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Abstract

In this paper, we introduce the generalized right weighted core inverse, defined via the canonical
polar decomposition using a right weighted core invertible element and a quasinilpotent. We present
various characterizations of this new generalized inverse with weights and utilize these results to
establish new properties of the right pseudo core inverse and the weighted core-EP inverse.
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1. Introduction

A Banach algebra is called a Banach *-algebra if there exists an involution * : x — x* satisfying
(x+y)* =x*+y*, (Ax)* = Ax*, (xy)* = y*x*, (x*)* = x. An element 4 in a Banach *-algebra A has
core inverse if and only if there exists x € A such that

xa® = a,ax* = x, (ax)* = ax.
If such x exists, it is unique, and denote it by a®. Core inverse is extensively studied by many authors
from different views, e.g., [1,6,21,25].

Let C"*" be the Banach *-algebra of all n x n complex matrices with conjugate transpose * and
R(X) represent the range space of a complex matrix X. In 2014, Prasad and Mohana extended core
inverse and introduced core-EP inverse for a complex matrix (see [17]). A matrix A € C**" has core-EP
inverse X if and only if

XAX = X,R(X) = R(X*) = R(A"),

where k = ind(A) is the Drazin index of A. Such X is unique, and we denote it by A®.

In 2020, Gao et al. extended the concept of the core-EP inverse and introduced the no-
tion of weighted core-EP inverse for a complex matrix (see [9]). Let AL W € C"" and k =
max{ind(AW), ind(WA)}. The weighted core-EP inverse of A is the unique solution to the system:

WAWX = (WAK[(WAH, R(X) C R((AW)F),

and we denote such X by A®". Then Mosi¢ introduced and studied weighted core-EP inverse for
a bounded linear operator between two Hilbert spaces as a generalization of the weighted core-EP
inverse of a matrix (see [14]). In 2021, Mosi¢ further extended the weighted core-EP inverse of bounded
linear operators on Hilbert spaces to elements of a C*-algebra and the weighted core-EP inverse in a
C*-algebra was characterized by means of range projections (see [15]).
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Wang et al. generalized the core inverse to the right core inverse (see [18]). An element a € A has
right core inverse if there exist x € A such that

ax* = x,axa = a, (ax)* = ax.
If such x exists, we denote it by a;°.
An element a € A has right pseudo core if there exists a x € A such that

ax? = x, (ax)* = ax, ak = axa*
for some k € N (see [18]).
In [5], the authors introduced and studied generalized right core inverse. An element a € A has
generalized right core inverse if there exists a x € A such that

ax?> = x, (ax)* = ax, lim ||a" — axa”||% =0.
n—oo

The preceding x is called generalized right core inverse of a and we denote it by a;>. We refer the
reader more properties of right generalized inverse in [18,19,22,27].

Recently, many authors studied generalized inverse with wights (see [2,8,9,12,16,20,23,24]). In
[28], Zhu et al. introduced and studied a weighted generalized inverse as a generalization of core
inverse. Let g, w € A. An element a € A is w-core invertible if there exists some x € A such that

awx? = x, (awx)* = awx, xawa = a.
Such an x is called a w-core inverse of a. Many properties of w-core inverse are presented by many
authors, e.g., [26,27]. In [29], Zhu et al. extended w-core inverse and introduce right w-core inverse.
An element a € A has right w-core inverse if there exists x € A such that

awx? = x, (awx)* = awx, awxa = a.
Many properties of right w-core inverse are investigated in [29]. However, the right w-core inverse
is unrelated to the weighted core-EP inverse mentioned above. The motivation of this paper is to
introduce and study a new class of weighted generalized inverses, such that the class of weighted
core-EP inverses can be viewed as a subclass of this new class.

Definition 1.1. An element a € A has generalized right w-weighted core inverse if there exists a x € A such
that

2

a(wx)” = x, (wawx)* = wawx, 7}1_r>1;10||(aw)" — (aw) (xw) (aw)”||% =0.

The preceding x is denoted by 4. It is evident that for any complex matrix, the generalized right
weighted core inverse coincides with the weighted core-EP inverse. Consequently, many properties of
the weighted core-EP inverse naturally extend to this broader class.

In Section 2, we introduce right w-weighted core inverse for an element in a Banach *-algebra.

Definition 1.2. An element a € A has right w-weighted core inverse if there exists x € A such that
a(wx)? = x, (wawx)* = wawx, awxwa = a.

If such x exists, we denote it by 4> The investigation explores several elementary properties of
the right w-weighted core inverse, which will be utilized subsequently.
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In Section 3, we characterize generalized right weighted core inverse by combining right w-
weighted core inverse and quasinilpotent in a Banach *-algebra. We prove that a € A has generalized
right w-core inverse if and only if there exist z, y € A such that

a=z+y, (wz)" (wy) =ywz=0,z€ AP,y € .AZ,"ﬂ.

Here, .Az,nil ={xeA| nlgrolo ||(xw)”||% = 0. Surprisingly, we observe that the preceding condition

(wz)*(wy) = 0 can be dropped, which add some new properties for the weighted core-EP inverse as

well. The polar-like property of the generalized right weighted core inverse is thereby established.
An element a € A has right wg-Drazin inverse x if there exists a x € A such that

2 = x = xwawx, aw — xw(aw)? € AT

a(wx)
We denote such a x by % The right wg-Drazin inverse is an one-sided version of weighted general-
ized Drazin inverse (see [13]). In Section 4, we characterize generalized right weighted core inverse by
using the right wg-Drazin inverse. The generalized right weighted core inverse is then constructed
based on the right weighted core inverse.

Definition 1.3. An element a € A has right pseudo w-core inverse if there exist x € A such that

2 k k

a(wx)® = x, (wawx)* = wawx, (aw)* = (aw) (xw) (aw)

for some k € N.

Finally, in Section 5, we investigate the right pseudo w-core inverse for elements in a Banach
x-algebra by using the generalized right w-core inverse. This approach allows us to present many new
properties of the weighted core-EP inverse.

Throughout the paper, all Banach *-algebras are complex with an identity. A%, AP™®, A®© 4@
and AP’ denote the sets of all right weighted g-Drazin invertible, right weighted Drazin invertible,
right weighted core invertible, generalized right weighted core invertible and generalized right pseudo
w-core invertible elements in A, respectively.

2. Right w-Weighted Core Inverse

The objective of this section is to elucidate the fundamental properties of the right w-weighted
core inverse. If a4, x and w satisfy the equations 2 = awxwa and (wawx)* = wawx, then x is called
w-weighted (1, 3)-inverse of 4 and is denoted by aY(ul *) We use A£} ") to stand for sets of all w-weighted

(1,3)-invertible elements in .A.
Theorem 2.1. Let a € A. Then the following are equivalent:

(1) aec APV,
(2) There exists some x € A such that

2

xwawx = x = a(wx)*, awxwa = a, (wawx)* = wawx.

