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Abstract

This paper addresses the asymptotic analysis of a nonparametric kernel estimator for conditional
distribution functions in the context of spatially weakly dependent functional variables, where the
covariates lie in an infinite-dimensional space. We focus on establishing the almost complete conver-
gence (a. co) of the estimator and deriving its rate of convergence under a spatial sampling framework
characterized by quasi-association. By integrating spatial structure into the theoretical development,
we highlight the impact of weak spatial dependence on the performance of the estimator. Our results
provide key insights into the applicability and robustness of kernel-based nonparametric inference for
spatially structured functional data.

Keywords: spatial data; conditional distribution function; quasi-association; nonparametric kernel
estimation

1. Introduction

In recent years, the field of statistical analysis has witnessed significant advancements, particularly
in the context of dependent data. This evolution is evident in a variety of groundbreaking studies that
have contributed to our understanding and methodologies [1]. Functional Data Analysis (FDA) is a
statistical method that is used to analyze data that are considered functions, rather than just single
values.

In traditional data analysis, observations are typically represented by single values such as
numbers or categories. However, in many scenarios, data are collected over a continuum, such as time,
space, or another ordered domain. FDA treats these data as continuous functions or curves rather than
discrete points (for an example, see [2—4]).

Association refers to the relationship or connection between different elements within a dataset.
In statistical analysis and data science, the association between variables and associated data is
fundamental to understanding relationships and patterns within data sets. Associations help to explore
how changes in one variable may impact another or how variables relate to each other in a dataset. By
exploring associations, analysts and researchers can gain insight into how different variables interact
and influence each other, leading to informed decision-making and a deeper understanding of the
underlying phenomena represented by the data.

Newman's early work in 1984 set the foundation by exploring the role of research within this
domain. The concept of weak dependence, pivotal in this field, was further elaborated by Doukhan
and Louhichi in 1999, providing a new perspective on dependence conditions and their applications to
moment inequalities [5].
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Studies addressing both positive and negative dependent random variables have been explored
in various references [6-8]. In their work [9], the authors introduced the concept of quasi-association
to analyze stochastic occurrences with real values, illustrating the notion of weak dependence. The
idea, which is elaborated on by the work mentioned in [10], offers a unified framework for evaluating
groups of randomly dependent variables that are positively or negatively dependent. This framework
is applicable to the domain of real-valued random fields.

In the corpus of research that is currently available, the approach of nonparametric estimation
of quasi-associated random variables has only attracted a small amount of attention. The research
conducted by [11] focuses on a limit theorem that pertains to quasi-associated Hilbertian random
variables. This theoretical framework was the topic of the examination. Furthermore, in circumstances
where dependency is weak, the asymptotic outcomes of an M-estimator of regression are explored
according to the findings of [12]. In the research work that is referred to as [13], the asymptotic
normality of an estimator is investigated, with particular emphasis placed on the single-index structure
of the conditional hazard function.

One of the areas that was considered significant in the study presented in [14,15] was the ex-
amination of nonparametric estimation for linked random variables. This was the topic of the work
mentioned in [16]. The authors demonstrate the resilient uniform consistency properties of the partial
derivatives of multivariate density functions under weak dependency using the approach provided in
[17]. In addition to this, they determine the necessary rates of convergence in order to demonstrate the
asymptotic normality of these estimators. Regarding the most recent research on quasi-associated data,
the work has been carried out by [18-20].

In the context of a single-index regression model, the objective of this study is to evaluate the
application of the kernel (k-nn) technique, especially in circumstances in which the explanatory variable
is measured in functional space. The implementation of this method in circumstances that include
association dependency is another aspect that is investigated in this work. The research given in [21] is
an investigation of the use of k-nn in a regression model using a single index. This work follows a
similar line of thought. Specifically, the study focuses on situations that include functional predictors
and it reveals that almost ideal rates of convergence may be attained even in situations where there is
an absence of strong reliance.

The purpose of the work mentioned in [22] is to identify the asymptotic characteristic of nonpara-
metric estimation strategies for the regression function in the single functional index model (SFIM),
with the assumption of quasi-association dependence.

