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Article

Networks Based on Graphs of Transient Intensities
and Product Theorems in Their Modelling

Gurami Tsitsiashvili

Institute for Applied Mathematics Far Eastern Branch of Russian Academy sciences, Radio street 7, Vladivostok, Russia;
guram@iam.dvo.ru

Abstract: The paper considers two models of queuing with a varying structure based on the introduction of

additional transient intensities into known models or their combinations, which create stationary distributions

convenient for calculation. In the first model, it is a probabilistic mixture of known stationary distributions with

given weights. In the second model, this uniform distribution is repeatedly used in physical statistics. Both

models are based on the selection of states, between which additional transient intensities are introduced. The

algorithms used in the paper for introducing new transient intensities are closely related to the concept of flow

in a deterministic transport network. The introduced controls are selected so that the marginal distribution of

the combined system is a mixture of the marginal distributions of the combined systems with different weights

determined by the introduced transient intensities. As a result, the process of functioning of the combined system

is obtained by switching processes corresponding to different combined systems at certain points in time.

Keywords: product theorem; uniform distribution; Diophantine equation; transient intensity; controlled structure

0. Introduction

Stochastic processes on graphs are widely used in the construction and research of applied
stochastic models (see, for example, [1–5] and references to them). These applied problems are closely
connected with admission and pricing optimization of on-street parking with delivery bays [6]. It is
worthy to say about joint optimization of preventive maintenance and triggering mechanism for k-out-
of-n: F systems with protective devices based on periodic inspection [7]. Another applied problem is
considered in managing production-inventory-maintenance systems with condition monitoring [8].

In particular, these constructions may be used in modelling of the so-called functional systems
introduced by P.K. Anokhin [9,10] in neurophysiology. According to Anokhin’s definition, a functional
system is urgently formed to obtain the desired result and disintegrates after receiving this result. In
particular, as a student of the famous physiologist I.P. Pavlov, P.K. Anokhin proved that the feedback
cycle in the body is much more complicated and includes entire zones in the brain. Following this, P.K.
Anokhin tried to involve even N. Wiener in the analysis of such complex interactions. This example
clearly shows how the complexity of tasks and related queuing network models increases. At the same
time, there is a whole series of modern anatomical and psychological studies on the transformation of
short-term memory into long-term memory with the participation of the hippocampus [11–14].

To construct a mathematical model of queuing networks with a varying structure, the construction
of discrete ergodic Markov processes with continuous time is used in this paper. And the model itself
is a combination of several queuing systems. In this case, the set of states of the combined system is
the union of the sets of states of the combined subsystems. This is the difference from the classical
queuing networks, in which the set of states of the system is a direct product of the sets of states of
the combined systems [15,16]. The transient intensities between the states of different systems may be
considered as a control which defines a protocol of functioning the system. And stationary distribution
of combined system becomes probabilistic mixture of stationary distributions of combined subsystems.

Second and very important calculation problem closely connected with first one as in technical so
in a meaningful sense is to analyse a method for controlling a single-channel queuing system with
failures in order to give it properties that display patterns of real processes interesting for applications.
It is noteworthy that in order for these systems to be acceptable for repeated use, they must have
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a sufficiently smooth distribution over a variety of states. The attention to uniform distribution is
explained by the fact that it is characterized by the absence of any priorities for individual states.
To do this, here, by analogy with the statistical mechanics [17,18], a queuing system with uniform
distribution over a set of states is designed.

The construction of queuing system with a uniform stationary distribution is based on a graph of
transient intensities, in each node of which the sum of input intensities is equal to the sum of output
intensities. Such a network is constructed in the paper from a deterministic transport network (see, for
example, [19,20]) by introducing an additional transient intensity from the final vertex to the initial
one so that the intensity of the flow along it coincides with the total flow in the bipolar. Such queuing
systems is a special case of stochastic cleaning systems that accept and accumulate input data of
random variables over random time intervals until pre-defined criteria are met. Then some or all of
these inputs are instantly cleared (see, for example, [21–24]).

An alternative way to solve this problem in the paper is to use the product theorems [15,16]. To
construct such a queuing system, the product theorem for a connected graph of transient intensities
consisting of triangles/pyramids with disjoint edges [25], which is a generalization of the classical
Jackson product theorem with a finite number of states and with unit factors in all nodes.

