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Abstract

In this paper, we introduce a new set-theoretic operator ()2, in the framework of ideal topological

spaces and investigate its fundamental properties, including its connections with the classical §-
operator and the w-local function. Using this operator, we define a closure-type operator Clf, and
show that it satisfies the Kuratowski closure axioms. Consequently, a topology 7T is obtained, which
is strictly finer than the topology induced by the -operator. Furthermore, the structural relationships
among these topologies are examined, and some applications of the w!-operator are presented. Finally,
we introduce the notions of w*-continuity and w®-continuity, investigate their relationship, and
establish a new decomposition of continuity. We also compare these notions with related concepts
such as *-continuity and §-continuity.
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1. Introduction and Preliminaries

The interaction between algebraic structures and topology such as ideals [1], filters [2], primals
[3], and grills [4] has played an important role in general topology. Among these structures, ideals
provide a convenient framework for formalizing notions of smallness.

Let (X, T') be a topological space. A nonempty family 3 C 2% is called an ideal if it is hereditary
and closed under finite unions. The triple (X, 7, J) is called an ideal topological space (briefly, an ideal
Top space), with no separation axioms assumed. For an ideal topological space, the associated local
function (or *—operator) is defined by

H ={xeX:YUeT(x), UNH ¢ 7},

where 7 (x) ={U € T : x € U} and H C X. This operator, originating in Kuratowski’s work [5], was
further developed by Vaidyanathaswamy [6]. Moreover, the operator

Cl*(H) = HU H*, defines a Kuratowski closure operator on 2¥. Later contributions include the
complementary operator ¥ introduced by Natkaniec [7] and the systematic study of ideal topological
spaces by Jankovi¢ and Hamlett [8]. Islam and Modak (2018) provided an in-depth study of the * and
Y operators and their properties [9].

Recent developments in the theory of ideal topological spaces have emphasized the interaction
between ideals and various generalized topological notions. In particular, investigations have ad-
dressed weakened forms of separation axioms as well as extensions of closedness concepts within
this framework [10,11]. Moreover, approaches based on nano-topology, especially those employing
covering-generated neighborhood systems in the presence of multiple ideals, have further enriched
the structure of such spaces [12].

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Earlier contributions have also examined decompositions of continuity in the setting of ideal
topologies and Z-Alexandroff spaces, providing a deeper understanding of how classical continuity
notions can be refined through the incorporation of ideal-related constraints [13,14].

More recently, attention has shifted toward the formulation of new operators and localized func-
tions in ideal topological spaces, such as sharp-type operators and aura-based local functions. These
constructions serve as effective tools for producing finer or alternative topological structures, thereby
extending the scope of operator-driven methodologies [15-18]. Collectively, these advancements reflect
a growing interest in operator-oriented frameworks and their role in shaping modern generalizations
of ideal topological spaces.

Throughout this paper, a pair (X, 7), or simply X when the topology is clear, denotes a topological
space (Top-space) without assuming separation axioms. For any H C X, CI(H) and Int(H) represent
the closure and interior of H relative to 7, respectively. Let (X, 7) be a Top-space and H C X. A point
x € Xis called a condensation point of H if

YU € T (x € U = UN H is uncountable).

The set H is said to be w-closed [19] if it contains all of its condensation points. A subset W C Xis
w-open if X\ W is w-closed. Equivalently, W is w-open if and only if

Vx € W3U € T such that x € Uand U \ W is countable.

The family of all w-open subsets of X is denoted by 7, forms a topology on X finer than 7. The
w-closure and w-interior, which can be defined in the same way as Cl(A) and Int(A), respectively, will
be denoted by Cl, (A) and Int,, (A), respectively.

Motivated by the concept of w-open sets, Ahmad Al-Omari and Hanan Al-Saadi [20] introduced
the notion of w-local functions with respect to a topology 7 and an ideal J on a set X. For any subset
H C X, define H}(T,73) = {x e X: UNH ¢ Jforevery U € T,(x)}, where To,(x) = {U € Ty, :
x € U}. For brevity, we write H, instead of H},(7,J). Moreover, for an ideal J on X, the operator
Cl;,(H) = HU H{, defines a Kuratowski closure operator on 2%, The topology generated by the
operator CI, is 73 (X, 7) = {H C X: CI},(X\ H) = X\ H}. This topology is called the w*-topology,
and it is finer than 7.

Recently, Issaka, F. Y.; Ozkoe, M. [21] developed a framework based on extremal ideals and
investigated their structural behavior within ideal-induced topologies. Let X # @ and let 3 C 2% be
an ideal. The ideal J is said to be maximal if

VK(ICKC2® = (K=3V K=2%)).
Dually, assuming J # {@}, the ideal J is called minimal whenever
VK ({@}CKCT = (K=3V K={g})).
Let T be a topology on X. For any H C X, define the operator
HY3,T)={xeX:VUeT,xeU=3]€JI\{D}suchthat CUNH}.