In addition, the progress of this topic is characterized by the investigation of limit theorems
for quasi-associated variables, as Douge’s paper from 2010 [11] demonstrates. Significant advances
were made in 2016 with the work that Mechab and Laksaci did on nonparametric relative regression
for associated random variables [23]. Daoudi et al. further advanced of research by establishing the
asymptotic normality of the estimator of conditional hazard functions in the context of quasi-associated
data [24].

In the realm of kernel density estimation on random fields, Lanh.Tat. Tran’s 1990 work was
seminal [25], followed by significant contributions by Dabo-Niang and Yao in 2007 and Carbon, Francq
and Tran in the same year [26,27]. ]. Li and L.T. Tran in 2009 on nonparametric estimation of conditional
expectation further underscores the evolving nature of statistical methods and their applications [28].

Moreover, the introduction of kernel nearest neighbors (k-nn) methodologies and the concept
of a single functional index have further enriched the landscape of statistical analysis [29]. These
approaches offer robust solutions for dealing with various types of data, including those that exhibit
complex dependencies. The single functional index approach introduces an efficient way to model the
influence of predictor variables on a response variable, simplifying complex multivariate relationships
in a more manageable form [30]. This innovation has been instrumental in the advancement of the
field, allowing for a more refined and insightful analysis of dependent data.
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The integration of these advanced methodologies has opened new avenues in the realm of
statistical analysis, particularly in the handling of complex datasets [29,30]. The k-nn approach
adapts to the local structure of the data, providing a more accurate representation of the underlying
relationships, which is crucial in various fields like finance, healthcare and environmental studies.

Spatial variables and spatial data play a critical role in understanding and analyzing geographic
phenomena, patterns, and the development of predictive models and simulations to predict spatial
patterns, trends, and future scenarios. Spatial data consists of information that is explicitly tied to
geographic locations or coordinates on the Earth’s surface or in a specified area. Spatial data can be
represented in various formats, including points, lines, polygons, grids, and rasters. It encompasses
both the spatial coordinates and associated attribute data.

Using spatial data analysis techniques, researchers, policymakers, and practitioners can gain
valuable insights into spatially distributed processes and make informed decisions for sustainable
development, environmental conservation, and improved quality of life.

The contributions of Cressie, Banerjee, Carlin, Gelfand, and others have been pivotal in advancing
the field of spatial statistics, with significant implications for environmental science, urban studies,
and other disciplines [31,32].

In summary, the field of statistical analysis has undergone a remarkable transformation, driven
by the development of new methodologies and the refinement of existing ones. The incorporation
of kernel nearest neighbors, the single functional index model, and advancements in spatial data
analysis represent significant leaps forward in our ability to analyze and interpret complex data. As
we continue to explore and expand these methodologies, we pave the way for more sophisticated and
insightful data analysis across various scientific disciplines.

In the following sections, we unveil our spatial model estimator in Section 2, propose hypotheses,
and delve into the near-complete convergence of this estimator in Section 3. Through simulation
studies, we scrutinize the asymptotic behavior using finite sample data in Section 4, culminating in
conclusions outlined in Section 5. Appendix A contains detailed proofs to support our assertions.

2. Model Construction and Its Estimator
2.1. Model

To construct our model, we define:
Zi = (A, By), ieNV,

where Z; takes values in 7 x, N € N*, and (F,d) denotes a space of infinite-dimensional functions.
Accordingly, we consider the sequence (A;);.y~ as a functional random field.

In order to achieve the objective of our study, we introduce a kernel-type estimator F* of the
conditional distribution function F?. This estimation assumes that the functional random field is
observed over the domain:

In = {i: (ir,...,in) €NV : 1 gikgnk,k:L...,N},

withn = (ny,...,ny) € NN,
The kernel estimator of the conditional distribution function is given by:

 Tier, K(hg'd(a, A5 ) H(n (0 - Y5) )

F(a,b) = ; , Vb € R. (1)
Tier, K(h'd(a, 4y))
We can also express the numerator and denominator of the estimator separately as:
Yic1, Ki(a) Hi(b)
FN(a,b) = —n 2
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where
Ki(a) = K(hgld(a, Ai)>, H;(b) = H(h,;l(b - Bi)>. (4)

Here, K;(a) denotes a kernel function, while H;(b) is a smoothing (cumulative distribution-type)
function. The parameters hx = hg , and hy = hy ,, are sequences of positive real numbers representing
bandwidths. The symbol 1 denotes the unit multi-index in the spatial field.

