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One-Parameter Family of Solutions in Elementary
Functions
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Abstract: Euler-Poisson equations of a charged symmetrical body in external constant and homogeneous electric
and magnetic fields are deduced starting from the variational problem, where the body is considered as a system
of charged point particles subject to holonomic constraints. The final equations are written for the center-of
mass-coordinate, rotation matrix and angular velocity. General solution to the equations of motion is obtained
for the case of a charged ball. For the case of a symmetrical charged body (solenoid), the task of obtaining the
general solution is reduced to the problem of a one-dimensional cubic pseudo-oscillator. Besides, we present a

one-parametric family of solutions to the problem in elementary functions.

Keywords: Euler-Poisson equations; exact solutions in elementary functions; constrained systems; integrable

systems; spinning body in external fields

1. Introduction

Spinning bodies represent an important object of study in modern research at different scales,
from problems of approaching compact stars in gravitational wave physics to levitating nano-particles
and elementary particles with spin. Behavior of a spinning object in special and general relativity
as well as in quantum mechanics in many cases is considered in first order by perturbation theory
based on exact solutions to the classical problem [1]. Therefore, the search for new integrable cases
and analytical solutions in the dynamics of a spinning body is important for further progress in
such problems. In the present work we consider a charged spinning body in external constant and
homogeneous electric and magnetic fields. While the case of a ferromagnet has been discussed quite
widely in the literature [2-7], much less attention has been paid to a charged dielectric [8]. In this
article we will try to fill this gap in the literature.

The work is organized as follows. In Sect. 2 we deduce equations of motion on the base of a
Lagrangian action, formulated for the case under consideration. We will present a detailed derivation
of the equations, since semi-empirical methods applied to a spinning body in some cases lead to either
inaccuracies or erroneous interpretation of the final result. In Sect. 3 we present general solution to
obtained equations for the case of a charged ball. In Sect. 4 we reduce the problem of a symmetrical
charged body to the problem of a one-dimensional non-linear pseudo-oscillator. In Sect. 5 we present
a one-parametric family of solutions in elementary functions for the motions with specially chosen
initial angular velocity of the symmetrical charged body. In the Appendix, for the convenience of the
reader, we summarized the motion of a point charged particle in external electromagnetic field.

2. Charged Body in Constant and Homogeneous Electric and Magnetic Fields

Consider a rigid body that consist of n particles yx(t) of charge ey and mass my, N =1,2,...,n.
Its Lagrangian action reads [9]

1 4 n
Aasl(ya=yrys—y1) —aas]+ 5 Y ) Aapl(ya—y1,yp = y1) —aag). 1)

S—/dtlim Y
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The first term is kinetic energy of all particles, while the remaining terms account the presence of
constraints, that guarantee that distances and angles among the particles do not change with time'. The
constraints were added with help of Lagrangian multipliers A 4 (#). In all calculations these auxiliary
variables should be treated on equal footing with yx(¢). In particular, looking for the equations of
motion, we take variations with respect to yn and all A 4. The 3 x 3-block A 45 of A 4y was chosen to
be the symmetric matrix. The variations with respect to A 4y imply the constraints, which therefore
arise as a part of conditions of extreme of the action functional. So the presence of A 4 allows y}; to be
treated as unconstrained variables, that should be varied independently in obtaining the equations of
motion.

We consider the body immersed into constant and homogeneous electric and magnetic fields
with scalar potential A(yn) and vector potential A(yy ), see Appendix. Summing up the potential
energies (A15) of body’s particles, we obtain its total potential energy

U= Y enro(yn) + X (Alya) ) -

Adding it to the action (1), we obtain a variational problem for the body in external electric and
magnetic fields. We assume that all particles of the body have the same charge to mass ratio, eN =
forany N =1,2,...,n. Then our action implies the following dynamical equations

. 1 .
miyy = — Z/\AB lyg—y1] —5 Z)\Aa [ya + Yo —2y1] + pmiE+ %ml [y1,Bl,

K’

maya = Z/\AB yB —y1] + Z)\Azx —y1] +pmaE + cma [y, B,

m%zEZAMM*mHWM£+%WM3} )
A
Introducing the center of mass, yp = % Y. mNynN, where jig = )_my, the equations (3) imply

= uE+ £ [y0,B), 4)

that is center-of-mass behaves like charged point particle discussed in Appendix. In particular,
rotational motion of the body does not affect its translational motion.

Substituting yny = yo + xn into Eq. (3) and taking into account (4), we rewrite these equations in
the center-of-mass coordinate system

mi, = — Z Aaplxg — xj] — 5 Z:/\A,,C[x;1 + xt —2x}] + mgA' + pmiE + %ml [x1, B],
A,B=2

mAxlA = Z)LAB[X —xl + = Z/\Aa xé]—Q—mA)ti—i—ymAE—f—%mA[xA,B],
B=2 zx 5

1 4
S U IR ER P R

Each solution x4 (t) to these equations is of the form x4, (t) = Ry (t)x%;(0), where Rj;(t) is an orthogonal

matrix that, by construction, obeys the universal initial data R;;(0) = ¢;;. Substituting this expression