B ac Af(vl’s) and aA = awaA.
Proof. (1) = (2) By hypothesis, there exists some z € A such that

2

a(wz)” = z, (wawz)* = wawz, awzwa = a.
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Set x = zwawz. Then we verify that

awx = (awzwa)wz = awz,
a(wx)? = [a(wz)?|wawz = zwawz = x,
xwawx = zwawzw(awz) = zw(awzwa)wz = zwAWz = X,
awxwa = (awz)wa = a,
(wawx)* = (wawz)* = wawz = wawx.

as desired.
(2) = (1) This is trivial.
(1) = (3) By hypothesis, there exists some x € A such that

2

a(wx)® = x, (wawx)* = wawx, awxwa = a.

Then wawxwa = wa. Hence, a € A&}'”.

Clearly, awa € aA. On the other hand, we have a = (aw)x(wa) = aw[a(wx)*wa € awaA.
Therefore a. A = awaA.

(3) = (1) Since a € .A(l’3), we can find some x € A such that wawxwa = wa and (wawx)* =

(13)

wawx. Write a = awat for some t € A. Set x = atway,”’. Then we verify that

(13) _ (1 3)

awx = (awat)way”’ = away”’,
(wawx)* = (wawa(l 3)) wawa,(yl 3 = wawx,
a(wx)?> = (awx)(wx) = (awag,,1 3)) (atwa(l 3))
= (awa(l 3)wa)twa7(u 3) = atwa(l 3 =y,
awxwa = (awx)wa = awagu1 Dwa = a.

Therefore a € A®™. O
Corollary 2.2. Let a € A. Then the following are equivalent:

1) ae AP,
(2) Aa= A(wa)*(wa) and a A = awa A.

Proof. (1) = (2) By virtue of Theorem 2.1, A = awa.A. By hypothesis, wa € A13). In light of

[7, Lemma2.3], we have Awa = A(wa)*(wa). As a = awa?"“wa, we see that Awa = Aa, and then
Aa = A(wa)*(wa).
(2) = (1) Write a = t(wa)*(wa) for at € A. Then wa = (wt)(wa)*(wa), and so (wa)(wt)* =

(wt)(wa)* (wa)(wt)*. Moreover, (wa)* = (wa)*(wa)(wt)*; hence, (wa)* (wa) = (wa)* (wa)(wt)*(wa).
Thus, t(wa)*(wa) = t(wa)* (wa)(wt)* (wa). Since a.A = awaA, we can find a z € A such thata = awaz.

Then we derive
a = twa)*(wa) = t(wa)*(wa)(wt)*(wa)
= a(wt)*(wa) = awaz(wt)*wa = awxwa,

where x = az(wt)*. Clearly, wawx = wawaz(wt)* = wa(wt)* = (wt)(wa)*(wa) (wt)*. This implies
that (wawx)* = wawx. Accordingly, a € AU This completes the proof by Theorem 2.1. [J

Theorem 2.3. Let a € AP, Then there exists a projection p € A such that
pwa = 0and wa +p € A L.
Proof. Let x = a®". Then

a(wx)? = x = xwawx, (wawx)* = wawx, awxwa = a.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Let p = 1 — wawx. Then p?> = p = p* € A and pwa = 0. We directly check that

[wa 4+ 1 — wawx][wx + 1 — wawx]

(wa)(wx) + (wa) (1 — wawx) + (1 — wawx) (wx) + (1 — wawx)?
(wa) (wx) + (wa) (1 — wawx) + wx — wa(wx)? + (1 — wawx)
1+ (wa)(1 — wawx).

By hypothesis, we verify that
1+ wa(1 —wawx)][1 — (wa)(1 — wawx)] = 1.

Then
[wa + 1 — wawx|[wx + 1 — wawx|[1 — (wa)(1 — wawx)] = 1.

Thus, wa + 1 — wawx € A is right invertible, as required. [
Corollary 2.4. Let a € A,w € A~L. Then the following are equivalent:

1) aec A2,
(2)  There exists a unique projection p € A such that

pwa = 0and wa +p € A; .
(3)  There exists a projection p € A such that
pwa = 0and wa +p € A
Proof. (1) = (2) By virtue of Theorem 2.3, here exists a projection p € A such that
pwa=0and wa+p € A, "
Assume that there exists a projection g € A such that
qwa = 0and wa +q € A; L.
Then (1 — p)wa = wa, and so ¢(1 — p) C ¢(wa). On the other hand, wa = (1 — p)(wa + p), and then
1—p = wa(wa + p); !. This implies that £(wa) = ¢(1 — p). Thus, we have £(1 — p) = £(wa). Likewise,

we have /(1 — p) = ¢(wa). It follows that (1 — p) = ¢(1 — gq). This implies that p = pg and q = gp.

Accordingly, p = pg = p*q* = (qp)* = q* = g, as required.
(2) = (3) This is obvious.
(3) = (1) By hypothesis, there exists a projection p € A such that

pwa =0, (wa+ p)s =1and ps(1 —p) =0.

Since (1 — p)(wa +p) = (1 — p)wa = wa, we see that 1 — p = was = was(1 — p). Since s(1 —p) =
(1-p)s(1—p) € wA, we may write s(1 — p) = wx for some x € A. Then wawx = was(1 —p) =1—p;
and so (wawx)* = (1 — p)* =1 — p = wawx. Obviously, we have awxwa = (1 — p)wa = wa, and so
awxwa = 4.

Since p(wa + p) = p, we see that p = psand (1 — p)s = s — ps = s — p. Thus,

a(wx)? = awxwx = (1—p)wx = (1—p)(wa+p); (1-p)
[(wa+p); ' —pl(1—p) = ww (wa+p); ' (1-p)] = x

Asw € A~1 we deduce that a(wx)2 = x. Therefore a® = x, as asserted. O

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Corollary 2.5. Let a € Aand n € N. Then the following are equivalent:

1) aec AP
(2)  There exists a projection p € A such that

pa=0¢c AT anda" +pe A7
Proof. Straightforward by choosing w = 1 in Theorem 2.3. O
Let p,q € Abeidempotents. Then forany x € A, wehavex = pxg+px(1—p)+(1—p)xq+(1—

p)x(1 — g). Thus x can be represented in the matrix form x = pxp px(1—-p) ) .
()

(1-pxp (1-p)x(1—9q)

We have at our disposal all the information necessary to prove the following.
Theorem 2.6. Let a,w € A. Then the following are equivalent:

1 aP? =x.
(2) There exist an idempotent p € A and a projection q € A such that

P w= w1 wr
0 0 0 ws
pxq qxp

and x is represented as

where wya,w1x, = 0,a1w1 (wlalwl)_lwlxz = X»7.

Proof. (1) = (2) Let p = (aw)(a?“w) and g = (wa)(waP"™). Then we verify that

(1-pla = [1-(aw)(a w)]a
a— awa®%wa = 0.

and
[1 — (wa)(wa>")]w(aw) (a” w)

= wla— awa® " )walwa®“w

0.

g = ap ap W= w1 W2 '
0 O 0 ws
pxq qxp

aqwp aqgwy + arw wia1 wia

qw — 1w AWy 2W3 wa = 141 142 ‘
0 0 0 0

pxp gxq

Since (1 — p)x = [1 - (aw) (a7 "w)]a;”™ = 0, we may write x = < L ) -
pxq

(1—q)wp

Hence, we may write

Then we have

0 0

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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We compute that

wia1 WAz wyp Wy X1 X2
wawx =
Ce) (vn) (v w)
q9xq qxp pxq
o wiay  wiap w1xX1T wWiXxy
B 0 0 0 0
qxq qxq

o w1a1w1x1 wraq1w1xo
0 0 '
qxp

Since (wawx)* = wawx, we have wia;wyxp = 0.
It is easy to verify that

(wragwy)x
= [(wawx)w(awxw)][(awxw)a(wawx)][(wawx)w(awxw))
[(awxw)x(wawx)] = wawx = q.