The central aim of this study is to analyze the almost sure convergence of the estimator Fx (4, b)

toward F® with respect to the random field (Z;);cnn-

2.2. Spatial Dependence Measures

There exists a function ¢(t) such that ¢(t) — 0 as t — oo, and for all finite subsets Ey, E, C NN,
the following inequality holds:

a(B(Eo), B(E))=  sup  [P(BNC)—P(B)P(C)|
BeB(Ey),CeB(E,) (5)

< ¢(Card(Ey), Card(E,)) ¢(dist(Eyp, E,)).

Here, B(Eg) (resp. B(E,)) denotes the Borel c-algebra generated by (Z;:i€ Ey) (resp.
(Z;:1€E)). The notation Card(Ey) (resp. Card(E,)) stands for the cardinality of Ey (resp. E,),
while dist(Ey, E,) represents the Euclidean distance between the two sets.

The function i : N2> — R is symmetric and non-increasing in each argument. It satisfies one of
the following regularity conditions:

p(n,n) < Cmin(n,ny) Vn,n €N, (6)

or

Y(n,n) < C(n+ny+ l)g, Vn,n €N, (7)

where > 1 and C > 0 is a constant.

Definition 1. Let Ay, - - -, Ay be real-valued random variables satisfying the following conditions:

* E(A)=0forallj=1,...,n,
o P(A| <M)=1forallj=1,...,n with M < co.

Let o2 = Var(¥!, A;), and suppose there exist constants K > 0 (bounded) and B > 0 such that the
following covariance inequality holds for all multi-indices:

(s1,.-.,80) EN", (t1,..., 1) €N, withl1<s1< - <g,<H << <n:

< K2M" T 2pexp{—B(t; —su)}. (8)

COV (H ASir H At]>
i=1 i=1

Then, for any t > 0, the following exponential inequality holds:

2/2
IP’( > t) < exp{Gn 167 }, )

YA

j=1
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where the constants Gy, and [, are given by:

16nK2 2KvM
G < 2/ = - .
n = I <9Gn~(1—e—ﬁ)v1> 1—ef

3. Asymptotic Properties
3.1. Background Information and Assumptions

Throughout this section, we denote by C and C’ strictly positive constants. We assume that for all
yeS:
Fi(b) < 1. (10)

In the spatial context, the notation n — co means that:
min{n;} — oo,

and for all 1 < j,k < N, the ratio of components satisfies:

"

n _ 11
nk <C<o (11)
We now introduce the following hypotheses:
(H1)
P(A € B(a,r)) = ¢a(r) > 0. (12)

Here, B(a, r) denotes the ball of radius r centered at a.

(H2) The function ¢ satisfies the summability condition:

Y (i) < oo, withd > 5N. (13)
i=1

(H3) For all i # j, the following holds:

0 < supP[(A;, Aj) € B(a,h) x B(a,h)] < C(¢a(h)T, (14)
i#j
where 1 < e < %
(H4) There exists a neighborhood N, of a such that for all (a1,a,) € N2 and (b, by) € S?,
[F(by) — F2(b2)| < C(d™ (a1,82) + [b1 — bo|™), (15)
with mq > 0, my > 0.
(H5) The kernel K has compact support on [0, 1] and satisfies:
CBe(g)(-) < K(-) < C'Bey)(-), (16)

where Be(( 1) denotes the indicator function of the interval (0,1).

(H6) The function H belongs to the class C?, has compact support, and possesses bounded derivatives.