1 We use the notation from [9]. In particular, by (a,b) and [a,b]; = €ijka;br we denote the scalar and vector products of the

vectors a and b. €;j is Levi-Civita symbol in three dimensions, with €123 = 1.
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into Egs. (5), then multiplying the equation with number N by x]l'\](O) and taking their sum, we obtain
the following second-order equations for determining the rotation matrix R:

Rikgj = —Richij + pEi(Y_mnxn) — Aingsjy  R'TR=1,  R(0) =1. (6)

It was denoted

Ajg = %eianana' )
Besides, gjx is the mass matrix
n . .
gii = Y myxiy(0)x)(0), (8)
N=1
while A (t) is the symmetric matrix
j j ik 1 ik i k ik j
/\jk = — AZ/\AB [lex]f + x]Ax’)_E; — xgxl)} ) ;AM [X,SZXA) — x&]xl) — xgxl) — 2x]1x}1‘] , 9)
B o

where all xé\] are taken at the instant ¢t = 0.

Due to the identity )} myxy = 0, satisfied for the center-of-mass coordinates, second term on r.
h. s. of Eq. (6) vanishes. In the result, the electric field do not affect the motion of rotational degrees
of freedom. Besides, the center-of-mass variable do not enter into this equation, so the translational
motion does not affect the rotational motion of the body.

The variables A (t) in equations (6) depend on the unknown dynamical variables A sy (t). Fortu-
nately, we do not need to know Ajx (A an(#)), because of these equations determine A algebraically, as
some functions of R and R. This result, obtained with use of the procedure described in [9], can be
formulated as follows
Affirmation. Consider the second-order system for determining the variables R;;(t) and A;(t)

Rigkj = —Riehj — Augkjs  RTR =1, (10)

where Aj(Ry, Ryp) is some given matrix that does not depend on 8kj and Ay; (as before, gy; is a
numerical symmetric non-degenerate matrix, and Ay;(t) = Aj(t)).

The problem (10) is equivalent to the following Cauchy problem for the first-order system, written
for the mutually independent variables R;;(t) and (;(t):

. 1 1
laQa = (1, Qi + S e [(AD)4iRaj + (RI)aiAgj) — 5 lka€aij AviRej, (11)

Rij = —€QaRip,  Rij(0) =6y, (12)

where [ is inertia tensor of the body with the components I;; = (¥ gaa)dij — &ij-

Note that this system is composed of SO(3) vectors and tensors, so it is covariant under the
rotations. We will work with these equations assuming that the mass matrix and inertia tensor are of
diagonal form. This implies [9], that at initial instant ¢+ = 0 the Laboratory basis vectors e; were taken
in the directions of axes of inertia R;(t) taken as the body-fixed frame: e; = R;(0). We also recall that
the body-fixed basis vectors are columns of the rotation matrix: R = (Ry, Ry, R3). Eigenvalues of mass
matrix and inertia tensor are related as follows: 2¢g1 = I + I3 — I}, and so on.



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 March 2024 d0i:10.20944/preprints202403.1313.v1

40f18

Our equations (6) are of the form (10), so they are equivalent to the first-order system (11) and (12)
with A written in (7). To obtain an explicit form of Eq. (11), we use (12) to rewrite the quantity A;, as
follows:

€ijkBiRra = €ijk€arc BjOyRe = €ijk€apyRuaRpyRycBjQy Ry =
€ijk€upy RuaBj(RO)g(RRT) 1 = €jx€uprRuaBj(RQ) = Riz(BRQ) — (RO);(BR),.

Thus

Aia = ~Eeieasc B Re = E[(RQ): (BR): — Riu(BRO)] (13)
Using the latter expression for A;, in Eq. (11), after direct calculations this acquires the form

0 =[10,0] - %{I[RTB, O] — [IR"B, Q] + [RTB, IO } (14)

The vector composed of last three terms can be written in a more compact form in terms of the mass
matrix. Indeed, writing the first component of this vector in explicit form we get

(I[RTB,Q]); — [IRTB,Q); + [RTB,I1Q]; = (I; — I, + )(RTB)203 — (I; — I3 + L) (RTB)30, =
2¢2(RTB),Q05 — 293(RTB)30), = 2[gRTB, O]y, (15)

and similar expressions for the second and third components. Then Eq. (11) acquires the final form

0= [I0,0] - %[gRTB, QJ. (16)
For completeness we also present equations for the vector of angular momentum m = RIQ) and for its
components M = I in the body-fixed frame

= —%[RgRTB,RI—lRTm], (17)
M= [M, I 'M]— %[gRTB, -'Mm). (18)

Let us consider Egs. (16) in the Laboratory system with third axis in the direction of magnetic
vector B. Denote by I’ and ¢’ the non diagonal tensors of inertia and mass that will appear in this
coordinates. Then Egs. (16) acquire the form I'Q) = [I'Q, Q)] — @ [¢'G3, O], where Gg is the third
row of the rotation matrix Rijj. They coincide with those deduced by G. Grioli, see [1,8].

In resume, we have succeeded in obtaining equations of motion (16), (12) and (4) for a spinning
charged body in external electric and magnetic fields. The solution R;;(t), y}(t) to these equations
contains complete information on the evolution of the body with respect to Laboratory frame: dynamics

of the body’s point ¥4, (t) with initial position i (0) = y§(0) + x4 (0) is '\ (t) = yi(t) + Ryj(£)x} (0).