This operator is referred to as the sharp transform of H relative to (J,7 ), and is briefly denoted by H*.
Moreover, define the dual operator by ¥#(H) = X\ (X \ H)%. Using H*, one obtains a Kuratowski-
type closure operator CIF(H) = HUH!, H C X. The family of open sets induced by ClF is given by
TH={ucCX: CH(X\U) =X\ U}, which defines a topology on X satisfying 7 C T*.

In Section 2, we introduce a new operator ()ﬁ, and investigate its principal properties, emphasiz-

ing its connections with the classical sharp operator and the w-local function.
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In Section 3, using this operator, we define a Kuratowski-type closure Clf, and analyze the
topology it induces, proving that this topology is strictly finer than 7*. Furthermore, we exam-
ine the relationships between 7. and other related topologies, highlighting both implications and
independence results among them.

In Section 4, we present some applications of the operator w?.

Finally, in Section 5, we define the notions of w*-continuity and wﬂ—continuity for functions,
and examine their relationships with other established forms of continuity, such as w-continuity and
f-continuity.

In this study, Z, Q, and R denote the sets of integers, rational numbers, and real numbers,
respectively.

We first present a number of preliminary results needed in the sequel.

Definition 1. [21] Let X be a nonempty set and H C X with H # . The ideal generated by H is defined as
I(H)={JCX|JCH}.

Theorem 1. [22] Let (X, T, J) be an ideal Top — space and let H, G C X. Then the following hold.
() (H), < H,

(2) (HUG)}, =H}UG,

(3) H} CCl,(H),

(4) HI\Gj C(H\G),.

Lemma 1. [21] Let J be an ideal on X, and let I C 2%, Define
(3:K)={HCX|(HNKe€TJ)(VKeK)}.Then (3 : K) is itself an ideal on X.

Definition 2. [21] [Ideal Quotient and Annihilator] Let X # @ and let J be an ideal on X. Suppose K C 2%.
(1) The quotient of the ideal J by K is the collection

(3:K)={HCX|HNK € JforeveryK € K}.

(2)  In the special case where 3 = {@}, the quotient ({D} : K) is called the annihilator of K relative to X,
denoted by ANN (K) = ({2} : K).
(2)  For a singleton subset H C X, we write AN Ny = ANN ({H}) for brevity.

Definition 3. [21] Let X # @ and 3 C 2%. The ideal 3 is called faithful if AN N (3) = {@}.
Lemma 2. [21] Let J be an ideal on X. Then 3N ANN (3) = {D}.

Theorem 2. [21] A proper ideal J on a non-empty set X is maximal if and only if for every H C X, either
HeJorX\Hel

Corollary 1. [21] Let X # @ with an ideal 3. Then the following hold.

(1)  Forevery H C X, one has AN Ny = ANN (3(H)).
(2)  If 3 is a minimal ideal, then AN N (3) is a maximal ideal.

2. Basic Properties of the wf-Operator
Definition 4. Let (X, T ,J) be an ideal Top-space. For any subset H C X, define the operator (-) LioX 0%
by Ho(3,T) = {x € X | W € To(x), 3 € 3\ {@} (J C WNH) |, where To(x) = {W € T, |

x € W}. The set HY, (3,7T), also denoted by Hﬁ,, is called the w®-operator of H relative to the ideal 3 and the
topology T. When the context is clear, we simply write HB,.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Corollary 2. Let (X, T,J) be an ideal Top-space and let H C X. Then Hﬁ, C Ht.

Proof. Since every 7 -open is also 7,-open, the inclusion H?, C HY follows immediately by defini-
tion. O

The next example illustrates that, in general, the containment H tC H}L fails to be valid.

Example 1. Consider R endowed with the trivial (indiscrete) topology Ting = {@, R}. Define an ideal on R
by 3 =3({@,v2}) = {®,{0},{v/2},{0,+/2}}. Let H = IP be the set of irrational numbers. Then the sharp
operator associated with J satisfies H* = R. Indeed, observe that the set R \ {\/2} is w-open. Moreover, for

every | € 3\ {@D}, we have [(R \ {V2})n IF’} N ] = @. Consequently, for each x € R\ {+/2}, we obtain
x ¢ Hf,. Hence, H' =R ¢ Hf, = {V/2}.

Remark 1. From Example 1, we have HY, = {/2}, and hence H = P ¢ H,. Next, let 3 = J3(Z) be the ideal
on R generated by the set of integer numbers 7, and consider the set H = R\ Z.