Y= (wiagwy); b x
0 0 ’
pxp
as required.

(2) = (1) By hypothesis, we have an idempotent p € A and a projection q € A such that
q—= ap ap W= w1 Wy
0 0 0 ws
pxq qxp

Y= (wimwy); ! x
0 0 !
pxq

where wyaywixy = 0,a1w; (wia;wy) " 'wixy = x,. Then we verify that

qwr  — ap  a wy W (wimw); 1 x
0 O 0 ws 0 0
pxq qxp pxq

awy;  mwy + aws (wimwy); 1 x
0 0 0 0
pxq

Therefore

and x is represented as

pxq
-1
ﬂlwl(w1ﬂ1w1)r a1wix2

p)
)qu

_ -1
aywy (wra1wn); L gywixn wy (wiaiwy); - wixp
0 0 0 0

pxq pxq
-1

aywy (wyaywy); fwy (wiayw); b agw (wiagwy);  wx
0 0
pxq

0 0

2
g
R
N
Il
/N N T N N N

(wiaywy); ' xo )
pxq

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Moreover, we have

1
oawy  — Wy Wy amwy (wyaywy); " 0
0 ws 0 0
( axp pxq

w1a1wn wla1ZU1) —1 0 )
qxq

0
= g= wawx) ,
1
awy (wiaw a Wy x wia,  wia
poxn — 1w1( 111) 1W01X2 141 widp
0 0 0
pxq %4
_ wy (wiawyxo) wiay  wiay
0 0 0 0
pxq %4

= a.
Therefore a € A®" = x, as required. [
Corollary 2.7. Let a,w € A. Then the following are equivalent:

1 a® =nx.
(2) There exist an idempotent p € A and a projection g € A such thata = < 6:)1 Lg ) and x is
pxq

represented as

where aixpy = 0, ai (dl) 1XQ = X2.
Proof. We obtain the result by choosing w = 1 in Theorem 2.6. [

3. Generalized Right w-Weighted Core Decomposition

The purpose of this section is to characterize generalized w-weighted core inverse in a Banach
*-algebra by using right weight core inverse and quasinilpotent. The following theorem contains new
characterizations for a generalized right w-weighted core inverse.

Theorem 3.1. Let a,w € A. Then the following are equivalent:

(1) ae AP,
(2) There exist z,y € A such that

a=z+y, (wz)" (wy) =ywz=0,z€ AP,y € Al

(3) There exist z,y € A such that
a=z+yywz=0,z¢€ AP",y € A

In this case, a2 = z®¥
Proof. (1) = (2) By hypotheses, there exists x € A such that

2

a(wx)* = x, (wawx)* = wawx,

Tim [[(aw)" — (aw) (xw) (aw)"|[# = 0.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Set z = awxwa and y = a — awxwa. Then a = z + y. Since nlgn [|(aw)" — (aw) (xw)(uw)”||% =0, we

prove that

(aw)xwawx = awx, (aw)xw(aw)?x = (aw)?x.

Step 1. We claim that z has right w-weighted core inverse x. One easily checks that

2:

z(wx)? = (awxwa)(wx)? = awxwla(wx)?] = (awxw)x = a(wx)? = x,
wzwx = w(awxwa)wx = (wawx)?,
(wzwx)* = [(wawx)*]? = (wawz)? = wzwx,
zwxwz = (awxwa)wxw(awxwa) = (AWXWAW) XWAWXWA

(awxwaw)xwa = awxwa = z.

Thus, z € A®™ and x = zP%.
Moreover, we see that
[aw — (aw)xw(aw)]awx = 0.

Then we verify that
|| [aw — (aw) xw(aw))" || 7T |
= lfow — (aw)xw(aw))"aw — (aw)xw(aw)]|[#
= |lfaw — (aw)xw(aw))"taw|| 71
= ||[aw — (aw)xw(aw))" 2 (aw)?|| w1
= ||[aw — (ﬂw)xw(aw))(aw)";mﬁ
[[[(aw)" — (aw)xw(aw)"|| 1.
Accordingly,

Tim [[[(a)" — (aw)xa(aw)" )" |742 = 0.

We infer that aw — (aw)xw(aw) € AT, Therefore yw = aw — awxwaw € AT, Thatis, y € Al
Moreover, we verify that

(wz)*wy = (wawxwa)*(wa — wawxwa) = (wa)*(wawx)* (1 — wawx)wa
= (wa)*(wawx)(1 — wawx)wa = (wa)* (wawxw — wawxwawxw)a
= (wa)*[wawxw — w(awxwawxw)]a
= (wa)*[wawxw — w(awxw)la =0,
ywx = (a—awxwa)w(awxwa) = awawxwa — [awxw(aw)?|xwa

awawxwa — (aw)*xwa = 0,
as required.
(2) = (3) This is obvious.
(3) = (1) By hypothesis, there exist z,y € A such that

a=z+yywz=02z€ AP,y e At

Set x = z2". Then

z(wx)? = «x,
(wzwx)* = wzwx,
(aw)xw(zw) = zw.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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It is easy to verify that
a(wx)? = (z+y)(wx)? = z(wx)? = x,
(waw)x = w(z+y)wx = wzwx,
(waw)x)* = (wzwx)* = wzwx = (waw)x.
We verify that
(aw)? — (aw) (xw) (aw)?

aw(zw + yw) — (aw) (xwzw + xwyw) (zw + yw)

aw(zw + yw) — (aw) [(xwzw)zw + (xwzw)yw + xw(ywz)w + xw(yw)?]
aw(zw + yw) — [awxw(zw)? + (z + y)wxwzwyw + awxw(yw)?]

= awzw + awyw — [awzw + zwxw(zw)yw + awxw(yw)?]

awzw + awyw — [awzw + zwxw(xw(zw)?)yw + awxw(yw)?]

awyw — z(wx )?w(zw)?yw — awxw(yw)?]

awyw — [xw(zw)?]yw — awxw(yw)?]

(z +y)wyw — zwyw — (z + y)wxw(yw)?]

(y0)? — zwxaw(yw)?

(1 — zwxw) (yw)?.

Since yw(aw) = yw(zw + yw) = (yw)?, we deduce that

(aw)" — (aw) (xw) (aw)" (aw)? — (aw)(x

(1 — zwxw) (yw

[
[
(1 — zwxw) (yw)
(1

<
g

— zwxw) (yw)

Then
1
|[(aw)" — (aw)xw(aw)"|[+ < ||1 — zwxw]||[(yw)"||.