3. General Solution to the Equations of a Charged Ball
Consider a totally symmetric charged body:

Il = 12 = 13 = Io. (19)

This could be a charged ball. Then its center moves according to Eq. (A13). From kinematic relations
m = Y% my[xn,xn] = ¥ &R, Ri] = RIRTw = RIQ between angular momentum m, angular
velocity w and its components (); in the body-fixed frame, together with Eq. (19), we get m = [yw =
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IpRQ). The first equality means that for all ¢ the instantaneous rotation axis w remains parallel with the
vector of angular momentum. Substituting (19) into equations of previous section, we get

Rij = —€jw Ry,  Ryj(0) =5, (20)
5y HgT .

N

m= r [B, m]. (22)

The last equation implies that angular momentum precesses around B with Larmor’s frequency
= %. Besides, the length of angular momentum and its projection on B -axis are first integrals

m? = const, (m, B) = const. (23)
Components (); of angular velocity w with respect to body-fixed frame precess with the same frequency
around the components (RTB); of magnetic field B in body-fixed frame.

Substituting () = }—ORTm into (21) and taking into account (20), we arrive at the equation (22). So
the system (20), (21) is equivalent to R;; = — %ejab(RTm)uRib, th = — £[B, m]. Further, the first (non
linear on R) equation of latter system can be replaced on the linear equation Ri]' = %eiabma Rpj. The
resulting system an the initial one have the same solutions in the set of orthogonal matrices. In the
result, instead of Egs. (20) and (21), a totally symmetric body can be described by the equations

) . 1
R;j lembma Rypj, or, equivalently R; = —[m,Rj], (24)
Iy Io
. i
—_r 2
m % [B, m], (25)

where all quantities are defined with respect to the Laboratory system. The initial conditions are
R;j(0) = &jj. According to these equations, m(t) precesses around constant vector B, while the vectors
R;(t) instantaneously precess around m(¢).

Let us obtain the general solution to the system (24), (25). For a totally symmetric body we can
choose the directions of Laboratory axes as convenient, this will not violate the diagonal form of inertia
tensor. Using this freedom, we choose the Laboratory system so that at t = 0 the vectors B and m(0)
lie in the plane of ey, and e3, and B is directed along e3, see Figure 1.

Figure 1. Choice of Laboratory system e; for analysis of a charged ball subject to electric and magnetic
fields.
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Then B = (0,0, |B|)T, m(0) = (0,mp, m3)7T, and
cosat  sinat 0 0 my sin wt
m(f) = | —sinat cosat 0 my | = | mpcosat |, (26)
0 0 1 ms ms
is a solution to Eq. (25), where the precession frequency is the Larmor’s frequency

B

x = Bl 27)

2c

To solve Eq. (24) with this m(t), we write it as follows: %(RT)ij = %e]-abma(RT)ih. We look for a
solution to Eq. (24) in the form

cos vt cos at — ks sin yt sin at ks sin yt cos at + (k2 -HE% cosyt)sinat  —kysin -yt cosat + koks(1 — cos yt) sin at
—cos ytsinat — kssinytcosat  —kssinytsinat 4 (k3 + k3 cosyt)cosat  kysinytsinat + koks(1 — cos t) cos at =
fe sin oyt Faks (1 — cos yt) B+ &3 cosyt
cos yt ks sin vt —ky sin yt
cos at sinat 0
—sinat  cosat 0 X 7123 sin vyt l%% + lAcg cos vyt 122123(1 — cost) . (28)
0 0 1

kysinyt  koks(1 — cosyt) I3 + 13 cos yt

To fix k and 7, we substitute the ansatz (28) into (24) an then take t = 0in the resulting expressions.
They determine k as follows: k, = 5t ks = —%. Then k3 + k3 = 1 implies I29% = m3 + (alp +
m3)2. The obtained equalities allow us to represent k and  through m and « as follows:

12

\/m% + (aly + m3)?

_ m3 + alp
\/m% + (alp + m3)?

k2 R

_1 2 2
Cr= i w2 @)

By direct calculations, it can be verified that the expression (28) with these k and 1 satisfies the
equations (24).

In resume, we obtained analytical solution for a charged ball launched with initial angular velocity
w = %m = %(O, my, m3)T in constant and homogeneous electric E and magnetic B fields. It is given
by the double-frequency rotation matrix (28), (29). The total motion can be thought as a superposition
of two rotations: the first around unit vector k = (0, IA<2, IA<3)T with the frequency v, and the second

around the axis of magnetic field B = (0,0, |B|)T with the frequency a = @. The angular momentum

vector m(t) precesses around the vector B with the Larmor’s frequency o = %.

