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Abstract: In this paper, it is shown that the bivariate beta statistical manifold of the first kind with
three parameters has a gradient system Hamiltonian and is completely integrable. It is shown that
this system admits a Lax pair representation. The question here is how to construct a gradient
system and show that it is completely integrable while determining the integrable curves on the
three-parameter bivariate beta variety of the first kind admitting a potential function?To do this,
we prove the existence of the potential on the manifold using ovidiu in [9], then using Amari’s
theorems in [7], we show that this coordinate system admits a dual coordinate system. This will
allow us to determine the Riemannian metric on the manifold and to construct the gradient system.
We linearise this system using Nakamura’s method in [3]. We prove that it is Hamiltonian and
completely integrable using the theorem in [11]. It is shown that the Bivariate Beta of the first kind
with three parameters, is an exponential function. The gradient system is linearizable. It is proven
that the associate gradient system is Hamiltonian with H which is in involution and satisfying
dH = 0. Therefore, the gradient system obtained is a sub-dynamical system of a 4-dimensional
system and is a completely integrable system. We show that the gradient system on the statistical
model has the following Lax pair representation: L. = [L, N] where L is a symmetric matrix and N is
the diagonal matrix. The gradient system defined by the Bivariate Beta family of the first kind with
three parameters odd-dimensional manifold is a completely integrable Hamiltonian system.

Keywords: Hamiltonian function; gradient system; Lax pair representation

0. Introduction

This paper, it is develops an important example of the main Theorem on complete Integrability
of gradient systems on a manifold admitting a potential in odd dimension in [11]. In [10] and [11],
the dynamical system describes the passage in time of any object in the space of states S of the
physical system. Being given a differentiable manifold S, any section X of the tangent fibred at a
point p of S denoted by TS = UpesT)S, induces a symmetric and positive bilinear form g called a
Riemannian metric. In [7], a statistical manifold (S, g, V, V*), is a Riemannian manifold (S, g) with a
dual connection pair (V, V*); where g is a Riemannian manifold and V is a affine connection on S
and verify

8(Y, Z2) =g(VxY, Z)+g (Y, VXZ)

where X, Y, Z are the vector fields. In [5], the Riemannian metric g induces an isomorphism between
the module of vector fields X(S) and the modulus of linear forms ()(S) on S, denoted b,. Let 6 =

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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(61,...,04) a coordinate system on S. In [5] and [11], a gradient system on the Riemannian manifold is
the negative flow of the gradient field grad,(®) defined by

6 = —[bg] 9p(6), M

where ® € C*®(S) is the potential function associated with the gradient field grady(®) with
respect to g. 9p®P(0) = (9, P(0), .. .,agnCD(G))T, such that [bg] = (gij)1<i;j<n, With (gij)1<i;j<n is
the Fisher information matrix on S. In this paper, the integral curves of the gradient system on
the three-parameter bivariate beta manifold of the first kind are determined. Jacobi’s integration
of the geodesics of a three-axis system of three geodesics on a three-axis ellipsoid, the motion
of the vertex under the effect of gravity by Kovalevski in [2] for particular axis ratios. These
efforts culminated in the work of Jacobi, who skilfully applied the method of separating variables
to partial differential equations, the Hamilton-Jacobi, associated with the mechanical system in
order to their integrable nature. In [1], Poincare recognized that integrability is an exceptional
phenomenon of the Hamiltonian system. In 1993, Nakamura [3], proves the complete integrability
of gradient systems constructed on the Gaussian and multinomial manifold. In the same year,
Fujiwara [6], generalized Nakamura’s work to even dimensions. In 2023, in [11], it is studied
the complete integrability of gradient systems defined on a statistical manifold in odd-dimension.
How can we characterize the gradient system on S in order to study the integral curves on the
three-parameter bivariate beta manifold of the first kind? Following this question, it is shown on
6 =(a, b, c) e RL xRY xR%

x = (x1, x) € RY x R%

x1+x <1

B(a,b,c) = M

where py is the Bivariate Beta family of the first kind with three parameters, that py is an exponential
function. Therefore, according to Ovidiu [9], ® = —log W is its related potential function.
It is concluded that S admits a dual-coordinate pair (6, ). The gradient system is linearizable
and we have to take the following form 7j; = —#;. It is proven that the associate gradient system
is Hamiltonian with X which is in involution and satisfying dH{ = 0. Therefore, applying the
fundamental theorem and prove that On a statistical manifold S of three-dimensional defined by
the Bivariate Beta family of the first kind with three parameters, the gradient system obtained is

a sub-dynamical system of a 4-dimensional system and is a completely integrable system. From

S = pe(x) = B(a}b,C) x‘f_lxlz’_l(l — X1 — XZ)C_l,

Stirling’s formula [4], it is shown that the potential function is given by: ®(60) = (a+b+c —

Dlogla+b+c—1)+ (1 —a)loga—1)+ (L —b)log(b — 1) + (1 — ¢)log(c — 1) — log(27) — 2.

and forall Y = {(a,b,c) e R¥|0<a<1,0<b<1,0<c<1} the cube of edges lcm. We show

that the dual potential function associated on S is defined for all (a,b,c) € R® — {Y} is given by,

Y(y) = —2((1“_1) - z(bb—l) - 2(66_1) +1log(a+b+c—1)—Llog(a—1)—1log(b—1)— tlog(c—1) —k.