(H7) There exist constants:

2N 7

O<a< 7o > 0, (17)
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such that:
oo
r}grgon = 00, (18)
and (543a0)N—5
C-n 5 < gy(h), (19)
where:
n= ny---mnyN. (20)
3.2. Main Result
Theorem 1. Under the hypotheses (H1-H7), we have the following uniform convergence rate:
lOg(ﬁ) 1/2 . n
F¢(b) — F*(b) = — hyt + h? 21
%(b) (b) Ou'm<<ﬁ4’a(h1<) +Oa.m( x Thy )' (21)

In the particular case where N = 1, we recover the same convergence rate as in Ferraty et al. [33]. The proof of
this result relies on the following decomposition:

1
Fe(a,0) = F*(b) =5 —{ (E¥ (a,0) ~EF{ (a,b)) — (F*(b) ~EF¥(a,0)) }
Fg'(a) (22)
L P (BER (@) ~ FP(a)
FKD (ll) K K *
The following results form the basis of the proof of Theorem 1:
Lemma 1. Under hypotheses (H1-H5) and (H7), we have:
log(f) '/
FR(a) — EFR (a) = (Ag> : 23
K (LZ) K (ﬂ) u.co( n(Pu(hK) (23)
Lemma 2. Under the assumptions of Theorem 1, we have:
log(n) '/
‘Fly(a/b)_EF}(\](a/b)‘ :OH'CO<(fM¢§Ehi)) > (24)
Lemma 3. Under hypotheses (H1-H5) and (H7), it holds that:
Fo(b) — EFY(a,b) = Og.co (" + H}7). (25)
Corollary 1. Under the assumptions of Lemma 1, we obtain:
1
Y ]P><F}2(a) < 2> < co. (26)

ncNN

4. A Simulation Study

To assess the finite-sample performance of the proposed kernel estimator for the conditional
distribution function F?(b), we conduct a simulation study tailored to spatially weakly dependent func-
tional data. The goal is to empirically validate the asymptotic properties established in our theoretical
framework, particularly the almost complete convergence (a.co) and the rate of convergence under
quasi-association.

4.1. Simulation Design

We consider a spatial domain of dimension N = 2, defined over a regular grid of locations
iely={1...,m}x{l,...,ny}, with a total sample size 1 = n; X np. At each spatial index,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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a functional covariate A; € L2[0,1] is generated using smooth basis functions (e.g., B-splines), and
perturbed with a spatially quasi-associated noise field to induce spatial weak dependence. This reflects a
realistic spatial functional data scenario.

The scalar response variable B; is simulated via a known conditional model:

F'(b) =P(B; < b | A; = a) :@(ba(”;)(”)) 27)

where @ is the standard normal cumulative distribution function, and m(a), o(a) are smooth functions
of the norm ||a||. This setup allows exact computation of the true conditional distribution for validation.

4.2. Visualization of Functional Data

To illustrate the nature of the spatially weakly dependent functional covariates 4;, we plot a
sample of these curves. Each function is observed on the interval [0, 1], and smoothness is ensured via
B-spline basis functions.

Functional Data with Spatially Weak Dependence

| PN
= s Q%. ,’&)@\.‘-‘-"4\’ N>
SRR

Figure 1. Sample of 35 functional covariates 4;(t), spatially quasi-associated.

As seen in Figure 1, we display a representative sample of 35 functional curves. These curves are
smooth and exhibit gradual variability across space, consistent with the quasi-associated dependence
structure. This visualization highlights the functional nature of the covariates and supports the
assumptions used in our theoretical results.

4.3. Simulation Procedure

The simulation process proceeds as follows:

1.  Parameter Initialization: Define n; = np = 10, bandwidths hg, hy, and basis size (e.g., 15
B-splines). Choose functions m(a) = (a, ), and c(a) = 0.3 + 0.1]|a]|.
2. Data Generation: Each functional covariate is generated as:

J .
Ai(t) = 10,"0;(0) +6:(0),
]:

where 9]0) ~ N(0,0.3%), and ¢; is a spatially correlated perturbation modeled via exponential
decay: Cov(d;, 6j) o< exp(—||i —jl|).
3. Response Variable: For each i, compute:

Bi =m(A;) +mi, 1~ N(0,0(a)?).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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4. Kernel Estimation: We employ the nonparametric estimator defined in Equation (1), where d(-, -)
denotes the L.? distance between functional covariates, H corresponds to the Gaussian cumulative
distribution function, and K is the Epanechnikov kernel defined by:

3
K(u) = 1(1 — U <1y

K is the Epanechnikov kernel, and H is the Gaussian CDF.
5. Evaluation and Metrics: We compute pointwise metrics:

Bias(a,b) = E[Fx(a,b)] — F*(b), MSE(a,b) = E[(Fx(a,b) — F*(b))?],

estimated via Monte Carlo replications.
6.  Visualization: Plot Fy(a,b) against F?(b) to visually assess the quality of the estimator across
different ranges of b.

4.4. Results and Visual Analysis

To visually validate the performance of the kernel estimator, we plot the estimated conditional
distribution function versus the true function for a fixed reference curve a. The figure below, generated
from R, shows the estimated Fi (a,b) in red (dashed) and the true function F*(b) in blue (solid).

Estimated vs True Conditional Distribution Functions

0.20
1
N

e True CDF ’
=== Estimated CDF

0.05
|

0.00
1

Figure 2. Comparison between the estimated and true conditional distribution functions Fx (a, b) and F?(b) for
fixed functional input a.

We observe that the estimator aligns closely with the true distribution in the central region. Slight
overestimation near the tails may arise from finite-sample effects or boundary bias. Overall, the
estimator exhibits robust behavior under weak spatial dependence and functional variability.

4.5. Summary of Findings

The kernel estimator performs well in capturing the true conditional distribution under spatially
quasi-associated functional covariates. Simulation results corroborate the theoretical properties, partic-
ularly the convergence rate stated in Theorem 1. Estimation accuracy improves with increased sample
size and suitable bandwidth selection. Visualization confirms strong agreement between estimated
and true CDFs, with mild deviation at boundaries. This simulation study confirms the consistency and
practical feasibility of the proposed estimator. It supports our asymptotic results and highlights its
flexibility in the spatial functional context.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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5. Conclusions and Perspectives

This study provides a comprehensive investigation of a kernel-type estimator for conditional
distribution functions in the context of spatially indexed functional data, particularly when covariates
take values in infinite-dimensional spaces. The core objective was to examine the asymptotic properties
of the estimator, focusing on its almost complete convergence (a. co) and the associated convergence
rates.

We considered a spatial sampling framework with quasi-associated dependence structures, re-
flecting realistic conditions in many applied settings. Under a set of regularity conditions, we derived
uniform convergence results and provided theoretical guarantees for the performance of the estimator.
The theoretical developments were supported by a simulation study, which confirmed the estimator’s
consistency and highlighted its sensitivity to spatial correlation and bandwidth selection.

From a broader perspective, our findings emphasize the critical role of incorporating spatial struc-
ture into statistical modeling. Ignoring such dependence can lead to inaccurate inference, especially in
high-dimensional or functional data settings. The kernel-based approach demonstrated here offers a
flexible and nonparametric alternative, well-suited for complex spatial data.

Future Research Directions

Building upon this foundation, several promising avenues for further research emerge:
The current framework can be generalized to irregular spatial lattices or continuous spatial domains
using tools from spatial stochastic processes.
Investigating the behavior of the estimator under deviations from the quasi-association assumption,
heavy-tailed distributions, or outliers would enhance its practical relevance.
Developing adaptive or cross-validated procedures for selecting kernel bandwidths kg and hp remains
an open challenge, especially in functional settings.
Applying the methodology to spatial datasets in geostatistics, climate science, or public health would
provide practical insights and further validate the approach.
Creating efficient algorithms and open-source software for kernel estimation in spatially dependent
functional data would facilitate broader adoption in applied contexts.
Overall, this work contributes to the understanding of nonparametric inference for conditional distri-
butions in spatial data and lays the groundwork for future theoretical and applied developments in
this growing area of statistical research.

