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Abstract

Options hedging in real-world markets is challenged by strong asset correlations, partial observability,
and nonstationary price dynamics. These conditions limit the effectiveness of traditional strategies
and pose challenges for reinforcement learning (RL) methods, which often overfit or become unstable
in high-dimensional environments. Existing RL hedging methods suffer from static risk measures
and inflexible policies, leading to issues in stability, adaptability, and generalization. To address these
challenges, we propose Deep Diffusion Reinforcement Learning (DDRL), a new RL framework that
integrates the Soft Actor-Critic (SAC) algorithm with diffusion-based generative policy networks for
dynamic hedging. By modeling policy distributions through a denoising diffusion process, DDRL
effectively captures nonlinear dependencies and generates more robust actions. To improve stability,
DDRL also incorporates double critic networks, entropy regularization, soft target updates, and other
technical enhancements. We implement DDRL in a simulated trading environment based on historical
market data. Empirical results show that DDRL reduces hedging losses and transaction costs compared
to baseline RL methods, while maintaining stable performance across varied portfolio configurations
and market conditions. These results highlight the potential of generative diffusion policies to enhance
the robustness and reliability of RL-based financial decision-making.

Keywords: diffusion model; options hedging; reinforcement learning

1. Introduction

Options hedging serves as a crucial tool in modern financial risk management, playing a signifi-
cant role in mitigating potential portfolio losses and improving capital efficiency [1-4]. For instance, a
corn producer may purchase put options to lock in a minimum selling price, thereby hedging against
potential price declines. Traditional financial theories, such as the Black-Scholes (BS) model and
the Black-Scholes—-Merton (BSM) model, have laid the theoretical foundations for options hedging
[5,6]. However, these models are based on idealized assumptions, including log-normal asset returns,
constant volatility, and frictionless markets. These assumptions are often unrealistic in real markets,
limiting the models’ practical effectiveness.

To address model uncertainty, market non-stationarity, and transaction frictions, researchers
have increasingly turned to dynamic hedging approaches. Marzban et al. [7] employed dynamic
programming (DP), which derives optimal strategies through value or policy iteration under a known
market model, and is well-suited for handling time-dependent state transitions. However, this method
suffers from two major limitations: first, DP relies on accurate modeling of market dynamics, which
is often unavailable in practice; second, DP is subject to the "curse of dimensionality", making it
computationally infeasible in high-dimensional state spaces [7].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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To overcome these challenges, reinforcement learning (RL) has recently emerged as a leading
solution for high-dimensional, model-free optimization problems [8-15]. Unlike traditional approaches,
RL does not rely on prior market modeling, instead, it learns optimal strategies by interacting with
the environment and optimizing a reward function [9]. Buehler et al. [8] were among the first
to formulate the options hedging problem within a RL framework, using convex risk measures to
evaluate terminal wealth and laying the foundation for RL applications in derivative risk management.
Subsequent studies [10,11] have explored various risk objectives and advanced the application of RL
in over-the-counter (OTC) options hedging. Nonetheless, several key limitations remain.

First, existing RL methods predominantly rely on static risk measures [12-15], lacking the ability
to model the dynamic evolution of risk. This leads to severe time-inconsistency issues, wherein pre-
planned hedging strategies may become invalid under changing market conditions. Second, from an
algorithmic perspective, most RL methods adopt either actor-only or critic-only optimization schemes
[12,16], which tend to overestimate value functions and degrade training stability [17]. These methods
typically rely on an assumed equivalence to DP structures—an assumption that breaks down when
static risk measures are employed [18]. Moreover, to enhance strategy generalization, researchers have
increasingly incorporated high-dimensional state representations, such as Greeks and the implied
volatility [19,20]. This, however, introduces new challenges, including sample sparsity and training
instability in financial environments where data acquisition is costly and limited. As the state space
increases, most RL methods using multi-layer perceptrons (MLPs) as policy networks suffer from
limited expressive power due to their linear assumptions, making them prone to overfitting and
unable to capture complex nonlinear relationships, which in turn affects the model’s generalization
and stability [21]. Even advanced continuous control algorithms such as Deep Deterministic Policy
Gradient (DDPG) [22] and Soft Actor-Critic (SAC) [23] exhibit instability and convergence issues in
volatile and feature-rich financial environments [17].

