads of observables (P, By, 2); (Bx, Dy D2); (Bx2,9) and (Px, Pz )
may be measured simultaneously. Moreover, it contains the monochromatic pentagon “12345”.
Analysis of this pentagon leads to the paradoxical; however, true conclusion: the pairs of observables
B D2); B 9); 3,2); (2, py) and (py,p,) may be measured simultaneously. However, it does not
mean that all of five observables may be established at the same time; indeed, this is forbidden for
the pairs of observables (p,,y) and (p,,2). Only if the complete graph/subgraph is totally built of
monochromatic red links, the entire set of observables may be established simultaneously. Or,
alternatively, all of observables could not be measured at the same time, if the links are all
monochromatic green (see Figure 2B).

Figure 4. Bi-color graph emerging form the observables: p,,p,, 9, Z and J. Triangles “123”, “125”,
“134” and “145” monochromatic red.

We conclude that the analysis of the complete graph built according to the suggested coloring
procedure leads to important conclusions, which may be verified experimentally.

Now consider the bi-colored, complete graph emerging from the five observables py, By, b,, fy
and [,, depicted in Figure 5. Triangle “125” is monochromatic red, and triangle “134” is
monochromatic green one. This means that the triads of observables (py, p,,p,) may be measured
simultaneously; whereas, observables (py, fy, [,) could not be established at the same time.


https://doi.org/10.20944/preprints202410.0893.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 October 2024 d0i:10.20944/preprints202410.0893.v1

~

3: ly

Figure 5. Bi-colored, complete graph emerging form the observables: py,py,p,, [, and I,. Triangle

“125” is monochromatic red, and triangle “134” is monochromatic green.

Now we address the graph arising from the observables p,, p,, L, fy and [, shownin Figure 6.
No red triangle is recognized. This means that the triad of the observables, which may be
simultaneously established, does not exist in this case. Triangles “134” and “345” are monochromatic
green. This means that the triads of observables (P, Zy, I,) and (I, Zy, [,) could not be fixed at the
same time.

>

Figure 6. The graph arising from the observables p,,p,, L, fy and [,. Triangles “134” and “345” are
monochromatic green.

Figure 7 presents the bi-colored, complete, Ramsey graph containing five vertices, namely
Dxr Py, L, fy and X. Triangle “134” is a monochromatic green one. This means that the observables

Px ly and £ could not be established simultaneously. We recognize the monochromatic quadrangle
“1245” in the graph, shown in Figure 7. However, it does not mean, that the observables py, py, I, &
may be established in the same time, as discussed above. Indeed, the pairs of observables (p,,x) and

(ﬁy, ix) could not be measured simultaneously.
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Figure 7. Graph containing five vertices, namely p,, Py, ly,l, and £.Triangle “134” is monochromatic

green.

Graphs depicted in Figures 3-7 contain mono-colored triangles. However, it is possible to build
bi-colored, complete graph which will not contain any mono-colored triangle, and this is due to the
fact that the Ramsey number R(3,3) = 6.Such a graph is shown in Figure 8.

1: P,

4: H

~

3: ly

Figure 8. Complete, bi-colored graph containing five vertices, namely py, Py, Iy, [, and H. The graph
does not contain any mono-chromatic triangle.

Graph depicted in Figure 8 emerges from five vertices/observables, namely p,,py,ly, [, and
H,where H is the Hamiltonian of the particle. We also assume that the Hamiltonian A depends
explicitly on the coordinates of the particle. In this situation is does not commute with operators
Pr Dy L, I [15 — 18] Thus, the graph shown in Figure 8 arises. The graph does not contain any
mono-chromatic triangle, thus illustrating the Ramsey theorem (R(3,3) = 6).

In order to illustrate, how all this works we consider the motion of the particle in the centrally
symmetric field U(r) [15-18]. In this case, we already have the motion of two particles m; and m,,
which, however, may be represented by the wave function ¥ (#,7;,) = (p(ﬁ)l[}(?), where the function
(p(ﬁ ) describes the motion of the center of mass (seen as a free particle m; + m,) and ¥(#*) describes
the relative motion of the particles, as a particle of effective mass m = —-2

symmetric field U(r) [15-18].
The Shrodinger equation for the motion of the particle m in the centrally symmetric field U(r) is:

moving in the centrally
my+m,

Mp + 22 [E — UM = 0, (8) ®)
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where E is the energy of the particle. So, the problem is reduced to the problem of the motion of a
single particle m in the centrally symmetric field U(r) [15-18]. The graph arising from operators
.05, 1, H and % [* =12+ [2 +[2 is shown in Figure 9. For the commutation rules see refs. 15-18.