So, we prove that for all Y the cube such that Y = {(a,b,c) e R3] 0<a<1,0<b<1,0 <c <1}, let
1

(a,b,c) € R3—{Y},let D =< A(0, %, %), €] 0 | > thevectorline, letV =< (m%,b,c) >
0

e If (a,b,c) € VU{D}, then S then is algebraic manifold.
e If (a,b,c) € R3 — {Y; VU {D}} then G is a Pseudo- Riemannian metric.

We also, prove that the gradient system on S obtained by using Stirling’s formula has the following
linear representation #; = —#;. Using [11], we prove that the gradient system is Hamiltonian and
completely integrable. We show that the gradient system on S has the following Lax pair representation:
L = [L,N] where L is a symmetric matrix and N is the diagonal matrix. After the introduction, in
section 2, recall the preliminaries motion on theory of statistical manifold, in section 3 we determine
the Riemannian structure on Bivariate Beta family of the first kind with three parameters distribution,

doi:10.20944/preprints202311.0474.v1
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in section 4, linearization and integrability of Gradient Systems, in section 5, we determine the
Riemannian structure related to Stirling’s formula. In section 6, we have the integrability of Gradient
Systems. At the end, we show that this gradient system admits a Lax pair representation.

1. Preliminaries

polx), 0%

"xeX
of R”; on the sample space X C R. Let F (X, R) be the space of real-valued smooth functions on X'.
According to Ovidiu [9], the log-likelihood function is a mapping defined by

Let S = be the set of probabilities py, parametrized by ®, open a subset

1:S — F(X,R)
pe > 1(pg) (x) =logpe(x)

Sometimes, for convenient reasons, this will be denoted by I(x,0) = I (pg) (x).
In [3] and [7], the Fisher information defined by

(ijhi<ij<n = (—E[aeiaejl(xr 9)]) @
Denote G = (gij)1<i;j<n the Fisher information matrix, the gradient system is given by

T = G 19,0(0). @)

The complete integrability of gradient system (3) is proven if the Theorem 1 in [11] is verify.

2. Riemannian structure on Bivariate Beta family of the first kind with three parameters
distribution

In this section, we present the particular properties of beta bivariate Beta family of the first kind
with three parameters and associated information metric and associated gradient system.

2.1. Particular properties of Beta Bivariate Beta family of the first kind with three parameters.

Let
6=(a, b c) e RLxRY xRE
1 o . x=(x1, 1) € RY xR%
S= Pe(x)ZWx? 1xlz7 M1—x—x) Y, X 41 <1

T'(a).T(b).T(c)

B(ﬂ, b, C) = TT(atb+o)

a statistical manifold.

Proposition 1. The Bivariate Beta family of the first kind with three parameters distribution

1 1o _
pe(x) = bef (1 — 2y —xp)° ! 4)

is an exponential family for all B(a,b,c) > 0.

Proof. We have,

1
pe(x) = exp (a—l)logxl+(b—1)105x2+(c_1)1°g(1_x1_x2)+logW
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Whose, we have
pe(x) = exp[—logx; —logx, —log(l—x; —x2)+alogx; + blogx,
1
+C log(l - xl - x2) + log W
whose,
po(x) = exp[C(x)+afi(x1)+b f2(x2) +cfa(x1,x2) — D(0)]
with:
f1 (X1) = logxl, f2(x2) = log X2; fg(x1,x2) = log(l — X1 — XZ),
1
P(0) = —log Bla,b,0)
More explicitly the potential function given by
P(0) = logI'(a)+logI'(b)+logI'(c) —logT'(a+b+c) )

and
C(x) = —logx; —logxs —log(1 — x1 — x2).

According to Ovidiu Scalin in his book [9] this family is an exponential family. [

2.2. Associated information metric and associated gradient system.

Lemma 1. The Fisher information matrix for the Bivariate Beta family of the first kind with three parameters is

given by
,(]Jaa(ﬂ)+¢ﬂa(ﬂ+b+c) ¢ub(ﬂ+b+c) ¢ac(ﬂ+h+c)
G = Pap(a+b+c) — () + ppy(a+b+c) Ppe(a+b+c) ©)
Pac(a+b+c) Prc(a+b+c) —ee(c) + pec(a+b+c)
with
baala) = —¢i(a)+¢ia+b+c)
PI(a)  PT(a+b+c)
! a2
@b = TG T Farbro)
Pw(b) = —¢p(b)+hla+b+o)
PIL()  PT(a+b+o)
_ T b2
Pwa+b+c) = OB CETE)
pec(a) = —¢c)+¢2(a+b+c)
Pr)  Pratbtc)
Pee (Ll +b+ C) - et oc2