1. Materials and Methods

In this paper, the ergodicity theorem is used for discrete Markov processes with a countable set
of states. The main condition of this theorem is the existence of a limiting distribution satisfying the
Kolmogorov-Chapman equalities. The next method is product theorem for open (Jackson, [15]) or
closed (Gordon-Newell [16]) queuing network. The main result of these theorems, used later in the
article, are the formulas themselves for calculating limit distributions, including products of degrees
of load coefficients in individual network nodes. The article also uses the concept of a deterministic
transportation network [19,20] to design a queuing network with a stationary uniform distribution.

1.1. Ergodicity Theorem

The following ergodicity theorem of discrete Markov process with continuous time is proved (see,
for example, [26,27, Theorems 2.4, 2.5]).

Theorem 1. Suppose that a homogeneous Markov process X(t), t ≥ 0, with a discrete and counting set of
states X , with transient intensities λ(i, j), i, j ∈ X , satisfies the conditions
(A) system of equations

uj ∑
i∈X

λji = ∑
i∈X

uiλij, j ∈ X, (1)

has at least one solution {ui} such that 0 < ∑
i∈X

|ui| < ∞,

(B) all process states are communicating, i.e. ∀i, i∗ ∈ X ∃i1, ..., ir ∈ X : λii1 > 0, λi1i2 > 0, ..., λir i∗ > 0
(C) the regularity condition is met, i.e. ∃Λ < ∞ : ∀j ∈ X ∑i∈X λji < Λ.

Then the process X(t) is ergodic, its stationary distribution coincides with the limit (ergodic) and is
uniquely determined from the system (1) and the normalization conditions.

1.2. Product Theorems

An open Jackson network G is a network with an intensity λ of Poisson input flow. It consists
of m single-server queuing systems with service intensities µi, i = 1, ..., m. Between these nodes
customers are circulating. The dynamics of the customers motion in the network is set by the route
matrix Θ =

∣∣|θij
∣∣|mi,j=0, where θij are probabilities of transition after service at node i to mode to

node j, θ00 = 0, node number 0 is an external source. It is assumed that the route matrix is inde-
composable, i.e. ∀i, j∈{0, 1, ..., m} ∃ i1, i2, ..., ir∈{1, ..., m} : θii1>0, θi1i2>0, ..., θir j>0. Then the vector
Λ = (λ, λ1, λ2, ..., λm) is the only solution to the system Λ = ΛΘ.The functioning of the entire network
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(the number of customers in service centres) is described by a discrete Markov process N(t) with
multiple states Y = {n = (n1, ..., nm) : n1, ..., nm ≥ 0} and non-zero transient intensities (n ∈ Y):

L(n, n + ek) = λθ0k, L(n + ek, n) = µkθk0, (2)

L(n + ek, n + ei) = µkθki, 1 ≤ k ̸= i ≤ m. (3)

Here ek is a m-dimensional vector whose k component is 1, and rest are 0. In these conditions the
following product theorem is proved in [15].

Theorem 2. If λi < µi, i = 1, . . . , m, then Markov process N(t) is ergodic and its stationary distribution
satisfies the formula

π(n) = C−1
m

∏
i=1

ai(ni), ai(ni) =

(
λi
µi

)ni

, C =
m

∏
i=1

µi
µi − λi

. (4)

Consider now closed queuing network G′ with states set Y = {((n + ek, n + ei)) : 0 ≤ ni, i =

1, . . . , m,
m

∑
i=1

ni = K} where and all nk are integers. Here K is the total number of customers in the

network G′. Then the following product theorem is proved in [16].