Since y € AZ,"”, we see that
Tim ||(yw)"||7 = 0.
Therefore )
Jlim [[(aw)" — (aw) (xw)(aw)"|[" = 0.
Accordingly, a € A, as desired. O

Corollary 3.2. Leta € A®" andb € AT, Ifbwa = 0, thena+b € A>™. In this case, (a +b)>" = a®"™.
1y

Proof. Since a € AP, by virtue of Theorem 3.1, there exist x € A®" and y € AL such that
a = x+y,ywx = 0. As in the proof of Theorem 3.1, x = awa;”“wa and y = a — awa;”"“wa. Then
a=x+(y+b). As bwy = bw(a — awa?“wa) = 0, it follows by [3, Lemma 2.4] that (y + b)w € A",
Hence, y+b € Al Obviously, (y 4+ b)wx = ywx + bwx = 0. In light of Theorem 3.1, a + b € A>™.

In this case, (a + b)) = xP“ =a>". O
Corollary 3.3. Let a € A. Then the following are equivalent:

1) aec A2.
(2) There exist z,y € A such that

a=z+yz'y=yz=0z¢ AP,y e A
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(3) There exist z,y € A such that
a=z+y,ywz=0z¢c AP,y c AMI

In this case, @ = z®.

Proof. This is obvious by choosing w = 1 in Theorem 3.1. [
Corollary 3.4. Let a € A. Then the following are equivalent:

1) ae AP.
(2) There exist z,y € A such that

a=z4y2'y=yz=0z¢ A®,y € A"
(3) There exist z,y € A such that

a=z+yyz=0,z€ AP,y € A

In this case, 2@ = z®.

Proof. (1) = (2) This is proved in [5, Theorem 5.2].

(2) = (3) This is trivial.

(3) = (1) In view of Theorem 3.1, a € A?. Since y,z € AP and yz = 0, we directly verify that
a € AP. Therefore a € AP by [5, Lemma5.1]. O

We present the following example to illustrate Theorem 3.1.
Example 3.5.

The space ¢2(N) is a Hilbert space consisting of all square-summable infinite sequences of complex
numbers. Let H = ¢2(N) @ ¢?(N) be the Hilbert space of the sum of £?(N) and itself. Let ¢ be defined
on ¢2(N) by:

o(x1,%2,%3, ) = (0,1121,22x5, 3523, );
7 is defined on ¢%(N) by:

T(xlleI X3, ) == (2%x2/ 3%X3,4%X4, e )

and u is defined on ¢?(N) by:
1 1 1 1
u(xy, xp,x3,-++) = (x1/17,x2/22,x3/33,x4/4%,- ).

Obviously, we have

Jim 1 Gen) 211/ 1 Gen/ 2] = i ()% =1,
3 2 n 2 — : 1y2 _
Jim (1o /11 ()| = lim (72)> =1,

Hence f ({'/ﬁxn)2 and % (xn/ W)z converge. Then ¢, T and u are well defined.
n=1 n=1
Let -y be the right shift operator defined on ¢?(N) by:

r)/(xlleI X3, ) = (‘x2l X3,X4," " )/
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and let v is defined on ¢?(N) by:

1 1 1
X1, 7X2, 2X3," -

U<X1,XZ,X3,---) - (g 4 5 )

(o]
Since Y % converges, we see that v is well defined.
1

n=
Let 6 = vv. Then it is given by

1 1 1
(5(X1,X2, X3, ) = (ng, 19(3, §X4, s )

Lete, = (0,0,---,0, 1/,0, 0,---). Then é(e,) = nlﬁenﬂ. One directly checks that

n

k—1
1 (n+1)!
k p— —_— _ ——
5(6”)_].:H0n+j+ze”+" (n+k+ 1)1tk
Then we derive that 1
ok|| = .
1] (k+1)!

By virtue of Stirling’s formula, we have (k+1)! ~ \/27t(k + 1) (k%l)kﬁ, and then

) 1+4

. kil .

khm||(5||k:k11m a— n T =0,
e S ) (e+ 1) e 1)

.

i.e., J is quasinilpotent.

Let T = 7 & v be the direct sum of T and v, W = u @ v be the direct sum of u and v, S = ¢ 0
be the direct sum of ¢ and 0. Then T, W and S are operators on H. We see that T = « + f, where
x=T7H0and p=0D 1.

Claim 1. « has right W-core inverse. We directly check that Tuocu = utuc = I. Then xWSW =
WaWS = 1 ® 0. Hence,

zx(WS)2 = [aWSW]S =S,
(WaWs)* = WaWWs,
aWSWa = a.

Then S = a5 W
Claim 2. W is quasinilpotent. Since WB = 0 ¢ 6, we see that W is quasinilpotent.
Claim 3. BWa = 0. This is obvious.
Therefore T has a generalized right W-core inverse by Theorem 3.1.

As it is well known, an element a € A has g-Drazin inverse if and only if it is quasi-polar, i.e.,
there exists an idempotent p € A such that pa = ap € A", a+p € A~ (see [4, Corollary 15.1.5]).
For generalized w-weighted core-EP inverse, we establish the following polar-like characterization.

Theorem 3.6. Let a € AP and n € N. Then there exists a projection p € A such that
pwa € AT (wa)" +p € A7V and (1 — p) A = wa(1 — p)waA.
Proof. Since a € A", by using Theorem 3.1, there exist x, y € A such that

a=x+y, (wx)(wy) =0,ywx =0,x € AP,y € Al
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Let z = x;>“. By virtue of Theorem 2.1, there exist x € A such that

2

x(wz)® = z = zwxwz, (wxwz)* = wxwz, XWZWX = X.

Let p = 1 — wxwz. Then p? = p = p*,1 — p € wA and pwx = 0. We directly check that

[(wx)" +1 — wxwz][(wz)" + 1 — wxwz]
= (wx)"(wz)" + (wx)"(1 — wxwz) + (1 — wxwz)(wz)" + (1 — wxwz)?
(wx)(wz) + (wx)"(1 — wxwz) + [wz — wx(wz)?](wz)" ! + (1 — wxwz)
1+ (wx)"(1 — wxwz).

Then
[(wx)" +1 — wxwz][(wz)" + 1 — wxwz][1 — (wx)" (1 — wxwz)] = 1.

Hence, (wx)" +1 — wxwz € A; 1.
Furthermore, we check that

yw — ywxwzw = yw € A,
(w—wxwzw)y = (1—wxwz)wy € A™,
(1 — wxwz)wx + (w — wxwzw)y € A,
pwa = pw(x+y) = (1 —wxwz)wx + pwy = pyw € A™,
wa(l—plwa = w(x+y)(wrxwz)wa = wxwxwz(wx + wy)

wx(wxwz)* (wx + wy) = wx(wz)*[(wx)*wx + (wx)*wy]
wx(wz)* (wx)*wx = wx(wxwz)wx = (wx)?

w(xwzwx)wx = (wxwz)(wx)? = (1 — p)(wx)?,
1-p wxwz = (wx)*(wz)? = [wa(1 — p)wa)(wz)3,

(1-p)A = wa(l—p)waA,
(wa)'+p = (wx+wy)"+p=(wx)"+ El(wx)"*"(wy)" +p
)i

=[x+ p)+ X () (wy
= [@x)"+ pl[1+ ((wx)" + p);*

1

(wx)" = (wy)].