I'(c) T(a+b+c)
0.0 T(a+b+c) dT(a+b+c)opl(a+b+c)

Pa(a+bte) = T(a+b+c) 2(a+b+c)

_ 30 T(a+b+c) dl(a+b+c)dT(a+b+c)
Puclatbc) = T(a+b+c) I2(a+b+c)

_ %0 T(a+b+c) 9I(a+b+c)oTl(a+b+c)
pelatbte) = Ty T2(a+b+c)

) 3;{;’;), it — a%l;) oe(c) = aﬁg)’ bala+b+c) = a;{,ﬁﬂit? Ppla+b+c) = alf%ﬁzﬁ;) $pela+b+c) =
) r o) =200,

d =5
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Proof. we have

I(x,0) = logpe(x) =C(x)+afi(x1)+0b fa(x2) +cfz(x1,x2) — P(6). (7)
using the expression (7) we have the following relation;

dal'(a)  dal'(a+b+0)

o~ TG T Tatero
ol(x,0) aT(b)  3,T(a+b+c)

0 = PETIR) T Tarhto
SRR G

So we obtain the following expression

92T (a) 02T (a+b+c)
821(x,9) _ 2 2 9a? 9a?
auz - _¢a<a)+¢a(a+b+c)+ F(a) _F(a+b+c)
02T (b) 9°T (a+b+c)
&1(x,6) 2 2 a2 ab?
= —¢2(b b -
o P (b)+ 9@ +b+ )+ Ty T Ty b o
92T (c) 9T (a+b+c)
azl(x,ﬂ) _ 2 2 ac? ac?
P R Gt s vyl ey
l(x,0) _ pl(a+b+c) dl(a+b+c)ol(a+b+c)
949y B I'(a+b+c) I2(a+b+c)
l(x,0) _ 90T(a+b+c) dl(a+b+c)dT(at+b+c)
99  T(a+b+c) I2(a+b+c)
%(x,0)  9oT(a+b+c) ~l(a+b+c)ol(a+b+c)
99  T(a+b+c) I2(a+b+c)
by setting
92T (a) 9T (a+b+c)
2 2
faala) = —¢i(a) +9i(a+b+c)and uaa b+ e) = — v ~ T
9°T(b) 9T (a+b+c)
_ 42 2 _ o b2
Por(b) = —¢(b) + ¢j(a+b+c)and Ppp(a+b+c) TORRCETED
92T (c) 9T (a+b+c)
pec(a) = —¢2(c)+¢*(a+b-+c) and pec(a+b+c)=— ra(i) - T jCZ -
_ %0l(a+b+c) dal(a+b+c)ol(a+b+c)
Paletbre) = T oo I2(a+b+c)
_ 00 T(a+b+c) dal(a+b+c)oT(a+b+c)
Pac(atbte) = [(a+b+c) I2(a+b+c)
duela+b+0) 0ol (a+b+c) Jpl(a+b+c)dl(a+b+rc)

I'(a+b+c) I2(a+b+c)
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we obtain the following expression

2
J la(x;G) = (Paa(a) _¢au(ﬂ+b+C)
9%1(x,0)
o = ¢p(b) — pp(a+b+c)
2
%’i’g) = ¢ec(a) — pecla+b+0)
2
9 légxb'g) = —Pu@a+b+c)
2
I ZEEXIG) = _¢ac(a+b+C)
921
g:’g) = —¢pe(atb+o).
Using (2), we have
8aa(0) = —¢aa(a) + Paa(a+b+c)
gw(0) = —Ppp(b) +Ppp(a+b+c)
Sec(0) = —ec(c) + ¢pec(a+b+c)
gub(()) = ¢ub(a +b+ C)
8ac(0) = Pac(a+b+c)
Spe(0) = Ppc(at+b+ec).
O

Since our coordinate system 6 = (a,b, c) admits a dual pair 7 = (11,12, %3) such that

= ¢a(a) — ¢a(a+b+c)
12 = ¢p(b) — Pp(a+b+c) ®)
13 = Pe(c) — Ppe(a+b+c)

According to Amari [7] there exists a dual potential function ¥ which verifies the Legendre equation.
We have

Y1) = ada(a) —aa(a+b+c)+bpa(a) —bpy(a+b+c)+cpe(c) —cpe(a+b+c)
—logT(a) —logT(b) —logT'(c)+1logT(a+b+c)

