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Abstract: This paper addresses the problem of synthesizing four-link initial kinematic chains with
rotational pairs for designing flat lever mechanisms with specified motion laws of the input and
output links. The proposed method formulates the synthesis problem as an optimization process
involving three moving planes Q, Q; and Q,. Each plane performs distinct motions: Q is fixed, Q;
rotates around a point A, and Q, undergoes plane-parallel motion. The goal is to determine the
optimal position of point A € Q, B € Q; and C € Q, such that the distance between points B and C
remains nearly constant across multiple configurations. The synthesis problem is reduced to a
sequence of linear systems of equations corresponding to three iterative minimization stages:
Determining the fixed-point A and the radius R for given points B and C; Determining the point B
and radius R for a given point C; Determining the point C and radius R for a given point B. The
algorithm uses a hierarchical optimization process to iteratively refine the positions of A, B, and C
until convergence is achieved. The convergence criteria are defined by the small changes in the
positions of these points and the radius R between iterations. The proposed method avoids solving a
highly nonlinear system directly by decomposing the problem into simpler linear systems, ensuring
computational efficiency and robustness. The solution provides the desired positions of the points,
forming an open kinematic chain ABCD with three degrees of freedom. The approach is applicable
to the synthesis of complex planar mechanisms with unrestricted parameters, making it a valuable
tool for mechanism design.

Keywords: kinematic synthesis; initial kinematic chain; approximate kinematic geometry; objective
function minimization; system of linear equations.

1. Introduction

This paper explores the challenges of kinematic synthesis for four-link initial kinematic chains,
which are fundamental in the design of planar (flat) lever mechanisms. Such synthesis is especially
important in developing high-class mechanisms [1-3], where specific motion laws are imposed on
both input and output links [4]. The core of the synthesis problem lies in defining a plane-parallel
motion of two rigid bodies (or their planar cross-sections) with respect to a third, fixed body [5,6].
The approach is grounded in the theory of approximate kinematic geometry, which allows for
practical realization of mechanisms based on discrete positional data. The synthesis of four-link initial
kinematic chains with rotational pairs is a fundamental problem in the design of planar lever
mechanisms, especially high-class mechanisms with prescribed laws of motion for input and output
links. This problem arises frequently in the design of machinery where precise coordination of
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moving components is required, such as robotic manipulators, mechanical linkages [7,8], and
automated systems. The challenge lies in finding appropriate geometric configurations that satisfy
desired motion criteria while ensuring kinematic compatibility and smooth operation [9,10].
Traditional methods for mechanism synthesis often rely on graphical or analytical approaches, which
can be cumbersome and limited in their application. As mechanisms become more complex,
particularly those involving rotational and translational pairs [11], the design process requires more
robust mathematical tools. Recent advancements in computational techniques have enabled the
development of more efficient and accurate methods for solving synthesis problems [12-14],
particularly when formulating them as optimization problems. In this work, we focus on the
synthesis of four-link initial kinematic chains formed by connecting three moving planes: Q (fixed
plane), Q, (rotating plane), and Q, (plane-parallel moving plane). The objective is to determine the
optimal positions of points A(X,,Y) € Q, B(xp,¥s) € @y, and C(x'¢,y'c) € Q, such that the distance
between B and C remains approximately constant across various configurations. This problem
formulation is particularly important when designing open kinematic chains of the form ABCD with
three degrees of freedom, which serve as the foundation for more complex mechanisms [1]. The
design and synthesis of planar mechanisms with specified motion characteristics is a fundamental
problem in mechanical engineering and robotics. In particular, the synthesis of four-link kinematic
chains plays a crucial role in developing precise and efficient linkage systems used in a wide range
of industrial and technological applications, such as manipulators, tracing devices, and automation
equipment. One of the central tasks in kinematic synthesis is to determine the optimal geometric
configuration of links and joints that can reproduce a prescribed set of positions and orientations of
moving bodies. This paper focuses on the synthesis of initial four-link kinematic chains with
rotational pairs [15-17], which are formed by connecting two moving planes through hinges to a fixed
base, creating an open-loop mechanism with three degrees of freedom [18]. Traditional methods of
mechanism synthesis often involve solving highly nonlinear systems of algebraic equations derived
from loop-closure conditions or geometric constraints. These methods, while exact in theory, become
computationally intensive and unwieldy when applied to systems with multiple positional
constraints. Moreover, the multiplicity of solutions (including local maxima, saddle points, and non-
physical configurations) requires careful selection and verification of valid designs. To address these
challenges, we propose an efficient and theoretically grounded approach based on approximate
kinematic geometry [1,20]. The method relies on minimizing a weighted sum-of-squares error
function that quantifies the deviation of the actual mechanism from the desired motion behavior. By
expressing the geometric relationships in matrix form and breaking down the full system into a
sequence of simpler linear subsystems, the synthesis problem becomes tractable and can be solved
iteratively. A key result of this work is a theorem that guarantees the monotonic decrease of the
objective function across successive iterations, ensuring convergence to a local minimum. This allows
for practical implementation of the algorithm without resorting to the full solution of high-degree
polynomial systems [21]. Furthermore, the algorithm's flexibility permits it to be applied to a broad
class of mechanisms, as long as no strict parameter constraints are imposed. The remainder of the
paper details the mathematical formulation of the problem, derivation of the objective function,
linearization strategy, the minimization theorem, and the iterative synthesis algorithm. Visualization
of the iterative process is also presented to demonstrate convergence behavior and support practical
implementation. The problems of mechanism synthesis have mainly developed in two directions:
algebraic methods of approximation synthesis of lever mechanisms and methods of synthesis of lever
mechanisms based on approximation kinematic geometry [22,23]. The development of these two
directions of mechanism synthesis has had a decisive influence on the formation of methods of
approximation synthesis of lever mechanisms [24]. Kinematic synthesis is one of the most important
stages in the process of designing a mechanism, since it is at this stage that the basic kinematic
properties necessary for the mechanism to perform its assigned functions are formed. The advantages
of optimization methods for mechanism synthesis are especially evident in cases where "classical"
methods of kinematic synthesis based on kinematic geometry or various approximation methods are
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inapplicable or ineffective. The success of searching for an optimal mechanism largely depends on
the choice of the initial approximation determined by classical methods [11], while a mechanism
designed by classical methods often requires optimization taking into account additional synthesis
conditions. Based on the above, it can be concluded that the development of methods for synthesizing
flat lever mechanisms was aimed at creating a theory of synthesis that would make it possible to
synthesize any mechanism schemes based on a single principle. In particular, many studies at the
heart of solving problems of structural and kinematic synthesis of mechanisms are essentially the
idea of forming a mechanism from certain initial kinematic chains, as from component parts. The
purpose of this work is to develop a unified set of numerical and analytical methods for the structural
and kinematic synthesis of planar lever mechanisms, based on the prescribed laws of motion of the
input and output links. The methods are designed to be applicable across all stages of the synthesis
process and are grounded in the systematic use of initial kinematic chains (IKC) and their structural
modifications [25]. This approach enables the automated generation of mechanism topologies and
dimensional parameters that satisfy both geometric and functional motion constraints, thereby
facilitating the efficient and accurate design of high-class planar mechanisms through a
computationally supported framework. Reliability of theoretical results is ensured by correct use of
theoretical provisions and methods of theoretical and applied mechanics and applied mathematics.
The efficiency of the method and algorithms is confirmed by the results of numerical modeling on a
computer. Numerical results of the synthesis of specific mechanisms confirm the operability and
efficiency of the developed method of structural and kinematic synthesis of flat lever mechanisms
according to the specified laws of motion of the input and output links of the mechanism.

