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Article 
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Abstract: In this note, we suggest a one-sample version of the recently proposed two-sample test 

for comparison of the means of multivariate samples. The test checks a hypothesis that the mean of 

multivariate sample is equal to a certain value with the alternative hypothesis that the mean does 

not equal to this value. The suggested test is illustrated by analysis of real-world and simulated 

data. 
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1. Introduction 

Recently proposed two-sample test allows comparison of the means of multivariate samples 

with unknown distributions [5]. It utilizes the distances between the elements of the samples and the 

centroid of both samples and the distances between the elements of the samples and their centroids. 

These distances are considered as random variables, and the test compares distributions of these 

variables using two-sample Kolmogorov-Smirnov test. 

In this note, we propose one-sample version of this test and illustrate its application to the 

simulated data and the real-world datasets - the women’s nutrition data [2] and the perspiration data 

[4]. 

In the discourse below we use the same notation and terms as in the two-sample test in the paper 

[5]. 

2. Problem Formulation 

Let � = (��, ��, … , ��) be �-dimensional sample such that each observation ��  is a random 

vector �� = (���, ���, … , ���), � = 1,2, … ,�. The sample � is represented by random matrix 

� = (���)1����,1����. 

The problem is formulated as follows: given the multivariate sample � it is required to check, 

whether the mean of the population from which this sample was drawn is equal to certain value, or 

not. 

For univariate sample drawn from normally distributed population, the problem is solved by 

one-sample �-test, and for multivariate sample with normal distribution it is solved by the one-

sample Hotelling ��-test [3]. For the data with non-normal but close to normal distributions the 

extended one-sample Hotelling ��-test was suggested [1]. However, for arbitrary distributed data 

the problem was not solved yet. 

Denote the vector of the means by 

� = (��)1����, 

and expectation of the sample � by �(�). Then, according to the formulated problem, the null and 

alternative hypotheses are 

�0: �(�) = � and �1: �(�) ≠ �. 
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Below, we also assume that the distribution ��  of sample �  is continuous and that the 

expectation �(�) is finite. 

3. Suggested Solution 

Similar to the two-sample test [5] the proposed test reduces the multivariate data to the 

univariate arrays, and then considers these arrays as realizations of certain random variables. 

Given the �-dimensional random sample � drawn from the population � with distribution 

�� and finite expectation �(�), the vector 

� = (�1, �2, … , ��), �� = ‖�� − �(�)‖, � = 1,2, … ,�, 

of the distances between the observations �� and its expectation �(�), and the vector 

� = (�1, �2, … , ��), �� = ‖�� − �‖, � = 1,2, … ,�, 

of the distances between the observations �� and elements of the means vector �, are created. 

From the equivalence of the expectation �(�) and � it follows that the vectors � and � are 

equivalent and vice versa. Hence, to check the hypothesis ��: �(�) = � it is enough to check whether 

the vectors � and � are statistically equivalent. 

The algorithm of the test is outlined as follows. 

Algorithm: one-sample test of difference between means of multivariate dataset and given means 

vector. 

Input: �-dimensional sample � = (���)1����,1���� that is random matrix and means vector � =

(��)1���� that is 1-dimensional array. 

Output: conclusion about difference between the expectation �(�) and �. 

1. Compute the multivariate mean �̅ (�-dimentional vector) of the sample �. 

2. Compute the distance between each element �� of the sample � and its mean �̅ and combine 

them into vector �. 

3. Compute the distance between each element ��  of the sample �  and means vector �  and 

combine them into vector �. 

4. Apply two-sample Kolmogorov-Smirnov test for the distributions �� and �� of the vectors � 

and �. 

5. If the hypothesis �0: �� = ��  is accepted, then 

6. Accept the hypothesis �0: �(�) = �, 

7. else 

8. Accept the hypothesis �1: �(�) ≠ �, 

9. end if. 

10. Return accepted hypothesis. 

Similar to the two-sample test [5], in the calculations we use Euclidian distances, and for 

comparison of the vectors � and b we apply two-sample Kolmogorov-Smirnov test. 

4. Verification of the Method 

The suggested method was verified using real-world and simulated data. The algorithm was 

implemented in MATLAB®. Significance level in the two-sample Kolmogorov-Smirnov tests is � =

0.05. 

4.1. Trials on the Simulated Data 

In trials on the simulated data, we compared the activity of the one-sample Hotelling ��-test [3] 

with the activity of the proposed test. The implementation of the Hotelling ��-test was downloaded 

from the MATLAB Central File Exchange [6]. 
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For verification, we compared the samples drawn from normally distributed population with 

several values of standard deviation �(�) with several means’ vectors �. Results of the trials are 

summarized in Table 1. 

Table 1. Results of the one-sample Hotelling ��-test and the suggested test for bivariate normally 

distributed sample with different standard deviations (� = 100, � = 2, �(�) = (0, 0)). 

  Hotelling �2 test Suggested test 

� � = 0.5 � = 1.2 � = 1.9 � = 0.5 � = 1.2 � = 1.9 
0 0 �0 �0 �0 �0 �0 �0 

0.15 0 �1 �0 �0 �0 �0 �0 
0.30 0 �1 �1 �0 �0 �0 �0 
0.45 0 �1 �1 �1 �1 �0 �0 
0.60 0 �1 �1 �1 �1 �0 �0 
0.75 0 �1 �1 �1 �1 �0 �0 
0.90 0 �1 �1 �1 �1 �1 �0 
1.05 0 �1 �1 �1 �1 �1 �0 
1.20 0 �1 �1 �1 �1 �1 �0 
1.35 0 �1 �1 �1 �1 �1 �1 

The obtained results demonstrate that for normally distributed samples the suggested test 

recognizes the differences between the samples as correct as the Hotelling ��-test, but, as it was 

expected, it is less sensitive. 

Thus, if it is known that the samples were drawn from the populations with normal 

distributions, then the Hotelling ��-test is preferable, but if the distributions of the populations are 

not normal or unknown, then the suggested test can be used. 

4.2. Trials on the Real-World Data 

In addition, the algorithm was applied on two known datasets. The first is the women’s nutrition 

dataset [2], which contains � = 737 records. Five nutritional components were measured: calcium, 

iron, protein, vitamin A, and vitamin C (� = 5). 

Question of interest was whether women meet the federal nutritional intake guidelines. To 

answer this question, we test the null hypothesis 

�0: �(�) = [1000, 15, 60, 800, 75]. 

The suggested test correctly rejected the null hypothesis �� with significance level � = 0.05 

and �-value close to zero. The same result was reported for the one-sample Hoteling �� test [2]. 

The second dataset contains perspiration data from 20 healthy females and includes � = 20 

records with � = 3 parameters: sweat rate, sodium content, and potassium content [4, pp. 214-215]. 

Null hypothesis 

�0: �(�) = [4, 50, 10] 

was checked. 

As a result, with significance level � = 0.05 the one-sample Hoteling ��  test accepted null 

hypotheses with �-value 0.065, and the suggested test accepted the null hypothesis with �-value 

close to 1. 

5. Conclusion 

The proposed test compares the mean of multivariate sample with unknown distributions and 

given means vector. It correctly identifies statistical equivalence or difference between them. 

Since the test utilizes the Kolmogorov-Smirnov statistic, it is not limited by the type of data 

distribution and is applicable to any reasonable data. 

The method was verified on simulated and real-world data and resulted in correct decisions. 
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