To overcome these limitations, we propose a novel hedging framework—Deep Diffusion Rein-
forcement Learning (DDRL). Our approach offers key innovations in the following areas: (1) Improved
time consistency and policy implementability: DDRL supports continuous action selection and em-
ploys a step-wise reward function dynamically defined by profit-and-loss and trading costs. Combined
with the sequential modeling ability of diffusion models, this improves temporal consistency and
makes the learned policies more implementable in real markets. (2) Enhanced training stability and
policy performance: By incorporating a dual-critic structure, entropy regularization and soft target up-
dates, DDRL mitigates value overestimation and policy instability, leading to more stable training and
more precise policy optimization. (3) Handling high-dimensional state spaces: The policy network in
DDRL adopts a diffusion-based generative architecture that captures complex nonlinear dependencies
without relying on structural priors, thereby enhancing both generalization and expressiveness—an
essential contribution to financial RL.

To enhance realism, DDRL is trained under a stochastic volatility environment modeled by
the SABR framework, incorporating transaction costs and market frictions. Extensive experiments
demonstrate the superior performance of DDRL across different market conditions. Compared to
baseline RL methods, DDRL reduces potential maximum loss by up to 37.93% and transaction costs by
up to 31.53%, showing strong robustness and adaptability in complex financial markets. Overall, we
may summarize the contributions of this paper as follows:

*  We propose DDRL, the first RL framework for options hedging that incorporates diffusion models
as policy networks. To the best of our knowledge, this is the first attempt to combine diffusion
models with RL for financial decision-making tasks.

¢ By dynamically incorporating step-wise profit-and-loss and trading costs into the reward, DDRL
captures market frictions and avoids static risk assumptions, enabling consistent and adaptive
hedging decisions over time.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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e DDRL employs a dual-critic architecture with entropy regularization to enhance training stability,
effectively addressing value overestimation and premature convergence in volatile hedging
environments.

¢  We validate DDRL under realistic SABR-simulated market conditions, showing substantial im-
provements in hedging effectiveness in terms of cost efficiency, risk reduction, and policy robust-
ness.

The remainder of this paper is organized as follows: Section 2 provides a review of related work
on options hedging using traditional methods and RL, and generative diffusion models applied to
optimization. Section 3 presents the algorithm implementation. Section 4 introduces experiments.
Section 5 presents the experimental results and Section 6 concludes the paper with a discussion of
findings and potential future research directions.

2. Related Work
2.1. Traditional Options Hedging Methods

The Black-Scholes (BS) model [5] has long been a fundamental tool for pricing options and
developing hedging strategies. It assumes that asset prices follow a log-normal distribution with
constant volatility, providing critical sensitivities such as Delta, Gamma, and Vega [6], which are
essential for hedging. However, in real-world markets, the BS model has notable limitations. It doesn’t
account for volatility changes or other irregular market behaviors [24], and its static nature makes
it ill-suited to the dynamic nature of markets [19,25]. Moreover, the model is built on the idealized
assumption of frictionless markets, ignoring the inevitable transaction costs and slippage present in
real-world trading. Traditional BS-based strategies often focus on a single risk factor and fail to capture
the interactions between multiple factors, limiting their effectiveness in complex market environments.

2.2. RL for Dynamic Hedging

Table 1 provides a systematic summary of recent RL methods for option hedging and their core
characteristics, highlighting a clear evolution from early theoretical validation to adaptation in complex
real-world environments. This development can be analyzed from three key dimensions: algorithm
architecture, reward design, and data foundation.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202507.0360.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 July 2025 d0i:10.20944/preprints202507.0360.v1

40f18

Table 1. Summary of Analyzed RL Methods for Hedging.

Source Method State Action Reward Train Data Test Data

[26] Q-Learning Sy, T, 0% Disc. Swy — A(dwy)? GBM GBM

[27] SARSA St, T, 0 Disc. Swy — A(6wy)? GBM GBM

[28] DQN, PPO St, 7,01, K Disc. Swy — A(6wy)? GBM GBM

[29] TRVO Ct, St, At, 01 Cont. Swy GBM GBM

[30] DDPG St, T, 0% Cont. min E[w;] + GBM, SABR GBM, SABR

A/ Vwy]

[31] IMPALA S, T Disc. +1,-1 HSX, HNX HSX, HNX

[32] DQN, DDPG Ct,St,At, 01, K Disc. Swy — )\(15{0,)2 GBM, Heston GBM, Heston, S&P

[25] Policy Gradient St, T, 0% Disc. Swy GBM, Heston = GBM, Heston, S&P
w/ Baseline