2. Materials and Methods

Let there be given N discrete positions of two planes, denoted as Q:and Qz, which represent
sections of two rigid bodies. Their positions relative to a fixed reference plane Q are specified as
follows: plane Q:is defined by coordinates (X4, Ya) and a rotation angle ¢; about point A, where i =
1,...,N; plane Q: is defined by coordinates (Xp;, Yp;) and a rotation angle ; about point D, for the
same i =1,...,N:

Q1 (Xa, Ya, 01), Q2(Xpi, Ypi¥pi), i =1,..,N 1

To formalized the motions: A rectangular coordinate system OXY is rigidly attached to the fixed
xy, fixed in Qs;
D;x!y;, fixed in Q: for each position i. In this setup: plane Q: undergoes pure rotational motion about

plane Q. The moving planes Q: and Q2 each carry their own coordinate systems: A

the fixed-point A; plane Q: executes a general plane-parallel motion [1], governed by the trajectory of
point D and rotation . The aim is to synthesize a kinematic chain-typically a four-bar linkage-
capable of guiding these two bodies through the given set of positions with high precision, ideally
minimizing deviations using methods of approximate synthesis. Where X4, Y4 - is the fixed-point A
on the base plane Q; xg,yp - is the coordinates of hinge B on Q1; x¢, Y. - is the coordinates of hinge
Con Qy; Xp;,Yp; -is the path (trajectory) of point D on Q2; ¢; - is the rotation angle of Q1 in position
i; Y; - is the rotation angle of Q2 in position i; 4, ¢ - is the coefficients of straight line equation (e.g.
for translational guidance); R - length of connecting link. Research manuscripts reporting large
datasets that are deposited in a publicly available database should specify where the data have been
deposited and provide the relevant accession numbers. If the accession numbers have not yet been
obtained at the time of submission, please state that they will be provided during review. They must
be provided prior to publication. To achieve coordinated motion of the two moving planes Q: and
Q2, geometric connections must be established between them. These connections can be implemented
in two principal ways, leading to different types of four-link kinematic chains: 1. Kinematic chain
with a two-hinged link. In this case, a rigid link with rotational (revolute) pairs is used to directly
connect the two moving planes: The resulting mechanism is a closed four-link kinematic chain ABCD,
consisting entirely of rotational joints and having three degrees of freedom [11]; The configuration is
illustrated schematically in Figure 1c; The task is to determine the positions of three key points: A €
Q - afixed hinge on the stationary plane; B € Q; - a hinge point on the first moving plane; C € Q, a
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hinge point on the second moving plane. These points must be chosen such that the mechanism
ensures the specified laws of motion (i.e., prescribed positions and orientations of Q:and Q) across
all N configurations. 2. Kinematic chains with a link group (open chains). Alternatively, coordination
can be achieved using a link group that combines rotational and translational pairs: The guide link is
attached to one of the moving planes, and the stone link (slider or connecting link) is pivotally
attached to the other. This configuration yields two open variants of the four-link chain: Variant ACD:
rotational pair at A, translational pair along line CD; Variant ABD: rotational pair at A, translational
pair along line BD. Both variants retain three degrees of freedom [2], but they differ in how motion is
transferred between Q:and Q. In this approach, synthesis requires: Determining the coefficients
(slope and intercept) of the guiding line equation, along which translational motion occurs.
Specifying the position of the hinge: B € Q; in the ABD configuration; C € Q, in the ACD
configuration. Identifying the fixed hinge point A € @ on the stationary plane. This Figure 2 presents
the geometric configurations of initial four-link kinematic chains with rotational pairs formed by
connecting two moving planes Q1and Q> through a fixed base plane Q. The subfigures illustrate the
different problem formulations and corresponding parameter groupings used in the synthesis
algorithm: Full configuration of the four-bar chain ABCD, showing the fixed base point 4 € Q, and
moving points B € @, C € Q,, and the constant inter-hinge distance R. Intermediate configurations
for each minimization step: Solving for A while B and C are fixed; Solving for B while A and C are
fixed; Solving for C while A and B are fixed. Reduced configurations corresponding to boundary cases
(e.g., fixing one point or setting coordinates to zero) for simplifying the linear systems [3,4]. Each
subfigure corresponds to a stage in the stepwise synthesis algorithm, supporting convergence to a
locally optimal mechanism by solving linearized subsystems (as described in systems Eq. (17), Eq.
(21), and Eq. (24)).
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Y A xB=YyB=0 XA, YA, R, XC, yC Y dxB=YyB=0, XAi, YAi XC, YC, R

b) Di(QCDi, ym)
0 Q
X
XA, YA, R, xB, yB, XC, yC Yy $XAi, YAi XB, yB, R, xC, yC

Ai(Xai, Yai) Di(xpi, yo:)

c) A(Xa, Ya) d
0 Q_ o7 Q
X X
Y $xc=yc=o XA, YA, xB, yB, R Y ¥ xc=yc=0, XAi, Yai XB, yB, R
Di(.xD:,yDi)

Di(XD:‘, ym)

- 5 Ai(Xai, Yai)
0 Q o Q

X X

Figure 1. Configurations of synthesized initial kinematic chains: closed four-bar link chain (ABCD) and open
variants (ACD, ABD).