1: 7

2 Pr 5: [2

3:1 4 H

Figure 9. Bi-colored, complete graph, arising from the operators #,p,, [, H and L. [? =2 + 2 + [2.
Triangles “135” and “235” is monochromatic red and triangle “124” is a monochromatic green.

We recognize that the triangle “235” in Figure 9 is monochromatic red and the triangle “124” is
a monochromatic green one. This means that the triad of observables (p,,1,, ?) may be established
simultaneously; whereas, the triad of observables (#,p,, H) could not be established at the same
time. The triangle “135” is also monochromatic red. This means that the triad of observables (#,L?, fz)
may be established experimentally at the same time.

2.3. Graphs Possessing Six Vertices Emerging from Quantum Observables and the Ramsey Theorem

Now address complete, bi-colored graph possessing six vertices emerging from six quantum
observables/Hermitian operators, depicted in Figure 10. This graph reflects the 3D motion of a
quantum particle. The observables are py,py,P,, %,y and Z. Triangles “123”, “234”, “345”, “456”,
“156”, “246” and “135” are monochromatic red ones. This means that the triads of observables:
(B Py D2); By, D2 %); B2, %,9); (02,%Y); (Pr9,2) and (%,9,2) may be established simultaneously.
No green monochromatic triangle is recognized in the graph. This means, in turn, that there is no a
triad of observables, which may be established at the same time.

Figure 10. Complete bi-colored graph emerging from quantum observables py,p,,p;,%,y and Z.
Triangles “123”, “234”, “345”, “456”, “156”, “246” and “135” are monochromatic red ones. No
monochromatic green triangle is recognized.
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The reported result is far from to be trivial. Indeed, any graph built of six
vertices/observables/Hermitian operators will contain at least one monochromatic triangle, whatever
are the observables. This conclusion arises from the Ramsey analysis of observables itself. It is
noteworthy, that the vertices of the graph may represent the complete set of commuting observables
(CSCO) [15-18]. What do we have if the number of vertices of the graph is large? We know, the
restricted quantity of Ramsey numbers, and there is no algorithm for their calculation [2,3]. The
problem of calculation of Ramsey numbers remains open [2,3].

3. Discussion

We demonstrate that the Ramsey theory enables re-shaping of the classical quantum theory with
the tools of the graph theory, when the observables/Hermitian operators appear as the vertices of the
graph, and the commutation relations define the coloring of the edges linking the vertices. Thus, the
complete, bi-colored Ramsey graph emerges [2-10]. If this graph possesses six vertices, it inevitably
contains at least one monochromatic triangle (R(3,3) = 6). Regrettably, the Ramsey theory does not
establish the exact color of the mono-colored triangle to be necessarily present in the graph. Analysis
of the specific graphs enables identification of the triads of the observables, which could or could not
be established simultaneously. We foresee the following directions of future investigations:

i)  Generalization of the reported approach for the systems of quantum particles.
ii) Involving infinite Ramsey theory for the analysis of the problems of quantum mechanics and
quantum electrodynamics.

4. Conclusions

We applied the Ramsey approach to the analysis of the basic problems of the quantum
mechanics. The Ramsey theory is seen today as a field of combinatorics, or alternatively as a field of
the graph theory [2-8]. Applications of the Ramsey theory to the analysis of physical systems are
scarce until now [12-14,20-22]. We introduce the mathematical procedure enabling converting of
quantum observables into a complete, bi-colored graph. Within this procedure, the
observables/Hermitian operators are seen as the vertices of the graph. The commutation rules
establish the color of the links, connecting the vertices/observables: if the operators commute, they
are connected with a red link (they are “friends” in the terms of the Ramsey theory). When the
operators do not commute, they are connected with a green link (they are, in turn, “strangers). Thus,
the complete, bi-colored, Ramsey graph emerges. It should be emphasized, that the commutation
relations of quantum mechanics are non-transitive [19,22]. Thus, the use of conventional Ramsey
numbers becomes possible [2-8]. The complete, bi-colored, Ramsey graph built of six
vertices/observables/Hermitian operators will inevitably contain at least one monochromatic triangle
(R(3,3) = 6). Thus, a triad of observables, which could or could not be measured simultaneously, will
be necessarily present in the graph containing six vertices/observables/Hermitian operators.
Regrettably, the Ramsey theory does not predict the exact color of the monochromatic triangle to be
present in the graph [2-10]. This is the weakest point of the Ramsey theory [2-8].

The procedure of converting of the quantum observables/Hermitian operators into the complete,
bi-colored, Ramsey graph is illustrated with numerous examples. The examples include the motion
of the quantum particle in the centrally symmetrical field. Triads of the observables, which could and
could not be measured simultaneously in this case, are revealed with the analysis of the
corresponding complete, bi-colored graph. Thus, we conclude that the Ramsey theory enables re-
shaping of interrelations between quantum observables.
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