[13] Direct Policy Si, T Cont. CVaR GBM, GAN GBM, GAN
Search

[14] DDPG St,T,0% Cont. Payoff Heston Heston

[33] Actor-Critic C;, S, T, 0% Cont. Swy — A(6wy)? S&P, DJIA S&P, DJIA

[34] DDPG Si, T, At K, 0} Cont. Swy — A(6wy)? S&P, DJIA S&P, DJIA

15 TD3 St, T, 04 Cont. CVaR SABR SABR

{19} D4PG-QR si, Gf°£t, v Cont. CVaR + mean-var  SABR SABR

[20] DDPG, DDPG-U S, 7,01, Ay, S Cont. Swy + AVar[dw] GBM, S&P GBM, S&P

[35] CMAB Sy, T, 1 Disc. Swy — A(dwy)? GBM GBM

[36] DDPG Ci, St, A, my, T Cont. Min ¢; GBM GBM

Notes: Method Abbreviations: SARSA (State-Action—-Reward-State—Action); DON (Deep Q-Network); PPO (Proximal Policy
Optimization); TRVO (Trust Region Value Optimization); DDPG (Deep Deterministic Policy Gradient); TD3 (Twin Delayed
Deep Deterministic Policy Gradient); D4PG-QR (Distributed Distributional Deep Deterministic Policy Gradient with Quantile
Regression); IMPALA (Importance Weighted Actor-Learner Architecture); CMAB (Contextual Multi-Armed Bandit). State: S;
denotes the underlying asset price at time t; T is the remaining time to maturity; o; represents the implied volatility at time t; C;

denotes the option price at time t; At is the time step interval; K is the option strike price; G/’ " and v " are the gamma and

Gfedge and VthEdge are the gamma and vega of the hedge instruments; n; denotes

the number of trading periods remaining until maturity; A; is the option delta at time f; ‘fi—f is the time derivative of the option
price. Action: Cont./Disc. indicate continuous/discrete action spaces. Reward: éw; denotes portfolio value deviation at time
t; Var[6w;] represents the variance of portfolio value deviation, used as a risk penalty term; w; is the portfolio value at time f;
V[w;] denotes the variance of portfolio value; y/V[w;] represents the standard deviation of portfolio value, used to measure
risk; c; represents transaction costs at time t; A is a regularization parameter controlling the trade-off between reward and
risk or cost; CVaR refers to the Conditional Value at Risk; mean-var indicates a mean-variance objective. Data Sources: GBM
(Geometric Brownian Motion), SABR (Stochastic Alpha Beta Rho model), Heston (Heston Stochastic Volatility Model), and
GAN (Generative Adversarial Network) refer to synthetic data generation models used to simulate financial time series. S&P
(Standard & Poor’s 500 Index), DJIA (Dow Jones Industrial Average), HSX (Ho Chi Minh Stock Exchange), and HNX (Hanoi
Stock Exchange) refer to real-world financial market indices.

vega of the portfolio at time ¢, respectively;

In terms of algorithm architecture, early studies primarily employed value-based methods (such
as Q-Learning and SARSA) for discrete action spaces [26,27], but their limited action sets made it
difficult to precisely adjust portfolios, resulting in poor generalization performance. Subsequently,
policy gradient and actor-critic architectures (e.g., DDPG, TD3, D4PG) [15,19,30] improved learning
capabilities in continuous environments, with PPO becoming widely used due to its favorable con-
vergence and stability properties [28]. However, most methods still rely on MLPs, which struggle to
capture nonlinear relationships in financial markets, especially in high-dimensional spaces, where
gradient explosion is common [21]. Additionally, the sparsity of financial data can lead to overfit-
ting, and traditional RL methods perform poorly in handling long-term dependencies, affecting their
performance in real market conditions [37].

In terms of reward function design, early research often used simple objective functions such as
dwy or its penalized form dw; — A(6wy)? [28,32]. While easy to implement, these methods overlook risk
factors and fail to capture the risk-return trade-off inherent in financial markets. To address this, later
studies introduced risk-aware objectives such as mean-variance and CVaR [13,19], and incorporated
transaction costs and tail risk into the reward function to enhance practical applicability. However,
most methods still rely on static risk measures, which struggle to handle dynamic market changes and
may lead to time inconsistency issues.

