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Abstract: Neural networks models are mostly represented by oriented graphs where only the
components, constitutive elements of the graph, are transcribed into mathematical expression.
Indeed, accurate knowledge of the full expression of the model is required in certain situations such
as selecting among several reference models, the one that best fits the available data or comparing
the explanatory and predictive performance of an established model with respect to some reference
models. In this paper, we establish a formalism of the mathematical expression for multilayer
perceptron neural network in a general framework, MLP-p-n-¢q, with p, n and ¢ natural integers and
show its restriction to cases where one has a hidden layer and multivariate outputs (MLP-p-1-q),
and then a single output (MLP-p-1-1). Then, we give some specific cases of the most commonly
used models. An application case is presented in the context of solving a nonlinear regression

problem.

Keywords: Expression of multilayer network models, oriented graph, multivariate model, nonlinear

regression

1. Introduction

In statistical analysis framework, attempt to reproduce wide variety of situations even
the rarest is sorted in order to improve practices and risk management [1]. For example,
in agriculture, to anticipate the impact of climate change on cotton productivity, one can
vary the climatic and pest parameters for extreme situations, and see the yield behavior,
and thus analyze its consequences on the life of producers and the local economy from the
expression (1) developed by the Agricultural Research Centre for Cotton and Fibers of the
Republic of Benin [2] :

d(x) = —24550 + 0.6339x1 — 839log(x2) — 2983 + 218.324 +
4+ 743.4x5 + 1645022 — 0.2115log(z7) — 163.522 (1)

where the input variables are x = (x1 = Precipitation, zo = Temperature, 23 = Average
humidity, x4 = Insulation, x5 = Evapotranspiration, x4 = Average Helicoverpa density
per hectare, 7 = Average pest density per hectare and xs = Number of treatments) and
the output estimate variable is ¢(x) = (Cotton yield). On the other hand, data can be
artificially generated from an existing model and can be used for a particular purpose
[3]. The set of these generated data can be exploited as a database to develop another
model or to serve in simulation studies. For instance, knowing the distribution of the input
variables of the equation (1), we can generate ¢(x) and create a database of dimension
(100.000 x 8). In addition, one can consider an established model and then compare its
explanatory and predictive performance with respect to one or more reference models. Also,
it may be necessary to compare several reference models and select the one that best fits
the data available. In forestry, [4] tested five reference models to predict the relationship
between wood density (WD) of A. auriculiformis and tree diameter (D): Linear model :
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WD = aD +b [5]; polynomial of the second degree : WD = aD? + bD + c [6]; exponential :
WD = aDexp(—bD) [7]; asymptotic by Michaelis-Menten : WD = 11% [7] and again
exponential : WD = aexp(bD) [7] where a, b and ¢ are the parameters of the models. The
appropriate model that best fits this data was selected based on the performance of criteria
such as the Akaike Information Criterion (AIC) [8], the coefficient of determination and the
overall significance of the model coefficients.

However, multilayer perceptron neural networks (MLPs), one of connexionnist meth-
ods, are oriented graphs and are widely used to solve real-world tasks. These models
do not offer this flexibility, especially when there is at least one hidden layer and more
than one output. Only their graphical form is more abundant in the literature some-
times with mathematical expression of the components [9,10]. The full expression of the
functional form of three-layer MLP models with a single output is nevertheless available
[L1-14]. This limits the use of MLPs for simulation studies, or for the generation of artificial
data from an existing model or for the comparison of several reference models form real data.

[15] have shown that the performances of two networks whose synaptic weights differ
only slightly can have very different performances after learning. This is explained by the
fact that the two choices of weights can be on either side of a dividing line between two
basins of different minima. To bridge this gap we propose to establish a formalism of the
mathematical expression of neural networks with multiple hidden layers and multivariate
outputs. We show its restriction to the special cases that derive from it and give some
special cases of the most commonly used models.

In Section 2, we give some definitions in the setup and establish our main results. In
Section 3, we apply to a numerical study and Section 4 is a conclusion.