For every W € T.,, we obtain (R\ Z) N\W € ANN (3), which implies that Hf, = @. Consequently,
H=R\Z¢Z H, = (R\Z)}, = .

Finally, consider the ideal K = {H C R : 1 ¢ H}. Then let H = R\ {1}. It follows that H}, =
(R\ {11}, = R, and hence H, = R ¢ R\ {1} = H. Therefore, in general, there is no inclusion relationship
between a set H and its associated set Hﬁ,.

Based on Theorem 2, we obtain the following corollary.

Corollary 3. Let (X, T,7J) be an ideal Top-space. If the ideal J is maximal, then for every subset H C X, we
have either Hf, = @ or (X\ H){, = @.

Theorem 3. Let (X,7,J) be an ideal Top-space and let H C X. If J is a maximal ideal, then H is either
Tox-closed or T s -open.

Proof. Let J be a maximal ideal on X, and consider an arbitrary subset H C X. Because J is maximal,
it follows from the Theorem 2, that
Hed v X\HeT.

Case1.If H € J, then H}, = ©, Cl},(H) = H. Thus H is T i-closed, and hence X \ H is 7 -open.

Case 2. If X\ H € 7, then (X\ H);, = @, Cl},(X\ H) = X\ H. Thus X\ H is 7;-closed,
and hence H is 7;-open. Therefore, H is either 7 i-closed or H is 7 -open. O

Theorem 4. Let (X, T,J) be an ideal Top-space. If the ideal J is maximal, then the space (X, T.}) satisfies the
Ty separation axiom.

Proof. Let o, € X with a« # B. Define H = {a}. Since the ideal J is maximal, we have H €
JV (X\H) e
Case1: X\ H € 3. By Theorem 3, X\ He€J = He 7 . Hence, He T N (e € HAB ¢ H).
Case2: HeJ. ThenH €3 = X\ H e 7. Hence,( X\H) e T} N (BeX\HAa ¢ X\ H).
Thus in all cases, JU € 75 [(a e UAB Z U) V (B € UAa ¢ U)|. Hence (X, T) satisfies the Ty
separation axiom. [J

Remark 2. Consider a topological space (X, T") and two ideals IC and J on X. Assume that K C J. Then, for
any H C X, the following implication holds:

KC3 = HL(K,T)CHL(3,T).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Remark 3. In general, there is no intrinsic correspondence between the w-local function and the w*-operator.
This lack of dependence can be demonstrated through the following construction.

Let (X,U) be the usual topological space where X = R. Let 3 = J(Q) be the ideal on R, and consider the
set F =R\ Q. Then FNW € ANN (3J) for every W € Tg,.

In this setting, one observes that

FL(3,T)=@ while E5(3,T)=R.
Conversely, since F € AN N (3), the behavior of the corresponding operators is reversed. Indeed,
(X\F)L(3,T)=Q and (X\F),(3,T)=0.
This example illustrates that the two operators behave independently..

The following theorem establishes a connection between the w-localized function and the w?-
operator.

Theorem 5. For any ideal Top-space (X,T,J) and any H C X, we have
H,(3,T) = HL(ANN (), T).
Proof. Let H C X. Then, for any x € X:

x € HL(3,T) < YW e To(x), 37 €3\ {?}, JCWNH
— VW e Tu(x), I3 €I\{D}, IJNn(WNH) #0
— VW e T,(x), WNH ¢ ANN(J)
< x € H (ANN(3),T).

Hence, we conclude, H, (3, T) = H:(ANN(3),T). O

Theorem 6. Consider an ideal Top-space (X, T,3). For any subsets H and G of X, the operator w* satisfies the
following properties:

(1) HCG= H, CG;

(2)  Hf, = Cly(HE) C Clo(H) and HY, is w-closed in (X, T);
(3) (HNG), C H, NG

4) (HUG), = H, UG,

(5) HL\ G C (H\G),

(6) IfH € ANN (D), then HY, = @;

(7) IfH € ANN(3), then (HUG)% = (G\ H)Y,;

(8) IfJ is faithful, then H, = Cl,(H);

(9 IfH € T, then HN G, C (HNG)E,;

(10) (H)% C HE,.

Proof. We verify the properties of the operator w! as follows:
(1) xeH,
= VW e Ty(x), 3] €7, ] #Q, satisfying ] CWNH
= H C Gimplies ] CWNG

:>xEGﬁ,

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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— H}, C Gf.