Theorem 1. Let

0=(a b c)eRL xRY xRY
x = (x1, xp) € RY xR
T oxp+xp <1

Bla,bc) = "R

1 ~1.b—
S = pg(x) = B(u b c)x‘f 1xg 1(1—X]—x2

)c—l
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be the statistical manifold, where pg(x) is the density function of the Bivariate Beta family of the first kind with
three parameters family. The gradient system defined on S is given by

a=—C1(a+b+c)(pa(a) —a(a+b+c)) —Ca(a+b+c)(Pp(b))
—¢p(a+b+c)—Cs(a+b+c)(pc(c) +¢pc(a+b+c))
b=—C4(a+b+c)(pa(a) — pala+b+c)) —a(a+b+c) (¢p(b))
—pp(a+b+c)—Zs(a+b+c)(delc) +¢e(at+b+c))
¢=—Cs(a+b+c)(pa(a) —Pala+b+c)) —fe(a+b+c)(pp(b))
—¢p(a+b+c)—3(a+b+c)(pclc) +dc(a+b+c))

©)

where

Pub (D) Pec(c) = Pec(c)Pec(a+ b+ ) — Ppec(c)ppp(a+b+c)
m(a,b,c)
+u(a+b+c)pec(atbtc)—¢f(atb+c)
m(a,b,c)
Paa(a)¢ec(€) — Paa(@)Pec(a+b+c) — Pec(c)paa(a+b+c)
m(a,b,c)
+Paa(a+b+c)pec(a+b+c) —Pi(a+b+c)
m(a,b,c)
Paa(@) P () — Paa(a)Pey(a + b+ ) — Ppp(b)Paa(a + b+ c)
m(a,b,c)
+aa(a+b+c)ppp(a+b+c)—¢2(a+b+c)
m(a,b,c)
Poc(@+ b+ )ac(a+b +¢) + Pap(a + b+ ¢)pec(c)
m(a,b,c)
—¢ap(a+b+c)pec(a+b+c)
m(a,b,c)
¢ab(a +b+ C)(Pbc(a +b+ C) + ¢ac(a +b+ C)‘Pbb(b)
m(a,b,c)
—Pac(a+b+c)ppp(a+b+c)
m(a,b,c)
Poc(a+ b+ C)paa(a) = Ppc(a+ b+ c)paa(a+b+c)
m(a,b,c)
+Pap(a+b+c)pac(a+b+c)
m(a,b,c)

{1(a+b+c) =

fo(a+b+c) =

3(a+b+c) =

la(a+b+c) =

{s(a+b+c) =

lela+b+c) =
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and
aa(a) = —¢7(a) +¢i(a+b+c)
0°T(a) 9°T (a+b+c)
. _oaz 942
Puala+btec) = T(a) T(a+b+c)
pu(b) = —93(b) +¢j(a+b+c)
02T (b) %I (a+b+c)
_ 9 ob?
4>bb(a+b+c) = F(b) F(a+b+c)
pec(a) = —¢2(c) +¢Z(a+b+c)
02T (c) T (a+b+c)
N oc?
pecla+b+c) = T Ta+tbio
_ 0a0pT(a+b+c) dT(at+b+c)opl(a+b+c)
Pala+b+e) = Ty T2(a+b+c)
00 T(a+b+c) 9 l(a+b+c)oT(a+b+c)
Pclatbte) = FT T2(a+b+c)
00 L(a+b+c) Jpl(a+b+c)oT(a+b+c)
Pue(a+b+c) T(a+b+o) T2(a+b+c)
where
m(a,b,c) = —@Paa(a)Ppp(b)Pec(c) + Paa(a)Ppp(b)Pec(a+ b+ c)

—aa(2)Ppp (@ + b+ ¢)Ppec(a + b+ ¢)Paa(a) P (a+ b+ c)

+¢aa(a + b+ ¢)Ppy (D) pec(c) — Paa(a+ b+ c)ppp(b)Ppec(a +b +c)
~Paa(a+b+c)ppp(a+b+c)pec(a+b+c) —aa(a+b+c)pi(a+b+c)
+2¢ (a8 + b+ ) Ppe(a + b+ ¢)Pac(a+ b+ )2 (a + b+ c)pec(c)

~ @@+ b+ ) ec(a+b+c) + pr(a+ b+ )y (b)
—¢2.(a+b+c)pyp(a+b+c)

is the determinant of the matrix G.

Proof. Using the lemma 1 we have

m(a,b,c) = detG = —daa(a)Ppy(b)Pec(c) + Paa(a)Ppy(b)pec(a+b+c)
—aa (@) Py (@ + b+ ¢)Ppec(a + b+ ¢)Paa(a) P (a+ b+ c)
+Paa(a + b+ c)Ppy (b)Pec(c) — Paala+ b+ c)ppp(b)Pec(a+b +c)
—Paa(a+b+c)ppp(a+b4c)pec(a+b4c) — aaa+b+c)pi(a+b+c)
+2005 (4 + b+ ) o (a + b + ) ac (@ + b + )97, (a + b + ¢)pec(c)
— (b4 C)pec(a+b+c) + @i (a+ b+ c)pp (D)
—¢2(a+b+c)ppp(a+b+c)

we obtain:

C1la+b+c) lyla+b+c) {s(a+b+c)

Gl = a(a+b+c) f(a+b+c) Zgla+b+c) (10)
{s(a+b+c) fela+b+c) f3(a+b+c)

Using the relation (6) and (10) in (3) we have the result. [
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3. Linearization and integrability of Gradient Systems.