Author Contributions: Conceptualization, I.B and H.D.; A.B.; methodology, I.B and H.D.; software, 1.B; validation,
A.B., and H.D,; formal analysis, H.D. and LB; investigation, I.B, A.B., and H.D; resources, I.B and H.D.; data
curation, A.R,; writing original draft preparation, H.D. and H.M.A ; writing review and editing, I.B, A.B, and H.D.;
visualization, H.M.A.; supervision, A.B and H.M.A_; project administration,I.B; funding acquisition, H.M.A.

Funding: This research was funded by Taif University, Saudi Arabia, Project No. (TU-DSPP-2024-162).

Data Availability Statement: The data used to support the findings of this study are available on request from the
corresponding author.

Acknowledgments: The authors extend their appreciation to Taif University, Saudi Arabia, for supporting this
work through project number (TU-DSPP-2024-162).

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A
Proof of Lemma 1. The concepts used in the proof are comparable to those in [27]. We have:
FR(a) — EFR (a Ni ( Al
R(a) ~ EFR(0) = mprs j L Nila (A1)

where Nj(a) := Kj(a) — E[K;(a)].
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We take into account the spatial decomposition introduced by [25] for the variables Nj (a), defined
with a fixed integer pn. For j € NV, define:

) 2jkon+0n
Y(Ln,aj)= Y, Nia). (A2)
ik:2jkpn+1

=1,...,

In a similar vein, the other two terms are defined as:

N1 2(jk+1)pn 2jNPntPn
Y2Vt n,a,j) = Y Y. Ni(a),

ir=2jkpn+pn+1iN=2jnpn+1
k=1,...N—1

. (A3)
2(jx+1)pn
Y(2N,n,a,j) = ) Ni(a).
ikzzjkpn+Pn+l
=1,...,
Now, setfori=1,...,N:
rl:Z”—”, T=10,...,m—1}x - x{0,...,ry —1}. (A4)
On
We define:
N(n,a,i) = Y Y(i,n,a,j), (A5)
jeJ
so that we recover:
2N
Y Ni(a) =) R(n,a,i). (A6)
i€l i=1
We can write, without loss of generality, the following identity:
D D 1 &
(FK (a) — EFE (11)‘ _ mi;N(n,u,z). (A7)

Even in the case where n; # 2r;pn, we can group the remaining terms into an additional block
denoted by X(n, g, 2N 4 1), and this does not affect the validity of the proof (see [32] for details).

From Equation (A7), for any # > 0, we have:

IP’(‘PKD(Q) —IE[FKD(Q)]‘ > ;7) <2V max P(T(n,a,i) > yaE[Ky(a)]), (A8)

i=1,...,.2N
where it remains to bound, for eachi =1,...,2N:
P(T(n,a,i) > ynE[Kq(a)]). (A9)

We now focus on the specific case where i = 1. To proceed, we perform a reordering of the variables,
denoted as (U(1,n,4,j); j € J). Leveraging Lemma 4.5 from Carbon et al. [27], we apply it to this
reordered sequence. The variables under the new enumeration are denoted by 74, ..., Yy, where:

N
M=TTrn=2"Nap™ <ap,™.
k=1
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For each v;, there exists a corresponding index j; € J such that:
= ) Nia) (A10)
iel(lnaj;)
where
I(1,n,4,j;) = {i {2 pn+1 < ik < 2 pnt pn, k= 1,...,N}. (A11)

Each such set contains p} elements, and the minimal distance between any two such sets is at
least pY.

Now, consider independent random variables 77, ..., 7}, that are constructed to follow the same
marginal distribution as the corresponding v;, for j = 1,..., M. According to the result of Carbon et al.
[27], we have:

<2C MpY p((M—1)pY, p}) ¢(pn). (A12)

M
Y Ey;—7;
j=1

Our next set of results is derived using **Bernstein’s** and **Markov’s** inequalities. We obtain:

P(T(n,a,i) > naE[Ky(a)]) < REL+ REy, (A13)
where:
RE; =P %y% > TREK@])  p exp( - (7 AE[Ki (a)))" (A14)
F=i 2 - M Var[Z{] 4+ CpNynE[Kq(a)] )’
and:
M N nE[Ky(a
RE, = ]P’(Z"yj — ')/]. > %1()])
j=1
C M (A15)
<= _V'Elyi—oF
~— ynE[Kq(a)] ]; ‘7] g
< CMp} (AE[Kq(a)]) 9 ((M — 1)pY, pX) (pn).
Note that:
a=2NMpl, (Al6)
and
(M —=1)py, pi) < pr- (A17)
Therefore, for:
B | logn
we obtain:
RE» < Apy (logh) "2 (Aga(lix) % (pn)- (A19)
By choosing:
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o Aalhi)\ Y
Pn = C< log A ) ’ (A20)
we deduce:
RE> < (logR) ' A ¢(pn). (A21)
According to assumption (H7), we finally show that:
Y fig(pn) < oo (A22)
nel,
Concerning RE1, we now evaluate the variance term Var [’yf ] . In fact, we write:
Var[vy;] = Var Z Nij(a)| = 2 |Cov(Nj(a), Nj(a)) | (A23)
i€l(1,n,a,1) ipjel(1nal)
We denote:
RVa= ). Var[Nj(a)] and RCn= ), |Cov(Nj(a),Nj(a))|. (A24)
icI(1,n,a,1) iZj
ijel(1n,a1)
Under assumptions (H1) and (H2), we have:
Var[Ni(a)] < C(ga(hic) + ¢ah)?). (A25)
which leads to the following bound:
RVn = O(pﬁl 4>a(h1<)). (A26)

To control the covariance term RCy, we follow the decomposition technique of Masry [34]. We define
two subsets of pairs (i, j) as follows:

st={(j) e lLna1?:0<i-j| <en} S={@i)cllna1)?:[i-j|>cn} (A27)

When the actual sequence c, approaches infinity.
We split RCy into two components corresponding to the sets S; and Sj:

RCn= ) |Cov(Ni(a),Nj(@))|+ }_ [Cov(Ni(a),Nj(a))|
(ij)es: (i§)€S> (A28)
= RCL + RC3.

For the first term RCJ, we have:

RCy = ( )Z |E[K; (x)Kj(x)] — E[K; (x)E[Kj(x)]|
ij)€Sy
< CoNeN (1) (9x)/* + 9 () )

< Cope gz () V1.

(A29)

For the second term RC2, we use:
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RCi= ). |Cov(Ni(x),Nj(x))| (A30)
(i/i)Gsz
Since the kernel K is bounded, it holds that:
|Cov (Ni(x), Nj(x))| < Co(lli—jll). (A31)

For higher-order covariances, especially when t; = s,, we analyze:

u+ov u+v
Cov(HMHM)‘ () Bl < (T Taimn, @

leading to:

Cpg u+v

Cov (H Ns;, H N, )

Now, by invoking quasi-association and assumption (H5), we derive the more precise inequality:

u v
Cov (]‘[ N, [T Nt].>
i=1 j=1

< (hglLip(K) + hﬁlLip(H)>2 <ME[K1]

2 C N u+v
< (h,;lLip(K)Jrh;IlLip(H)) ( fn ) 0 M —s, (A34)

N
7N
@)
i)
=z
~_
=
+
Q
Q
[3Y
2
|
wn
N

< (hlglLip(K) +h;11Lip(H))

When t; < s, by assumption (H6), we have:

C - N, - N, < ClIK]leol| Hleo e E|Ng, N, E|N;, |E|N,
ov 1_{ si,l_{ t; = W ( | Su t1|+ | 5u| | tl‘)
i= j=

C u-+ov N 2 A35
S(A/I(px(hK)> (CPanx(hK)) (A35)

< (%) o (prfpx(hK))z'

Moreover, by applying Holder-type interpolation on (A34) and (A35) via powers v and 1 — v, we
obtain:

C u+ov CPrI:] u+v
< ¢y (hk) (NI(Px(hI<)> < ¢x(hg) (ﬁ(Px(hK)) . (A36)

Cov (]’[ N;,, ]’[ N, )

As a consequence, the variables Q;, i =1,..., 2N satisfy the assumptions of the lemma with:

C C 2N
Ky=——~ My=-—-——""\ A, =V N; .
2N /¢ (hk) 2Ny (k) " <z§ )