(2) Clearly, Hﬁ, - Clw(Hﬁ,). To verify the converse inclusion Clw(Hﬁ,) - Hﬁ,, we proceed as
follows:

x € Cl,(HY) = YW € T, (x), WNHE, £ @,
EIZEWOH&, == ZEWandzeHg,,
sincez € HY,, 3] € 3\ {@} with ] CWNH = x € H,
. Cly(H%) = HY,
x ¢ Cly(H) = 3IW € Ty (x) suchthat WNH =@,
— WNHEeANN®I) = x ¢ HS, = Cly(H),
. H, = Cly(H?) C Cly(H).

(3) This follows directly from (1).
(4) From Theorem 1(2) and Theorem 5, we infer that

(HUG)L(3,T)

(HU c);;(ANN(j),T)

HZ,(ANN(J),T) U c;(ANN(z),T)

H, (3, T)UGL(3, T).

(5) Since H= (H\ G)U(HNG), wehave

HL(3,7T) = (H\G)4(3,T) U (HNG)%(3,T) by (4),
C(H\G)L(3,T) U G4L(3,T) by (1),
—  HL(3,T)\GL(3,T)C (H\G)L(3,T)\G,(3,T) (1)

By axiom (1) (H\ G)%(3,7) € HS(3,7),
— (H\G)%,(3,T)\GL(3,T) C H

Combining (1) and (2), we get:

HY(3, )\ G5L(3,T) = (H\ G)&(3,T)\ G5(3,T)
#

Equivalent Expression via Theorems 1(4) and 5. Using the canonical forms, we also have
HL(3, T)\GL(3,T) = HL(ANN(3),T)\G:H(ANN(I),T) (Thm.5)

(H\G)5(ANN(3),T) (Thm.1)

= (H\G)L(3,7).

N

This completes the proof.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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(6) It follows directly from the definition of AN N (7).
@)

#
w

(HUG), = [(H\G)U(HNG)U(G\H)]
" (H\ G, U(HN G, U (G \ H).
Since H € ANN (3), by (6) we get
(HUG), = QUG =G = (G\ H).
(8) Since 7 is assumed to be faithful, it follows that AN N (J) = {@}. From Theorem 5, we deduce that
H,(3,T) = Hy({0), T) = {x € X | (YW € To(x)) (WNH # @)} = Clo(H).

(9) Let x € HN Gf,. Then

x € H,

xe HNGE, = {
x € Gl = (YW e To(x)) (3] € 3\ {@}) ] SWNG).

HeT,(x) = WnNHe Tu(x),
= JC(WNH)NG=WN(HNG),
= xe(HﬂG)(ﬁU,
= HNGt, C (HNG).
(10)
x € (HD)h

= VU € To(x), A €I\ {@}: ICH,NU

SEfNU4£0=>3zeE¥NU

:>zeHﬁ,andz€U

=3]eId\{®}:JCHNU=ze E*.
Hence, (Hﬁ,)i QH}L. O

Example 2. Let R be equipped with the usual topology U, and let J = {@, {0} } be an ideal on R. Consider the
operator wt,
For any x € R with x # 0, there exists € > 0 such that

(x—gx+e) €Ty(x) and 0¢ (x—¢x+e).

Hence,
RN (x—¢gx+e)]Nn{0} =0,

which implies x ¢ R, Therefore, RY, = {0}. This shows that w* is not extensive, since RY, 2R

Lemma 3. Let (X, T) be a topological space and let 3, KC C 2% be ideals on X. Then, for any subset H C X,
Hi(INK,T)=H5(3,T)UHLK,T).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. (C)Letx € H,(INK,T). Ifx ¢ H(3,T) and x ¢ H},(K, T), then there exist E, F € T (x)
such that ENH € Jand FNH € K. Hence (ENF)NH € JNK, a contradiction. Thus x €
H2,(3,T) U HG (K, T).

O)Ifx € HY(3,T)orx € HS(K,T), then WNH ¢ INK for every W € T, (x), and hence
x € HS(INK, T). O

Theorem 7. In an ideal Top-space (X, T,J), the w-closure of any subset H C X decomposes as the union of
the sets HY, and H},. Explicitly,
Clo(H) = Hy(3, T) U H,(3,T).

Proof.
By Theorem 5
H,(3, T) UH(3,T) = Hy(ANN(3), T) U HL(3,T)
By Lemma 3
- H, (A./\/N(:I) N3, T), since ANN'(3) N3 =@
=H;,({®},T)=Clu(H). O
O

Corollary 4. Let (X, T,J) be an ideal Top —space and let H C X. Then:

(1) Hed = H}, =Cl,(H).
(2) He ANN(3) = H = Cl,(H).

3. On the w*-Closure Operator and the Associated Sharp Topology

Definition 5. Let (X, T ,J) be an ideal Top —space. The w*—closure operator
Clt, - 2% — 2% s defined by VH C X, ClIi (H) = HUH,.