It

as required. O
Corollary 3.7. Leta € A,w € A ' and n € N. Then the following are equivalent:

1) ae AP,
(2)  There exists a projection p € A such that

pwa € AT (wa)" +p € A7V and (1 — p) A = wa(1 — p)waA.

Proof. (1) = (2) This is obvious by Theorem 3.6.
(2) = (1) By hypothesis, there exists a projection p € A such that

pwa € AT (wa)" + p € A7V and (1 — p)A = wa(1 — p)waA.

Then pwa(1 — p)wa = 0.
Set x = (1 — p)wa and y = pwa. Then

'y = [(wa)*(1—p)*Ipwa =0,
yx = pwa(l—p)wa=0,
y = pwae AML
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Write (wa + p)s = 1 and ps(1 — p) = 0. Then (1 — p)was = (1 — p)(wa+ p)s = 1 — p, and so
(1—p)was(1 — p)wa = (1 — p)wa and (1 — p)was = (1 — p)(wa + p)s = 1 — p. Hence, x = (1 —
p)wa € A3,

Write x = ws and t = a —s. Thena = s+, (ws)*(wt) = x*(wa — x) = x*[wa — (1 — p)wa] =
x*y=0,tws = w Ywt)x =w Hwa— (1 - p)walx =w yx =0and t € Al

We compute that sws = w™'x?* = w™ (1 — p)wa(l — p)wa = a(1 — p)wa. Since (1 — p)A =

wa(1l — p)waA, we can find a z € A such that 1 — p = wa(1 — p)waz; hence,
s=w (1 —p)wa =w wa(l - p)wazjwa = a(1 — p)waz = (sws)z;

hence, sA C swsA. Obviously, swsA C sA. Accordingly, sA = swsA. Moreover, we have As =
Aws = Ax = Ax*x = A(ws)*(ws). In light of Corollary 2.2, s € AP“. Therefore a € A" by
Theorem 2.1. [

Corollary 3.8. Let a € Aand n € N. Then the following are equivalent:

1) ac A2,
(2)  There exists a projection p € A such that

pac A" gt 4 pe A and (1—p) A =a(1—plaA.
Proof. Straightforward by choosing w = 1 in Corollary 3.7. [

4. Connections to Right wg-Drazin Inverses

This section establishes the relationship between the generalized right weighted core inverse and
the right wg-Drazin inverse. Let a € A and let

{a%"} = {x € A a(wx)? = x = xwawx, aw — xw(aw)? € AT},
Next, we derive:

Theorem 4.1. Let a,w € A. Then the following are equivalent:

(1) ae AP
@ A"}y NAPY £ Q.
In this case, 12" = (xw)2x® for x € {al™} N ALY,

Proof. (1) = (2) By virtue of Theorem 3.1, there exist z, y € A such that
a=z+y, (w2)"(wy) = ywz = 0,z € AP™,y € AL
Set x = z2™. Then
a(wx)? = (z + y)wxwx = z(wx)? = x.

Moreover, we see that xwawx = xw(z + y)wx = xwzwx = x. Since awxw = (z + Y)wWXW = zZWXW, We
see that
aw — (aw)xw(aw) = aw — (z + y)wxw(aw) = (z +y)w — zwxw(z + y)w.

Observing that

w(z+y) —wzwxw(z+y) = w(z+y)— (wzwx) w(z+y)

w(z +y) — (wx)* ()" (wz + wy)
w(z+y) — (wx)*(wz)*wz
wz + wy — (wzwx)wz = wy € A,
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by using Cline’s formula, we have

aw — e A,

(aw)xw(aw)

By Cline’s formula again, we see that aw — xw(aw)? € A7 Thus, a € A% and x € {a%“} N AP,
This implies that {af} N A" +£ @.

(2) = (1) Let z € {af™} N AP™. Then
a(wz)? = z,aw — zw(aw)* € AT,

Set x = (zw)?zP"". It is easy to verify that

awx aw(zw)?zP" = [a(wz)?]wzP™ = zwzP",
a(wx)?> = (awx)wx = (zwzP")w(zw)?zP®
= [zwz?wz|lwzwzP”
= (zw)?zP" =x,
wawx = w(zwzP'") = wzwzP'",
(wawx)* (wzwzP")* = wzwzP" = wawx,
Hence, we check that
(zwzP " wa)wx zwz?" (wawx)
= zwz?"(wzwzP"™)
= zwz?"Y,
(w(zwzP " wa)wx)" = (wzwz, oy
= wzwzr = w(zwzP Y wa)wx,
(zwz®"wa)(wx)? = zwzP w(zw)?zE"
= (zw)?z?" = x,
(zwz? Y wa)wxw(zwzP Ywa) = zwzPPw(zwz? wa)
zwzP % wa.
Thus, zwz?“wa € AP and [zwzP“wa]P™ = x = (zw)?z>""

Write a = aq + ap, where a1 = zwz,”"“wa and a; = a — zwz?"“wa. We verify that

swa; = [a—zwzP Y walw[zwzy  wal
= awzwzP“wa — zwzP Y wawzwzy " wa
= awzwzPwa — zwzP Y wzP  wa

z2%wa — z(wzP")?wa = 0.

Moreover, we check that

2y
— (1 — zwaw)awzwz? “w
—(1- zwaw)awzwz(wz, “)2w
o i
)

7w

i1l
|\ N
g 8
I
N N
€ 8

I
[
g
|
N
S
i)
g
N
|
=
|
N
g
)
g
}1

By using Cline’s formula (see [11, Theorem 2.1]),

ay = a — zwz®%wa = [1 — zwzP%w](a — za*) € A™.
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Thus a = a; + a; is the generalized right weighted core decomposition of a. Accordingly,
a0 = (@)% = (zw)2zP,
as asserted. [

As an immediate consequence, we provide formulas of the weighted core-EP inverse of a complex
matrix.

Corollary 4.2. Let A, W € C"*". Then
AOW — [ADWW2(ADW oW,
where k = max{ind(AW),ind(WA)}.
Proof. This is obvious by Theorem 4.1. [
Lemma 4.3. Let z € {ai"”}. Then

3 n __ ny* % _ . n__ n % —
tim [1((0w)" — awozto(aw)”)* ||} = lim || (o) — awzwo(aw)"|[} = 0.
Proof. Let x = a — awzwa. Then xw € A, For any A € C, we have 1 — Axw € A1, and so
1—A(xw)* € A~ Thus, (xw)* € A Obviously, (1 — awzw)awzw = 0, we see that (aw —
awzw)" = (1 — awzw)(aw)". Hence, we derive that

||((aw)" — awzw(aw)™)* || = ||((aw)")* (1 — awzw)*||
= ||((aw)")*[(1 — awzw)"]*||
= |[(aw — awzwaw)"]*|| = ||((xw)*)"||.

Since (xw)* € A, we have

. n__ ) * %:
Jim [|((aw0)" — awzmo(aw)") | [F = 0.