Thereafter we show that this equation can be reduced to the following linear system

Indeed, since

so, using (??) and (9) in (12) we obtain
Ukt
12
13

90f 19
d
T o= (11)
Vo= G (12)
—¢a(a) + Pa(a+b+c)
—¢p(b) +Ppp(a+b+c)

—pc(c) +¢c(a+b+c)

which clearly shows that system (18) is linearized. We have the following lemma.

Lemma 2. Let

b

S = pelx) = le A1 - —x) 7,

0=(a b c) e Ry xR} xR}
x = (x1, xp) € R x R%
x1+x <1

B(a, b, c) — L@IOLI(0)

T'(a+b+c)

doi:10.20944/preprints202311.0474.v1

be the statistical manifold, where py is the density function of the Bivariate Beta family of the first kind with three
parameters family. The Hamiltonian of the gradient system (9) on S is given by H = Q1 Py + Q) Py such that:

) et b0 | gel0) —pelatbio)
Hlabe) = @ gt 550 9y(0) —goat Do) %)

Proof. Using the main Theorem in [11], and using (8), by setting

1
h= "~ pala) —pa(a+b+c) Q1 =¢p(b) —Ppla+b+c),
A= —parirg G =@ - pla+bro.
We have
_ pp(0) —pp(a+b+c)  ¢e(c) —pe(at+b+c)
H(a,b,c) = ¢a(a) — ¢a(a+b+c) +¢b(b)—¢b(a+b+c)‘
O

We have the following theorem

Theorem 2. Let

0=(a b c) € R xR: xR
x = (x1, xp) € RY xR

x1+x <1
B(a,b,c) =

1 1 b _
S = peo(x) = Wx‘f 13‘3 1(1_x1_x2)c L

T'(a).T(b).T(c)
T'(a+b+c)
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the statistical manifold. The gradient system obtained (9) is a sub-dynamical system of 4-dimensional system
and is a completely integrable Hamiltonian system with the Hamiltonian H, such that:

. oH
Py 0 1 0 0 gP
Q1 -1 0 0 O 90,
) = 14
P, 0 0 0 1 3%1 (14)
) —1 IH
Q" 0 O 0 50
0 1 0 0O
where N = _01 8 8 (1) is a Poisson tensor.
0 0 -1 0

Proof. Using the main Theorem in [11], and using (8), by setting

1

N N PR = ¢p(b) — pp(a+b+c),
r_ 1 . -

P = —garbroy Q= el —gelatbto).

We have
=P, Q1=-Q1, P =P, Q1 =-0Q}.

Using the Lemma 1 we have

oH oH oH oH
—_— = P _— = _— = P _— = .
an 1, 8P1 Ql/ an 27 apl/ Ql
We have the following system
Py = %a
Q= —op,
pr, — 9K (15)
1— aQ/b
Q= _aT?;f
the system (15) take the form:
. IH
P 0 1 0 0 gl;%
1 _ -1 0 0 0 307
Py 0 0 0 1 37:
) 0 0 -1 0 oH
Q" 50,

We see that (9) is Hamiltonian system. Since the system (9) is completely integrable on 5. [

4. Riemannian structure related to Stirling’s formula.

In this part, we study the geometric structure on the first species beta manifold using the
approximation related to the Stirling’s formula [4].

4.1. Associated information metric and gradient system.

Using James Stirling’s formula which was recalled by Mortici, Cristinel [4] we have the following
lemma:

doi:10.20944/preprints202311.0474.v1
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Lemma 3. Let (a,b,¢) €]1; +00[Xx]1; +00[x]1; 4+o00[. The potential function ® is defined on the space of three
dimensional deprived of the cube of edges 1cm and of which one of the vertices are the origin of the frame and the
three positive axes define the supports of these edges, its expression is given by

PH) = (a+b+c— %)log(a+b+c—1)+ (% —a)log(a—1) + (% —b)log(b—1)
+(% —c)log(c —1) —log(2m) — 2.

Proof.
Using (5) and Stirling [4] we have

PO) = (a+b+c— %)1og(a+b+c—1)+ (% —a)log(a—1)+ (% —b)log(b—1)
+(5 —c)log(c —1) ~ log(27) 2. (16)

Relation (16) is defined only for the values of a,b ,and ¢ such that:
(a,b,¢) €]1;4+00[x]1; +00[x]1; 400].

By setting
Y:{(a,b,c)eR3|oga§1,ogbg1,ogcg1}.