Theorem 8. Let (X, T ,7) be an ideal Top —space, and H,G C X. Then Clﬁ, satisfies:
1) CI(@) =0

2) CE(X)=X

(3) HCCL(H)

(4 HCG=ClIf,(H)CCL(G)

(5) CIf,(HUG) = Cl},(H)UCL,(G)

(6) CIt,(CIE,(H)) = Cl%, (H)

(7) IfH € T, then HNCI,(G) C CIE,(HN G).

Proof. We verify the properties of Cl, as follows:
(1) By definition, @, = @, so

Cll(Q)=0UQ} = .
) Since X! C X,

ClL(X) =XuX,, =X

(3) Clearly, H C HU H’, = CIf,(H).
(4) If H C G, then H', C G/, (Theorem 6 (2)), so

Clt (H) = HUH., C GUGE, = CL,(G).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.1934.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 March 2026 d0i:10.20944/preprints202603.1934.v1

9o0f 16

(5) For unions, using Theorem 6 (4),

ClL,(HUG) = (HUG) U (HUG),
= (HUG)U (H, UGE)
= (HUH,)U(GUGE)
= CI{,(H) UCL,(G).

(6) Using Theorem 6 (10) and items (3) and (4), we obtain that

CIf, (CIE, (H)) = CIE,(H) U (CIL, (H))F
=Cli,(H)U (HU H)%,
= CI%, (H) U HS, U (HE)E,
C CI,(H).

(7) If H € 7, then by Theorem 6 (9),

HNCL(G)=(HNG)U(HNGS) C (HNG)U(HNG),, =CLE(HNG).
0

Proposition 1. Let (X, 7,3J) be an ideal Top —space and H C X. If H C H,, then the following properties
hold.

(1) Clo(H) = CIf (H);
(2) Int,(X\ H) = Int},(X\ H).

Proof. (1) By Theorem 6 (2), Hﬁ, = Clw(Hﬂ,) C Cly(H). Since H C Hﬂ,, it follows that Cl,,(H) C
Clo,(HY,). Therefore, Cl,, (H) = Cl,(H?,) = CIE (H).

(2) From (1), we obtain X \ Cl,(H) = X\ CI,(H) < Int,(X\ H) = Intﬁ,(X \ H). Hence, the
result follows. [

Corollary 5. If (X, T, J) is an ideal Top —space, then for every H C X, CI%,(H) = HU Hj (ANN(3), T).

Remark 4. By Theorem 8, the operator Clg,(H )=HU HY, is a Kuratowski closure. Accordingly,
Th={WCX|CLX\W)=X\W}

defines a topology on X, called the w*-topology. When needed, we write 7:}3(3 )-

Theorem 9. Let (X, T, J) be an ideal Top —space. Then the inclusions T, C 725 and TF C 7:& hold.

Proof. To show that 7;, C 7. Let W € T, Then, (Vxe W)(VT e I\{2}) [In(WN(X\W)) =92].
Hence WN (X\ W) € ANN(3), it follows that

[(¥x € W) (x & (X\W)L]| = (X\W)h S X\ W.

By the definition of the closure operator Clf, CIE (X \ W) = (X\ W) U (X \ W)g, = X'\ W. Therefore,
X\ Wis ﬂ%—closed, and consequently W € 7:3 Hence, 7, C 7?3

To show that 7% C 7:5. Let W € T*. Then X\ W is T¥-closed, so that (X\ W)# C X\ W.
By Corollary 2, (X \ W)%, C (X\ W)# C X\ W. Thus, CI%, (X\ W) = (X\ W)U (X\ W)}, = X\ W.
Therefore, X \ W is ﬂ%—closed, and hence W € 7?3 It follows that 7% C 7?3 O
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Corollary 6. Let (X, T,J) be an ideal topological space. Then
(VH C X) (cn{,(H) C CI¥(H) A CLE(H) C Clw(H)).
Remark 5. The relationships induced by the definitions of the t-topology and the w!-topology are summarized

in the diagram below. The example that follows shows that these implications do not admit converses. Moreovet,
the notions of 7:5—0;767’1 sets and T :-open sets are independent.

N

T-open

T*-open

Example 3. Consider R equipped with the topology T = {@,R}, and let 3 = J3(Q) denote the ideal generated
by Q. Since R\ Q € ANN(J) = (R\Q)f = g, it follows that Q € T A Q ¢ Te,. Moreover,
TECTE = QeTé A Q¢ To. On the other hand, R\ Q € T, A (R\Q)} =2 = R\Q ¢ T*.
Hence, To,-open set and T*-open set are independent concepts. Furthermore, since R\ Q € T, A QN (R\
Q) = @ € ANN(3), we obtain QF, C Q. Consequently, R\ Q € T/ A R\ Q ¢ T*.