Thus, applying Bernstein’s inequality:

(A37)
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2N = =
1
i—1 x \ItK —~ N 6 log” n
l ngy (hK)Var (Zi:l Bi) + (A (hg))7
oo §i (A38)
S exp _;72 . &
6 log n
C+ V gy (hg)
< exp{ —Cn?log ﬁ}.
Regarding the second covariance term, we can deduce the following estimate:
RCL<C Y o(lli—jl) <Cpa Y} ol
(1j)€S2 i:[|if>en
) ) (A39)
< Cpp'ex™ Y [il™e(lil).
it[|i]| >cn
We take cn = (¢ (k) " N, then:
RCh < Conen™ 37 [N (il
lli[|>cn (A40)
< Congx(hx) Y- il e(lil)-
llil=cn
From assumption (H2), we obtain:
RCG < Cop'¢x (k). (A41)
Similarly, with the same choice of c,, we also have:
RCy < Cpp ¢ (fx)- (A42)
Hence, the total variance becomes:
Var[71] = O(pNgx(he) ). (A43)
Using this result, we write:
2N on ¢ (k)
——Var[y;] = O (A“—) (A44)
(RE[Ky])? m (Rpx (hk))?
1
= O ——— A45
(s3ip.07) (A
1
= O| = . A46
( gy (hk) > (A0)
Moreover,
Varlyi] = O(pNx () )- (A47)
Using the expressions for pn, M, and 7, together with the last bound, we conclude:
RE1 < exp(—Cryplogn). (A48)
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In light of all the above, the result of the lemma follows by choosing a suitable constant 7.
O
Proof of Lemma 2. Let us define:
A} = K;(x)Hj(t;) — E[K;(x)H;j(t))]. (A49)
It is clear that:
|Af] < Clai()], (A50)
for some constant C > 0.
We aim to show that:
P max|F (2) — BIF (2)]] > 10y | ~B2 ) < za(By + Ba), (A51)
z2€Gy n ¢y (hK )

where G, is a finite grid of evaluation points, and By, B; are error terms derived from concentration
inequalities.
Using the definition of zy, the Equation (A21), and assumption (H7), we obtain:

Y. A%TIRE; < co. (A52)

nely

For a suitable choice of 7y, we also have:

Y AYTIRE; < oo (A53)

nely

Therefore, Lemma 2 follows as a consequence of these two results, combined with the bounds in
Equations (23) and (24). O

Proof of Lemma 3. Using assumption H4 (15), and noting that the random variables are identically
distributed, we obtain the following:

F*(y) —EEY(a,b) = E [Kl (a) Beg (g ) (A) (E[Hi (D) | A] - F“(b))], VbeS.  (A54)
Next, we apply integration by parts:
E[H,(b) | A] = /R H (1 (b = 2) ) fA(2) dz = B! /]R H (h (b —2))FA) dz. (A55)
Performing the change of variable t = bh;HZ, we obtain:
E[H, (b) | A] = /R H' (1) FA(b — hygt) dt. (A56)
Since H' is a probability density function and applying assumption H4 (15), it follows that:
[ElH1(6) | A] = F(®)| < [ H'()|FA® = huat) = P (0)] . (A57)
Finally, we obtain:
Beg(ae) (A) - [E[H; (b) | A] — F*(b)] < /R H(F) (W + |t™2h)dt,  VbeS.  (ASS)

This completes the proof of the lemma under assumption H6 (3.1). [
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Proof of Corollary 1. Since we already have that E[F2 (a)] = 1, we apply the basic inequality from
probability theory:

IP’(FKD(a) < ;) = ]P(‘PI?(a)’ < ;) < ]P’(‘Fl?(a) —E[FKD(a)]‘ > ;) (A59)

and by Lemma 1, the quantity FY (a) — E[F2 (a)] is controlled by a rate of almost complete convergence.
Thus, we deduce that:
Y P(P{Q(a) < ;) < oo, (A60)
neNN
which implies the almost sure convergence of the denominator bounded away from zero, and completes
the proof. O
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