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with Grouped Variables

Mingrui Zhong ¥, Zanhua Yin * and Zhichao Wang

School of Mathematics and Computer Science, Gannan Normal University, Ganzhou, Jiangxi 341000, China
* Correspondence: yinzanhua@gnnu.edu.cn

Abstract: We present a new penalized method for estimation in sparse logistic regression models
with group structure. Group sparsity suggests us to consider the Group Lasso penalty. Being different
from penalized log-likelihood estimation, our method can be viewed as a penalized weighted score
function method. Under some mild conditions, we provide non-asymptotic oracle inequalities
promoting group sparsity of predictors. A modified block coordinate descent algorithm based on
a weighted score function is also employed. The net advantage of our algorithm over the existing
Group Lasso-type procedures is that the tuning parameter can be pre-specified. The simulations
show that this algorithm is considerably faster and more stable than competing methods. Finally, we
illustrate our methodology with two real data sets.

Keywords: high-dimensional data; non-asymptotic inequality; logistic regression; variable selection;
block coordinate descent algorithm

1. Introduction

Logistic regression models are a powerful and popular technique for modeling the relationship
between the predictors and a categorical response variable. Let (x1,1),- - -, (Xn, ) be independent
pairs of observed data which are realizations of random vector (X, Y), with p—dimensional predictors
X € R” and univariate binary response variable Y € {0,1}. (X,Y) is assumed to satisfy

T 20
P(Y=1/X=x)=G(x"p%) = %I v

where ¥ € R? is a regression vector to be estimated. We are especially concerned with a sparse logistic
regression problem when the dimension p is high and the sample size # might be small, the so-called
"small n, large p" framework, which is a variable selection problem for high-dimensional data.

When dealing with high-dimensional data, there are usually two important considerations: model
sparsity and prediction accuracy. The Lasso [1] was proposed to address these two objectives since
Lasso can determine submodels with a moderate number of parameters that still fit the data adequately.
There are also other similar methods include SCAD [2], elastic net [3], Dantzig selector [4], MCP [5]
and so on. In high-dimensional logistic regression models, the topics for Lasso study range from
the asymptotic results, including the consistency and asymptotic distribution of the estimator, e.g.,
Huang et al. [6], Bianco et al. [7], to the non-asymptotic results, including the non-asymptotic oracle
inequalities on the estimation and prediction errors, e.g., Abramovich et al. [8], Huang et al. [9] and
Yin [10].

In many applications, predictors can often be thought of as grouped. For example, in genome-wide
association studies (GWAS), genes usually do not act individually, but are reflected in the covariation
of several genes with each other. Or in histologically normal epithelium (NIEpi) studies, we need
to consider the non-linear effects of genes for microarray data. Similar to the Lasso, considering
this grouped information in the modeling process should improve the interpretability and the
accuracy of the model. Yuan and Lin [11] proposed an extension of the Lasso, called the Group
Lasso, which imposes an L, penalty to individual groups of variables and then an L; penalty to
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the resulting block norms, rather than only an L; penalty to individual variables. Suppsose x; and
B in model (1) are divided into ¢ known groups, where we consider a partition {Gy, - - -, G4} of
{1,---, p} into groups and denote the cardinality of a group G; by |G|, x; = (xl.T(l), xiT(z),~ e, xiT(g))T,
B = ((ﬁ?l))T, (,3(()2))T,' "y (ﬁ?g))T)T, X1y € RlG, :B(()l) € RIGIl, We wish to achieves sparsity at the
level of groups, i.e., to f° such that ﬁ(()l) = 0 for some of the groups | € {1,---,¢}. When using

high-dimensional logistic regression models, the Group Lasso provides an estimator for g°:

n

AGL 1 T T 4
pCY :=argmin — ) {log (1 + exp(x; 5)) — (x; ﬁ)yz‘} + AIszllﬁmllz, ()
=

perr i3

where A > 0 is a tuning parameter which controls the amount of penalization, w; = \/@ is used to
normalize across groups of different sizes, and || - ||, denotes the L, norm of a vector. Meier et al. [12]
established the asymptotic consistency theory of the Group Lasso for logistic regression, Wang et
al. [13] analyzed the rates of convergence, Blazere et al. [14] stated oracle inequalities and Kwemou [15]
studied non-asymptotic oracle inequalities. Other important references are the works of Nowakowski
et al. [16] and Zhang et al. [17]. In terms of computational algorithms, Meier et al. [12] applied the
block coordinate descent algorithm of Tseng [18] to Group Lasso for logistic regression, Breheny
and Huang [19] proposed the Group descent algorithm. These approaches are sufficiently fast for
computing the exact coefficients at those selected values of A.

However, it is well known that the Lasso (or the Group Lasso) in linear regression models,
the respective optimal values of tuning parameter A depend on the unknown parameter ¢?, the
homogeneous noise variance, and its the accurate estimation is generally more difficult when p >> n.
To solve this problem, Belloni et al. [20] proposed square-root Lasso, which removed this unknown
parameter by using a weighted score function (i.e. the square root of empirical loss function). Bunea
et al. [21] extended the ideas behind the square-root Lasso for group selection and developed the
Group square-root Lasso. Inspired by Group square-root Lasso, we propose a new penalized weighted
score function method, which alternatively replaces the original score function (i.e. the gradient of
negative loglikelihood function) with a weighted score function (Huang and Wang [22]), to study
sparse logistic regression with Group Lasso penalty. We get convergence rates for the estimation
error and provide a direct choice for the tuning parameter. Moreover, we propose a modified block
coordinate descent algorithm based on the weighted score function, which greatly optimizes the
computational complexity.

The framework of this paper is as follows. In Section 2, we apply this idea behind the Group
square-root Lasso to sparse logisitic models and develop our method, the penalized weighted score
function method. In Section 3, we propose asymptotic bounds for our new estimator and a direct
selection for the tuning parameter. In Section 4, we provide weighted block coordinate descent
algorithm. In section 5, numerical simulations show the advantages of our algorithm in terms of
selection effects and computational time. In Section 6, we present real data for genes and musk to
support the simulation and theoretical results. The section 7 concludes our work. All proofs are given
in Appendix.