In terms of data foundation, early methods primarily used synthetic data generated from the Black-
Scholes model with GBM [26,28]. While these data are useful for validating algorithm convergence,
they deviate significantly from real market behavior, limiting the model’s generalizability. In recent
years, researchers have shifted to using more complex synthetic environments, such as the SABR and
Heston models, and GAN-based simulators [13,30], to better replicate the statistical characteristics
of financial markets. These approaches have improved the representativeness and complexity of the

r(s). Distributed under a Creative Commons CC BY license.



https://doi.org/10.20944/preprints202507.0360.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 July 2025 d0i:10.20944/preprints202507.0360.v1

50f18

simulated data. Additionally, some studies have started testing on real market data, such as S&P and
DJIA indices [33,34], to improve practical applicability.

Compared to the methods above, our proposed DDRL excels in time consistency, stability, and
handling high-dimensional nonlinear structures, making it particularly well-suited for volatile, cost-
sensitive financial environments.

2.3. Diffusion Models in Optimization and RL

Diffusion models, originally developed for generative tasks such as image synthesis [38] and
molecular design [39], have recently emerged as a novel tool in the domain of optimization and RL.
These models simulate a stochastic diffusion process in latent space, enabling the modeling of complex,
high-dimensional, and multimodal distributions that are often encountered in real-world decision-
making tasks. While early applications were largely limited to offline settings, such as Diffusion
Q-Learning (DQL) [40] for behavior cloning, recent studies have begun to explore their potential
in broader RL contexts. For example, Du et al. [41] demonstrated that diffusion-based policies can
outperform traditional RL algorithms like PPO and SAC in utility maximization tasks, highlighting
their ability to navigate intricate objective landscapes. Despite recent progress, applying diffusion
models in RL remains a relatively new area, with few studies addressing their use in continuous
control tasks within financial settings. In this paper, we leverage the strong modeling capabilities
of diffusion models to propose an options hedging strategy optimized for continuous action spaces,
further enhancing the robustness and adaptability of the strategy. This represents a meaningful step
forward in applying generative models to financial decision-making tasks.

3. Deep Diffusion Reinforcement Learning for Options Hedging
3.1. RL Formulation

We formulate the options hedging problem as a sequential decision-making task under uncertainty,
modeled as a Markov Decision Process (MDP) defined by the tuple (S, A, P, r,v), where:

e S denotes the state space;

e Ais the action space;

*  Pis the transition kernel that governs state dynamics;
e 7:S8x A— Risthe reward function;

e € [0,1] is the discount factor.

The agent interacts with the environment by selecting actions according to a policy 7 : S — P(A),
with the goal of maximizing expected cumulative rewards. Formally, the action-value function under
policy 7t is:

X k
Z Y Tk
k=0

Q" (s,a) = Er 1

St =s,a; = al, 1)

where 7 denotes the trajectory distribution induced by 7, and K is the time horizon. The optimal
policy 77* satisfies:

" = argmax Q" (s, a). ()

T

This setup enables the use of high-capacity RL algorithms—particularly those suited to continuous
control and high-dimensional state spaces, such as Soft Actor-Critic (SAC) and Proximal Policy
Optimization (PPO).
3.2. RL Design

An overview of our RL framework, highlighting the custom-designed state, action, and reward
components, is shown in Figure 1. Each component is described in detail below.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 1. Dynamic Hedging Workflow.
3.2.1. State Representation
At each decision point i - ¢, the agent observes a seven-dimensional state vector:
ort _ port ,port ATM  ATM A ATM
5 = |:Si/ Ff) IVZP /AF /Fj /V[ /Al‘ ’ (3)

where S; is the underlying asset price, and the Greek symbols represent sensitivities (Delta, Gamma,

Vega) for both the overall portfolio and a designated ATM option. This feature set captures key
aspects of market and portfolio risk exposures, allowing the agent to adapt to dynamic risk profiles.
Compared to conventional low-dimensional summaries [26,27], this representation supports richer
decision-making, albeit at the cost of increased learning complexity.

3.2.2. Action Space and Hedging Constraints
The action a; € R specifies the proportion of ATM options to engage for hedging. The actual
hedge volume is given by H; = a; - Hmax, with the following constraints enforced to maintain stable
risk exposures:
t t t t t t
% g, A ¢ [P, 2rP, P 4 vATM ¢ [P, 20P°7. 4)

These bounds prevent over-hedging and ensure that net exposures remain within a controlled amplifi-
cation of the original risk, thereby promoting effective yet conservative risk management.