Theorem 3. Assume that the network G′ is described by discrete Markov process Y(t), t ≥ 0 with states set Y
and transition intensities θ′k,i. If route matrix Θ′ =

(
θ′ki
)m

k,i=1 of the set G′ satisfies the condition

0 < θ′ki < 1, 1 ≤ k, i ≤ m (5)

then appropriate system of motion equations [16]

(λ1, . . . , λm) = (λ1, . . . , λm)Θ′ (6)

has infinite number of solutions (λ1, . . . , λm) with non-negative components belonging half axis. The Markov
process Y(t) is ergodic and its stationary distribution π(n), n ∈ Y , is calculated by the formula

π(n) = C−1Ψ(n), Ψ(n) =
m

∏
i=1

ai(ni), C = ∑
n∈Y

Ψ(n), ai(ni) =

(
λi
µi

)ni

(7)

2. Results

The main results of the paper are presented in two subsections. The first subsection contains the
procedure for switching between queuing subsystems/networks using additional transient intensities.
It is proved that for such systems with switching between subsystems, the stationary distribution is a
probabilistic mixture of stationary distributions for switched subsystems. The second subsection is
devoted to the construction of queuing systems with uniform stationary distribution. In this subsection,
the two-pole construction is used as a graph of transient intensities with the introduction of a transient
intensity from the output vertex to the input one. In addition, open networks with a finite number of
states and with single load factors in nodes are designed as queuing networks with uniform stationary
distribution.

2.1. Queuing Networks with Varying Structure

Using ergodicity theorem 1, limit relations are constructed in this section for stationary distri-
butions of discrete Markov processes with continuous time. They are used to calculate the marginal
distributions of exponential queuing networks operating in a random environment. We are talking
about networks whose structure (a set of operating nodes, an intensity of service and input flow, a
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route matrix, a number of states, transitions between nodes) or type (open, closed network) changes
when some state of a system reaches some meaning. Based on the proved theorem and the choice of
the functioning scheme for the models under consideration, formulas for calculating their marginal
distributions are obtained and additional computational algorithms are constructed. These results are
illustrated by Example 1 of switching between two different Markov processes.

2.1.1. Basic Theorems on Stationary Distributions of Markov Processes with Connecting Transient
Intensities

Consider m discrete, homogeneous and irreducible (and therefore ergodic) Markov processes
Xk(t), t ≥ 0, k = 1, . . . , m, with sets of states Xk, with transient intensities λk(xk, yk) ≥ 0, and
stationary probabilities Pk(xk), xk, yk ∈ Xk. From the stationary Kolmogorov-Chapman equations, the
equalities follow

∑
yk∈Xk

Pk(xk)λk(xk, yk) = ∑
yk∈Xk

Pk(yk)λk(yk, xk), xk ∈ Xk. (8)

Theorem 4. Suppose that additional transient intensities are introduced between some states x∗k ∈ Xk, k =

1, . . . , m, of processes Xk(t) Λ(x∗k , x∗i ) > 0, i, k = 1, . . . , m, satisfying for some 0 < ck, k = 1, . . . , m,
m

∑
k=1

ck =

1, conditions

∑
1≤i≤m, i ̸=k

ckPk(x∗k )Λ(x∗k , x∗i ) = ∑
1≤i≤m, i ̸=k

ciPi(x∗i )Λ(x∗i , x∗k ), 1 ≤ k ≤ m. (9)

Then the process X(t) with a set of states X =
m⋃

k=1

Xk and transient intensities

λk(xk, yk), xk, yk ∈ Xk; k = 1, . . . , m, Λ(x∗k , x∗i ), 1 ≤ k ̸= i ≤ m,

is also ergodic and its stationary distribution π has the form

π(xk) = ckPk(xk), xk ∈ Xk; k = 1, . . . , m. (10)

Proof. The proof of this theorem is based on the ergodicity theorem 1 and the stationary Kolmogorov-
Chapman equations for the distribution of π(x), x ∈ X , following from the formulas (8), (9).

Corollary 1. Let the numbers αi,k satisfy the conditions

0 ≤ αi,k = αk,i, αk,k = 0, 1 ≤ k ̸= i ≤ m, (11)

and the numbers Λ(x∗k , x∗i ) satisfy the equalities

αk,i = ckPk(x∗k )Λ(x∗k , x∗i ), 1 ≤ k ̸= i ≤ m. (12)

Then the equalities
m

∑
i=1

αk,i =
m

∑
i=1

αi,k imply the equalities (9). The equalities (12) allow αk,i, satisfying the

conditions (11), to determine the transient intensities Λ(x∗k , x∗i ). For us, the most interesting case will be when
the equalities ck = 1/m, k = 1, . . . , m, are fulfilled.