Let us consider the ball launched with initial vector of angular velocity parallel to the vector
of magnetic field B. That is the initial conditions are m(0) = (0,0,m3)”. Then m(t) = (0,0,m3)7,
k= (0,0, fl)T and vy =a + %3 With these values, the rotation matrix (28) reduces to

cos P2t —sinPt 0
0 0
R=| sin %St cos "]—;t 0 |. (30)
0 0 1

As it should be expected, the ball experiences a stationary rotation around the vector of magnetic field
B with the frequency 7.
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4. Symmetrical Charged Body and One-Dimensional Non Linear Pseudo-Oscillator

In this section we start to study the symmetrical charged body. We show that for any solution
R;;(t), Q;(t) to Euler-Poisson equations, the function ()3(¢) obeys to the equation of a one-dimensional
cubic pseudo-oscillator, see Eq. (47) below. Besides, when Q3(t) is known, the functions ) (t) and
), (t) can be found by quadratures, see Egs. (44) and (45).

Consider Egs. (12) and (16) for the symmetrical bodyzz I = diagonal(I, I, I3). This implies the
following mass matrix: g = Sdiagonal(I3, I,2I, — I3). We consider the positively charged body, then
the charge-mass ratio is a positive number, y > 0. We assume that at ¢ = 0 the third inertia axis of
the body is vertical. Then, without spoiling the diagonal form of inertia tensor in our equations, the
Laboratory system can be chosen as shown on Figure 2.

Figure 2. Choice of Laboratory system for analysis of a charged symmetrical body.

The basis vector ej is directed along the third inertia axis R3(0), the vectors e, and ej lie on the
plane of paper sheet together with the vector of constant magnetic field B = (0,B, > 0,B; > O)T. The
initial instantaneous angular velocity of the body is

0(0) = w(0) = (w1, wp, w3)". (31)

It is convenient to introduce the following notation:

0 (B'R);
B = ZKCB —| B,>0 |, K@®= %BR(t) —| (BR), |, then K(0)=B; (32
Bé >0 (B,R)g
I , _ 2E
I = I’ E' = L (33)
Contracting the Poisson equations (12) with B/, we get K = —[Q, K]. This equation together with (16)

give us the auxiliary system of 3 4 3 closed equations for determining the variables Q(t) and K(t)

I0 = [10,0] - 2[Kg, O], (34)
K= —[0Q,K]. (35)
By construction, the initial conditions for K(t) are K(0) = B’. Any solution R;;(t), (;(t) to Euler-

Poisson equations obeys to this system. So we can use the latter to look for the angular velocity
Q;(t).

2 The inertia tensor in this section is denoted by I.
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This system admits four integrals of motion. Two of them are
O+ O3+ 103 = E = w0} + Wi + 103, (36)
K? = BY + BY. (37)
To obtain two more integrals, we write our system in components
O = (1 - 130 — IO3K; + (2 — I)(0K3,
Oy = —(1 - 130 + 103Ky — (2 — 1) K3,
O3 = MKy — MKy (38)
Ky = 03K — (K3,
Ky = —03K; + K3,
Kz = —(1 Ky — Ky). (39)
The equations with )3 and K3 imply the third integral
Ks+Q3=c3=w3+ Bé. (40)
Combining the equations with ), ()5, K7 and K, we get one more integral of motion
01Ky + Ky — O3 4 (2 — )33 = 5 = wyBy — w3 + (2 — I) (w3 + BS)ws. (41)

We written them through the integrations constants c3 and cs5, as well as through the initial data w;
and B/ of the problem.

Using (40), (41) and the equation with Q)3 of the system (38), we represent the variables K; through
Q); as follows

Ql(Qg — (2 — I)CgQg + C5) — Qng,

O (QF — 2-1D)es +c5) + Q)
Ky = E'— 102 , K= 205 = E’)i3l(;§ & L2 K=-03+0 (42)
Substituting them into equations for ()1 and (), from (38), we get
O =)+ f(H, Oy = —p(HO1 + f(H) Dy, (43)
where ¢(t) and f(¢) turn out to be the following functions of Q3 (t):
(2- I)C3E/ - (El + IC5)Q3(t) \/7
t) = , t) =In\/E — IO3(t). 44

If Q3(t) is known, the equations (43) can be immediately integrated as follows

O (1) = for/E' = IO5(1) sin(D(t) + o),  Oa(t) = for/ E' — IO5(t) cos(D(t) + o), (45)

where ®(t) is indefinite integral of ¢(t), while fy and ¢y are the integration constants.

So it remains to find the third component Q3(t). To this aim we compute the time derivative of
the last equation from (38), and use other equations of the system (38), (39) in the resulting expression,
presenting it as follows

O3 = [—203 4 (2 — I)c3] (U Ky + Moka) — IQ3(KE + K3) + [c5 — Q3] (QF + O3). (46)
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Using the integrals of motion (36), (37) and (41), we obtain closed equation for determining Q3(t), that
can be called the equation of cubic pseudo-oscillator

Q3 = ag + 1103 + 203 + 4303, (47)
where the numeric coefficients a; are functions of initial data of original problem

ag(w,B') =[2— D5 +Ees,  a1(w,B') = —2c5+ [ - (2—1)%]c} — E' — IB?,
a(w,B)=6(1—-1)c;, az3=-2(1-1). (48)

It is not difficult to obtain a two-parametric family of simple solutions to the equation (47). Note that
Q3(t) = w3 will be (constant) solution to (47) if the third component wij if initial angular velocity is a
root of the third degree polynomial on the right side of (47). Substituting Q3(¢) = w3 into Eq. (47), we
obtain the condition on initial data wy, w», w3 under which w3 satisfies this equation. To obtain this
condition, it is convenient to represent Eq. (47) in terms of the initial data, keeping the combinations
like w3 — Q3(t) as follows:

("23 = [(2 — I)Bé —lws + 2((4)3 — Q3)H(UzBé — (w% — Q%) + (2 — I)(Bé + an)(a):), — 03)]—
103[B — (B; + (w3 — 03))%] + [B3 + (ws — M)][w] + wj + I(wf — O3)]. (49)

Substituting Q3(t) = w3, we get that (47) will be satisfied only for the initial data w; obeying the
following equation:

By (w? + w3) — IBywrws + (2 — 1) ByBywy — IBFws = 0, (50)
or, equivalently
2 /1\2 IB& ! ! 2
(U1+((U2+BZ) —7(602—1-32)(6034-33) = (1—I)B2 (51)
3

This is a surface of second order. Since the point with w; = 0 obeys this equation, the surface always
pass through the origin of coordinate system. Resolving (50) with respect to w3, we get the following
two-parametric family of constant solutions to the equation (47) of cubic pseudo-oscillator:

B} + w} + (2~ I)Bjawn]

_n!
1B} (co + BL) , wp €R, wy; e R\ {-B5}. (52)

O3(t) = w3(wy, wp) =

Let us find out which quadric is defined by the equation (51), by writing it in the canonical form.
Following the standard procedure [10], we arrive at the new coordinates wl{ :

w] = wy,
! ! é E Iy o3 E E
w2—(w2+Bz)cos<2+4>+(w3+B3)sm<2+4),
wgz—(w2+B§)sin<§+Z) +(W3+Bé)COS(§+Z), (53)

where f is the angle between the vectors e; and I~ 'B’, see Figure 3. The new coordinates are obtained
from w; by shifting the origin of coordinate system to the point —B’, and subsequent rotation counter-
clockwise by the angle g + 7 in the plane e, e3. Note that § < g + & < 7. In these coordinates Eq.
(51) acquires the form

wlZ w/Z 2 si 2si
WP — =243 =(1-1)B2,  where a= sin _ 2sinp

a a3 1—sinpg’ = 1+sinp’ ©4)
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Depending on the relationship between the inertia moments I, and I3, it describes different surfaces.
1. Letl <= % < 2. This body could be a charged sufficiently short cylindrical surface. If it rotates
around its coaxial axis, it will produce a magnetic field corresponding to a short solenoid. The equation
(54) turn into

wll 2 w/2 20l =1 B/Z :
L% % _ 1, where G=(1-1)B2 G= M =
G G G 1—sinf

2(I—1)B?sin B

1+sinpB (55)

Hence the surface of initial data is a hyperboloid of two sheets. Its upper sheet is shown in Figure
3 (a).

Figure 3. The third components of initial data vectors w, lying on drawn hyperboloids, turn out to
be solutions to the equation of cubic pseudo-oscillator (47). Figure (a) shows the upper sheet of the
hyperboloid of a short solenoid. Figure (b) shows the hyperboloid of a long solenoid. All drawn vectors
and line segments lie in the plane of paper sheet. The basis vector e; is orthogonal to the plane of paper
sheet and is not shown in the figure.
In the limiting case | = % = 2 we have a plane body, that could be charged circular loop. In this
case the sheets of the hyperboloid are tangent to the horizontal planes w3 = 0 and w3 = —2Bj5.
2. For the totally symmetric body I = % = 1, the equation (54) turn into the cone

2 2
w w
w+ 2 =2, (56)
as az

with semi axes a; and a3 written in equation (54).
3.Let0<I= % < 1. This body could be a charged long cylindrical surface. If it rotates around its
coaxial axis, it will produce a magnetic field corresponding to a long solenoid. The equation (54) turn

into

w? W W 2(1—I)B?sin B
L2438 =1 wher 2=(1-1)B? 2= S22 0
a2 a * v ere G=01-Dk, G 1—sinp

»  2(1-1)B?sinB
2 20— 0% SIp

< 1+sinfB

(57)

Hence the surface of initial data is a hyperboloid of one sheet shown in Figure 3 (b).

In resume, we have shown that for any solution to the Euler-Poisson equations (12) and (16) of a
symmetrical charged body, the function Q)3() obeys the equation of cubic pseudo-oscillator (47). We
obtained a two-parameter family of constant solutions (52) to this equation. Not all of them generate
solutions to the original problem. In the next section they will help us to obtain a one-parameter family
of solutions to the original Euler-Poisson equations in elementary functions.
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5. Rotation Matrix: One-Parameter Family of Solutions in Elementary Functions

As we saw in previous section, our problem (12), (16) probably admits solutions with constant
Q3(t). So let us search for solutions of the auxiliary task (34), (35) of the form

Q(t) = (1 (1), O2(t), w3 = const)T, 0(0) = (w1, wy, ws)T. (58)

Substituting this ansatz into the equations (34) and (35), they turn into
O =[1-Dws+Q2-D)B]Oy — IwsKy, o =—[(1-Dws+ (2—D)B5]O1 + IwsKy, Ky — Ky =0; 59)

Kl = w3Kp — B:/;,Qz, K2 = —w3Ky + BéQl, K3 = Bé. (60)