Notation : Throughout the paper, denote by I = {I : ”'8(()1) |2 # 0} the non-zero coordinate of
BY and let s = card{I} be the number of non-zero elements of f°. For all § € R? and subset I, we
denote by 4; that has the same coordinates as 6 on I and zero coordinates on the complement I¢ of
I. For a function f(B) € R, we denote by Vf(B) € RP? its gradient and H(B) € RP*? its Hessian
matrix at 8 € RP. Define the L, norm of any vector v as [|v|l; = (¥; [v;7)!/4 and for any vector g € R?
with group structures, denote the block norm of g for any 0 < g < o0 as ||B|l2,4 = (Z}g:l 1B 7).
21 =X 1Bl
200 = max; [[Byl2

In particular, ||B]l20 = Z}g:l 1,40 indicates the number of non-zero groups, ||
represents the form of Group Lasso, ||Bl/22 = ||B|l2 denotes L, norm, and ||
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means the largest L, norm of all groups. Moreover ®(x) denotes the cumulative distribution function
of the standard normal distribution.

2. Penalized weighted score function method

Recall model (1), the loss function (i.e. the negative loglikelihood) is given by
1y T T
= L {log (1 +exe(alp)) — (<7 BIwi}

leading to the score function

Vi) = Ly (GGTB) — vy

i=1

Note that the solution ,BGL of model (2) satisfies KKT conditions defined as follows

=

(G(x] BM) —yi)xiy = —AwnBG /1B 2, i B #0,

A

®3)
(G(x]Br) vi) x| < Awy, if ,BGL =0,

AM:EMS

=

i=1

foralll =1,---,g. The left side of equation (3) is the score function for logistic regression with group
structure, which shows that ! is actually a penalized score function estimator. To obtain a good
estimator, usually we require that the inequality Aw; > c[|V£(B%)||2e foralll =1, - - ,¢ and some
constant ¢ > 1 holds with high probability (Meier et al. [12] and Kwemou [15]). However, the random
part G(x] B°) — y; for V£(B°), the score function valued at B = B°, has variance G(x! %) (1 — G(x] p%)),
which is also the variance of the binary random variable Y;|X; = x;. Obviously, binary noises are not
homogeneous like noises of the linear regression models, a unique tuning parameter for all of the
different coefficient is not a good choice.

We apply the idea from Group square-root Lasso to solve the above problem on choosing tuning
parameter, and develop our method as follows. Huang and Wang [22] formed a class of root-consistent
estimating functions by weighted score function for logistic regression

Vip(B) = Y 9T GHTE) ~ v, @

where (-) is the weighted function of x] B. This requires choosing a suitable weighed function to
ensure that V/,(B) is almost integrable for B. Then, replacing the score function in equation (3) with
the weighted score function, we develop a penalized weighted score function estimate 3, which is a
solution of the following equation:

5 L 9GIBGCGTR) —yixa) = —Awibay/ Il i By #0, 5
i1 A X . 5
[} E T BGTB) ~ v | < Mo it by =

Let £ (B) be the loss function corresponding to the weighted score function (4), the solution to Equation
(5) is equivalent to solve the following optimization problem:

BERP

X g
p = argmin{ﬁw(ﬁ) +)\lzwz||ﬁ(z)||2}- (6)
=1
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Our method is motivated by Bunea et al. [21] minimization of the Group square-root Lasso for
linear model:

5 . — XBl2

post = argmin { LA L 251
BERP \F

where Y € R"™! and X € R"*P. When |Y — XB%5L||, is non-zero, the Group square-root Lasso

estimator BCSL satisfies the KKT condition

Vi L (Y = XPOH ) s = 2] By = MBS/ IBG 16 BGE 0,

7
Vi 2 (1Y = XBOSH ) 3~ 5T A | < Aca if B3t = 0. ?
i=
Compared with the KKT conditions for Group square-root Lasso and Group Lasso, the Group
square-root Lasso adds the weighted function (/7| Y — XBS5L|2)~! to estimate the homogeneous
noise variance, which allows the tuning parameter A independent of the homogeneous noise variance.
Thus, the Group square-root Lasso is able to estimate for the grouped variables and direct choice for
the tuning parameter simultaneously.

A drawback of Group square-root Lasso is that it can only directly select the tuning parameter in
a linear regression models. However, in logistic regression models, there is no direct way to select the
tuning parameter. The penalized weighted score function method implements this scheme. We will

discuss this in more detail in the next section.

3. Statistical properties

In this section, we will establish non-asymptotic oracle inequalities for the penalized weighted
score function estimate and give a direct choice for tuning parameter.

Throughout this paper, we consider a fixed design setting (i.e., x1,---,x, are consider
deterministic), and we make the following assumptions:

(A1) There exists a positive constant M < oo such that max; <j<, maxj<j<g / Yieg, xizj <M.

(A2) The n, p satisfy thatn < p = o(e""*), and p/e >2fore € (0,1).
(A3) There exists N'(8°) > 0 such that

1
N2(B%) = max ¢~ 3 *(x{ )G (x] B°) (1 = G(x{ p°))xf; ¢ -
I<j=p | " 1=
(A4) Let £y(-) : R” — R be a convex three times differentiable function such that for all u,v € RP, the
function g(t) = £y (u + tv) satisfies forall t € R, g ()] < Tomaxj<j<y |xl.TU|gN(t), where 19 > 0
is a constant.

The assumption (A1) strictly controls the bounds of predictors, since the real data we collected
was often bounded. The assumption (A2) controls the sparsity of the data and the lower bound on the
probability that the non-asymptotic property holds. The assumption (A3) makes sure the variance
of each component of V¢ (B°) is bounded with choosing a suitable weighted function ¢(-). The
assumption (A4) is similar to the proposition 1 proposed by Bach [23]. Under the assumption (A4), we
can obtain lower and upper Taylor expansions of the loss function £y (-), using which we can derive
non-asymptotic results.