Example 1. Suppose that the discrete Markov processes X1(t), X2(t), considered in Theorem 2 describe the
number of customers in single-server queuing systems M|M|1|∞ with Poisson input flows with intensities
λ1, λ2 and with service intensities µ1, µ2, ρ1 = λ1/µ1 < 1, ρ2 = λ2/µ2 < 1. Then discrete Markov
processes X1(t), X2(t), describing the numbers of customers in first and second queuing systems have marginal
distributions P1(x1 = k) = (1 − ρ1)ρ

k
1, P2(x2 = l) = (1 − ρ2)ρ

l
2, k, l = 0, 1, . . . . Select the states
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x∗1 = 0, x∗2 = 0, select c1, c2, 0 < c1, c2, c1 + c2 = 1 and determine the intensities of transitions
Λ1 = λ(x∗1 = 0, x∗2 = 0), Λ2 = Λ(x∗2 = 0, x∗1 = 0) from the conditions (9):

c1(1 − ρ1)Λ(x∗1 = 0, x∗2 = 0) = c2(1 − ρ2)Λ(x∗2 = 0, x∗1 = 0).

For this example, the positive intensities of transitions between states are described by Figure 1.

Figure 1. Transient intensities in the queuing system from Example 1.

Assume that λ1 = 3, µ1 = 4, ρ1 =
3
4

; λ2 = 4, µ2 = 5, ρ2 =
4
5

; c1 =
1
4

, c2 =
3
4

, then
Λ(x∗1 , x∗2)
Λ(x∗2 , x∗1)

=
12
5

and so we may take, for example, Λ(x∗1 , x∗2) = 12, Λ(x∗2 , x∗1) = 5.

Remark 1. Markov processes Xk(t) may describe open/closed queuing networks. For such networks, Jack-
son’s/Gordon’s theorems allow to calculate both the distributions Pk(xk) and their values at points x∗k and to
determine the transition intensities between x∗k using the selected ck, k = 1, . . . , m. If the distributions Pk(xk)

correspond open networks, then it is convenient to choose zero vectors as x∗k .

Remark 2. Analogous but more complicated models of switching from one Markov process to another Markov
process (or from on to off periods of input flow) are considered in [28].

2.2. Queuing Networks with Uniform Stationary Distributions

All networks describing by Markov process with stationary uniform distribution are constructed
using the following statement.

2.2.1. Main Balance Theorem

Theorem 5. Suppose that a discrete Markov process X(t) with a finite set of states X and with transient
intensities γ(i, k), i, k ∈ X , i ̸= k, satisfies the following condition of states connectivity. For ∀ i, k ∈ X i ̸=
k ∃ i1, . . . , ir ∈ X , r ≥ 0 (i0 = i), so that

γ(i, i1) > 0, γ(i1, i2) > 0, . . . , γ(ir, k) > 0, (13)

and for any i ∈ X , the equalities are fulfilled

∑
k∈X ,k ̸=i

γ(i, k) = ∑
k∈X , k ̸=i

γ(k, i). (14)

Then the Markov process X(t) is ergodic and its stationary distribution p(i) is uniform on the set of states X .

Proof. Indeed, the relations (13), (14) and Theorem 1 imply ergodicity (and hence the existence of
a single stationary distribution) for the discrete Markov process X(t) [26,27]. Moreover, it follows
from the equalities (14) that the uniform distribution p(i), i ∈ X , satisfies the stationary Kolmogorov-
Chapman equations.
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Example 2. Consider a model of a single-server queuing system with failures M|M|1|m when the number of
customers exceeds the upper limit m. We describe this queuing system by a discrete Markov process X(t) with
states 0, 1, . . . , m, characterizing the number of customers in the system. Suppose that the Poisson input flow to
this queuing system has an intensity λ, and the service intensity is µ. Then the transition intensities between
the states of the system have the form (Figure 2)

γ(i, i + 1) = λ, γ(i + 1, i) = µ, i = 0, 1, . . . , m − 1. (15)

Figure 2. Transient intensities in a system with failures M|M|1|m.