2. Artificial neural network models, Definitions and Main Results

Artificial neural networks (ANNs), a subset of artificial intelligence methods are
mathematical models inspired by the neurosciences and function like the human brain to
learn complex things. They are widely used as a framework for advanced tasks such as
prediction [16], pattern recognition [17] and many other applications in various disciplines
[18]. This framework functions in a similar way to the brain, receives certain inputs,
processes them and produces certain outputs [19] (see Fig.1 ).

Let X be the domain of observations or inputs x € RP, p € N. The labels, also called
responses or outputs y associated with the inputs take their values from a set denoted ).
Two cases are to be distinguished: regression tasks if Y C RY, ¢ € N* (it is multivariate
framework with ¢ > 2 responses, bivariate with ¢ = 2 responses and simple with ¢ = 1
response) and classification tasks when ) is discrete, i.e. isomorphic to a finite subset of N.
The pairs (x,y) are assumed to be independent and identically distributed (i.i.d.) draws of
a joint probability distribution IP’(X’Y) characterizing the phenomenon studied, where X
represents a random vector associated with the observations and Y is the random vector
corresponding to the multivariate responses. The distribution P(ny) is fixed but unknown.
Then, on the basis of these considerations, an artificial neural network is a mathematical
function Fy depending on a set of parameters * € ©® that associates to any point x of the
input space X a point y of the output space ) such as:

F- : X — Y
x = F-(x). 2)

There are several types of neural network models including multilayer perceptron (MLP),
see Fig.1.

MLP are oriented graphs made up of a set of units (neurons) organized in successive
layers (first layer is called input layer; last layer, output layer and middle layer(s), hidden
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Figure 1. An Overview of artificial neural network models

layer(s)), which are interconnected with the weights (model parameters). The connections
are always directed from lower layers to upper and the neurons of a same layer are not
interconnected as shown in figure 2. They are denoted MLP-p-n-q, where p, n and ¢ are
positive natural numbers, which represent the number of inputs, the number of hidden
layers and the number of responses respectively.

Figure 2(a) represents the architecture of a MLP-4-2-3, i.e. a MLP with 4 inputs, 2
hidden layers, 3 outputs, with synaptic weights (theoretical parameters), 2(b) represents the
architecture of a MLP with 3 inputs, 2 hidden layers and 3 outputs (MLP-3-2-3) without
weight representation [20] and 2(c) represents a MLP-4-2-1 with weight values obtained
after learning [21].

Classically, a neuron can be defined as a neural network unit, still called a single
perceptron, it is a real value parametrized function. It is characterized by its state, its
connections with other neurons and its transfer functions. Its characteristics and function-
ing are displayed in figure 3. A layer of neurons is the juxtaposition of several neurons
sharing the same inputs but each having their own vector of coefficients and their own output.

We have the following theorem which gives the general expression of MPL-p-n-q.

Theorem 1. Let f1,fa,--- f, -+ ,fayr1 be vectors of real value smooth functions, not
necessarily linear from R to R . Let n be the total number of hidden layers, cp, the
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Figure 3. Diagram of a neuron

number of neurons in the layer h € [1,n+ 1] and co, cn11 are respectively the number of
input and output neurons. If F+ is defined from X C RP into Y C R? corresponding to a
multilayer perceptron neural network MLP-p-n-q, where p, ¢ and n are non-zero integers
such that p = co > 2, ¢ = cp41 > 1, then it can be written as:

F-(x) = faoi1 (W("H)fn (W(n)fn_l <W(n—1) Cfy (W(h) o fy (W(Q)fl(w(l)x +

+ b(l)) + b(2)) et b(h)) coo b(”—l)) + b(")) + b("*l)) . (3)
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F - (x) = <F1791 (%), Fepiie, ., (x)) is a vector of cp+1 outputs and the number of
parameters 5 = (w(h),b(h), 1<h<n+ 1) is given by:

n+1
ng = Z cicj + Z Cj (4)

1<i<n j=1

2<j<n+1
i<j

Figure 2 the smallest unit in the construction of graphs of multilayer perceptron neural
networks (MLPs) is the neuron. The network is fully connected, so each unit receives
connections from all units in the previous layer. This means that each unit has its own bias,
and there is a weight for each pair of units in two consecutive layers. Thus the proof of
Theorem 1 will be done in 3 steps :

In Step 1 we classically use the definition of a neuron and give its mathematical
expression, then we show its behavior in any layer of the network except the input layer.