Analogously, we prove that lijn [|(aw)" — awzw(aw)"| ]% = 0., as asserted. [
n—oo

Lemma 4.4. Leta € A>'Y. Then
lim,[|((aw0)" — awapw(aw)")"||» = 0.
n—00

Proof. Construct x, y as in the proof of Theorem 3.1. Since (1 — awxw)awxwaw = 0, we deduce that
(aw — awxwaw)" = (1 — awxw) (aw)". Then

[[((aw)" — axww(aw)")*|]
111 = axwew)(aw)™]"|]
[1((yw)™)"[[" = 0.

Therefore
. no__ N e@\N,n\* l:
i [|(a" — " (a®)"a") ||} =0,

as asserted. [

We are ready to prove:
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Theorem 4.5. Let a € A. Then a € A" if and only if there exist x € Aand z € {a%™Y} such that
a(wx)? = x = xwawx, xA = zA, Ax = A(wawz)*.
In this case, a®” = x.

Proof. = Choose x = a"". As in the proof of Theorem 4.1, x = xwawx = a(wx)?. By using Theorem
4.1, we can find z € {a%*} N AP such that

x = (zw)?z®%.

Then we have
a(wz)? = z = zwawz, aw — (zw) (aw)? € AT,

® 2

Obviously, z = zwzP“wz = (zw)?(z2>“w)
2 = x, we have (wa) (wx) = (wa)"(wx)", and then

z = xwz@%wz. Accordingly, we have xA = zA.
Since a(wx)

x = xwawx = x(wawx)* = x((wa)" (wx)")* = x((wx)")*((wa)")*
= x((wx)")* ((wa)" — wawz(wa)")* + x((wx)")* ((wa)")* (wawz)*
= x((wx)")*((wa)" — wawz(wa)")* + x(wawx)* (wawz)*.

Hence,

% = x (wawx)* (wawz)*| | = [1((wx)")* ((wa)" — wawz(wa)*)*|[=
< fx((@x)") [ ((wa)" — wawz(wa)")*| |

In view of Lemma 4.3,
: n__ n\* % _
Tim |[((wa)" — wawz(wa)")*||¥ =0,

we derive that

1
1% —
nh_r}x;lo||x—x(wawx) (wawz)*||n = 0;

hence, x = x(wawx)* (wawz)*. Then Ax C A(wawz)*.
Since a(wz)? = z, we have (wa)" (wz)" = wawz, and then we derive that

) —(wawz)*wawa%
(wz)")* ((wa)")* — ((wz)")* (wawx (wa)")*||#
(w2)")* (wa)" ~ wawx(wa)")* Ik
(wz)")"|

7] ((wa)" — wawx(wa)")*||n.

IN
S
N

In light of Lemma 4.4, we see that
1
i n_ ¥ n =
nh_r)rolo [|((wa)" — wawx(wa)™)*|| 0.

Then

1
* n —
nlgroloH(wawz) — (wawz)*wawx||n =0,

and so (wawz)* = (wawz)*wawx. Hence A(wawz)* C Ax. Therefore Ax = A(wawz)*, as required.
— By hypothesis, there exist x € A and z € {a?™} such that

a(wx)? = x = xwawx, xA = zA, Ax = A(wawz)*.

We claim that a2 = x.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202507.1148.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 July 2025 doi:10.20944/preprints202507.1148.v1

18 of 23

Claim 1.

1
— mlw =
nlgr.}oH(aw) awxw(aw)"|| 0.

Write z = xy for some y € A. For any n € N, we have

(aw)" = [(aw)" — (aw)(zw)(aw)"] + (aw) (zw) (aw)",
awxw(aw)" aw)" — awzw(aw)"] + awxwawzw (aw)"
aw)" — awzw(aw)"] 4+ aw(xwawx)yw(aw)"

)"]
(

I
2
g g
= =
g g

aw)" — awzw(aw)"| + awxyw(aw)"
awxw[(aw)" — (aw) (zw) (aw)"] + awzw (aw)".

Hence,
(aw)" — awxw(aw)" = (1 — awxw)[(aw)" — (aw) (zw) (aw)"],
and so
[(aw)" — awxw(aw)" ||+ < ||1 - awxw||||(aw)" — (aw) (zw) (aw)"|| 7,
we have

1
1 n_ nMln =
nh_r}gg“(aw) awxw(aw)"|| 0.

Claim 2. (wawx)* = wawx.

Since Ax = A(wawz)*, we have x* A = wawzA. Write wawz = x*s for some s € A. Since
xwawx = x, we have x*w*a*w*x* = x*, and so (wawx)*x* = x*. We infer that (wawx)*wawz =
(wawx)*(x*s) = [(wawx)*x*]s = (xwawx)*s = x*s = wawz. Since xA = zA, we can find t € A such
that x = zt. Then (wawx)* (wawx) = (wawx)*waw(zt) = [(wawx)*wawz|t = (wawz)t = waw(zt) =
wawx. Hence (wawx)* = [(wawx)*(wawx)]* = (wawx)* (wawx) = wawx.

Therefore a®" = x, as asserted. [J

Corollary 4.6. Let a € A. Then a € A if and only if there exist x € Aand z € {a%} such that
ax? = x = xax, xA = zA, Ax = A(az)*.

In this case, a® = x.

Proof. Straightforward from Theorem 4.5. [

5. Right Pesudo Weighted Core Inverses

In this section, we are concerned with right pesudo weighted core inverse in a Banach *-algebra.
Leta € A, and let

k

{aP™} = {x € A| a(wx)* = x = xwawx, (aw)* = awxw(aw)* for some k € N}.

Evidently, a € A has the right w-Drazin inverse if and only if {a?"'} # @.
Lemma 5.1. Leta € A. Then a € AP"" if and only if

1) ae AP
@ {a’"} £ Q.
@JU'

In this case, a2% = a

Proof. =—> This implication is obvious.
— Letx = a®". Then

2

a(wx)” = x = xwawx, (wawx)* = wawx, nh_r)rolo [|(aw)™ — awxw(aw)"||% =0.
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Let y € {aP™}. Then a(wy)? = y = ywawy, (aw)¥ = awyw(aw)* for some k € N. Set z = ywawx.
Then we verify that
wawz = waw(ywawx) = wawy(wa)*(wx)* = wlawyw(aw)*]x(wx)k1

= w(aw) x(wx)*1 = waw(aw) 1 (xw)*k1x

= waw(aw)(xw)x = (wa)?(wx)? = wawx.
Hence (wawz)* = (wawx)* = wawx = wawz. We observe that

awzw = awywawxw = awyw(aw)k(xw)* = awxw,

a(wz)? = awzwz = awxwz = awxwywawx = awxw(a(wy)?|wawx

[a(wy)?|wawx = ywawx = z,
zwawz = ywawx(wawz) = ywaw(Xwawx) = ywawx = z.

Moreover, we have

k k

aw)* — awxw(aw)*

(aw)

(aw) (ay) (aw)* — awxw|(aw) (ay) (aw)*]
(aw)"

[

(aw)* — awzw(aw)

aw)" (ay)" (aw)* — awxw|(aw)" (ay)" (aw)*]
(aw)" — awxw(aw)"] (ay)" (aw)*.

Hence,
[|(aw)* — awzw(aw)¥|| < |[(aw)" — awxw(aw)"|[||(ay)" (aw)*]|.