Let’s denote ρ = λ/µ the system load factor, then the stationary probability p(i) of finding the system in the
state i satisfies the equalities

pi =
(1 − ρ)ρi

1 − ρm+1 , ρ ̸= 1; pi =
1

m + 1
, ρ = 1; i = 0, 1, . . . , m. (16)

Now let’s transform the system with failures M|M|1|m into a system with a uniform distribution of
stationary probabilities (Figure 3). To do this, we will introduce additional transition intensities into the
M|M|1|m system, characterizing the cleaning of the system from customers and the replenishment of the system
with deleted customers

γ(0, m) = λ, γ(m, 0) = µ. (17)

Figure 3. Transient intensities in a system with uniform stationary distribution.

An elementary calculation shows that the states 0, 1, . . . , m, 0 form a cycle in which the sum of the intensities
entering the state i, is equal to the sum of the intensities leaving the state (and is equal to λ + µ). It follows that
the stationary probabilities of being in the states of the extended system satisfy the equality

p(i) =
1

m + 1
, i = 0, 1, . . . , m, (18)

and the stationary distribution itself is uniform. Thus, by introducing only two new transient intensities given in
the formula (17), the stationary distribution (16) is transformed into a uniform stationary distribution (18). This
change has a particularly strong effect for the state 0, into which the discrete Markov process x(t), characterizing
the number of customers in the system at the moment t, passes from the state m.

Remark 3. It should be noted that the transition intensities γ(0, m) = µ, γ(m, 0) = λ introduced in Figure 4
may be changed. Indeed, at the vertices 1, . . . , m − 1 of a graph depicting the states of the M|M|1|m system
and its transient intensities (Figure 4), the difference between the sum of the output intensities and the sum of the
input intensities is zero. At the vertex 0, this difference is equal to λ − µ, and at the vertex m it is equal to µ − λ.
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Therefore, introducing between the vertices 0, m transient intensities γ(0, m) = µ′, γ(m, 0) = λ′, λ + µ′ =

λ′ + µ, it is possible to obtain equality to zero of the corresponding differences. Moreover, with λ > µ, we can
select λ′ = λ − µ + ε, µ′ = ε, ε > 0. If λ = 1, µ = 0, 8 then it is possible to choose µ′ = 0, 05, λ′ = 0, 25.

Similarly, if µ > λ, then the transient intensities, introducing between the vertices 0, m, the transient
intensities γ(0, m) = λ′, γ(m, 0) = µ′, λ + µ′ = λ′ + µ, it is possible with µ′ = µ − λ + ε, λ′ = ε, ε > 0,
to get the corresponding differences of incoming and outgoing intensities are equal to zero. In this case we can
select µ = 1, 5, λ = 1, 2, then it is possible to choose λ′ = 0, 05, µ′ = 0, 35. It should be noted that in order to
weaken the connection 0 → m, leading to frequent switches between these states 0, m, it is enough to require the
condition ε ≪ 1.

2.2.2. Queuing Network Formed from a Transportation Network

Let’s now consider a queuing network composed of single-server queuing systems at the nodes
of some deterministic transport network [19]. Let this transport network be represented as an oriented
acyclic bipolar with a set of vertices V and a set of edges E. On each edge u of the set E, the value of
the flow cu is determined so that for each vertex (excluding the initial and final vertices) the sum of
the flows entering it equals the sum of the outgoing ones there are flows from it. Let’s denote Λ the
amount of the flow in this deterministic transport network (the sum of flows leaving the initial vertex
equal to the sum of flows entering the final vertex).

Example 3. Let us now proceed to the definition of discrete Markov process X(t) describing this network. On
each edge u ∈ E, we define several states of the discrete Markov process X(t), indexing them 0u, . . . , nu. Such a
Markov process defines some kind of queuing network, in the nodes of which there are single-server queuing
systems with failures. The states 0u, . . . , nu characterize the number of customers in the system located on the
edge u. Moreover, the extreme states 0u, nu can also describe the number of customers in systems adjacent to
this system if there is a transition of customers between these systems. Additionally, we introduce the transient
intensity Λ from the terminal node of the bipolar to the initial node. Then all states of the process X(t) will
be communicating, and the process X(t) will be ergodic. From the construction of the transient intensities of
the process X(t) (Figure 4), it follows that the sum of the input intensities is equal to the sum of the output
intensities for each state. Therefore, the stationary distribution of the so-constructed process X(t), defining a
certain queuing network, is uniform.