In Step 2 we give the mathematical expression for a layer of neurons in the network
except the input layer and

in Step 3 we give the mathematical expression for n hidden layers and a multivariate
output.

Proof of Theorem 1 :
Step 1: We consider any neuron 4 of the first hidden layer (see Fig 3), x € RP? is a realization
of the random vector X with p components (p € N,1 < j < p); w;; are the synaptic weights
and represent the connection between the neuron ¢ and the neurons of the previous layer.
The activation of the neuron i, s; € R is obtained by inner product of the vector x € RP+!
and the vector of weights w; = (wjo, ..., wij,...,wsp) € RP+1:

p p
S; = Zwijxj = Zwijmj + bio (5)
j=0 =1

with bjg = wjg called bias and zg = 1. The activation function or transfer function, f is a
real value function, continuous, not necessarily non-linear and class C* defined from R to
R and applied to equation (5) gives:

yi = f(si) = f(wix) (6)

f(s;) is called the state of the neuron 4 i.e. the output of the neuron i and can be used as
input for the other neurons of the next layer or for the label y.
on other hand, suppose we are on any other hidden layer noted h, except the first

hidden layer, the state of the neuron i on this layer noted fh(sl(h)) is written by analogy to
the equations (5) and (6) as:

ch
sy =30l oy (s (7)
7=0

with f, and fn_1 are activation functions; ¢ is the number of neurons of the layer h; h — 1
is the number of the layer that precedes h; sgh) is the activation of the neuron 1.
Knowing the expression of a neuron ¢ in any layer h of the network, except the input

layer, we give the expression of a layer of ¢, neurons.
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Step 2 : Let p = ¢p and ¢; be two natural integers, we note * = (wy,...,W¢, ) €

Ret(cotl) with Vi € {1,-- e l,wi = (Wit ,Wicy; b)) € ROTL A layer h = 1 of ¢;

neurons and of ¢y inputs is a function : fy : Ret(cotl) x Reo —y Ret verifying : Vi €
{1,---,c1}, fi is a neuron, and ¥V € Re1(c0t1) gnd x € Reot!|

B(0x) = (Alwx) o fi(wix) o fer (we,)) ®)

= f(wDx+pM) (9)

In the equation (9), w(l) e My co+1) and b e Rer,
For any layer h # 1 of ¢; neurons with h € [2,n + 1] and of ¢,_; inputs is from the
equation (7) and band by analogy with equation (9), the function f}, is written in (10) :

f, : R — R

s gy (sh) (10)

with fh(s(h)) = (fh(sgh)),--- ,fh(sgz))) and s(?) = (sgh), . ,sg;)), fr is the activation
function of the h'" layer of the MLP from oriented graphs.

The combination of steps 1 and 2 gives the general mathematical expression for a MLP
with n hidden layers and a multivariate output.

Step 3 : Consider a multilayer Perceptron neural network MPL-p-n-q defined from
X C RP into Y C R? with an input layer of p inputs, n hidden layers where each layer may
have ¢, hidden neurons and a output layer of ¢ outputs. From steps 1 and 2, the general
expression of a MPL-p-n-q is a function of the form

F-(x) = faoi1 (W("+1)fn (W(n)fnl (W(n—l) o fy (W(h) o fy (W(2)f1(w(1)x +

+ b(l)) + b(z)) et b(h)) coo b(”‘U) + b(”)) + b("*l)) (11)

where n 4+ 1 is the position of the last layer of the MLP neural network; c¢; is the
number of neurons in the layer h; the number of hidden layers is between 1 and n;
Vh e [1,n+1], wh) e Mcpcn 1) bh) e Rer, ¢y = p, enr1 = ¢ and F-(z) =