Moreover, restricted eigenvalue condition plays a key role in deriving oracle inequalities. For
the Group Lasso problem of high-dimensional linear regression models, the oracle property under
the group restricted eigenvalue condition was discussed by Hu et al. [24] and extended to logistic
regression models by Zhang et al. [17]. To establish the desired group restricted eigenvalue condition,
we introduce the following group restricted set
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0, =: {19 e R? . ||W1cl9(IC) 2,1 < DC||W119(I)||2,1, o> 0}, (8)

which is a grouped version of the restricted set 6, =: {# € R? : ||¢)c||1 < «||9;]|1} mentioned in Bickel
et al. [25], where W is a diagonal matrix with the jth diagonal element w; if j € I, and 0 otherwise.
Based on the group restricted set (8), we propose the following group restricted eigenvalue condition:

(A5) For some integer s such that 1 < s < g and a positive number &, the follow condition holds

(STH 0Vs 1/2
u(s, a) 2 min min (& Hy(F)0) 2 >0, )
IC{1,- g} 0#0 leé(l) 2.2
|I[|<s  0€0g

where H(B°) is the Hessian matrix for Elp(‘BO). Different from the restricted eigenvalue condition
mentioned in Bickel et al. [25] for linear regression models, the group restricted eigenvalue condition
for logistic regression is converted from the L, norm to the block norm for the denominator part and
from the Gram matrix to the Hessian matrix H(B°) for the numerator part of (9).

Remark 1. The Hessian matrix of £y (B) is given by

B exp(x/B) '
Ht/ﬂ(ﬁ) = H—TID(JCiTﬁ) — Vi i

{th(x? B)

ex XT
HYp) (1+ ez;(lx%)y } it

= 1=

1
LY {VeTe) [GGTB) ] + 9IRGB — GTp) } xial.

1

i

Bach [23] has already shown the Hessian matrix of ¢() is positive definite on some restricted sets.
If the chosen weighted function y(x] B) makes the loss function ¢y (pB) satisfy the assumption (A3),
Hy(B) is also positive definite on the group restricted set (8). Such weighed functions in fact exist and
will be described later. In addition, the group restricted eigenvalue condition can effectively control
the estimation error, enabling the estimation with good statistical properties and reliable results.

Theorem 1. Assume that (A1), (A2), (A3), (A4) are satisfied. Let A < w,z € (0,1)and k <

419 Ms
ming ;< wy. Let A be a tuning parameter chosen such that
0
Aw; = M @qyl(l — i) (10)
z n 2p

Then, with probability of at least 1 — e(1 4 0(1)), we have the following:
1. A group restricted set p — B° € @, with a = 112

11—z
2. Under the group restricted eigenvalue condition (A5), the block norm estimation error are

R 2kAs

1B— P21 € , (11)
(min i~ K1~ 2)(s,0)
2kA !
5 g0 < §
18— Bl < <( min @ — k(1 —z)y(s,a)) , foralll< g <2, (12)
1<I<g
respectively, and the error of the loss function £y is
2&1}2 wiA?s

A SIS

() =4 (P)] < (min w; —k)(1—z)p(s,a)’ (1%

1<I<g
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The non-asymptotic oracle inequalities for the true coefficient ,80 are provided in (11) and (12).
Unfortunately, the parameter N (8) is influenced by the true coefficient 8, so that the choice of A
also depends on p°. Therefore, we will choose the suitable (x] B°) to solve this problem in the next
theorem.

Theorem 2. Choose the weight function in the following form

T 0 T g0
¢<x?ﬁ°>=§<exp<"lf >+exp<—xlf>). 1)

Under assumptions (A2) and (A3) we choose the tuning parameter as

\/|c1| max (¥ %)
=1

1<j<p i

Aw, = o l1- £

ﬂ>' (15)

Then, under the assumptions of Theorem 1 with probability at least 1 — €(1 4 o(1)) we have inequalities (11),
(12) and (13).

In Theorem 2, Yin [10] gives a discussion for the order of ®~1(1 — ﬁ) in (15), and proving that
O 1(1 - ﬁ) ~ O(y/log(2p/€)). When |G;| =1forl =1,2,--- g, our estimate 3 is a Lasso estimate
and its theoretical properties have been well studied in Yin [10].

Remark 2. If (x] B°) is given as in Theorem 2, the loss function, weighted score function and the Hessian
matrix, respectively, are given by

T g0
x; B

) =1 % {(1 ) exp(RE) 1y exp(~ >},

Ve = & T {(1 —yexp(iE) —y; exp(—"fo°>} %0

Clearly, the Hessian matrix given as a weighting function of the form of Theorem 2 is positive definite.

4. Weighted block coordinate descent algorithm

We apply the techniques of the block coordinate descent algorithm to the penalized weighted
score function. Choose the weighted function as the form of (14) and set 8 = 8 4 ¢, then a second-order
Taylor expansion of the loss function £ (B) in equation (6) has

D(B+0) = { (46(B)+ Ty (B + 3T My (BIE ) + AIW(B+ Dl | 16

Now we consider minimization D(J + ) with respect to the Ith group of penalized parameters , it
mean that

P

Foten (17)

Ve (B)ay + Hy(B) Gy + Awi =
PAP/(I) PAPI ()5 (1) Hﬁ(l)"‘g(l)HZ
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Inspired by Meier et al. [12] assumptions, setting the sub-matrix Hy () (1) is of the form Hy( ﬁ)( =
h¢(ﬁ)(l)l(l), which choose h¢(ﬁ)(l) = — max{diag(—%lp(ﬁ)(”),ro}, where 7 is a lower bound to
ensure convergence. Then, simplifying equation (17) gives

)tw, A ~ ~ ~ A
T (B )(ﬁ Cw) =Hy(B) by — Vey(Bu
This leads to the following equivalence equation

By +¢w  HyBwbu — V(B
1Boy+2wllz  IHe(B) By — V(B pyll2

According to equation (15) and Remark 2, it is obtained that:
If | Hy(B ) )/3(1) - Viy(p )(1) l2 < Awy, the value of { at the k-th iteration is given by

(18)

P

®)
—B

otherwise

G;| max x5
“ \/| | o (1 22)

121y l12 2nz

=)

_1(1 B >

k) _ 3(k)
i) = . Ve(BR) ) +
0 g (B9 ) v O

If g ;é 0, we use the Armijo rule of Tseng and Yun [26] to select the step factor oK) as follows:

Armijo rule

Choose Uék) > 0 and let 0¥) be the largest value of {Uék)Qj }j>o satisfying

DB +oWel)) - DB < oe®onl,

where0 <6 <1,0< ¢ <1,and

K TGy (Bl (k
A = —g Ty (B0 ) + ArllB) + )l = AwrlB

Finally, the update direction is calculated for the gradient of the parameters and the parameters
are updated according to a certain step size

gl+1) _ a(k) (k)
Buy = By +o2q).