Y defines the cube of edges 1cm. Then (a,b,c) € R® — {Y}. O

So, we have the following Lemma

Lemma4. LetY = {(u,b,c) ER}0<a<1,0<b<1,0<c< 1} the cube of edges 1cm.
The information metric defined for all (a,b,c) € R3 — {Y} is given by

1 a3 1 1
a+b+c—1 (a—1)2 a+b+c—1 a+b+c—1
3
_ 1 1 _ b-3 1
G = a+b+c—1 a+b+c—1 (b—1)2 a+b+c—1 (17)

1 1 1 3
a+b+c—1 a+b+c—1 a+b+c—1 (c—1)2
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Proof. Using the relation (1), and the potential function (16) we obtain the following coefficients,

0 — 1 a—%
s = o (a—1)2
1 -3
§2(0) = a+btc—1 (b—1)72
1
$2) = it
1
s1(0) = preot
1
sa0) = e
1
s200) = et
1
) = e
1
600 = e
1 c—3
g(0) = 2

a+b+c—1 (c—1)2
O

For all (a,b,c) € R® — {Y}
withY = {(a,b,c) eR3|0<a<1,0<b<1,0<c< 1}
We have a dual coordinate #; = 9;®(8). So,

Nl—

m =log(a+b+c—1)—logla—1)+ %
1
2 =log(a+b+c—1)—log(b—1) + ;%
1
3 =log(a+b+c—1)—log(c—1)+ &
we have the following system
2.99(6) 1 a3
da  oa a+b+c—1  (a—1)2
2990 _ 1
da _db — a+b+c-1
aia(Pa(G) - bl
= aFbtc-1
2000 1 b3 (18)
b ab T arbre—1 (-1
2990 _ 1
ob oc T atbtc-1
2990 _ 1 3
dc dc T a+btc—1  (c—1)?
we have
1 1 1
PO) = (a+b+c— E)log(a+b+cfl)+ (5 —a)log(a—1)+ (5 —b)log(b—1)
—I—(% —c)log(c—1)+k. keR
We have
Y(1) = am+byz+cyz—2(6) (19)

so, we have the following Lemma
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Proposition 2. The dual potential function associated with the first species beta variety with three parameters
is defined for all (a,b,c) € R3 — {Y} is given by

a b ¢
Y(n) = " 2a—1) 2(b—1) 2(c—1)

+ %log(a—i-b—i—c—l) - %log(a—l)
“Liog—1) = Liogc —1) —k
28 28
Proof. By applying (19) we have the result. O

We start by computing the determinant, and we have:

_14cab — 8ca + 15a — 8ba + 15¢ — 8bc — 27 + 15b
8 (a—1)2(b—-1)2(c—1)2(a+b+c—1)

det(G) =

So, we have the following theorem:

Theorem 3. Let Y the cube such that Y = {(a,b,c) €ER}0<a<1,0<b<1,0<c< 1},
1

let (a,b,c) € R® —{Y},let D =< A(0,3,3); €| 0 | > the vector line,
0

_ ( 8be=15b—15c427
let V=< ( 4ch—8bBer15 1 s C) >

e If(a,b,c) € VU{D}, then S then is an algebraic manifold.
e If(a,b,c) € R® —{Y;VU{D}} then G is a pseudo riemannian metric.

Proof. Forall (a,b,c) € R® —{Y}

e we solve det(G) = 0 and we have a = W, b=0b, c=c wherea =4, b = %,c: %

Ora=a, b= %,c = % define the vector line D and %, b=0b, c =cdefine V. So if
(a,b,c) € VU{D}, then S then is algebraic manifold.
o If (a,b,c) € R3 — {Y;VU{D}} then det(G) # 0 and G is a symmetric matrix then G is a pseudo
riemannian metric.
O
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Theorem 4. Let G is a Pseudo-Riemannian matrix. Let S be the statistical manifold, where py is the density
function of the Bivariate Beta family of the first kind with three parameters family. The gradient system on S is
given by

4cab—8ca+15a—8ba+15¢—8bc—27+15b

j — 2(a=1)%(=6ba—6ca~+a-+dcab—c—b-+3) <log(a—|—b+c—1) log(a — 1) — 2 )

4(2c—3)(b—1)?(a—1)?
+ Teab—8ca-; 152 - 8ha  T5c—sbe—27 1155 | 1og(a +b+c—1) —log(b e

4(2b-3)(c—1)*(a—1)? 1
+ Teab—8cat 157 —shat 15c—8h—277155 \log(a+b+c—1) —log(c—1) — 25

)

1
_2
) (20)
20-3)(b—1 1
+ Zear— 8c11-(&-1aSu )B(ba—&-%SEC Sb)c 277156 | 108(a +b+c—1) —log(c —1) — 2 )
)
-1
2(c—1)?(—6ca—a+4cab+9c+3—b—6bc)

42b-3)(c—1)(a—1)° <log(a +b+4+c—1)—log(a—1)—
1
+ 3cab—8ca+15a—8bat15c—8bc—27+15b log(a+b+c—1)—log(c—1) - 2 1> .