(FLgl (z),- - Fepiie, ., (x)) is a vector of c,41 outputs, with T = (w(h),b(h),l <

h<n+ 1), the set of network parameters where w() are the weights and b(h), the bias or
thresholds of the h-th layer of MLPs. The number of MLP neural network parameters is

given by:
n+1
ng = Z CiCj —|— Z Cj. (12)
1<i<n Jj=1
2<j<n+1
1<j

]

The following two corollaries give special cases of a MPL-p-1-g (MLP with multiple

inputs, a single hidden layer and a multivariate output) and MPL-p-1-1 (MLP with multiple
inputs, a single hidden layer and single output).
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Corollary 1. Under the conditions of Theorem 1, if n =1 and q > 2, we have a MPL-p-1-q
defined from X C RP into Y C RY whose expression is given by :

F-(x) = f; (w(z)fl (wx + b)) +b(2)) (13)

where F~ (x) = (Fy g, (x), - +Fey 00, (x)) is a vector of outputs, with 5 = (w(l), b w(2), b(z))
or

— (D) (1) (1) (1) . p@) p1) ., (2) (2) (2) (2) . p(2)

_(wll,...’wlc()’...’wcl ...’wclco; 10 s, ClO’ 11,...’ 1017...7w621,...’wc201; 10’...7

and
nyg = Cl(co—f-cg—f—l) + co. (14)

Corollary 2. Under the conditions of Theorem 1, if n =1 and ¢ = cp4+1 = 1, we have a
MLP-p-1-1 defined from X C RP into Y C R whose expression is given by:

Fy(x) = fo (w(z)ﬁ (w(l)x + b(l)) + b(z)) (15)
where F+ (x) = Fy g, (x) is a single output, with 3 = (w(l), bW w(2), b(z)) or
1 1 1 1 1 1 2 2
0 = (wgl)"" ) Ec())v"’ 7w£1)"' vwgu)?o;bgo)"' ’bglzﬁ 51)7"' ) Eci;
b%)) and
ng = c1(co+2) + 1. (16)

Remark 1. From most commonly used models, we deduce the following cases of specific
models :

Case 1 : From equation (11), if p = ¢o (> 2), n = 0 and q = c1, then F-(x) =
f1 (wx +bW). It follows that

(i) if f1 is a single linear function and ¢ = ¢1 = 1, then Fy(x) = wOx + (1) s the
multiple linear regression expression with ng = cg + 1;

(i) If f1 is a single sigmoid function and ¢ = ¢1 =1, then

Fy(x) = exp(w(l)x—i-b(l))
o= 1+ exp(wx + b))

is the binary logistic regression expression with ng = cg + 1;

(iii) If f1 is a vector of ¢1 linear functions and q = c1, then

F“(X) = (F1791($)"" 7Fi,9i(x)v"' ’FCL@cl (X))

is the multivariate linear regression expression with ng = c1(co + 1) and
. 1 1
Vi€ [1, e, Fyg,x) = Wz( Jx + bz( )
is the expression of linear regression function;

(iv) If f1 is a vector of c¢1 softmaz functions and ¢ = c1, then

F*(X) = (F1,91(X)7"' vFiﬁi(x)v"' vFClﬁcl (X))
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is the multiclass logistic regression expression with ng = c1(co+1) and

exp(w(l)x—i— bgl))

i

Vie[Lal,Fpx = p—

-1 exp(wl(l)x + bl(l))

1s the expression of softmaz functions.

Case 2: From equation (11), if p=1co > 2, n =1 and q = ca, then
F-(x) = fa (w(z)ﬁ (w(l)x + b(l)) + b(2)>.

It follows that

(a) if f2 is a vector of single linear functions, w®? s a matriz composed of only 1, then

F- (X) = (F1,91 (X)a T 7Fi,0i (X)7 e 7FC2,QC2 (X>)

is multiclass of additive models with ng = c1(co 4+ co + 1) + ¢ and

c1
Vi€ [Leal, Frg = 3 S (w!x+ M) 457
=1

is a class of additive models equivalent to projection pursuit models (see [22]);

(b) From (a), if bgl) =0,p=cy=cy and wg;) = 0;; (the Kronecker of 0), then

Fip =D f1(xi) + o
i=1

is a generalized additive model [23];

(c) if f2 is a vector of single linear functions, f1 is a vector of single sigmoid functions,
n =1 and ¢ = ca, then

with ng = ¢1(co + c2 + 1) + c2 which corresponds to the model discussed by [2/] and
used by [25]. This form of model is applied in many works and in various fields. When
we want positive outputs, we apply the exponential function, exp(-) to fa.