The weighted block coordinate gradient descent algorithm is given by Table 1. In general, selecting
the tuning parameter A using cross-validation method is complicated. As we know from Table 1, the
algorithm eliminates the selection process for the tuning parameter Aw;. Given an initial value f(*)
we can then iterate directly over the (°) until it converges to the range which we expect.
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Table 1. Weighted block coordinate gradient descent of logistic regression

Algorithm 1 Weighted block coordinate gradient descent algorithm

Step 1: Let B(O) € R? be an initial parameter vector
Step2: Forl=1,---,g
Hy(BX) 1) = hyp(BX) )11y,
¢® = argminger {D(BY +0)},
if 70 =0
pk+1) = g,
else
Search ¢(¥) using Armijo rule,
Bkt = ptk) 4 (k) k),
end

Step 3: Repeat step 2 until some convergence criterion is met

It is worth noting that we have given a direct choice (15) for A under a specific weight
function (x] B°) given by (14), so the weighted block coordinate gradient descent algorithm will be
computationally faster than working iteratively on a fixed grid of tuning parameters A (see Meier et
al. [12]). If choosing other weight functions, the weighted block coordinate gradient descent algorithm
can still be used to solve (6). But then the tuning parameter A depends on 8° (unknown), some
cross-validation can be used for choosing the parameter A.

5. Simulations

In this section, we use simulated datasets to evaluate the performance of the penalized weighted
score function estimator. Meier [12] describes block coordinate gradient descent algorithm using the R
package grplasso. We modify grplasso, named wgrplasso, and use it to describe the weighted block
coordinate gradient descent algorithm. We compare the performance of the wgrplasso algorithm,
R package grpreg developed by Breheny [19] and the R package gglasso developed by Yang and
Zou [27]. Three main aspects of model performance are considered: correctness of variable selection
and accuracy of coefficient estimation, and running time of the algorithm. The evaluation indicators
for the model include the following;:

e TP: the number of predicted non-zero values in the non-zero coefficient set when determining
the model

* TN: the number of predicted zero values in the zero coefficient set when determining the model

e FP: the number of predicted non-zero values in the zero coefficient set when determining the
model

* EN: the number of predicted zero values in the non-zero coefficient set when determining the
model

e TPR: the ratio of predicted non-zero values in the non-zero coefficient set when determining the
model, which is calculated by the following formulation:

TP

TPR= 75T EN"

® Accur: the ratio of accurate predictions when determining the model, which is calculated by the

following formulation:
TP+ TN

TP+ TN+ FP+FN’
* Time: the running time of the algorithm.

Accur =
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* BNE: the block norm of the estimation error, which is calculated by the following formulation:
BNE = || — Bll21-

The sample size was 200. We set values of p = 300, 600, and 900, and generated 100 random
datasets to repeat the simulation. We set € to 0.01 and 0.05 and uniformly specify the true non-zero
coefficient parameters of the logistic regression models as

g=(1,1,---,1,---,1,---,1,0,---,0).
—— —— ——
3 3 p—30

30

For the log odd 7 setting, we consider the following four different models.

(a) In Model I, the observed data X assume sampling from a multivariate normal distribution and
the log odd 7 is considered to be the linear case, where the data between groups are independent but
the data within groups are correlated. We set the size of each group to 3 and assume that the data
within the groups obey X; ~ N(0,%; jx), where ¥; = 0.5/~ Thus, the observed data can then be
defined as X ~ N(0,X), where ¥ = diag(¥, - - - ,Zg).

(b) In Model II, the observed data X is assumed to be the sum of two uniform distributions and
the log odd 7 is considered to be the linear case. Assume that the p-dimensional vectors Zy, - - - , Z,
and W are generated independently and through a uniform distribution of [—1, 1]. Thus, the observed
data can be defined as X; = Z; + W.

The log odds # for Model I and Model II are then defined as follows

n=PBo+Xap1+ -+ XpBp-

(c) In Model III, the observed data X is assumed to follow a standard multivariate normal
distribution and the log ogg # is considered to be additive case. Assuming that X obeys the
%—dimensional standard normal distribution, the observed data can therefore be defined as X ~
N(0,I ? ).

(d) In Model 1V, the observed data X is assumed to be the sum of two uniform distributions
and the log odd 7 is considered to be the additive case. This means assume that the %—dimensional
vectors Zy, -+, Z 2 and W are generated independently by a uniform distribution of [—1,1]. Thus, the
observed data can be defined as X; = Z; + W.

The log odds # for Model III and Model IV are then defined as follows

n=Po+Xip1+Xip2+ Xips+ - + XpBp—2+ XZgﬁpfl + X%ﬁp-

Then, the dataset for the response variable Y was generated by the logistic regression models

1

R )

Table 2 shows the average simulation results of the three algorithms for the linear case, and
Figure 1 plots the point-line plots of Model I and Model II for TPR, Accur, Time and MSE.
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Table 2. Average results for 100 repetitions of the three algorithms in Model I and Model IL