Example 4. Let (R, T;,4) be an indiscrete topological space, and let 3 = J((0, c0)) denote the ideal generated
by the interval (0,00). First, consider the set H = (0, c0). Then

R\ H = (—00,0] € ANN(3).

By Corollary 4 (2), we obtain (R \ H)g, =@ and (R\H)}, = Cly(R\ H) = R. Therefore, H € 75,
while H ¢ T5. Next, let G = (—o0,0]. Then

R\ G = (0,0) € 3.

Hence, by Corollary 4 (1), (R\ G);, =@ and (R\ G)fo = Cly(R\ G) = R. Thus, G € 7T, whereas
G ¢ T
Definition 6. Let (X, 7, J) be an ideal topological space and let H C X. The following operators are defined:

(1) The Y} -operator is defined by ¥,(H) = X\ (X\ H){,.
(2)  The ¥},-operator is defined by W%, (H) = X\ (X \ H),.

Remark 6. Let (X, T,3J) be an ideal Top —space and let H C X. According to the definition of the ‘I’ﬁ,—opemtor
together with the Theorem 5, we have Y,(H(ANN (3),T)) = ‘I’g,(H(ﬁ, 7T)).

Theorem 10. Let (X, 7 ,J) be an ideal Top —space and let H C X. Then H € Té = HC ‘PEJ(H ).
Proof. Let H C X. Then
HeTh X\ His T -closed
— Q4 (X\H) =X \H
— (X\H), CX\H
— X\ (X\H){, 2 H
— ¥} (H) D H.
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Hence,
HeTs < HCVY,(H).

O
Theorem 11. Let (X, T,J) be an ideal Top —space and H C X. Then
¥ (H) NYE (H) = Int,(H).
Proof. Consider any subset H C X. By Theorem 7, We have
Cly(X\H) = (X\H)L(3,T)U(X\H),(3,T)

& X\ Clo(X\H) =X\ [(X\ H)L(3,7) U X\ H)5(3,T)]
& Int,(H) =X\ (X\H)L(3,7) n X\ (X\ H)5(3,T)
& Int,(H) =¥ (H) N5 (H).

O

From the Theorem 11, we obtain the following;:

Corollary 7. For an ideal Top —space (X, T, J) and a subset H C X. Then:

(1) IfX\ H €73, then it follows that ¥%,(H) = Int,,(H).
(2) IfX\He ANN(J), then Y},(H) = Int,(H).

Theorem 12. For any ideal Top —space (X, T,3), Too = T22(3,T) N TE(3,T).
Proof. Obviously T, € 7.:(3,7) N TE(3,T). Let W € T5(3,T) N TE(3, T). Then
WeTED,T) AW e THANNGI),T) = W e TE(BNANN(I), T).
Since 3N ANN (3) = {@}, we obtain W € T,. Hence,
150, T)NTEG,T) € To

Therefore,

To = TE(3,T)NTAI,T).
O

Theorem 13. Let (X, T,J) be an ideal Top —space with J a proper minimal ideal. Then, for every H C X,
H,=0 or (X\H)=0.

Proof. By the duality between ideals and their annihilators (Corollary 1 (2)) J minimal <«
AN N (J) is maximal. We conclude that

VHCX, (He ANN(J) v X\ H € ANN(3)).
From Theorem 6 (6), we obtain

(HGAN/\/(TJ) :>Hﬁ,:®) v (X\HGA/\/’N(J‘) = (X\H)ﬁ,:@).
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Therefore
VHCX, (H, =0 v (X\H), =0).

O
Corollary 8. Let (X, T,J) be an ideal Top —space with J minimal. Then
VHCX, He ﬁ—closed V He fg—open.
Proof. The proof proceeds analogously to that of Theorem 3. [

Corollary 9. Let (X, T,3J) be an ideal Top —space. If J is minimal, then the space (X, T4 satisfies the Ty
separation axiom.

Theorem 14. Assume that (X, T ,J) is an ideal Top —space such that J is a maximal ideal on X. Then, for any
subset H C X,
HY, = Cly(H) V ¥, (H) = Int,(H).

Proof. Let H C X. Since J is a maximal ideal on X, it follows that
HeJd v X\He.

Consequently,
H,=0 Vv (X\H); =.

From Theorem 7, we have

Cly(H) = HYUH!, VHCX.

Hence,
(Hf, = @ = Cly(H) = HS,) Vv ((X\ H);, = @ = Clo(X\ H) = (X\ H)%).
Using the identity
Cly(X\ H) = X\ Int,(H),
we deduce
Vi (H) = X\ (X\ H)f, = It (H).
Therefore,

Clo(H) = Hf, v ¥, (H) = Int,(H),

which completes the proof. O

Corollary 10. Suppose that (X, T,7) is an ideal Top —space such that J is a proper minimal ideal on X. Then,
for every subset H C X,
H}, =Cly(H) V Y} (H) = Int, (H).