Remark 2. Activation function also called transfer function determines the relationship
between inputs and outputs of a node and a network. In general, the activation function
introduces a degree of nonlinearity that is valuable for most ANN applications. [26] identifies
general conditions for a continuous function to be qualified as an activation function.
Basically, any differentiable function can be qualified as an activation function in theory. In
practice, only a small number of "well-behaved" (bounded, monotonically increasing, and
differentiable) activation functions are used. A few popular ones are highlighted in Table
?7?7. There are some heuristic rules for the selection of the activation function. Generally, a
network may have different activation functions for different nodes in the same or different
layers. Yet almost all the networks use the same activation functions particularly for the
nodes in the same layer. In addition, the choice of the activation function strongly depends
on the problem we are trying to solve or what our network is trying to learn. The nonlinear
activation functions are mostly included in designing of MLP models for solving complex
problems.
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Table 1: Usual activation functions
Name Function f Derivative of f, f’ Range
Identity flz) == flz)=1 (—00, +0)
Sigmoid f(z) = m () = fl@)(1- f(z)) (0,1)
Gaussian f(z) = exp(—2?) f'(x) = —2zexp(—a?) (0,1)
Softplus  f(z) =In (1+exp(z)) f(z) = m (0; )
Cos f(z) = cos(z) f(z) = —sin(x) (—1,1)
Sin f(z) = sin(z) f'(z) = cos(x) (-1,1)
ReLU f@) =alaso f(2) = { PIEE0 (00

Thanh fla) = eRlen(ze) gy — g [f(2))?

exp(z)+exp(—z)

ReLU: Rectified linear unit, GELU: Gaussian Error Linear Unit.

3. Numerical study

In this section data have been artificially generated from an existing MLP model and
are related to a real world situation. The generation procedure is described in 8 steps (from
a) to h), see below in Resolution). It can be used when developing a model and needing
to test it with real data from a given domain, but not available. Also, it can be used in
simulation studies. It serves to reproduce the complexity of the relationship between the
original data and to get the data close enough to the real data sought.

Practical case:
Consider the multilayer perceptron neural network model (MLP-4-1-1) obtained in the Insect
as Feed for West Africa project [27] to predict y = food economic ef ficiency as a function of
x = (z1 = dose with three modality (0, 50 and 100),z2 = age, 3 = food consumption,
x4 = weight) to assess the effect of maggot meal on the growth and economic performance
of Guinea fowl. The resulting model is:

(1) 1)
exp <Xt, w, > b, —€exXp | — <Xt7 w,
( ( ) [ ( +b@ (17)

11
E(y) = wi
=1

€Xp (<Xt ) Wi

where y; represents the t™* observation (t € [1,n],n € N*); w; is the weight vector
associated with the i-th neuron in the hidden layer ; b; is the bias of the i-th neuron in
the hidden layer of MLP model. The optimal parameters are 6 = (w1, b, w@), b(2)) with

—0.06 —0.87 0.33 —-0.10 -0.15 0.08 —-0.13 0.60 —0.07 0.04 —0.17
—0.06 0.41 —0.38 0.29 —0.18 —0.31 0.22 —0.44 —-0.12 0.16 0.28
—0.13 0.47 —0.16 —0.27 0.22 0.20 —0.36 1.42 —0.13 0.27 —0.48
0.22 0.35 0.21 0.03 0.15 0.01 0.27 0.55 0.32 —0.43 0.37

wlb) =

b<1>:[0.31 0.65 045 —0.82-—0.39 —0.38 —0.86 —0.01 —0.79 0.79 —0.43];
w<2):[0.01 —0.38 0.15 -0.03 —0.05 004 —0.04 061 —0.01 —0.02 70.05];