; 4(2c-3 1
b= 4cub786a4(rlc5a )S(baJriSEra Sb)c 27156 (log(” +b+c—1)—logla—1)—

-

2(b—1)2(—6ba—a+4cab+9b—c—6bc+3) e
+ Teab—Sco T 150 8ha 115 shc 271155 | 10g(a+b+c—1) —log(b—1) — %5

N\»—l

~ Zcab—8ca+15a—8ba+15c—8bc—27+15b

INI—

4(2a—3)(b=1)*(c—1)2
+4cab 8ca+1{15a 8ba+15cc 8bc—27+15b log(a +b+c— 1) - log(b - 1) T b1

5)
)

Proof. In the case, G is a Pseudo-Riemannian matrix, using Lemma 4 we have the inverse of the matrix

‘N

will be given by
al a2 a3
G! = bl b2 b3 (21)
cl 2 3
(22)
1= _ 2(a—1)*(—6ba—6ca+9a+4cab—c—b+3) |
4l = = 4cab—8cat15a—8bat15c—8bc—27+150 -
5 _ 4(2¢—3)(b—1)%(a—1)? .
az = 4cab—8ca+15a— 8ba+15€ 8bc 27+15b 7
3— _ 4(2b—3)(c—1)%(a—1)? .
A5 = — Zcab—8cat154_8ba15c_8bc_271156 *
bl — 4(2c—3)(b—1)*(a—1)? .
- 4Eub ?C?+15a 8ba+15c78bc727+15b) 4
: _ 2(b—1)*(—6ba—a-+4cab+9b—c—6bc+3 .
with § b2 = — s S 15827 15b
b3 — — 4(2a—3)(b—1)%(c—1)? .
- 4cab78ca+15a78ba+15c78bc727+15b 4
1= 4(2b—3)(c—1)*(a—1)? .
¢l = —zp—scar15a— 8ba+15c—8bc~27+155
o _ 4(2a—3)(b—1)2(c—1)? .
C&= ~qeap— 8¢a-+150—8ba+15c—8bc—2715b 7
3 _ 2(c—1)*(—6ca—a+4cab+9c+3—b—6bc)
C3 = ~ Lcab—Scat15a—8ba+15c—8bc—27+15b
So, we have
_1
log(a+b+c—1) —loga—1) + %
1
%®(0) = log(a+b+c—1)—log(b—1)+ ﬁ (23)
_|_

log(a+b+c—1)—log(c—1)

=

c—
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The gradient system will therefore be written as follows
. 2(a—1)2(—6ba—6ca+9a+4cab—c—b+3) i
4 = Zeab—8cat15a—8bat 15c—8bc—27+15b (108(“ +b+c—1)—logla—1) - ;2
4(2c—3)(b—1)?(a—1)?
+ Teab—8ca+ 152 —8ha+ T5c—sbe—27+155 | 10g(a +b+c—1) —log(b 1)
4(2b—3)(c—1)?(a—1)? 1
+ Tcab—Sea - 152 -8ha 115 8be 27155 | 10g(a+b+c—1) —log(c—1) — 25
- 4(2c-3)(b—1)*(a—1)2 %
b = foap—scatT50-sbai15c—she—2156 | log(a+b+c—1) —log(a—1) — 2;
2(b—1)%(—6ba—a+4cab+9b—c—6bc+3)
+ Zcab—8caT 154—8ba+15c—8bc—27 415 (log(a +b+c—1)—log(b = 1)
4(2a—3)(b—1)2(c—1)2 2
+ Zcat—8ca+15a—8ba+15c—8bc—27+ 156 <log(a +b+c—1)—log(c—1) - )
. 4(2b—3)(c—1)%(a—1)?
C = Zcab—8cat15a—8bat 15¢c—8bc 271156 (log(a +b+c—1)—logla—1)— )
4(2a—3)(b—1)2(c—1)? 1
+ Teab—8cat 157 —8hai 15c—8hc—277155 | log(a+b+c—1) — log (b o1
2(c—1)?(—6ca—a+4cab+9c+3—b—6bc) b
+ Teab—Beo T 15a—8ha+ 5c—sbe—27+155 | 1og(a +b+c—1) —log(c—1) c21>
]
4.2. Linearization and Hamiltonian function.
Let’s calculate now
. =
7 o= G#6
so, we have
1 a—3 1 1
in a+btc—1 ~ (a—1)2 atbtc—1 , atbtc—1 a
; _ 1 1 b—3 1 i
2 = atbte1 e s Wl (Y atbte 1 b
3 1 1 1 c—3
a+b+c—1 a+b+c—1 atbtc—1 = (c—1)?
we have
1
in log(a+b+c—1)—log(a—1)— %
. 1
12 = log(a+b+c—1)—log(b—1)— ;%
; 1
13 log(a+b+c—1) —log(c—1) — 25
which clearly shows that system (20) is linearized in the form
dn
- _ 24
T 1 (24)

we have the following Lemma.
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Proposition 3. Let S be the statistical manifold. The Hamiltonian of the gradient system (20) is given on the
beta family of the first species manifold is given by