Proof. Applying Theorems 7 and 13, the statement is established. [J

4. Some Applications of w?-Operator

Theorem 15. [21] Let (X, T) be a topological space and let H be a subset of X. Then H is dense in X if and
only if the ideal topological space (X, T, AN N i) is a Hayashi-Samuel space.
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Remark 7. Let U be the usual topology on R, and let the annihilator ideal of the rationals be
ANN({Q}) =2°, P=R\Q
The associated w-topology is
U, = {W CR ‘ Vx e W, 3U € U with x € U and U\Wcountuble}.

Since R\ Q € U, N ANN ({Q}) # &, we can write symbolically that the space
(R, Uy, ANN ({Q})) fails to be a Hayashi-Samuel space as U, N ANN ({Q}) # @. Furthermore,
applying the C1%, operator, we have CI%,(Q) = QU Qf, = Q, because Q¥, C Q.

Remark 8. In [21], Issaka and Ozkoc established that the set of rational numbers QQ is U t_dense in the ideal
topological space or dense in (R,U*) (R,U,3(Q)), where U denotes the usual topology on R.

Question 1. Does there exist a Hausdorff topology on R such that Q fails to be dense in R with respect
to the ideal 3(Q)?

Example 5. Let U is the usual topology on R. Let I = J(Q). Since Q € T, then by Corollary 4 (1), we obtain
Qf =Dand Qg, = Clw(Q) = Q because R \ Q is w-open. Thus Clﬂ,(@) =QuU Qg, =QuUQ=Q. Thus
Q is not L{f,—dense or Q is not dense in (R, uﬂ,) Finally, it is obvious that (R, Z/li,) is Hausdorff sincetd C Llf,.

Theorem 16. Let (X, T") be a topological space. Assume that there is a set F € TS\ {@,X}. Then the
ideal Top —space (X, T, 3(F)) is Tei-disconnected.

Proof. Let F € 75\ {9,X}. Then X\ F € T, \ {@,X}. Since 7, C T4, it follows that X \F €
TE\ {2, X}. Moreover, X \ F € ANNF = AN'N (3(F)), and hence, by Theorem 6 (6), (X \ F)}, = @.
By the definition of Clt,,

CLE, (X \ F) = (X\ )5, U(X\F) =X\ F

= X\F e (TH)\{2,X}
= FeTiN(TH)"
— (X, T,3(F)) is T -disconnected.
O

Corollary 11. Let (X, T) be a topological space. If F € T\ {@,X}, then (X, T,3(F)) is T >-disconnected.

Example 6. Consider the real line R endowed with its usual topology U. Let 3 = J(F) be the ideal generated by
the finite set F = {0, 1}. The set F is w-closed in the topological space (R,U ). By Theorem 16, the corresponding
ideal topological space (R, U, J(F)) is T -disconnected.

5. Decomposition Results for Continuity

Definition 7. A function f : (X,7T,3) — (Y,TI') is said to be w-continuous [23] (resp. §-continuous [21]) if
foreveryU €T, f~1(U) € T,y (resp. f~H(U) € TF).

Definition 8. Let (X, T,7J) be an ideal Top —space and (Y, T) a topological space. A function f : X — Y is
called w*-continuous (respectively, w'-continuous) if and only if

YUy e 1 (respectively, f~H(U) € 7:3) foreveryU €T.
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Corollary 12. Let f : (X, 7,3) — (Y,T) be a function. Then f is w*-continuous iff f : (X, T5) — (Y,T) is
continuous, and f is wt-continuous iff f : (X,'ﬁﬂ) — (Y, T) is continuous.

Corollary 13. Let f : (X, 7,3) — (Y,T) be a function. If f is continuous, then it is also w*-continuous and
w*-continuous.

The converse of Corollary 12 is not valid in general, as illustrated by the following example.

Example 7. Let U be the standard topology on R, and let 3 = {] C R : ] is countable} be the ideal of countable
sets. Define the co-countable topology

Te ={U CR:R\ U is countable} U {D}.

Consider the identity function f : (R,U,J) — (R, 7c), f(x) = x.
Forany U € T\ {@}, f~1(U) = U. Since R\ U is countable. Then for any W € U,,,

R\U)NWeT = (R\U), =0,

so U € U}, Therefore, f is w*-continuous. However, f is not continuous because R\ Q € Tc but f 1 (R\ Q) =
R\ Q ¢ U. Similarly, using the w*-operator, we have R \ (R \ U) € U,, and

R\ U)N [R\(R\u)] cANN@G@) = (R\U)L CR\U,

so ClE(R\ U) = R\ U, and U € U?,. Hence, f is wh-continuous as well.