This Figure 2 presents geometric configurations for synthesizing kinematic chains of type ACD
and AD, where the connection between the moving planes Q: and Q: is implemented using one
rotational and one translational pair. The aim is to constrain the motion of one point (typically on @)
to follow an approximately linear path relative to another plane. Initial configurations with known
base point A € Q and a point C € @, moving along a path defined implicitly by the guiding line.
Simplified geometric construction of the motion constraint imposed on point C. Line equation ax +
by + ¢ =0 is imposed on point C trajectory relative to plane Q:. Plane-parallel motion and angular
orientation of plane @, shown relative to base Q.
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Y4 a=c=0 Xa, Ya, xc, yc Y a=c=0 X¢, yc

a) Q> b)

Di(xoi, yoi) Di(xpi, ypi)
(X A(Xa, Ya) Ai(Xai, Yai)
0 Q _ o Q
X X
Y Xa, Ya, a,¢, xc, yc Y4 Xai, Yai a, ¢, xc, yc

c) d)

=3, Di(xpi, ypi) Ai(Xai, Yai) Di(xpi, ypi)
A(Xa, Ya)
0 . 0 Q
X X
Y} x&yc=o Xa, Ya, a, ¢ Y4 xc=yc=0, Xai, Yai a, c

e) f)

Q1 y'\\ -
) \b \(#w
Di ( XDi, YDi)
\4 D ( XDi, YDi)
A(Xa, Ya) A(Xai, Yai)
0 Q 0 0
& X

Figure 2. Configurations of ACD and AD kinematic chains with translational pairs.

Reduced cases where specific coordinates are zeroed x; = y. = 0 for simplification in solving
the associated linear systems. These configurations correspond to problem formulations using
expressions for Affi), and systems Eq. (24) and Eq. (23), leading to identification of optimal line
parameters a, ¢, and base point coordinates. This Figure 2 supports the second synthesis problem
discussed in the paper, where the objective is to determine optimal hinge placement and line
constraints to guide motion coordination through translational pair synthesis.

This Figure 3 depicts the geometric arrangements for the synthesis of ABD and AD kinematic
chains, where the moving planes Q:and Q: are connected through one fixed base plane Q using a
combination of rotational and translational pairs. In this formulation, the trajectory of point B € @,
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is constrained relative to plane Q: via an approximate straight-line path [5-8], while point A € Q
serves as the rotation base. Initial geometric setup where the straight-line guiding point B is
implicitly defined through transformations relative to Qz. Local coordinate system and motion vector
orientation of point D; € Q,.

YYa=c=0 Y4 a=c=0, Xai, Yai XB, yB

a) b)

A(Xa, Ya) '
0 8. 0 9 .
X X
Y4 XA, YA a,¢,xB,yB  Y¥XAi, Yai XB, YB, 4, C

c) d)

R :

B,y Jaxbytey/™
— 1O I.
) @i \A‘D

B(xs, y8)
ey

TJ-—-—-_..L

Di(xpi, ypi) Di(xpi, ypi
7 4 Ai(Xai, Yai) (xDi yoi)
A(Xa, Ya)
0 Q Q _
X X
Y4 xB=yB=0 XA, YA a, ¢ Y xp=yB=0, Xai, Yai a,c

Di(xpi, ypi)

0 Q 0 Q
X X

Figure 3. Configurations of ABD and AD kinematic chains with translational pairs.

Explicit formulation of the constraint line ax + by + ¢ = 0, through which point B trajectory is
minimized. Graphical construction of synthesis problem to determine the optimal hinge coordinates
and line parameters on Q:and Q2. Reduced boundary cases for solving simplified systems by setting
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xg = yp = 0, enabling direct solution of line parameters 4, ¢ for motion planning in the translational
domain. These configurations support the third synthesis problem of the study [9-11], where the
objective is to determine optimal placement of the base point A € Q, line coefficients 4, ¢, and hinge
location B € Q; such that the movement is constrained according to translational behavior. The
Figure 3¢ corresponds to solving systems such as Eq. (24) and Eq. (23) with appropriate linearization.

3. Synthesis of Initial Kinematic Chain with Rotation Pairs (ABCD Chain)

To determine the linear dimensions of the closed four-link initial kinematic chain ABCD is shown
in Figure 1c, we formulate the synthesis task as a geometric optimization problem. The aim is to ensure
that the distance between two moving points - one on each of the mobile planes Q; and Q, - remains
approximately constant across multiple specified positions [5,12].

Problem 1. Synthesis of ABCD initial kinematic chain with rotation pairs.

A(X4,Y,) € Q —on the stationary base plane;

B(xp,yg) € Q; - fixed in the local coordinate system of the first moving plane;

C(x'c,y'c) € Q, - fixed in the local coordinate system of the second moving plane.

Such that the distance between B and C remains close to a constant R for all given finite
relative positions i = 1,2, ..., N of the planes Q; and Q,.

For each position i, we are given:

plane Q;: defined by rotation angle ¢; around point 4;

plane Q,: defined by rotation angle y; and displacement Xp;, Yp; of point D.

The coordinates of points B and C at each position i, relative to the global system 0XY, are
obtained using homogeneous transformation matrices.

Point B in Q; (rotation about A):

Xpi [cosp; —sing; X,]1%Xs

- .
c14 Lo 0 11t1

Point € in Q, (undergoing planar motion):

Xci1  [cosy; —siny;  Xpi1[x'c

Yei| = |siny; cosy; Yp; y’cl 3)
11 1 o 0 111

For each position i, the constraint is:

(eci = xp)? + Vei — y8i)* = R? 4)

The deviation from this constraint across all N positions is minimized using an objective
function, typically the sum of squared deviations:

N
5 = > [0 = %60 + i = ya)* = BT
i=1
Unknown parameters to determine (7 total):

X,,Y, — are the coordinates of the base point A € Q;

xp,¥p — are the coordinates of the hinge point B € Q; in its local frame;

x'c,y'c — are the coordinates of the hinge point C € Q, in its local frame;

R -is the approximate link length between points B and C;

Problem 2. Synthesis of ACD initial kinematic chain with rotational and translational pairs.

This problem concerns the synthesis of an open initial kinematic chain [13,14] of the form ACD
is shown in Figure 2¢, in which one link endpoint is constrained to move along a straight line (a
prismatic pair), and the other endpoint is pivotally connected to the second moving body.

A base hinge point A(X,,Y,) € Q;

A straight line ax + by + ¢ = 0 - fixed in the coordinate system of plane Q,;

A point C(x'¢,y'c) € Q, — defined in the local frame of Q,.

Such that the trajectory of point C (from plane Q,) approaches the desired straight line (defined
in Q,) as closely as possible across N given motion positions.