-

Hiabe) - log(a+b+c—1) —log(b—1) — 3%

i
log(a+b+c—1)—log(a—1)— %

‘MH

C

log(a+b+c—1)—log(c—1) —
L loga+brc—1) ~logle— 1)~ o)
log(a+b+c—1) —log(b—1) — ;24

o] |

Proof. We obtain these values in the appendix. So, we have {#,H} = 0. H is involution.
We have: % = %—Ij% + %%—i— %% we have ‘%{ =0. O O
5. Integrability of Gradient Systems.
After calculation wehave Py =P, Q1 = —Qy, P1 =P}, Q1 = —Q}
So, given that % =D, gTHl =Q, % =P, g%{ =
We have the following system:

oH .
= p
01 !
oH .
“on T Q1
oH
aQ, P4
oH .
-~ = O (26)
1
the system (26) takes the form
. oH
P 0 1 0 0 3717’_%
Ql _ -1 0 0 O @
Py 0 0 0 1 P!
) -1 OH
o2 0 0 0 %

we obtain the following Theorem:

Theorem 5. On a statistical manifold S of dimension 3 defined by the Bivariate Beta family of the first kind
with three parameters, the gradient system obtained is a sub-dynamical system of 4-dimensional system and is a
completely integrable Hamiltonian system, such that

. oM
P 0 1 0 O oP;
O 10 0 o || 3%
: = 27
P4 0 0 0 1 3—1’;1; 27)
3/ _ oH
Q4 0 0 10 50,
0 1 0 O
where N = _01 8 8 (1) is a Poisson tensor.
0 0 -1 0
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Proof. We show that (27) is equivalent to the Hamiltonian system
oH .
it p
00 !
oH .
o Q1
oH :
Jnt _ p
2Q, !
oH :
=0 = Q@ (28)
oP;

on S. Thus (Qy, P, Q}, Pj) is a set of canonical variables. Since H € C!(S) does not depend on ¢
explicitly. According to Liouville-Arnol’d [8]system (20) the complete integrability is proven. [

6. Lax pair representation.

In [5], it is given the definition of the Lax-pair. In this section, we will construct the pair of
lax associated with the gradient system. We recall that the pair of Lax must respect two important
conditions: tr (L) = H and dt;(tL) = 0. With dtlri—(tm = tr[L,N].

So, we have the Theorem

Theorem 6. The gradient system on the manifold S of Beta family of the first kind Distribution is represented
by the following Lax pair:

L = [LN] (29)
1 1
log(a+b+c—1)—log(b—1)— ;21 0 log(a+b+c—1)—log(c—1)—2;
log(a-i-h-&-c—l)—log(a—l)—ul%l log(a—}—h-i-c—l)—log(a—l)—al%1
L = 0 0 0
log(u+b+cfl)flog(cfl)7% 0 10g(u+b+c71)7log(cfl)7%
10g(a+b+cfl)flog(a71)7% log(a+b+c71)flog(bfl)fb%%1
and
£ 0 0
N = 0 0 0
0 0 ¢
with, ¢ € R.

Proof. we are given a symmetric matrix L such that its trace is equal to the Hamiltonian and whose
unknowns are on the second diagonal as a sequence.

NI—

log(a+b+c—1)—log(b—1)— %7

0 mq

|

log(a+b+c—1)—log(a—1)— ;21
L = 0 0 0 (30)

log(a+b+c—1)—log(c—1)—

‘N\»—\

nq 0

ST
R

log(a+b+c—1)—log(b—1)— 427
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The matrix (30) is a symmetric matrix and real-valued, so it is diagonalizable. And according to
Zakharov shabat the determinant of this matrix is a prime integral therefore its eigenvalues are prime
integrals. Thus to determine the values of m, we pose the condition that these values are prime
integrals. We have the matrix (??) becomes

1
2

==

log(a+b+c—1)—log(b—1)— log(a+b+c—1)—log(c—1)—

1

|

1
log(a+b+c—1)—log(a—1)— -2 log(a+b+c—1)—log(a—1)— -2+
& g 2 g g -1

L = 0 0 0

NI—|
)

log(a+b+c—1)—log(c—1)—; log(a-+b+c—1)—log(c—1)—;

‘N\»—- | ‘N\.—-
|
o

‘N\»—- | ‘N\»—-

|

log(a+b+c—1)—log(a—1)— log(a+b+c—1)—log(b—1)—

|
|

a— -1

dtr(L)

The matrix that allows us to have —~* = 0 is given by

¢4 0 0
N = 00 0
0 0 £

To determine the values of £; and ¢, we solve the equation: L = [L, N]. So we obtain

f 0 0
N = 0 0O
0 0 ¢
for all ¢ € R. So, we have
0 0O
E;—I; = 0 0O
0 0O
and we have
0 0O
[L,N] = 0 0O
0 0O

O

7. Discussion

Authors should discuss the results and how they can be interpreted from the perspective of
previous studies and of the working hypotheses. The findings and their implications should be
discussed in the broadest context possible. Future research directions may also be highlighted.

8. Conclusions

The gradient system defined by the Bivariate Beta family of the first kind with three parameters
odd-dimensional manifold is a completely integrable Hamiltonian system.
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