Since lgn [|(aw)" — awxw(aw)"H% = 0, we deduce that
n—oo

: k_ ks =0
r}l_I;r.}OH(aw) awzw(aw)"||n = 0;

and then (aw)¥ = awzw(aw)*. Thereforea € A2". O

We are ready to prove:
Theorem 5.2. Let a € A. Then the following are equivalent:

1) ae APY.
(2) There exist x,y € A such that

a=x+y,xy=ywx=0,xc A®Y, yw ¢ A"

(3) There exist x,y € A such that
a=x+y,ywx=0,x € APY, yw € A"

Proof. (1) = (2) By virtue of Lemma 5.1, 2 € A" and 4" = a?"". In view of Theorem 3.1, we can
find x,y € A such that '
a=x+yx'y=ywx=0,x € A®, y € At

@,w o,w

Explicitly, we have y = a — awa“wa = a — awaP?“wa. Set z = a?“. Then a(wz)? = z =

zwawz, (wawz)* = wawz and awaz(aw)k = (aw)k for some k € N. It is easy to see that

(1 — awzw)aw(awz) = (1 —awzw)aw((aw) 1z (wz)k=2)
(1 — awzw) (aw)*z(wz)*2 = 0.
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Moreover, we verify that
(aw — zw(aw)?)**2 = (1 — zwaw)aw(aw — zw(aw)? | [aw — zw(aw)?]

= (1 - zwaw)aw|aw — zw(aw)?)*aw — zw(aw)?|aw
(1 — zwaw)aw(aw — zw(aw)?) 1 (aw)?

(1 — zwaw)aw(aw — zw(aw)?) (aw)*

(1 — zwaw) ((aw)* — awzw(aw)*) (aw)
0.

This implies that aw — zw(aw)? € A"!. Therefore yw = aw — awzwaw € A", as desired.
(2) = (1) By hypothesis, there exist x,y € A such that

a=x+y,xy=ywx=0,x € A®Y, yw € A"l

Since A" C A%l In view of Theorem 3.1, 2 € A% and z := a®" = x®™. Hence, a(wz)? = z and
(wawz)* = wawz. Write (yw)* = 0(k € N). Then

(aw)k = 'fo(xw)i(yw)"_i = (yw)* + xw(yw) 1 + - + (xw) Tyw + (xw)*
= x_w(yw)k_1 + 4 (xw) lyw + (xw)k.
Then
awzw(aw)t = (xw + yw)xPwx[(yw) 1+ -+ (xw) 2yw + (xw)k 1]

= xwl(yw) 4 () Py 4 (xw) 1] = (aw).
Therefore a € AP, as asserted. [

Recall that a has w-Drazin inverse x provided that the following identities are satisfied:
xwawx = x,awx = xwa, xw(aw)* = (aw)<+!
for some k € N.
Corollary 5.3. Let a € A. Then a € A®" if and only if

(1) ae APw;
(2) there exist x,y € A such that

a=x+yxy=ywx=0xcA®, yc A"

(3) there exist x,y € A such that
a=x+yywx=0xec A®, yc A",

Proof. = This is obvious by Theorem 5.2 and [5, Lemma 2].
<= In view of Theorem 5.2, 2 € AP"". Therefore we complete the proof by [5, Lemma2]. O

Theorem 5.4. Let a € A. Then the following are equivalent:
(1) ae AP™.

(2) There exists m € N such that a(wa)*~1 € AP for any k > m.
3)  a(wa)"~1 € AP™ for some k € N.
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Proof. (1) = (2) By hypothesis, there exist z € A and m € N such that

m—1 m—1

a(wz)? = z, (wawz)* = wawz, (aw) = (aw)(zw) (aw)

Let x = (zw)*1z(k > m). Then (aw)*"! = (aw)(zw)(aw)*~1, and so

(wa)*wx waw(zw)*k1

-1 z
"wla(wz)?) (wz)
1
1

k-2

I

—~ o~~~
S
AN

k—1

(a(wa)k_l) (wx)?

I
g

- (wawz)(wx) = awzw(zw)
[a(wz)?|w(zw)*—2z
= zw(zw) 2%z = (zw)
(wa)*wx = wawz,
( wx) wla(wa)*wx,

(a(wa)* Vwxw(a(wa)*1) = (a(wa)* 1) w(zw) zw(a(wa) 1)
(aw)¥ (zw)*[a(wa) 1] = awzwa(wa)
awzw|a(wa)*=1] = [awzw(aw)*1]
a(wa)k=1,

z

k=1 — x,

g
—
_
—~
g
AN
~—

~

A

~—
g
=
|

k-1

Therefore a(wa)*~1 € AP™, as required.
(2) = (3) This is trivial.
(3) = (1) Set x = a(wa)*2w[a(wa)*~1]P™. Then we verify that

awx = awa(wa)*2wla(wa) 12" = a(wa)*wla(wa) 1P,
(wawx)* = (wla(wa)*wla(wa)—1]E*)"
= wla(wa)*w[a(wa) S = wawx,
a(wx)? = a(wa)*'wla(wa) P (wa)*Twla(wa) TP

= a(wa)*wla(wa) 1P wa(wa) ! (wa) 1 ([a(wa) 1)
= [a(wa)* " wla(wa)*~ 1]®wwa(w0)k 1 (wa) ([a(wa)1]P*)?
a(wa) " (wa)*1 ([a(wa) 1] P*)?
a(wa)*2wla(wa)* 1] ([a(wa)1]P)?
a(wa)*2wa(wa) 1P = «,
[a(wa)*Tw[a(wa) )P wa(wa) 1w

a(wa)* 1w = (aw)*.

awxw(aw)k

This completes the proof. [
Corollary 5.5. Let a € A. Then the following are equivalent:

(1) aec AP,
) a(wa)1 ¢ AU and (aw)k A = (aw)**1 A for some k € N.

Proof. (1) = (2) In view of Theorem 5.4, a(wa)*~! € Aﬁ,} 3, By hypothesis, there exist x € A such

that

2 k k

a(wx)” = x, (wawx)* = wawx, (aw)" = (aw) (xw) (aw)

for some k € N. Then (aw)* = (aw)**1 (xw)**1 (aw)k; hence, (aw)k A = (aw)**1 A, as required.

(2) = (1) In view of Theorem 5.4, we will suffice to prove a(wa )1 € A",

We claim that a(wa)*~1 A = a(wa)*~'wa(wa)k~1 A. Obviously, we have a(wa) " wa(wa)—1A C
a(wa)*1 A. Since a(wa)k~1 € A;(,,l’a),we can find some z € A such thata(wa)*~! = a(wa)*lwzwa(wa)*1.
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As (aw)k A = (aw)**t1 A, by induction, we have (aw)* A = (aw)**" A for any m € N. Thus, we derive

that

a(wa)*1 = a(wa)*lwzwa(wa)

(aw) zwa(wa)k—1 € (aw)*zwa(wa)*—1A
(aw)* (aw)*aw A
= a(wa)*lwa(wa) 1A,

k-1

N

and then a(wa)*~' A = a(wa)*'wa(wa)*~1 A. By virtue of Theorem 2.1, a(wa)*~! € AP™. Therefore
a € AP by Theorem 5.4. [

We proceed to prove:
Theorem 5.6. Let a € A. Then a € AP"" if and only if there exist a projection p € A and k € N such that
wa+pe A, (1—p)A=wa(l—p)waA, (pwa)k = 0,a(wa)" e A13),
Proof. = In light of Theorem 3.6, there exists a projection p € A such that
wa+p € AL, pwa € AT (1 - p)A = wa(l — p)waA.