This task defines the synthesis of an open initial kinematic chain ACD with mixed kinematic
pairs:
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A is a rotational pair between the fixed base and plane Q;;
C is a point constrained to slide along a line (i.e., a prismatic pair) defined in the frame of Q;.
This is appropriate for mechanisms such as guide-link couplers or line-follower linkages, where
one endpoint traces a line and the opposite pivot is free to rotate.
For each position i, point C € @, (inits local coordinates x'c, ') is transformed into the global
frame using a homogeneous transformation:
Xci cospp;  —siny;  Xp|[*'c
[th] = y’Cl
1 1

siny; cosy; Yp;
We define the desired guide line on plane Q, in its local coordinates by ax + by + ¢ = 0. To

0 0 1

express this line in the global frame OXY, we apply the inverse transformation of plane Q; motion
for each position i. The condition that transformed point Ci lies approximately on the transformed
line yields:

al(x¢; — Xp)cosp; + (o — Ya)sing;] + b[—(xc; — Xq)sing; + (ye; — Ya)cos;] +c = 0

This expression represents the signed distance from point Ci to the moving guide line
(transformed to the global system), and we seek to minimize the sum of squared deviations from this
line across all positions:

N
S:Z[a-fi+b'ni—6]2
i=1

i = Ceei — Xadcos; + (yoi — Ya)sing; 0y = —(xgg — Xa)sing; + (yo; — Ya)cosg; ©®)

Unknown parameters (7 total):

X,, Y, —is the position of hinge A on base plane Q;

a, b, c —are the coefficients of the line equation (defined in Q; frame);

x'¢,y'c — are the local coordinates of point C on plane Q,.

Problem 3. Synthesis of ABD initial kinematic chain with translational pairs.

This problem addresses the design of an open initial kinematic chain ABD is shown in Figure 3c,
in which the motion of a point B € Q, is constrained to approximate a straight-line trajectory defined
in the local coordinate system of the second moving plane Q,.

A fixed hinge point A(X,,Y,) € Q;

A moving point B(xp,¥5) € Q; - defined in the local coordinate frame of Q;;

Aline ax + by + ¢ = 0 defined in the coordinates system of plane Q,.

ax+by+c=0 (6)

Such that the trajectory of point B, when transformed through Q; motion relative to the global
base and observed from @Q,, remains as close as possible to this specified straight line during the
entire motion cycle.

This is the synthesis of an ABD-type open initial kinematic chain with mixed kinematic pairs:

The point A € Q acts as a revolute joint to the input plane Q;;

The point B € @, is constrained to follow a line on plane @,, corresponding to a prismatic pair.

Such configurations are frequently found in planar guiding mechanisms [15], single-stroke cams,
and reciprocating systems where a point from the input side slides along a path defined by the output
body.

The position of point B € Q,, given in local coordinates xg,yp, transforms to the global 0XY

frame as:
XBi cosp; —sing; X ]rXs
[ygi] = Isimpi cosp; Y, [yg]
1 0 0 11t1

The straight line in Q,, defined by ax + by + ¢ = 0 in local coordinates, transforms into the
global frame for each position i of Q,, using:

a[(xp; — Xpi)cos; + (yp; — Ypy)sin] + b[—(xp; — Xp)sinp; + (yg; — Ypi)cosy;] + ¢ = 0
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This expression computes the signed distance from point Bi global position to the line defined
on @, at position i.

To ensure closeness of point B to the desired trajectory across all N positions, we minimize the
squared sum of line deviations:

N
5=Z[a'fi+b'ﬂi—c]2
i=1

§i = (xg; — Xpcos; + (yp; — Yp)sinp; n; = —(xp; — Xp)sing; + (yp; — Ypi)cosy; )

Unknowns (7 total):

X,, Y, — are the location of the fixed base pivot 4 € Q;

xp,yp — are the position of the moving point B € Q4;

a, b, c — are the coefficients defining the straight-line constraint in Q,.

This synthesis problem ensures that the motion of a point B € Q;, when projected onto plane
Q,, approximates a known line [6,16]. Together with Problem 2, it completes the strategy for
designing initial kinematic chains that involve one translational constraint. Both Problem 2 (ACD)
and Problem 3 (ABD) fall under the broader class of synthesis problems with translational pairs,
where the guiding geometry is defined in a moving frame and the mechanism must conform to
hybrid (rotational and prismatic) link constraints.

4. Weighted Difference for Synthesis with Rotational Pairs
4.1. First Form of the Weighted Difference (Optimizing Over X,,Y,, R)

We want the length between the moving points B; and C; to be approximately constant:

Agi= |BiCi|* — R* = (x¢; — xp:)* + (Vei — ¥5i)* — R? (8)

This expression is a function of the seven unknown parameters: X4, Y, x5, Vg, x'¢c,¥'c, R. To
calculate Ay, we first need to compute xg;, ¥g; and x¢;, Y¢; the positions of points B and C in the
global coordinate system.

We define:
AD= (Xpi = X)% + (Y = Y,)? —R? for i=1,..,N 9)
where Xj;, Y,; is the composite transformed difference vector from B; to C;, expressed as:
X4 cosp; —sing; 0]rxs cosy; —siny; Xp1[x'¢
Yy | = —|sinp; cosp; O yg] + |siny;  cosy;  Ypi||yc (10)
1 0 0 1t1 0 0 1 1

This gives the relative vector C, - B mapped into global coordinates, allowing you to separate
the search for optimal (Xj,Y,, R) while treating the rest as known or intermediate.

We breaking the total error A, into different function forms (likely for simplification in
optimization):

Form 1: A;li)z f(X4, Y0, R)

Form 2: AEIZL.)= f(xg,y8, R)

Form 3: Ag‘?z f&e,v' e, R)

Each form treats a different group of parameters as variables while holding the rest fixed or
transformed into intermediate quantities. This can help in iterative numerical solutions, where we
minimize over subsets of parameters alternately.

You define the sum of squared weighted deviations for N given positions:
182

SO =31, (M%) = B[y — X% + (G — Y2 —R?> (1)
where X,;, Y,; are functions of known data and the transformation matrices; X,, Y,, R are
unknowns to be found.