3.2.3. Reward Design

The reward function balances trading costs against portfolio performance. At each step i, the
reward is defined as:

Ri=  —x-[ViHi|  + (P — Pi1) , )
—_—— —_———
Transaction cost penalty =~ Mark-to-market portfolio change

where ¥ > 0 denotes the per-unit transaction cost, V; is the prevailing market value of the ATM
option, and P; is the total mark-to-market value of the hedged portfolio. This design encourages
cost-aware, value-enhancing decisions. Unlike static terminal risk objectives such as CVaR, which often
induce myopic or unstable behavior, our reward provides time-consistent incentives for incremental
risk reduction. This dynamic structure promotes hedging discipline and aligns with long-horizon
risk-neutral mandates in institutional settings.

4. Algorithm Architecture

The algorithm architecture of DDRL, as shown in Figure 2 and Algorithm 1, consists of several
components that work together to optimize the policy.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 2. DDRL Algorithm Architecture.

Algorithm 1: DDRL: Deep Diffusion Reinforcement Learning

Input :Policy parameters 6, Q-function parameters ¢, target network parameters 8 < 6,
¢ + ¢, and replay buffer D
for training stepe = 1 to E do
for collected transitions c = 1 to C do
Observe state s and initialize xp ~ N (0, I);
for denoising stept = T to 1 do
Compute yg and update x;_1 using tanh(eq(x¢, t,5));
end
Compute action distribution 77y (s) = softmax(xp);
Sample action a ~ 7y(s);
Execute a, observe next state s’ and reward r;

Store (s,a,s',r) in D;

end

Sample batch B from D;

Update 6 and ¢ using B;

Soft update target networks 8, ¢;
end

Result: Trained policy 7r* with parameters 0*

4.1. Diffusion-Based Policy Network (DPN)

At the heart of DDRL lies a Diffusion-Based Policy Network (DPN), which replaces the con-
ventional actor network to enhance stability, expressiveness, and robustness in high-dimensional,
multi-modal action spaces. DPN generates actions by modeling the action-sampling process as a
reverse diffusion procedure. Starting from a latent Gaussian variable zp ~ N (0,I), the model performs
iterative denoising:

1 1-— ~
Zt1 = ﬁ (Zt - \/17_70269 (Zt/ tr St)) + ,Bter €~ N(O/ I) (6)

where z; is the latent variable at diffusion step ¢, and ey is the denoising network conditioned on state
s¢. The scalars a;, &, and ,Bt follow a fixed or learned noise schedule over T denoising steps.
After T steps of reverse denoising, the final latent z( is mapped to action logits:

rt(as | s¢) = softmax(Wzy +b), )

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where W and b are learnable affine parameters. This generative design enables the policy to represent
complex, stochastic behaviors and mitigates the mode collapse often seen in deterministic actors.
To train the DPN, a denoising loss is jointly optimized alongside the reinforcement objective:

Lorn = By |lle = €olzutis) ], ®)

where z; is sampled from a known forward diffusion distribution. This loss encourages €y to approxi-
mate the true noise and improves sample quality and diversity.

4.2. Trajectory Collection and Experience Replay

DDRL interacts with the environment using the generative policy 7ry, where each action is sampled
via the denoising process described above. Collected transitions (st,at,11,8:41) are stored in a replay
buffer D.

In domains with delayed or episodic rewards, immediate rewards may not be available at each
step. Instead, they are computed retrospectively based on trajectory-level outcomes such as final
profit-and-loss (PnL) or risk sensitivities (e.g., delta, gamma). These rewards are filled in post-hoc after
trajectory termination. This hybrid trajectory-level processing, combined with standard experience
replay, improves sample efficiency and supports learning under complex reward structures.

4.3. Policy Optimization with Entropy Regularization

To encourage exploration and avoid premature convergence, DDRL adopts the maximum entropy
RL paradigm. The overall policy objective is:

J(71) = E(s, 0~ [Q(st,at) — alog 7 (a | s1)], )

where « is a tunable entropy temperature. Importantly, since DPN is a generative model, actions
are obtained via the reparameterization trick: a; = softmax(Wzg + b), where z is deterministically
computed from noise € and state s;.

This allows gradients to backpropagate through the diffusion sampling process:

Vo] () = Ecn[Vo(Q(st, ar) — alog rt(ay | s¢))]. (10)

This formulation enables stable end-to-end training of the denoising policy network via stochastic
gradient descent.