These equations admit three integrals of motion: % (3 +03) =0, % (K2 +K3) = 0and % (MK +
;Ky) = 0. This implies the equalities

Q)+ Q) =wi+wi,  Ki(H)+K3(t) =B,  D(HKi(t) + Qa()Ka(t) = w2Bj.  (61)

Using the equations ;1 K; + (0K, = wpB) and —(,K; + 1Ky = 0 we get that K; and K; are just
proportional to ) and ()

w B! sz’
Ky = %le Ky = 2722 (62)
wy + wj wy + wj
Substituting these expressions into (59) and (60), we get the equations of precession
: / : ’ / ;1 Béw2w3
O =¢'Qy, Oy =—¢'()y, where ¢' = (1-NHws+ (2-1)B3— —5—— (63)
wi + wj
and
. . BL(w? + w3
O =90y, Oy =—¢Q;, where ¢=w;— M (64)
BZ(UQ
They will be consistent only if ¢’ = ¢, that is the initial data should lie on the surface
IB/Z 2
BY(w? + w3) — IBhwows + (2 — I)ByBhwy — —2—293 — 0, (65)
wi + wj
Combining this with the necessary condition (50)
B4 (w? + w3) — IBhwyws + (2 — I)ByBhw, — IBRws =0, (66)
we conclude that the initial data should be taken on the curve of second-order
Bhw3 — IBywyws + (2 — 1) ByByw, — IBRws = 0, (67)

that lie on the plane w; = 0. Geometrically, these are hyperbolas that appear as a result of the
intersection of the hyperboloids in Figure 3 with this plane.
For the circular loop or short solenoid they are

wE W 2(1-1)B2sinp  , 2(I—1)B?sinp
S e Y P St M

Y39 g h 2 =
g where  C; 1—sinp ’ 1+sinB

68
< (68)
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For the long solenoid they are
P wf 2(1—I)BYsi 2(1—I)BYsi
LY LY g here 3= 20 DBrsng o 21- DBy sing (69)
c; 2 1—sinp 1+sinp

At last, for a totally symmetric body they degenerate into the straight lines

/ / 2 : 2 :
“2 _ :I:&, where a, = Lr_lﬁ, az = ﬂ (70)
ap as 1—sinp 1+sinfB

Resolving Eq. (67) with respect to w3 we get

B 2 I)B, ,
irfwn) = LR C I ery (B @

With this w3, the two systems (63) and (64) depend on the same frequency

B! Bjwy (1 — I)(w; + 2B))
= w3(wy) — prwy = =2 , (72)
’ B 1B (w2 + B))
and imply the following solution
ws sin ¢t 0
Q(t) = | wpcosgt |, then Q(0) = wy . (73)
w3(w2) w3(w2)

This means that vector of angular velocity in the body-fixed frame R; precesses around the third axis
R3 with the frequency ¢.
The next step is to solve the Poisson equations (12). We consider them in the form

7= lr,0(), 74)

with Q(t) specified by Egs. (71)-(73). Here v is any one of rows of the rotation matrix.
In components this reads

1 = 1ows — v3(t), Y2 = 13 (t) — n1ws, T3 = 11 (t) — 12 (8). (75)

This system admits the integral of motion

Bacw
mn+mn+%£%=a (76)
2

where B, = B,/|B| and B; = B3/|B| are components of unit vector in the direction of magnetic vector
B. Preservation in time of the quantity (76) can be verified by direct computation of its time-derivative,
with use the identities

B By B

3 3 3
82873 77
We need to find the general solution to the equations (75). Then, according to [9], the rows

of the rotation matrix R;; can be obtained taking the following three particular solutions. The row
R11, R12, Ry3 is y(¢) with the initial data ¢(0) = (1,0,0) and with ¢ = 1(0) = 0. The row Rp1, Rpy, Ro3
is 7v(t) with the initial data (0) = (0,1,0) and with ¢ = (),(0) = w,. At last, the row R31, R3p, Rs3 is
v(t) with the initial data ¢(0) = (0,0,1) and with ¢ = Bzw,/B,.
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First we solve algebraically the equations (2171 + Q2 = ¢ — B%—‘z"zfyg, and Ory1 — V172 = s,
representing 7y; and < as follows:

1 Byw ) 1 Byw .
1= - 5 27) + Msl, 12 = 5[Mlc — —5293) — s, (78)
Wy B wj B,

Substituting them into the equation for 1, we get closed equation of second order for y3(t)

B
G3 ks =22 where k= 2. (79)
B, B,

This is equation of harmonic oscillator with constant frequency k, under the action of an external
constant force. Its general solution with the integration constants b and kg is

B
ya(t) = beos(kt + ko) + c-22. (80)
Byk?
Substituting this result into the expressions (78), we obtain the remaining variables
1 B A b
71(t) = —J[c—0 342 cos(kt + ko) — cB3] sin ¢t — = sin(kt + ko) cos ¢t,
(€%) By By
1 B o
Y2(t) = —J[c—b BSAwZ cos(kt + ko) — cB3] cos ¢t + Aﬂ sin(kt + ko) sin ¢t. (81)
wy By By
Att =0 we get
b 1 B . B,B
71(0) = ——=sinky, 72(0) = —[c—b 342 coskg — cB3], v3(0) = beosky + ¢ 273 (82)
By wr By wy