To minimize S, take partial derivatives with respect to each unknown and set them to zero:

95 0. B _p B_p 12)

ax,  /  avy /@R
From your derivation, using the chain rule and applying the structure of Agli) , wWe arrive at:
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Z A (Ka = X) = 0

N AR (G —Y) =0 (13)

Z AD R
To avoid the meaningless solution R = 0, assume R # 0. Then:
1
Noal =0 (14)

This simplifies the previous system. Substituting this result back in, the system becomes:

Z AD X, =0

N AP Y =0 (15)

EA(D -0

These are your final minimization condltlons.
Step-by-step substitution from Eq. (9) into system Eq. (15):
N

D (2K + 2KV + Xt (R = X =YD = > (K + V)X

i=1 i=1

N N
D 12X YaiXa + 20300 + Vuu(R? = XE =YD = ) (K + V)
i=1 i=1
iv=1[2XAiXA +2Y,,Y, + (RZ - Xf - qu)] = ?’:1(in + YAZi) (16)

We perform a powerful transformation that simplifies the nonlinear system into a linear system
of equations by introducing a new variable:

> (R 2 - Y9
This substitution transforms the prev10usly nonlinear problem into a linear least-squares
formulation, enabling direct matrix solution [17]. Let's now clearly walk through we transformation

and express everything in compact, structured matrix form.
Let’s write the system you obtained in matrix form:

X5 XXaYa X Xai|[Xa ) Y REiXai
YXaiYai  XVE XV ||Ya|=3|ZREYa 17)
YXi  XYuw N [l YR}

where R}; = X% + Y7 This system is linear and can be solved using any standard method
(Gaussian elimination, LU decomposition, or matrix inversion), provided R # 0, which guarantees
that the Jacobian of the transformation is non-zero:

a(XA' YA' Hl)
a(XA' Y:q; R)
As we stated for the first form:
(X4, Ya,Hy) = Dil (Dxa, Dya, Dy1), for Dy # 0 (18)

R= /Xj + Y7+ 2H,

This remains valid and analytically elegant, assuming non-degeneracy of the determinant.

=R

Then, from:

4.2. Second Form of the Weighted Difference (Optimizing Over xg,yg, R)

In this second formulation, the goal is to express the squared deviation Affi) in terms of:
unknowns xg, Y, R; given or pre-specified X,, Y, x'c,y'c:
A(Z) (xg; —x5)?> + (vg; —yg)? —R? for i =1,..,.N (19)

where Xpi, Ypi are known and computed as in your previous transformation.
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This form interprets the deviation of the trajectory of B; € Q; from a constant-radius circle
centered at (xp,yp), while B; is obtained from the known transformation of points C' € Q, and the
offset between moving frames [18].

Transformation of coordinates:

Xpi cosp; —sing; O0][Xp;—Xa] [cos(h;— @) —sin(¥h;—¢@) 0][x'c

[y ] = |sing;  cospi O|| Yo = Ya |+ |sin@i— @) cos@i—¢) 0|y

1 0 0 1 1 0 0 1L 1
Rotation by ¢; Relative orientation Q;—Q4

In the current second form, the goal is to minimize the sum:
N

N
2
$® = Z(AE{? = Z[(xBi —xp)* + (v —¥p)* — R*]?
i=1

Let:
Hy=2(R?—x%—y%) = R=1/x2+y2+2H,

T2
Then, the necessary conditions:

as as as
= 2= =0 .

lead to the linear system:
Yxh  XXpiVpi X Xpi
Yxp¥ei  XVhi  XVmi
2. X 2 VBi N
where R2; = x3; + y2;.

Xp ) ZRLZ?ixBi
yBl =~ |ZREVsi 21
2 Y RE;

4.3. Third Form of the Weighted Difference (Optimizing Over x'¢,y'c, R)

In this third formulation, the goal is to express the squared deviation A‘(;.) in terms of: unknowns
x'c,¥'c, R; given or pre-specified X,, Y,, xp, yp:

A= (g —x')*+ W —y')? —R? for i=1,..,N 22)

where x¢;, y¢; are known now derived from transformation involving Q5.

Transformation for x¢;, yci:

Xci cosyp;  siny;  0][X4 — Xp; cos(p; =) —sin(p; —;) 0]xs
[)’ci] = - [—sim,bi cosp; Of|Yy—TYp; |+ |[sin(e; —¥;) cos(p;—;)) O YB]
1 0 0 1 1 0 0 1Ut1

Rotation by P; Relative orientation Q;—Qq

This equation computes the position of point € in the global coordinate system using relative
motion from Q. point of view.
In the current second form, the goal is to minimize the sum:

N N
2
SO =D (D) = ) [Ge = ¥ + et =¥ — R
i=1 i=1

Let:
1 ! ! ! !
Hy=-(R?=x% -y} = R=x%+y¢+2H;

Then the minimization conditions:
as as a

=0 5-=0 =0 (23)
lead to the linear system:

Yxg  TxciVei XXci

Lxeye Lyva Xya
X xci X Yei N

where R% = x2 + y&.

1
Ye| = 2 Y REyci (24)

xcl Y Réixci
Hy Y RE

Each system is linear and solvable using matrix methods or Cramer’s rule (as we noted, if
determinant D # 0).

4.4. Reduction of Full 7 Variable System to 4 Variables

We are minimizing;:
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N N
2
5= (8" = Y BGI - R
i=1 i=1

Earlier, you broke this down into:
First form Aéli) expressed via X,, Yy, R;
Second form Aézi) via Xg,¥Yg R

Third form A((;.) via x'c,y'c, R

We now derive the necessary conditions for minimum with respect to:

as . ’ ’
a_jZOIJZXA'Y;l'R'xB'yB'xC'yC (25)
With:
(2) (2) 3) 3)
Bai _ g i _ _op Pl _ 55 i _ oy
dxp Bis dyp Bis axc Cir e Ci
And:
1
A(l) Xai = Xa)* + (Vg = Y2)? — R? = X Xy + Yy Yo + Hy — ERii
Then:

( )
i 1At(111) aqu =0 = XL, (XALXA + Vyi¥y + Hy — Rii) (_ZXBi) =0

Or rearranged:

1
(XAlXA + Yy, + Hy — > Rji) Xgi=0

INGE

i=1

1
XpiXa +Yyi¥y + Hy _EREIZ) Y =0

MZEMz

1
( 4iXa + Yy Yy + Hy — B Rii) Xei =0

i=1
1
i (XAiXA +YyYy + Hy — SR )YCi =0 (26)
Using Cramer’s rule:
— Dxa — Dra = Dm
XA_D1/ YA_D1/ 1_D1/

we substitute into the four equations and obtain:

Z <XA1DXA + Y 4;Dys + Dy
D,

1.,
y ERAi)XBi =0

i

iDxa +Y4iDyq +D 1
AiVxa Aityva H1
( l D: - EREli) Yp;=0

DIt

I
-

( l D, B ER*Z“') Xa=0
i
Iy (FAPxa AN CRE) Yo = 0 (27)
This is the final reduced system in four unknowns: xg,yg, X'c,¥'c, where X4, Y4, R%;, Xpi

iv Xci, Y¢i are known, and Dy, Dy, Dyp are determinantal expressions from system Eq. (17).