Explicitly, p = 1 — waway”®”. As in the proof of Theorem 3.1, we check that pwa = (1 — wawa?" )wa €
A"l Write (pwa)™ = 0 for some m € N. By using Theorem 5.4, we can find a k > m such that
a(wa)k—1 € A3, as required.

<= By hypothesis, there exist a projection p € A and k > 2 such that

wa+pe AL (1-p)A=wa(l—p)waA, (pwa)~! =0,a(wa)"! € -Az(ul's)-

Then pwa(1 — p)wa = 0, and so pwa = pwap. Hence, p(wa)? = (pwa)wa = (pwap)wa = (pwa)?. By
induction, we have p(wa)f~! = (pwa)*~! = 0. This implies that (wa)*~1 = (1 — p)(wa)*~1. Since
1—p € wa(1 — p)A,byinduction, 1 — p € (wa)" for any m > 2. Then (wa)¥~1 € (wa)**1.A. Therefore
(aw)* = a(wa)*'w € a(wa)**1 A C (aw) 1 A. This implies that (aw)¥ A = (aw)* 1 A. According to
Corollary 5.5,a € AP™. O

As an immediate consequence, we derive

Corollary 5.7. Leta € A. Then a € A®¥ if and only ifa € AP and there exist a projection p € A and
k € N such that

wa+pe A, (1-p)A=wa(l—pwaA, (pwa)k = 0,a(wa)" e A13),

Remark 5.8. Generalized weighted left core inverse can be defined dually. The corresponding results for the
generalized weighted left core inverse can be established in a similar way.

References

1. O.M. Baksalary and G. Trenkler, Core inverse of matrices, Linear Multilinear Algebra, 58(2010), 681-697.

2. R.Behera; G. Gayatri and J.K. Sahoo and P.S. Stanimirovi¢, Characterizations of the weighted core-EP inverses,
Bull. Iran. Math. Soc., 48(2022), 3659-3686.

3. N. Castro-Gonzalez and ]J.J. Koliha, New additive results for the g-Drazin inverse, Proc. R. Soc. Edinb.Secr. A,
134(2004), 1085-1097.

4. H. Chen and M. Sheibani, Theory of Clean Rings and Matrices, Singapore: World Scientific, 2023.

5. H. Chen and M. Sheibani, Generalized right core inverse in *-Banach algebras, Preprints 2024, 2024061246.
https://doi.org/10.20944 / preprints202406.1246.v1.

6. J.Chen; H. Zhu; P. Patricio and Y. Zhang, Characterizations and representations of core and dual core inverses,
Canad. Math. Bull., 2016, http://dx.doi.org/10.4153 /CMB-2016-045-7.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202507.1148.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 July 2025 doi:10.20944/preprints202507.1148.v1

23 0f 23

7. X.Chen and J. Chen, Right core inverses of a product and a companion matrix, Linear Multilinear Algebra,
69(2021), 2245-2263.

8. G.Chowdhry and F. Roy, A W-weighted generalization of {1,2,3, 1k}—inverse for rectangular matrices, The
Journal of Analysis, 32(2024), 2913-2937.

9. Y. Gao; J. Chen and P. Ptricio, Representations and properties of the W-weighted core-EP inverse, Linear
Multilinear Algebra, 68(2020), 1160-1174.

10. Y. Gao and J. Chen, Pseudo core inverses in rings with involution, Comm. Algebra, 46(2018), 38-50.

11. Y. Liao; J. Chen and J. Cui, Cline’s formula for the generalized Drazin inverse, Bull. Malays. Math. Sci. Soc.,
37(2014), 37-42.

12. H.Ma, A characterization and perturbation bounds for the weighted core-EP inverse, Quaest. Math., 43(2020),
869-879.

13. D. Mosi¢, Weighted generalized Drazin inverse in rings, Georgian Math. ]., 23(2016), 587-594.

14. D. Mosi¢, Weighted core-EP inverse of an operator between Hilbert spaces, Linear Multilinear Algebra, 67(2019),
278-298.

15. D. Mosi¢, Weighted core-EP inverse and weighted core-EP pre-orders in a C*-algebra, J. Aust. Math. Soc.,
111(2021), 76-110.

16. D. Mosi¢ and J. Marovt, Weighted generalized core-EP inverse, Linear Multilinear Algebra, 2024, 1-22.
https://doi.org/10.1080/03081087.2024.2404454.

17. K.M. Prasad and K.S. Mohana, Core-EP inverse, Linear Multilinear Algebra, 62(2014), 792-802.

18. L. Wang; D. Mosi¢ and Y.F. Gao, Right core inverse and the related generalized inverses, Commun. Algebra,
47(2019), 4749-4762.

19. L. Wang; P. Zhai; T. Li and H. Zou, The one-sided EP invertibility and the related generalized inverses,
Commun. Algebra, 53(2025), 3046-3061.

20. C. Wu and J. Chen, The {1,2,3,1™ }-inverses: a generalization of core inverses for matrices, Appl. Math.
Comput., 427(2022), Paper No. 127149.

21. D.S Raki¢; N.C. Dincic and D.S. Djordjevic, Group, Moore-Penrose, core and dual core inverse in rings with
involution, Linear Algebra Appl., 463(2014), 115-133.

22. Y.Ren and L. Jiang, Left and right-Drazin inverses in rings and operator algebras, J. Algebra Appl., 23(2024),
No. 4, Article ID 2450064, 16 p.

23. B.Sitha; R. Behera and ]J.K. Sahoo, Characterizations of weighted generalized inverses, arXiv: 2311.17559v1
[math.NA] 29 Nov 2023.

24. PS. Stanimirovi¢; V.N. Katsikis and H. Ma, Representations and properties of the W-weighted Darzin inverse,
Linear Multilinear Algebra, 65(2017), 1080-1096.

25. S.Xu; J. Chen and X. Zhang, New characterizations for core inverses in rings with involution, Front. Math.
China, 2017, DOI: 10.1007 /s11464-016-0591-2.

26. Q. Zhang; C. Wang and H. Zhu, Characterizations and representations of w-core inverses in rings, Filomat,
37(2023), 3183-3190.

27. H. Zhu; C. Wang and Q. Wang, Left w-core inverses in rings with involution, Mediterr. J. Math., 337(2023).
https://doi.org/10.1007 /s00009-023-02541-9.

28. H. Zhu; L. Wu and J. Chen, A new class of generalized inverses in semigroups and rings with involution,
Commun. Algebra, 51(2023), 2098-2113.

29. H. Zhu; L. Wu and D. Mosi¢, One-sided w-core inverses in rings with an involution, Linear Algebra Appl.,
71(2023), 528-544.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202507.1148.v1
http://creativecommons.org/licenses/by/4.0/