Solving the equations (82) with the data described below Eq. (77), we get, in each case

R LA B R R
c=0, b=—B, ko= c=wy, b=-BB;, k& =0 c= %“’2, b=1-B =8, k=0 (83)
2

N

Substituting these values into Egs. (80) and (81) we get the rotation matrix of a symmetrical charged
body, immersed into the magnetic field B = (0, By, B3)T, and launched with initial angular velocity
(73)

cos kt cos ¢t — By sin kt sin ¢t — cos kt sin ¢t — By sin kt cos ¢t By sinkt
By sinkt cos ¢t + (B + B coskt)singt  —Bysinktsingt + (B3 + B2 coskt) cos¢t  BaBs(1 — coskt) (84)
—By sinkt cos ¢t + By B3 (1 — coskt)sint By sinktsingt + ByB3(1 — coskt)cos¢t B2 + B3 coskt

Two frequencies in the problem are: ¢ written in Eq. (72), and k = wy/B,. The dependence of the
rotation matrix on the inertia moments I, I3 as well as on the charge-mass ratio y is hidden in the
frequency ¢.

By direct substitution of obtained functions (73) and (84) into the equations (12) and (16), I verified
that they are satisfied.

The rotation matrix can be decomposed as follows:
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cos kt — By sinkt By sinkt
cospt —singt 0
R(t) = Ry(t, k) x Roz(t,¢) = B sin kt B2+ B2coskt  ByB3(1—coskt) | x| singt cospt 0 (85)
0 0 1
—Bysinkt  ByBs(1—coskt) B2+ B2coskt

Then the position x(t) of any point of the body at the instant ¢ is: x(t) = Ry (t,k) x Roz(t,¢)x(0). Itis
obtained by rotating the initial position vector x(0) first around the laboratory axis OZ by the angle ¢t
and then around the B -axis by the angle kt.

It can be said that the motion is the composition of a proper rotation around third inertia axis with
precession of this axis around the vector of magnetic field B. The final answer (84) admits the limit of
totally symmetric body I, = I3, this implies ¢ = 0. The resulting motion is the precession around the
magnetic vector B without a proper rotation.

Combining Egs. (71), (72) and (79) we get the relation between two frequencies of the motion (84)

o5 — (I — I5) B3 (2[B'| + k)
I3(|B'| + k)

k. (86)

We recall that the most general motion of a free symmetrical body is the precession without
nutation [9]. Observe that the rotation matrix (84) coincides with Eq. (132) of this work if we replace B,
kg and ¢p on m, k and ¢. The physical meaning of this coincidence can be formulated as follows.
Affirmation. If a symmetrical charged body in the magnetic field B = (0, By, B3) moves according (84)
with the precession frequency kp around B and the proper rotation frequency ¢p, then in the absence
of a magnetic field its precession with the same frequency kg around the unit vector B will happen
with the proper rotation frequency

b=k Bskp. (87)
I3

(pz

Indeed, consider the motion (84) with initial angular velocity w(0) = (0, ws, w3(w7))T. Let it then
was launched in the absence of a magnetic field with initial angular velocity Q(0) = (0, wy, %)T.
According to [9], it will precess around the vector of conserved angular momentum m = IQ(0) =

(0, hws, IZE%B?,) = IZB%B ~ B with the frequency k = % = % = kp and with the proper rotation
2

LI Lh-Lp w L-Lp
frequency ¢ = 212133 mz = 213 3 Bj B; = 213 3 Bskp.
Components of angular momentum m(t) for our solutions in elementary functions are not
conserved quantities. But using the integrals of motion (36), (40) and (41) with Q3(f) = w, = const,

we get

(m(t), B) = const. (88)

That is the angular momentum always lies in the plane orthogonal to the constant vector of magnetic
field.

6. Conclusion.

In this work we deduced equations of motion of a charged symmetrical body in external constant
and homogeneous electric and magnetic fields starting from the variational problem (1) and (2), where
the body is considered as a system of charged point particles subject to holonomic constraints. The
final equations are written in terms of center-of mass-coordinate, rotation matrix and angular velocity.
They are (4), (12) and (16). According to them, rotational motion of the body does not perturb its
translational motion and vice-versa. In particular, the center of mass obeys to Eq. (4) and behaves
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as a point charged particle in the electromagnetic field. Besides, the electric field does not affect the
rotational motion of the body.

For the case of a totally symmetrical body (charged ball) we found general solution (28), (29) to
the equations of motion. The resulting motion can be thought as a superposition of two rotations:
the first around unit vector k with the frequency <, determined by initial values of angular velocity
and Larmor’s frequency, and the second around the axis of magnetic field B = (0,0, |B|)T with the
frequency a« = %. The angular momentum vector m(t) precesses around the vector B with the
Larmor’s frequency a = @.

Analysing the equations (12) and (16) for the case of a symmetrical charged top, we demonstrated
that the task to find the components of angular velocity ();(t) can be reduced to solving the equation of
a one-dimensional cubic pseudo-oscillator (47). We found a two-parametric family of solutions (52) to
this equation. This helped us later find a one-parametric family of solutions (84) for the rotation matrix
of a symmetrical charged body, immersed into the magnetic field B = (0, By, B3) T and launched with
initial angular velocity (73). The resulting motions turn out to be the composition of a proper rotation
around third inertia axis with precession of this axis around the vector of magnetic field B.