Model I
TP TPR FpP Accur Time BNE
grpreg(A=min) (25 507) 0.999 éé:ié) 0694 7593 1(??%3
gelasso(A=min) (25 4924) 0.998 ég:?g) 0.878 6159 1(31557))5
p=300  gglasso(A=lse) (219.'1627) 0.989 &i:g‘é) 0953 7611 1(3:22)3
wrplasso(e=0.01) é?g; 0.985 f;f;; 0912 455 1(8223)1
werplasso(e=0.05) (23’9647) 0.989 (2;'3%(; 0879 547 1(3;2;’
grpreg(A=min) (209 5911) 0.997 (121; f;) 0807 9954 1(’13}13)6
gelasso(A=min) (25 ;9)907) 0.999 éZZ?% 0917  93.64 1(3:22;1
p=600  gglasso(A=lse) (219_;336) 0.982 &g:g‘?) 0970 99.90 igg;)l
wrplasso(e=0.01) é?fs(; 0.980 ég:g% 0931  7.75 1(322)3
werplasso(e=0.05) (2192651) 0.987 (‘;’;:z;) 0909  9.42 1(312)9
grpreg(A=min) (2(3 7822) 0.994 (13324;77) 0851 12047 1(’13222)6
gelasso(A=min) (25 565) 0.995 (Zg:;?) 0934 12579 1((5)52)2
p=900  gglasso(A=lse) (2193377) 0.979 éi:gg) 0971 12078 1(8:3?)6
werplasso(e=0.01) (21?233) 0.971 (f;:gi) 0942 10.06 1(8122)7
werplasso(e=0.05) (21933’24) 0.978 (?Z:g;) 0923 1377 1(8:22)1

Model II
TP TPR FP Accur Time BNE
grpreg(A=min) (14§'277‘*) 0.558 (695 '3109) 0739 7681 1(322)1
gglasso(A=min) (1532220) 0.440 (ﬁ :;2) 0825  130.13 1((7):2)9
p=300  gglasso(A=lse) (lf_ '728(; 0.340 (ﬁ:gi) 0842  77.11 1((7):2{)6
wgrplasso(e=0.01) (224_'5587) 0.819 (Z:Z‘;) 0961  7.01 1(3?2)6
wrplasso(e=0.05) (224.;1676) 0.822 (Z:;;) 0961 695 1(32;‘5*)1
grpreg(A=min) (1:‘2689) 0.423 gi:gi) 0829  114.24 2(8:%7
gglasso(A=min) (128592) 0.354 (ﬁg) 0.885  183.45 1(3222)9
p=600  gglasso(A=lse) (Z:gg) 0.260 é’gﬁ) 0901  114.80 1((7):4912)2
wagrplasso(e=0.01) (224_'9616) 0.822 (gzig) 0979  14.17 1((2)2;?
werplasso(e=0.05) (2;'8715) 0.825 (gzgé) 0978  15.17 1(3122)9
gpreg(i-min) 0030 N o7t aar (o
gglasso(A=min) (i:ig) 0.285 (?22(1)2) 0918  224.54 1(3257’2)2
p=900 gglasso(A=lse) (igg) 0.229 ngg) 0930  142.08 1(?)22?
werplasso(e=0.01) (225_'720(; 0.840 (12'7747) 0983  22.06 1((2):2?;‘
warplasso(e=0.05) (22‘5.6279) 0.843 (161 ;5097) 0982  21.83 1(3122)3

Reported numbers are the averages and standard errors (show in parentheses)


https://doi.org/10.20944/preprints202311.1114.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 November 2023 doi:10.20944/preprints202311.1114.v1

11 of 21

First, from the TPR perspective, all three algorithms show excellent selection results when the
normal distribution assumption is adopted. However, when the uniform distribution assumption
is used, the wgrplasso algorithm shows higher correct selection in the nonzero set than the other
algorithms, and the wgrplasso algorithm is also more stable in terms of variance.

Second, from the Accur perspective, compared to the gepreg algorithm, the wgrplasso and
gglasso algorithms maintain a high selection effect under the assumption of normal distribution.
However, Accur is also affected by FP, and the gepreg algorithm and gglasso algorithm are not
stable enough to control FP from the perspective of variance. In addition, under the assumption of
uniform distribution, both in terms of the effect of selection and the stability of variance, the wgrplasso
algorithm has lower control on the FP aspect, which makes the wgrplasso algorithm perform better
than the other algorithms in terms of Accur.

Third, from the Time perspective, using the wgrplasso algorithm saves a lot of time, both for the
normal distribution assumption and the uniform distribution assumption.

And last, from the BNE perspective, under the assumption of normal distribution, the BNE
obtained by wgrplasso and gglasso algorithms are similar and smaller than that obtained by grpreg
algorithm. However, under the assumption of uniform distribution, compared with gglasso algorithm
and grpreg algorithm, The BNE obtained by wgrplasso algorithm is smaller, which means that
wgrplasso algorithm performs better.
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0.95 |-
08 — "
8 0.90 |-
o 5085+
A, 06 5]
— Q
< 0.80
—°—grpreg(>~:mir_l)
04 F —— gglasso(A=min) 0.75 | reo(A=min
—a— gglasso(A=lIse) —— i;asf(t(kinllir)l)
—o— wgrplasso(e=0.01 -
—o— wgvrplassoie:() 05; 0.70 - —9—gglasso(A=lse)
erp . —a— wgrplasso(e=0.01)
02+ 065 - —a— wgrplasso(£=0.05)
1 1 1 1 1 1 1 1 1 1 1 1
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—a— gglasso(A=lse)
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Figure 1. Average TPR, Accur, Time and BNE plots for 100 repetitions of the three algorithms in Model
Tand Model II.

Table 3 gives the simulation results of the three algorithms for the additive case, and Figure 2
plots the point line plots of Models IIl and IV for TPR, Accur, Time and BNE.
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Table 3. Average results for 100 repetitions of the three algorithms in Model III and Model IV.