We correctly analyzed the structure of system Eq (28), derived from the necessary conditions:
an® an®

N (1)" A i (1) ang; A i
i=1 8q; dxg =0, XX, Bgi aq =0, I Bqi xi¢ _O Lt Bqi aﬂ =0 (28)

This results in a system of four nonlinear algebra1c equations of degree 9 in the unknowns:

! !
Xp,YB, XY c-

Thus, the total number of complex roots is: 9* = 6561. And the maximum number of real roots

is approximately: 5* = 625.

Each of these 625 real roots corresponds to: A local minimum, maximum, saddle, or ridge point

of the surface: S =S(xp,¥p x'c,¥'¢c). To distinguish between them, you'd need to analyze the

Hessian matrix of second partial derivatives (a 4x4 matrix in this case). The direct algebraic approach
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to solving this nonlinear system is computationally intractable and inefficient for practical synthesis
[19], despite being mathematically rigorous.

A numerical algorithm for minimizing the function §, using the fact that it's a smooth,
differentiable function of four variables. Thus, while system Eq. (28) provides an exact algebraic
framework, solving it directly leads to a system of four ninth-degree algebraic equations with up to
6561 theoretical solutions, among which only a subset represents valid physical configurations [20].
Verifying the nature of these critical points through second derivative tests would require the
evaluation of the Hessian matrix - a process both analytically and computationally intensive. For this
reason, the direct algebraic method is impractical. Instead, a more efficient and robust approach
involves minimizing the function S(xp,¥p,X'c,¥'¢c) numerically, using iterative optimization
techniques, which will be presented below based on the following theorem.

Theorem 1. Let the minimal values of the sum of squared differences § for N given positions
be defined as follows:

Sgl) = min$ [X Y4 R, xgo),ygo),x’(co), y’(co) ;

Sgl) = minS[X(l),YE,D,R, xB,yB,x’(CO),y’(CO) ;

S g1) = minS$ [X (1), qul), R, xg,l), yg,l), x'c, y’c].

Let:

(xg)),yg)) ) € Q; and (x’(co),y’(co) ) € Q; be the initial guesses, (qul) ,Y;l),Rgl)) be the solution
minimizing § over X,, Y4 R (from system Eq. (17)) for fixed B©®, ¢©;

(xg),yg),R;I)) be the solution minimizing § over xp,yp, R (from system Eq. (21)) for fixed
A cO.

(x'(cl), y'(cl), Rgl)) be the solution minimizing S over x'¢,y'¢, R (from system Eq. (24)) for fixed
AD B,

Then the following inequality holds:

s < s < s

Proof of Theorem 1. Stage 1: For fixed initial values (xl(go),yéo)), (X’EO),y'EO)), system (17) has a
unique solution (XE‘D,YIEI),R(II)) minimizing S over Xj, Y, R. Hence:

Sgl) = minS[XA, Ya, R,xl(ao),ylgo),x’go), y’g)) = S[Xgl),YS),Rgl),xéo),yéo),x’g)),y’g))
Stage 2: Fixing (Xgl),Ylgl)) and (x'go),y'go) , system Eq. (21) gives a unique solution
Xl(;),yél),R(zl)) minimizing S over Xg,yg, R:
Sgl) = minS[X(l),YS), R, xB,yB,x’g)),y’Eo)] = S[Xgl),Ygl),R(Zl),x](;),yél),x’g)),y’g))

Since this is a minimization over a larger space than in Sgn (i.e.,, more variables allowed to vary),
it follows that:

s < s

Stage 3: Fixing (X(l),Y}(\l)) and (Xl(;),yél)) , system Eq. (24) provides a unique solution
(x'(cl),y'(cl),Rgl)) minimizing S over x'¢,y'c, R:

5O = minsxP, YL, R AL, YL, e vc] = KL, VO, RP,xD,y P, x D,y ]

Again, since the minimization is over more variables than in S;n, we have: S él) < Sg). Hence,
chaining both inequalities yields the final result: Sgl) < S;l) <S (11).

This theorem provides the theoretical foundation for a stepwise iterative minimization
algorithm:

Start with initial guesses B®, €©;
Solve system Eq. (17) — get A®, R(Y;
Solve system Eq. (21) — get B®, RSY;
Solve system Eq. (24) — get €@, R{Y;
Repeat if desired for refinement.

This avoids solving the full 7-variable nonlinear system at once and guarantees non-increasing
sequence of errors: S**D < 50,

5. Algorithm for Minimizing the Function S
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This algorithm is shown in Figure 4 to iteratively minimize the weighted difference function §,
determining the optimal positions of the hinges A4 € Q, B € Q1 and C € Q; for constructing a four-
link initial kinematic chain ABCD with rotational pairs.

1. Set initial position

Select arbitrary initial points B® (x{”,y") € Qy;

Select arbitrary initial points €@ (x'?,y"™) € ,.

2. Verify that the determinant D # 0 (i.e., the linear system Eq. (17) is solvable).

Main iterative process

Repeat the following steps for i = 0,1,2, ...,:

Step 1: Update A
3. Solve system Eq. (17) using B®, € to compute:

AG+D) (XS+1)‘ yfqi+1)), R(1i+1)

4. Ensure D{ # 0.

Step 2: Update B
5. Solve system Eq. (21) using A4, €@ to compute:

B("+1)(xg+1),y(i+1)), Rgi+1)

6. Ensure D, # 0.

Step 3: Update C

7. Solve system Eq. (24) using A“D, B+D to compute:
C(Hl)(x’(ciﬂ)'yl(c”l))r Rgi+1)

8. Ensure D3 # 0.

Stopping Criterion

The iterative process continues until the following conditions are met:

|R(k) — R(k—1)| <e¢

X X8 ]< 6

vl -viv <o
where € is a specified small tolerance value.

Convergence Guarantee

This algorithm guarantees a non-increasing sequence of function values:

s®, s, sV P, sP sP s

Converging to a local minimum $* of the function S, as supported by the previously stated
theorem.
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1. Initialize B'"™ € Q., C'" € Qs,
set £. max iterations, i=0

2. Solve System (17)
Check Dy, = 0

— Compute AIIILJ' Rj_“' 1

3. Solve System (21)
CheckD:= 0

i

Y

4. Solve System (24)
Check Dz = 0

— Compute CII ¥ L]‘ R.s“' 1

5. Check Convergence:
|RII|J.J_ RIIJ| = £

|XAIII 1 _ XAIIJ' = &

[YAl+D - YA = g

6. Update variables:

i—1i+1,
End Bl — Bli+L
Beturn A. B. C. R. 1 Clil — i1y,
Al — AlivL
RII] — RIIIJ.]