Theorem 17. A function f : (X,T,3) — (Y,TI') is w-continuous if and only if it is both w*-continuous and
w-continuous.

Proof. The proof follows directly from Theorem 12. O

Corollary 14. Let f : (X,7,3) — (Y,T) be a function. Then the following hold.

(1) If f is w-continuous, it is also wi-continuous.
(2)  If f is §-continuous, it is also wi-continuous.

The reverse statement of Corollary 14 is not true in general; this is shown by the following
example.

Example 8. Let (R, U, T) be an ideal Top —space, where U is the usual topology on R and 3 = 3(Q). Define a
function f : (R,U,T) — (R,U) by
1, xeR\Q
flx) = {

0, x€Q.

Forany U € U,

z, 0¢U, 1¢U,
Q, 0elU, 1¢U,
R\Q, 0¢U,1€U,
R, 0elU, 1el.

Since R\ Q € ANN(3), Theorem 6 (6) yields (R \ Q)%, = @. Hence

QCYL(Q =R\ (R\Q) =R,
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which implies Q € UY, by Theorem 10. Similarly, R\ Q € UE, by Theorem 10. Indeed, since @ N (R \ Q) = @
and R\ Q € U,,, it follows that QE, C Q. Consequently, ‘I"BU(R \Q) = R\ Q, and therefore R\ Q € Z/{f,.
Therefore f~1(U) € U, for every U € U, and thus f is wi-continuous. However, f is not w-continuous since

Q¢ Ue.

Remark 9. Following Issaka and Ozkic [21], for any H € 3, we have H* = CI(H). In Example 7, since Q € 3,
it holds that Q% = C1(Q) = R. Consequently, R\ Q ¢ U*, and thus the function f : (R,U,T) — (R,U) is
wt-continuous but not §-continuous.

Remark 10. The example below demonstrates that w-continuity and §-continuity are independent notions.

Example 9. Let (R,U,J) and (R,U, K) be ideal Top —spaces, where U is the usual topology on R, 3 = J(Q),
and K = {@, {0} }. Consider Y = {0, 1} equipped with the topology T = {®D,Y,{0}}.

(1) Define
1, xeR\Q,

f:(RUK)— (Y,T), f(x)= {0 cc0

Note that f~1({0}) = Q. SinceR\ Q € AN N (K), by Theorem 6 we have (R \ Q)* = @, which implies
Q € U". Therefore, for each U € T, f~1(U) € U*. Hence, f is §-continuous but not w-continuous.
(2)  Define

0, xeR\Q,

fr(RUT) — (Y,T), flx)= {1 cc0

In this case, f is w-continuous but not §-continuous.

Remark 11. The concepts of w*-continuity and wi-continuity are independent as illustrated by the following

examples. Let (R, T;,4) be the indiscrete topological space, and consider the ideals 3 = {@,{1}}, K =

KC((0,00)) on R. Define the codomain Y = {0, 1} with topologiesT1 = {@,Y,{0}}, T2 ={D,Y,{1}}. Let
0, x>0,

f:R—Y, f(x)= L r<o

(1) When f is considered as f : (R, Ting, 3) — (Y, T1), it is w-continuous but not w*-continuous. Observe
that f~1({0}) = (0,00) € T&. Since (—00,0] € ANN(3), Corollary 4 (2) implies (—o0,0)%, =
@, (—00,0]% = Cly((—00,0]) = R. Therefore, (0,00) & T,
so f is not w*-continuous.

(2)  When f is considered as f : (R, Ting, K) — (Y, T3), it is w*-continuous but not w?-continuous. Observe
that f~1({1}) = (—o0,0] € T.%. Since (0,00) € K, Corollary 4 (1) gives (0,00)}, = @, (0,00)f, =
Cly((0,00)) = R. Therefore, (—o0,0] & T2, so f is not w-continuous.

6. Conclusion
i

We introduced and analyzed the operator (-);, in ideal topological spaces, showing that the
associated closure CI, satisfies the Kuratowski axioms and generates a topology T strictly finer
than the classical f-topology. Inclusion relations with related topologies were precisely characterized,
clarifying the structural hierarchy. We also defined w*- and wf-continuity and demonstrated their
independence from existing continuity notions, providing new perspectives on operator-induced
continuity. These results highlight the refinement and versatility of the (-)&-framework, offering a
solid foundation for further exploration in ideal and generalized topological spaces. Future work
may investigate applications of these operators in generalized operators, separation axioms, and

generalized continuity, as well as other extensions of topological structures.
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