Model IIT
TP TPR FpP Accur Time BNE
grpreg(A=min) (228_'1952) 0.964 égjgg) 0763  161.17 l(?:Z)l
gglasso(A=min) (239_ '1403; 0.981 égég) 0751  92.28 1(8:;51)5
p=300  gglasso(A=lse) (255721) 0.957 éﬁzgg) 0874 16214 1(8:%)9
wgrplasso(e=0.01) (2278462) 0914 (275.'995 0905 686 1(823)3
wgrplasso(e=0.05) (22853 0.946 35'368 0882 92 1(8%*
grpreg(A=min) (2470527) 0.919 (ggzgé) 0862 189.25 1(?%(7))7
gglasso(A=min) (219055% 0.986 (14012_'1152) 0829  124.10 1(3;;)1
p=600  gglasso(A=lse) (276.'2812) 0.894 (4312:22) 0922 190.67 1(8:2‘;;1
wrplasso(e=0.01) (2276527) 0.919 (ﬁ:g;) 0927 9.60 1(8128)9
werplasso(e=0.05) (21%533) 0.951 (‘Efi) 0910  11.95 %:2;;1
grpreg(A=min) é6_'5394) 0.878 ég:g?) 0902 21450 1(?:32)9
gglasso(A=min) (2;2905) 0.965 (l;;ff) 0873  155.14 1(322)5
p=900  gglasso(A=lse) (294.'6383) 0.811 éizzg) 0949 21652 1(8:22)1
werplasso(e=0.01) (2277571) 0917 583‘2) 0941 1523 1(8122)9
wrplasso(e=0.05) (22?'32; 0.940 g%g) 0929 1697 1(31;2)7
Model IV
TP TPR FP Accur Time BNE
grpreg(A=min) (231.'9745) 0.725 (69%'3244) 0762 8051 2(‘;’?25’
gglasso(A=min) (149_ ff) 0.662 (59%%7) 0791 9853 1(’13;1)2
p=300  gglasso(A=Ise) (15'5083) 0.601 (‘gﬁ) 0801 8087 15(1)?)1
werplasso(e=0.01) (225?'0256) 0.942 (25'73’61) 0906 4556 1(‘11:842)5
warplasso(e=0.05) (228.6216) 0.942 (3.66";) 0906  46.08 1(‘1*:32;1
grpreg(A=min) gf 4152) 0.604 (%gg) 0843  112.95 2(‘11:;2?
gglasso(A=min) (12'9643) 0.521 (Tgég) 0862 14522 13:;3)1
p=600  gglasso(A=lse) (154 617(; 0.470 g;‘:;) 0867 113.62 1(??1)3
wgrplasso(e=0.01) (25'6767) 0.959 gg:é;) 0941 8497 1(??%:‘
wgrplasso(e=0.05) (2186767) 0.959 éggg) 0.940 87.64 (11?.1318)
grpreg(A=min) (13%?) 0.546 (2431:22) 0881 139.78 Z(i’:ii?
gglasso(A=min) (1:6199) 0.473 (Zgﬁ) 0896  185.60 1(?:;?)9
p=900  gglasso(A=lse) 3;%7) 0.389 (g:gg) 0904 14075 1(51332)3
wgrplasso(e=0.01) (2187717) 0.959 (?%Z) 0956  123.20 1&{2;)
werplasso(e=0.05) (218.;31(; 0.960 (ﬁ:gg) 0956 121.92 18%7

Reported numbers are the averages and standard errors (show in parentheses).
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The simulation results show that the grpreg algorithm and the gglasso algorithm in the additive
case are reduce both in terms of TPR and Accur, and also show through the variance that the
grpreg algorithm and the gglasso algorithm also do not have a stable selection, as well as increasing
computational time overhead and BNE. However, wgrplasso obtains similar results in the additive
case as in the linear case, and still maintains a better selection. Regardless of TPR, Accur and BNE, the
wgrplasso algorithm performs better than the other algorithms, and the advantage in Time is even
more obvious.
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Figure 2. Average TPR, Accur, Time and BNE plots for 100 repetitions of the three algorithms in Model
III and Model IV.

6. Real data

In this section, we apply our proposed estimates to analyze two real data. The first data comes
from the molecular shape and conformation of musk. The second data comes from histologically
normal epithelial cells from breast cancer patients and cancer-free prophylactic mastectomy patients.
As in the previous section, we set € to 0.01 and 0.05, respectively. In section 6.1 we compare the number
of variables selected and the computation time of the three algorithms in the above simulation, and in
section 6.2 we compare the prediction accuracy and the computation time.

6.1. Studies on the molecular structure of Muscadine

The R package of kernlab contains the molecular shape and conformation of musk in the native
dataset musk. The data contains a data frame of 476 observations for the following 167 variables. The
first 162 of these variables are the distance characteristics of the rays, measured relative to the origin
along which each ray is placed. Any experiment with the data should treat these features as being on
any continuous scale. Variable 163 is the distance of the oxygen atom to a specified point in 3-space.
Variable 164 is the x-displacement from the specified point. Variable 165 is the Y-displacement from
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the specified point. Variable 166 is the Z displacement from the specified point. The variable 167 tells
us that 0 means no musk and 1 means musk.

We used 3/4 of the data for training and performed a third-order B-spline basis function
expansion on the training data, and then use the wgrplasso, grpreg, gglasso, and glmnet algorithms
for estimation on the expanded training data, respectively. The remaining 1/4 of the data was used
as a test, and the estimated coefficients were used to predict the test data, comparing the prediction
accuracy, model size, and time for each of the four algorithms. Table 4 gives the experimental results
of 100 repetitions.

Table 4. Average prediction accuracy, model size, and time for 100 repetitions of the four algorithms in
the musk dataset

wgrplasso grpreg gglasso glmnet

(e=0.05) (A=min) (A=min) (A=min)
Prediction accuracy 0.820 0.813 0.771 0.758
Model size 66.53 31.29 30.14 53.53
Time 0.69 3.04 2.70 2.12

The experimental results show that wgrplasso has the highest prediction accuracy among the four
algorithms, indicating that the algorithm is able to identify the target class more accurately in the task
of categorizing musk data, and wgrplasso also exhibits shorter computation time without sacrificing
accuracy. This makes the wgrplasso algorithm the preferred algorithm for dealing with the problem of
categorizing musk datasets.

6.2. Gene expression studies in epithelial cells of breast cancer patients

We obtained microarray data from the NCBI Gene Expression Omnibus for patient histological
epithelial cells. (https://www.ncbinlm.nih.gov/geo/) under accession GSE20437. The dataset consists
of 42 samples with 22,283 variables. It consists of microarray gene expression data collected from the
histologically normal epithelium (NIEpi) from 18 breast cancer patients (HN), 18 undergoing breast
reduction (RM) and 6 cancer-free prophylactic mastectomies (PM) in high-risk women. Graham et
al. [28] have shown that genes are differentially expressed between HM and RM samples. This is more
fully discussed in Yang and Zou [27]. Here, we consider the effect of genes on HM and RM. Similar to
Yang and Zou [27] approach to the data, fitting the sparse additive logistic regression model using the
Group Lasso penalty while selecting the significant additive components.