Assume that λ′ = 1, µ′ = 0.5, C′ = 1; λ′′ = 2, µ′′ = 1, C′′ = 2, then

Λ = min(C′, λ′ − µ′) + min(C′′, λ′′ − µ′′) = min(1, 0.5) + min(2, 1) = 1.5.

Figure 4. Graph of the transient intensities of Markov process based on a deterministic transport network.

2.3. Some Generalizations of Product Theorems

For an open Jackson network, the graph Γ of transient intensities consists of a set of triangles
(pyramids for m > 2) filling the entire first quadrant. In Figure 5, the graph Γ consists of a single
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triangle. This subsection presents more complex graphs of transient intensities for queuing networks
with a limited number of customers at different nodes.

Figure 5. Transient intensities in the simplest connected graph illustrating Formulas (2), (3).

Everywhere else, we will use the generalization of the relations (2), (3) for the case when for
n ∈ Y0 vectors (Figure 1) (n, n + ek), (n + ek, n + ei), n ∈ Y0, 1 ≤ k ̸= i ≤ m create the connected
graph Γ. As examples of the set Y it is possible to take

Y1 = {n : 0 ≤
m

∑
i=1

ni ≤ K}, Y2 = {n : 0 ≤ ni ≤ Ki, i = 1, . . . , m}.

2.3.1. Main Product Theorem

Then the graph Γ contains a finite number of vertices (which we will also denote Y) and a
finite number of edges. Belonging the edge (n, n + ek) to the graph Γ characterizes permission for a
customer to enter node k from the outside (from node 0). And the absence of the edge (n, n+ ek) in the
graph Γ means that the customer received by the node k from the outside leaves the network. Belonging
the edge (n + ek, n) to the graph Γ means permission to complete the customer service in node k,
and the absence of the edge edge (n + ek, n) in the graph Γ is a ban of a such procedure. Belonging
the edge (n + ek, n + ei) to the graph Γ means permission to complete the service of the customer in
the node i, followed by a transition to the k node and to complete the customer service at the k node,
followed by a transition to the i node. On the contrary, the absence of the edge (n + ek, n + ei) in the
graph Γ means a ban on the corresponding transitions (in both directions) (see, for example Figure
1). Such permissions and prohibitions define the protocol of the G network. Then, using the product
theorem for open queuing networks [15], it is proved the following product theorem in [25]. In this
subsection, the number of vertices of the corresponding graphs determines the parameter of a uniform
stationary distribution.

Theorem 6. The Markov process Y(t) defined by such graph Γ is ergodic and its stationary distribution [25]
π(n), n ∈ Y , is calculated by the formula

π(n) = C−1Ψ(n), Ψ(n) =
m

∏
i=1

ai(ni), C = ∑
n∈Y

Ψ(n), ai(ni) =

(
λi
µi

)ni

. (19)

In Theorem 2 graph Γ is connected and consists of triangles (or pyramids). Without this assump-
tion product formula for stationary distribution can not be proved. Theorem 2 is proved by checking
Kolmogorov-Chapman equalities in conditions of formula (19) for a single triangle/pyramid. Then
these triangles are glued together by their vertices (not by edges). Then the obtained equalities are
already fulfilled for the entire network.
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Corollary 2. If λi = µi, i = 1, . . . , m then limit distribution π(n) is uniform. Main parameter of uniform
distribution here is a number of states.

2.3.2. Closed Queuing Network

From Theorem 3, using ergodicity theorems for Markov chains with a finite number of states
[26], it is not difficult to prove the following statement. All solutions of a system of linear algebraic
equations (6) consisting of positive components are representable as a(λ∗

1 , . . . , λ∗
m), where a > 0 and

there is (single) vector (λ∗
1 , . . . , λ∗

m) satisfying the equality
m

∑
k=1

λ∗
k = 1. Then, using the product theorem

3 for closed queuing networks with single-channel systems nodes [16], it is not difficult to establish
that when the equalities µk = aλ∗

k , k = 1, . . . , m, limit distribution π(n) of the Markov process
characterizing the number of customers in the network nodes is uniform. Moreover, the uniform
stationary distribution in this network has the number M(K, m) of states. Here M(K, m) is the number
of solutions of the Diaphantine equation n1 + . . . + nm = K in non-negative integers or the number of
placements of K indistinguishable particles over m distinguishable cells [29,30] equal to

M(n, m) = Cn
n+m−1 (20)

2.4. Open Queuing Networks with Finite Numbers of Customers

In this section, we assume that λi = µi, i = 1, . . . , m, which ensures a uniform stationary
distribution.