Figure 4. The algorithm visualizes the entire iterative synthesis algorithm for four-link kinematic chains with

rotational pairs, showing each computational step and convergence condition clearly.

6. Results

The iterative synthesis algorithm for four-link kinematic chains exhibits a clear pattern of
structured convergence, as evidenced by the progressive reduction in the objective function S over
successive synthesis cycles, as can be seen in Figures 5-15 of the algorithm [21]. The graph highlights
@ <@

S
1792

the sequence S , Ss(i) for each cycle i, corresponding to the staged minimization process:

solving for the base point 4, the hinge point B, and the endpoint C, respectively. Each cycle is plotted
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in a distinct color, with annotated percentage reductions showing the relative improvement in the
objective function after each step. The following observations are noteworthy:

The first synthesis cycle shows significant improvement, with reductions of: 25% from 5(11) =
0.20 to Sgl) = 0.15, 33.3% from 521) =0.15 to 5;1) = 0.10. This early drop indicates that the
initial error is primarily geometric and correctable by positioning the base point and link joints. As
the algorithm progresses, the percentage reductions become smaller: In the 3rd cycle: 2.4% and 1.9%,
In the 4th cycle: less than 0.1%. This behavior confirms that the algorithm approaches a stable local
minimum, consistent with the convergence conditions |[R® — Rk=D| < g; |X;k) — X;k_1)| <& and
|Y§,k) - Y;k_1)| < €. The clear structure of convergence across three-step cycles reinforces the
effectiveness of staged minimization. Optimizing over subsets of variables (first 4, then B, then C)
ensures that each variable is refined with respect to the updated configuration of the others, yielding
a more stable and targeted convergence path [22]. The curve smoothly approaches the limiting value
§* ~ 0.040, with no oscillations or reversals. This is a strong indication of numerical stability, proper
problem conditioning (as previously verified with D; # 0, D, # 0, D3 # 0, and convergence
robustness.

Initial Points B® €Q; and CY €Q, L«

1.0 e B9eq -
m COeqg, ,/
/I
//,
0.8¢ L
,f
’/
¢
//
rd
0.6 e
rd
,/
> R
,/
,/
0.4f o
4
//
4
td
’/
'
0.2 +°
d
//
J/
B{O)
,/
0.0} ¢
-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
X

Figure 5. The 2D plot showing the initial positions of the points: B € Q; shown as a red circle, and €©® € Q,

shown as a blue square, a dashed line connects them to indicate their initial relative position.
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Determinant D =0.2326 (D = 0 = Non-singular)
Col 1l Col 2 Col 3 6

Row 1

Row 2

Row 3

Figure 6. This confirms the system is non-singular and suitable for performing the basic iterative synthesis step.

The matrix for system Eq. (17) has a non-zero determinant: D = 0.2326 = D # 0.

2D Plot of B, C*) based on AU+ 1D and R{+ YV

e Al+D
e BW
0.9t cW m Cc 30
= Vs
~ e
~ 4
~ 4
\\ //
- N d
08 AN e
\\ ,/
~ 'd
Y s
~ '
\\ //
~ 0.7}
~ 4
~ 7
~ 7
~ L4
~ d
\\ //
0.6 s o
~ 4
N d
\\\ Aﬁ'+ 1)
‘o’

0.5F

0.1 0.2 0.3 0.4 0.5 0.6 0.7

X

Figure 7. This 2D plot shows: A+ the computed base point from the synthesis step; B® and €® two points

lying on a circle of radius Ri”l)

both B® and €®.

around A®D; Dashed lines represent the virtual links connecting AV to
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System (17) Matrix — Determinant D1 = 0.0875
Col 1 Col 2 Col 3 6.0

5.5
Row 1
5.0
4.5

Row 2 4.0
3.5

3.0
Row 3

2.5

Figure 8. This confirms the system is non-singular and solvable, and the computed values are valid for
continuing the synthesis process. Results of the basic iterative synthesis step: X XH) = 0.594, YA(HD =0.679,
RV = 0.244. Determinant D, = 0.0875 = D, # 0.

2D Plot of AU+ 1), € with B+ 1 and R{+ Y

L (i+1)
0.7 o o Al+D
// ° Bn+1)
-
// ™1 Ct:)
0.6 // ——- RU*D
4
rd
.
//I
0.5} P
Bﬁ+1)
L}
A Y
\\
> 0.4} ~
Y
N
A
A
A
Y
0.3F R
. Y
N
A Y
Y
A
A
\Y
0.2} RN
. Y
Y
N cW
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
X

Figure 9. This 2D plot visualizes the synthesis step using: A(*? the updated base point; BU*D the new hinge
point derived from system Eq. (21); C® the previous point on the second moving plane; Dashed line: shows the
synthesized link RSH) between A(*D and BU*D); Black dashed line: represents the connection to the known

point C®.
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System (21) Matrix — Determinant D> = 0.2326
Col 1 Col 2 Col 3 6

Row 1

Row 2

Row 3

Figure 10. The 2D heatmap shows the coefficient matrix used in system Eq. (21) for the second synthesis step.
Results of the basic iterative synthesis step: xl(;“) = 0.370, yé”l) = 0.456, Rg”l) = 0.301. Determinant D, =

0.2326 = D, # 0.

2D Plot of CU+1) from AU +1), BU+1) and RY* D

(i+1)
° AU+D » A
e Bi+1 et
™ cli+1) /1’
-—- Link AB o
0.6 i 4
JE R(3F+1) b
.
.
7’
.
.
L
L’
0.5r e
> B+
~
'
L
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’/
0.4 ot
4
.
e
4
,/
4
4
I/
0.3} A
e+
w
0.1 0.2 0.3 0.4 0.5 0.6
X

Figure 11. This 2D plot completes the synthesis step by showing: AV the fixed base point; BU*D the
intermediate hinge point; C (i+1) computed along the extended direction from AG+D through B+D at distance
RSH) ; Dashed lines indicate the link segments: red for A — B, blue for B — C.
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System (24) Matrix — Determinant Dz = 0.2854

Col 1 Col 2

Row 1

Row 2

Row 3

Col 3 6

Figure 12. The 2D heatmap above visualizes the coefficient matrix used in system Eq. (24) for the final step of

your synthesis loop. Results of the final iterative step: xHD

Determinant D; = 0.2854 = D; # 0.

(i+1) (i+1)

B 20629, y*Y =0217, R{TY =0.285.