As with the setup in section 6.1, we continue to train with 3/4 of the data and expand the training
data using a third-order B-spline basis function and treated them as a group to reflect the role in the
additive models, leading to a grouped regression problem with n = 36 and p = 66849. All data were
then standardized so that the mean of each original variable was zero and the sample variance was
in units. This experiment was repeated 100 times to get the prediction error. We built a complete
observational model for the one of experiments, and report the selected genes in wgrplasso, grpreg
and gglasso algorithms. These results are listed in Table 5. We observe that the wgrplasso and gglasso
algorithms selects more variables than the grpreg algorithm, and wgrplasso has less prediction errors.
Summarizing the above results, our proposed penalized weighted score function method can pick
much more meaningful variables for explanation and prediction.
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Table 5. Average prediction error, model size selected genes for 100 repetitions of three algorithms in
microarray gene expression data from histological epithelial cells

wgrplasso grpreg gglasso
(e = 0.05) (A=min) (A=min)
Prediction error 0.73 0.63 0.71
Model size 14 9 14
117_at 200047_s_at
1255_g_at 200729_s_at
200000_s_at 200801_x_at
201464_x_at
200002_at 201465_s_at
201465_s_at
200030_s_at 202046_s_at
201778_s_at
200040_at 202707_at
202707_at
200041_s_at 205544 _s_at
Selected genes 204620 s at
200655_s_at - 208443 _x_at
205544 _s_at
200661_at 211374_x_at
211997_x_at
200729_s_at 211997_x_at
213280_at
201040_at 212234 _at
217921_at
201465_s_at 213280_at
202707_at 217921_at
211997 _x_at 220811_at

7. Conclusion

In our work, we propose the penalized weighted score function method for Group Lasso under
logistic regression models. We determine an upper bound on the error of parameter estimation at high
probability, and a direct choice of the tuning parameter under a specific weighted function. Under the
direct choice of the tuning parameter, we improve the block coordinate descent algorithm to reduce
computational time and complexity. Simulation results show that our method not only exhibits better
statistical accuracy, but also calculaters faster than competing methods. Indeed, our approach can
be extended to other generalized linear models with sparse group structure, which will be a future
research.

Funding: The authors'work was supported by Educational Commission of Jiangxi Province of China
(No0.GJJ160927) and the National Natural Science Foundation of China (N0.62266002).

Appendix

Lemma 1. (Bach [23]) Consider a three times differentiable convex function g : R — R such that for all
teR,|g" (1) <S¢ (t), for some S > 0. Then, forall t >0 :

" "

80 exp(s1) 5t —1) < g(0) ~ 5(0) ~ 'O < 5L (exp(st) — 5t 1)

Lemma 2. (Hu et al. [24]) If the inequality YI; a; < bg holds for all a; > 0, we have Y.I' ; a] < b] for
1<g<2

Proof of Lemma 2: We first introduce the Holder inequality:
Set m,n > 1 and % + % = 1. Let 4; and b; be non-negative real numbers, then

1 1
n n m n n
Fans (L) (Lu)
i=1 i=1 i=1
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According to the Holder Inequality, set m = ﬁ and n = q%l, we have

here m,n > 1 which means g € (1,2). O

Lemma 3. (Sakhanenko [29]) Let F7, - - - , Fy, be independent random variables with E(F;) = 0and | F;| < 1
n n
forall1 <i < n. Denote B3 = Y E(F?)and L, = Y, E(|F;|*)/B3. Then there exists a positive constant A
i=1 i=1

such that for all x € [1, % min{fgn, L3
n
P (ZE > an> = (1+0(1)FLy)(1 - d(x)).
i1

Proof of Theorem 1: Define the event

1Sl§g jGGZ

A= { max [ ) Vﬁi(ﬁ?) < z)\wl} :

We state the theorem result on the event A and find an lower bound of P(A).
Define I = {k : ||ﬁ(()k) ll2 # O} , since f3 is the minimizer of £y(B) + A|[WB||2,1, we get

Cyp(B) +AIWBlI21 < Ly (%) + AW |21 (19)
Adding A|[W(B — B°)||2,1 to both sides of (19) are rearranging the inequality, we obtain

Ly(B) = Ly(B°) + AW (B — B%) 21 < MWB° 21 — AIWBII21 + AW (B — B°)lI21
< 2M|[Wi(B = B%) 1y ll21- (20)

According to the fact that £, (B°) is a convex function, by applying Cauchy-Schwarz inequality,
it’s Taylor expansion is as follows

Ly(B) — Ly(B°) = (B—B°)TVLy(BY)

g A
—ZZ ZG; VBN wrwill(B—B) 2
=11/ jeG
g A
>~ | B VEE) e Bal ¢ Fol:

—zZA|W(B = B%) 21 (21)

Y

v
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Combining (20) and (21) and define 5( = ﬁ(()l) — ,3(1), we obtain the weighted restricted group

|| WIC(S(IC)

Therefore, on the event A we have p(s,a) > 0 fora = %*;

And then, due to £, (B°) satisfies the condition of three times differentiable, define the function
g(t) = £y(B° + t6), by applying Cauchy-Schwarz inequality, we have

" < T "
g ()] < Tolngnglxz dlg (1)

<

Tol@ftxnzz (\/E/wl) willoml2g” (1)
J€G

< T Wo

<o ([ v vt

<1 (M/ @ggwl) (+ DV Widp 228 (8).