Acknowledgments: The work has been supported by the Brazilian foundation CNPq (Conselho Nacional de
Desenvolvimento Cientifico e Tecnolégico - Brasil).

Appendix A. Charged particle in constant and homogeneous electric and magnetic fields.

Consider a particle with mass m and charge e (e < 0 for the electron), moving subject to constant
and homogeneous electric E and magnetic B fields. Its dynamics is governed by the Lorentz-force
equation

.. e, .. .
my:eE—i—E[y,B}, or y:yE—f—%[y,B]. (A1)

The universal constant ¢ is the speed of light in vacuum, and charge to mass ratio we denoted by
# = +. This equation can be solved in elementary functions [11]. One integration can be performed
directly, giving a first-order equation with three integration constants being components of the vector
C

v = uEt + %[y, B] +C. (A2)

When B = 0, particle moves with the acceleration directed along E: y(t) = yo + Ct + %yEtz. When
E = 0, particle moves along a helical line located on a cylinder, the axis of which is directed along the
vector B.

To find an explicit form of the solution when both E and B are presented, we choose the Laboratory
system with axis z in the direction of B, so that the vector E lies in z, y plane, see Fig. Al. Consider the
problem in the variables y(t) = y| (t) + y_ (t), where y| (t) is the projection of our particle on axis B
while y| (t) is the projection on the plane orthogonal to B. Similarly, we separate C = C| + C and
E = E| + E_. Substituting these decompositions into Eq. (A2), we get separate equations for two
projections

yI=Cy+rEL (A3)
g1 =Ly Bl+Co+pEL (Ad)

Integrating Eq. (A3) we get

1
M (t) = Yo + CHt + E}lE”t2 (A5)
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Figure A1. Choice of Laboratory system for analysis of charged particle subject to electric and magnetic
fields.

So the point y| (t) moves with the acceleration [1E | | along the axis B.
To solve Eq. (A4), we use the identity E| = —[[E |, B], B]/B?, which holds for any two orthogonal
vectors. Then Eq. (A4) reads as follows

ct[E |, B]

N
yiL = ;[YJ_ - W’B] +Cy. (A6)

For the variabley; =y, — Ct[];:s%m this equation implies

c[E|,B| _¢[CL,B]+C%EL

. 1 , H
=—ly., B - == B|. A7
Y1 c [er ] +Cy B2 ’ or yp c [Yl sz ’ ] ( )
Then for the variable y, = y; — C[Cif%zh this equation implies
V2 = —%[Br}’z]/ (A8)

that is y, precesses on the plane x, y around the vector B. General solution to this equation is

B
y2(t) = a{e; sin(wt + wp) + ez cos(wt + wyp) }, w = @ (A9)
where e; and e, are unit vectors in the direction of x and y axes. Returning back to the original
variables, we get a general solution to Eq. (A4) with fourth integration constants C |, 2 and wy

[CL,B] +CEL

_ HE.L|
YJ_<t) - (,()|B| +

te; + a{ey sin(wt + wp) + ep cos(wt + wp) }. (A10)

In obtaining of second term on r. h. s. we used that [E,,B] = |E | ||B|ey, see Fig. Al.

By choosing the time reference point, we can give any desired value to the constant wy, so we put
wo = 0. Choosing C| = c[E |, B]/B?, the first two terms in Eq. (A10) vanish. This corresponds to the
choice of initial position y(0) with y, (0) = ae;. That is at t = 0 the particle lie in the plane z, y. Then
the solution reads

_ MHEL]

y.(t) = =, tert a{eq sinwt + ey coswt} = O(t) + P(t). (A11)
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The vector P(t) with origin at point O(t) rotates with frequency w, while the point O(t) moves in the
direction of e; with the speed equal to y|E | |/w.

Choosing C | = c[E,B]/B? — u|E| |e; and denoting components of the vector y | (t) in the basis
e1, e by x(t) and y(t), the solution (A10) reads

x(t) V‘EJ_|

= Tt +asinwt, y(t) ~+ acos wt. (A12)

_ MEL]
w
These are parametric equations of a plane curve called trochoid, see [11].

In resume, trajectory of a charged particle in constant and homogeneous electric E and magnetic
B fields is

y(t) =y (t) +yL(t), (A13)

where the point y| (t) moves along the axis B according Eq. (A5) while the point y | (t) moves along
the trochoid (A11) on the plane orthogonal to B.

Let us write a variational problem for the equations (A1). To this aim, we introduce the scalar Ag
and vector A potentials at each spatial point y as follows:

1 Bays — Bsy»
Ao(y) = (y,E),  Aly)=3[Byl=5| By1—biys |. (Al4)
Biy2 — Bay
This implies the standard agreement: E = — % aa—‘? + VApand B = [V, A]. Then potential energy of the
particle is
~U =eAo+(Ay), (A15)
and the Lagrangian
L=K-U= 23 +eAo+=(Ay) = 53 +e(y,E) + 5-(y, 7], B), (A16)

implies the equations (Al).
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