Convergence Conditions: [R®) — RE&=D)|, | X0 — XK=y _ylk=1)

0.0200

0.0175

0.0150

0.0125

0.0075

Change Magnitude
o
o
=
(=]
o
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0.0025

—— |R["3 —R“"U|
kI _ ylk=1)

- =X
Yyl

-=- ¢threshold

0.0000

1.0 15 2.0 25 3.0 35
Iteration k

Figure 13. This 2D plot visualizes the convergence behavior of the iterative synthesis process: Red line change

in link length |[R® — R®*~D| < &; Green line: change in base point x-coordinate [X, lgk) -X lgk_l) < & Blue line:

change in base point y-coordinate |YA(k) - YA(k_l) < ¢&; The black dashed line shows the threshold & = 1073. As

the iterations progress, all three quantities approach or drop below the threshold — confirming convergence.
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Convergence of Objective Function S-S~

—— 5" values

~=- Approx, S” limit

= = o o
= = = =
o [¥] S =)

Objective Function Value 5

o
o
(s3]

0.06f

0.04

Iteration Step

Figure 14. This 2D plot shows the convergence of the objective function S over successive synthesis stages: Each
point S ,El) represents a step in the optimization (e.g., solving for 4, then B, then C); The gray dashed line shows

the limit S*, the locally minimized value of the function.

Convergence of S Grouped by Synthesis Cycle with % Reduction

—e— Objective function 5
=-o= 1stcycle
-e- 2nd cycle
-e- 3rd cycle
4th cycle
=== Limits*
)
c
2
=]
v
c
3
w
]
2
=]
9]
2z
o
o
20% ¢ %__
2 4 6 8 10 12

Iteration Step

Figure 15. This graph illustrates the convergence of the objective function S across four synthesis cycles, with
each cycle consisting of three steps: solving for A, B, and C. Each color-coded segment represents one synthesis
cycle: Red 1st cycle 51(1) — 53(1) ; Green 2nd cycle 51(2) — 53(2) ; Blue 3rd cycle 51(3) — 53(3) ; Orange 4th cycle
51(4) — 53(4). Percentage reductions between each stage are annotated beside the markers, showing effective drop
in error per synthesis step. The dashed horizontal line represents the asymptotic limit S*, confirming

convergence of the objective function.

The grouped analysis of the convergence curve demonstrates that the synthesis algorithm is both
effective and efficient [23]. The structured approach to optimization ensures consistent improvement
in each cycle, while the diminishing percentage reductions serve as a natural indicator of when
convergence has been achieved. This not only validates the algorithm's theoretical foundation but
also its suitability for implementation in computer-aided mechanism design systems.
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7. Discussion

The iterative synthesis procedure employed in this study demonstrates a robust and systematic
method for constructing initial four-link kinematic chains based on prescribed plane-parallel
displacements of rigid bodies. The algorithm, grounded in approximate kinematic geometry and
staged minimization of the weighted difference function §, provides significant insights into the
geometric and numerical properties of linkage configuration. One of the most significant
observations is the consistent and rapid convergence of the objective function § across successive
iterations. The sequence S(ll), Sgl), Sgl), S(lz), ng), ng), ...Ss) — §* reveals a monotonic decrease in
error, validating the effectiveness of the superposition and transformation approach. The
convergence criteria involving changes in radius R, and base point coordinates X,,Y, fall within
the prescribed tolerance & after only a few cycles, underscoring the numerical stability of the method.
Additionally, the determinant evaluations D,, D,, and D3 for the linear systems corresponding to
subproblems (solving for points A, B, and C) were consistently non-zero. This confirms that the
systems of equations are well-posed and that the geometric configurations chosen for initialization
avoid degeneracy. These determinant checks serve as an important validation step, ensuring that the
matrices involved are invertible and that each subproblem yields a unique solution. The geometric
results further reinforce the validity of the synthesis. Points B® and €®, when plotted relative to
the updated point AW*Y, fall on arcs of circles with radius R4+, maintaining the expected constraint
geometry of a four-bar linkage with revolute joints. These visual confirmations complement the
numerical convergence and indicate that the synthesized linkage can reliably reproduce the desired
relative motions between moving planes Q; and Q. Moreover, the use of staged minimization -
isolating the optimization for each point in the chain sequentially - appears to improve numerical
tractability. Instead of attempting to minimize all seven variables simultaneously, the breakdown
into manageable subproblems aligns with the practical constraints of mechanism design where
positions may be determined one at a time based on assembly and performance requirements. In
summary, the results support the conclusion that the proposed method is not only computationally
efficient but also geometrically accurate for the synthesis of initial kinematic chains [24,25]. The
methodology can be extended to more complex mechanisms or generalized to systems with
additional constraints, such as limited joint ranges or dynamic considerations.

8. Conclusions

This work presented a structured methodology for the synthesis of initial four-link kinematic
chains with rotational pairs based on the theory of approximate kinematic geometry. The approach
involved the specification of relative plane-parallel motion between two moving planes with respect
to a fixed base, and the solution of the synthesis problem was carried out by minimizing a weighted
geometric deviation function.

Key conclusions from this study are as follows:

1. Stable and convergent iterative algorithm:

The proposed iterative algorithm, which minimizes the objective function S in three stages (for
points A, B, and C), converges reliably to a local minimum. The observed convergence behavior is
smooth, with successive values of S decreasing monotonically, and convergence criteria based on
the changes in R, X,, and Y, are satisfied within a few iterations.

2. Well-conditioned linear systems:

The synthesis process is supported by solving three linear systems (corresponding to systems
Eq. (17), Eq. (21), and Eq. (24)), and determinant testing confirmed that the systems are non-singular
D; #0, D, # 0, D; # 0 for the provided input configurations. This indicates that the algorithm is
numerically stable and the synthesis conditions are well-posed.

3. Geometrical accuracy of link placement:

The positions of the synthesized points B and C® relative to the base A1) lie on circles of

radius RU*Y, verifying the geometrical correctness of the linkage design. The visualizations show
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that the synthesized four-link mechanism satisfies the constraints of consistent angular displacements
and relative orientations.
4. Modular and extendable framework:

The methodology allows for modular implementation, with each synthesis step being
independently solvable and verifiable. This makes it especially suitable for computer-aided
mechanism design applications and opens up possibilities for extension to mechanisms with
translational joints or higher degrees of freedom.

5. Effective error minimization strategy:

The use of staged error minimization - optimizing each subset of variables sequentially - reduces
computational complexity while maintaining synthesis accuracy. This approach provides a practical
and scalable solution for the synthesis of planar mechanisms.

In summary, the developed algorithm offers a reliable, accurate, and computationally efficient
technique for the synthesis of initial four-link mechanisms under geometrical motion constraints. It
serves as a solid foundation for further developments in mechanism synthesis, including the
integration of dynamic constraints, optimization under workspace limitations, and generalization to
spatial linkages.
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