Make M = 1p(a +1)y/s M/ 1mlin wj, where wj is a real-valued constant, so M is bounded, this means
<I<g

that |¢" ()| < M[Wid(py "(t), by Lemma 1, we have

STHy (B%)6

Cp(B) = Ly (%) = 6TV Ly (B%) + —5 T
¥ v v M2||W15(1)||%,2

(efﬂHWnS(l)Hz,z + melé(I) ||2,2 _ 1) . (22)

Combining (21) and (22), we have the following result

5TH¢([5°)

—zA|[Wé|l21 +
||W15 1132

(e—ﬂl\WI(S(I)Hzg —l—ﬂHWﬁ(I) a2 — 1)

< MWidp MIWied(gell21-

Further more, combined group restricted eigenvalue condition, we obtain

s,0) [ Vi
ﬂﬁ\/ﬁ) (6 MWl 4 ) Wi, )+(1—z) ml22- (23)
This implies that
v S 2A/58 —2
o~ MIWi3() 22 + M[Widpylla —1 < y(s\g)M [Wid(1)ll2,2- (24)

In fact, we can reach the conclusion as follow under all t € [0,1)
—2t
exp( ) +2t—12>0.

Therefore, we adopt t = M|[W;éy)
obtain

(2+ M||Wid(})|l2,2) that meets the above conditions, then we

——2
wi _ M |[Wip113
e~ MIWisll22 +M||WI‘5(I)||2,2 1> 2_‘_/&”;\]5 ||2||2 (25)
I 2,2

doi:10.20944/preprints202311.1114.v1
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Combining (24) and (25), we have

W11 ll2,2 - 2A4/5
2+ M[Widp)llan ~ pisa)’

Based on group restricted eigenvalue condition, chooseA < %, for positive constant k <

min wyj, substitute into the above equation
1<I<g
2k

min w; —k’
1<I<g

M[Wid(py

22 <

Then substitute the equation into (25), we have

S
~M|[Wél2 | Ag 1> 228 RPIUWe 12 26
: ERWla2 12 SR i B 20
1<I<g

Combining (23) and (26), because of the Cauchy Schwarz inequality that

fmin, =+
<I<g
. 1(s, ) [[Widp)l152 + (1= 2)A[W6l|2,1 < 2A[|Wid(p) Il
2 min w
1<I<g
< 2As[|Wid(p)ll22

1
<aA’s+ E||W15(1)||%,2-

Zlmlin wy
<<
Leta = —— 5
—k)u(s,
(]rglggw Ju(sa)

, we have the following conclusion under the event A

2 min wjAs

IWollas < s fff(l e
in @ u(s,
it means that A
10]]21 < . ° .
’ (min w; —k)(1—z)u(s, )

And equation (12) follows from (11) by applying Lemma 2.
Furthermore, by (20) and (21), we obtain
2 min w;A%s
1<I<g

(gligg wp — k) (1= z)u(s, )

[6p(B) = Ly (B%)] < AIWOl|2; <
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Now, we prove the probability of event A

P(A°) =P { max | ) V£2 ﬁo)/wl > Z/\}

1<I<g f=re!

Ve (B))
<P { max max|Gl|# > (Z)L)z}
1<I<g j€G, w;

Aw,
P<{ max |V (BY)] > ki ,
{1<j<}7| +(6))l VG|

takep = &~ 1(1 - 3;) and Aw; = (2/30) \/ %17, it follow that

IN

P(AY) <p maxIP’{ Viy( ,B] | > zAw }

1<j< |G|
<Plrg]a<xpﬂ”{ P! B)G(T B) = Yilxi | > \Z/A%}

=P maXP{|ZK1] > \fN(,BO) }

1<j<p
where «;; = p(x] %) [G(x] B°) — Y;]x;;. Furthermore, with assumption we obtain

E(xij) = p(x] B)[G(x] B°) — E(Yi)]x;; = 0,
E (k%) = Var(x;) = ¢*(x] B°)G(x] ) (1 — G(x] B°))xF: = N*(B°),
because of
il < 9 BO)IG(x B) — YiJ (max fxi|) < MR,
with a positive constant R = [max p(xpY), 0 < G(x]B°) < 1, make Fj; = x;;/(MR) have
|Fijl <1, E(F;) =0,

— YE(73) = ¥ B()/(MR)? < nh2(§)/ (MR,
j=1 j=1
Ly =Y E(|F;*) /B3 Z ?)/By; = %.
=1 j=1 "

Then, B,; = O(y/n) and L,; = O(1/+/n). By lemme 3 we have

{IZKUI>WN(/5°} {|Z fjﬂfo)}

< P{l Y Fil > Bnm}
i=1

=2(1+O(1)°Lyj) (1 — ®(1))
€
=2 (1 +O(173/x/71)) :
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Notice for any 77 > 0, we have 1 — ®(17) < ®(57) /7, then

e . () _ exp(—4?/2)
2 ®lr) < o Nemp

Our default p > 2 has p/e > 2 which means > ®1(3/4) > 1/+/2m, and so

€ exp( 772/2) 772
— < L —).
Zp - \/27{17 eXp( 2 )

Here, we get

n < \/210g2?p.

Asn,p — cowithn <p = 0(6”1/3), we have
P(A°) <e(1+40(1)).
which completes the proof of Theorem 1. [

Proof of Theorem 2: We only need to show that the action of the weight function in the form of (15)
as under logistic loss satisfies the assumption (A3)
Denote g(t) = £y(u +tv; X,Y) for u,v € RP, we have

1 & xTu + xTto xTu+xTto
Y0 =51 {(1 ~Y)exp(EI) y (- T EI LTy,
1 & xTu+ xTro xTu+ xTro
)= 1y {(1 ¥ exp(TE ) (- I EI) o2
i=1
1 & xTu + xTto xTu+xTto
g///(t) — % Z {(1 _ Yi) exp(%) E eXP(—%) (vTxi)3.
i=1
It is not difficult to find that |¢” (t)| = ¢ (¢), then
1 |& xTu+ xTto xTu+ xTto
|g”/(t)| — 871 Z {(1 _ yl) exp(%) _ Yi exp(—%) (vTxi)?’
i=1
1 1| xTu+xTro xTu+xTro T
< = _v. ST : e et Bt .
< 5 max <ol {121 (1) exp(H L) Ly (- I (o7
1
= 5 (max [x; v])[g" (t)]

which completes the proof of Theorem 2. [
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