b2 = —0.82.
In vector form § = (—0.06, —0.06, —0.13,0.22, —0.87,0.41, 0.47, 0.35,0.33, —0.38, —0.16, 0.21,
—0.10,0.29, —0.27,0.03, —0.15, —0.18,0.22,0.15, 0.08, —0.31, 0.20, 0.01, —0.13, 0.2, —0.36, 0.27,
0.60,—0.44,1.42,0.55, —0.07, —0.12, —0.13, 0.32,0.04, 0.16,0.27, —0.4, —0.17, 0.28, —0.48, 0.37;
0.31,0.65,0.45, —0.82, —0.39, —0.38, —0.86, —0.01, —0.79, 0.79, —0.43; 0.01, —0.38, 0.15, —0.03,
—0.05,0.04, —0.04,0.61, —0.01, —0.02, —0.05; —0.82) and the total number of parameters is
ng = 67.
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These parameters are obtained under certain configurations, namely: number of hidden
neurons = 11, learning rate = 0.5, training data size: ny = 54 and test data size is
ny = 18, normalization method = min-max, algorithm used = standard back-propagation,
and the evaluation criteria values based on the test data are : coefficient of determination,
R? = 64.03, root mean square error RMSE = 0.01 and correlation coefficient, r = 80.02.

In the context of this practical case study, it is intended to generate data almost
identical to the unavailable real data.

Resolution:
In this study, the theoretical model used is the model (15) with the activation function in
the hidden layer, the hyperbolic tangent function and the identity function in the output
layer. Based on equation (17), then by taking into account the parameters § and the distri-
bution of the input variables: X1 = resampling techniques, Xo ~ N'(pu = 4.5, 02 = 2.30),
X3 ~ N(p = 29.95, 02 = 13.04) and X4 ~ N(u = 239.76,0% = 117.11), we obtain the
output y for a size n € N* by programming under the R language.

The following steps are used:

a)  Generation of the input variables according to their respective distribution of size n.
b)  Creation of a data matrix for the input variables x.

¢)  Normalization of the input data using the Min-Max normalization method.

d)  Computation of the inner product for each input variable and the weights associated

with a neuron i € [[1,11], (xt,w(»l)> +pM

% )
e)  Application of the activation function, hyperbolic tangent for all hidden layer neurons,

o (e ) e (ot l) |

Z; = :
exp ((xt,wgl))-‘rbil)) +exp {7 ((xt,win)—&-bgl))}

f)  Computation of the inner product between the hidden neuron outputs and the weights
associated with the output neuron, y; = (Z, w(2)) + b(2).

g)  Denormalization of the output variable y;

h)  Reconstitution of the database (X¢,yt)se[1,n]-

The first ten rows obtained are in the table bellow :

Table 2: Data obtained close enough to the real data

X1 €T I3 T4 y

100 3.93 52.87 281.77 2.80
100 3.95 37.26 238.46 2.80
0 3.94 24.04 129.60 4.15
0 3.97 19.10 226.19 4.48
0 3.93 14.73 14431 4.36
50  3.96 16.05 268.13 3.62
50 398 955 7286 4.29
50 391 45.03 282.61 3.06
50  3.88 40.79 268.85 2.89
0 3.93 3342 242.00 3.70

y = (food economic ef ficiency in FCFA/kg of feed), x = (x1 = dose in %,
x9 = age in week, x3 = food consumption in grams/dr, x4 = weight in Kg)

The MLP-4-1-1 model used in this way was able to simulate data fairly close to the
guinea fowl zoo-economy, taking into account the complexity between these data and can
be used to test other models.
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4. Conclusion

In this paper, we have proposed a general expression for multilayer perceptron neural
network (MLP) models. From this general form, we have given some specific cases of the
most commonly used models. This expression can be used not only instead of oriented
graphs to present MLP models in scientific work, but also in simulation studies. A procedure
for generating artificial data from an existing MLP model is given. A practical case was
carried out involving the artificial generation of data from an existing MLP model in the
field of poultry breeding and in the context of nonlinear regression. These artificial data are
fairly close to the original data and retain the complexity of the relationship between them.
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