Example 4. Let’s consider an open network with a total number of customers of no more than K, described in
the Theorem 3. The graph characterizing the transient intensities of this network is shown in Figure 5 on the left.

Figure 5. Example of a graph defining a network with a total number of customers of no more than K.

The set of vertices of this graph (Figure 5, on the right)

L′ = {(n1, . . . , nm), 0 ≤ ni, i = 1, . . . , m,
m

∑
i=1

ni = K}

let’s imagine it as a union of disjoint subsets L′ =
K⋃

i=0

L′
i, where

L′
i = {(n1, . . . , nm), 0 ≤ nj, j = 1, . . . , m,

m

∑
i=1

nj = i}, i = 0, 1, . . . , K.

Then from Formula (20) we find the number M′ of vertices in the set L′ :

M′ =
K

∑
i=0

Cm−1
i+m−1. (21)
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Let’s now turn to the consideration of an open network (Figure 6) with a limited number of
customers, characterized by the condition 0 ≤ ni ≤ Ki, i = 1, . . . , m.

Example 5. The graph (Figure 6 on the left) has a set L of network states (Figure 6 on the right) which may be

represented as a union of disjoint subsets L =
m⋃

j=0

Lj, where

L0 = {(n1, . . . , nm) : 0 ≤ ni ≤ Ki − 1, i = 1, . . . , m},

Lj = {(n1, . . . , nj−1, Kj, nj+1, . . . , nm), 0 ≤ ni ≤ Ki, i = l, . . . , m, i ̸= j}, j = 1, . . . , m.

Figure 6. Example of graph defining network with the number of customers ni ≤ Ki, i = 1, . . . , m.

It follows that the number M of vertices in the set L satisfies the equality

M =
m

∏
i=1

Ki

(
1 +

m

∑
j=1

1
Kj

)
. (22)

Corollary 3. Suppose that the graph Γ is defined by a set of vertices L0. Replace λk, µk, k = 1, . . . , m, in
each triangle/pyramid defined for n ∈ L0 (see Figure 5) by a(n)λk, a(n)µk, k = 1, . . . , m. Then, with such a
replacement, the statement of Theorem 6 and Corollary 2 will remain valid. Then parameters a(n), n ∈ L0 may
be considered as queuing network management.

3. Discussion

The number of examples in the first model can be significantly expanded using well-known
formulas for marginal distributions in various queuing systems, the numbers of customers in which
describe the process of death and birth [26]. Similarly, random processes describing the number of
customers in nodes of an open queuing network [15] or a closed queuing network [16] can also be
used for this purpose? limit distributions in which obey product theorems.

The design of the managed queuing network given in the second model allows for numerous
generalizations based on the model of a deterministic transport network with single input and output
nodes [19,20]. By determining the total flow to the output node in a deterministic network and building
an edge from the output node to the input node with this flow, it is possible to obtain a system with
a uniform stationary distribution. To determine the number of states of a Markov process with a
stationary distribution, it is necessary to use the known combinatorics results obtained, in particular,
by solving the Diaphantine equations.

4. Conclusions

This article presents two models of managed queuing systems with a variable structure. The
first model is based on a combination of several well-known models with switching between them.
The second model is based on the deterministic transport network model and uses the introduction
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of feedback in a queuing system with failures and with a single server. Stationary distributions are
calculated for both models. In the first model, this distribution may be represented as a mixture of
stationary distributions with given weights and a fixed number of customers. For the second model,
this is a uniform distribution. The article calculates the number of states of a discrete Markov process
describing queuing networks with uniform stationary distributions.

It is planned to expand the set of models of queuing networks with a variable structure (subsection
2.1) and consider models of networks with failures and server recovery. It is also planned to additionally
consider models of queuing networks built using deterministic transport networks (example 5).
Referring to fundamental examples in which new continuations are discovered helps to see what new
possibilities arise when considering systems with a changing structure or systems with a uniform
stationary distribution.
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