4.4. Critic Learning and Target Value Estimation

DDRL employs a double Q-network architecture to mitigate overestimation bias in value targets.
The critic networks Qy, and Qy, are trained by minimizing the Bellman residual:

J(Q) = E(st,at,rt,st+1)~D [(Q(Sf/ ar) — yt)z} ’ (11)

with the target value y; computed as:

yi=ri+y <]mi1; Qs (St41,a41) — alog (a1 | St+1)>- (12)
=1L, ]

Here, a;1 is sampled via the same DPN-based reverse diffusion mechanism to maintain consistency
in target evaluation. To reduce value estimate oscillations, the target networks are updated via Polyak
averaging:

" T+ (1 - )y (13)

This structure ensures stable critic updates and coherent interaction between the generative actor and
evaluative critics.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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5. Experiment
5.1. Datasets Simulation

We generated key data required for options pricing and hedging strategies using the SABR model
[42] and the BSM formula [5]. This data includes the underlying asset price, volatility, implied volatility,
option prices, and various Greek letters, all of which are crucial for formulating and evaluating financial
hedging strategies.

The SABR model, in particular, offers the advantage of more accurately and comprehensively
reflecting the volatility surface, making it an essential tool for options traders and risk managers. The
risk-neutral behavior of the underlying asset price S and its volatility ¢ is governed by the following
stochastic processes:

dS = (r —q)Sdt + 0Sdzy,

14
do = vodz, . (14)

In this model, dz; and dz, represent Wiener processes that share a constant correlation p. The
parameters v (volatility of volatility), r (risk-free rate), and g (dividend yield) are assumed to be
constant. Additionally, we consider the real-world expected return u to be constant. The asset price
process in the real-world follows the same form as the previously mentioned equation, but with r — g
replaced by u.

The initial values oy and Sy correspond to the starting values of ¢ and S, respectively. For
a European call options with strike price K and time to maturity T, the implied volatility ojmp is
estimated as 0pB when Fy = K, or (ToB% in other cases.

Fo = Soel0)7; (15)
B:1+<mf)+2_szzvz)T; (16)
¢ = ;ln(?> ; (17)
x=1In 1—2p¢+¢2+%. (18)

Fy represents the risk-neutral present value of the future asset price, while B and x serve as
correction factors. ¢ quantifies the normalized effect of price changes on volatility.

With the implied volatility ojmp, the option’s value can be calculated using the Black-Scholes-
Merton formula as follows:

SoN(d1)e 7T —Ke "TN(dy); (19)
where R
dlzln(K)+<r i) 0
Uimp\/T '
dy =dy — Uimpﬁ/ (21)

here, N denotes the cumulative normal distribution function. When v = 0, the implied volatility
remains constant at ¢y, reducing the SABR model to the BSM options pricing model [5].

As discussed, Delta is the first derivative of the options price with respect to the asset price,
Gamma is the second derivative, and Vega is the first derivative with respect to volatility. In theory, the
price of a European option can be treated as a function of the underlying asset price S and volatility
o for the purpose of calculating these derivatives. However, in practice, the option price is typically
treated as a function of the underlying asset price S and the implied volatility ¢jmp when calculating
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the Greek letters. We will follow this approach. Delta, Gamma, and Vega, denoted as A, I, and v, are
derived as follows:

A = N(dp)e 7T; (22)

_ N'(dp)e™ 7"
b= SOUimp\/T ’ (23)
v = Soe 1TV/TN'(dy). (24)

The Delta, Gamma, and Vega of a portfolio are calculated by summing those for the individual
options in the portfolio.The dividend yield g affects the arbitrage-free price path of the asset. In the
formula, the term e =77 is used to discount the future price of the asset, accounting for the impact of
dividend payments on the asset price.

5.2. Baselines

In our experiments, we compared the use of delta hedging, delta-gamma hedging, and more
advanced RL combined with quantile-based methods as benchmarks. The first two are traditional
hedging methods, while the latter is RL method.

¢  Delta Hedging: Calculated by continuously adjusting the portfolio’s position to ensure that the
Delta, or the sensitivity to small price changes in the underlying asset, is neutralized. The goal is
to offset price movements by buying or selling the underlying asset.

*  Delta-Gamma Hedging: This method adjusts both Delta and Gamma, meaning it neutralizes
both the portfolio’s sensitivity to price changes (Delta) and the sensitivity of Delta itself (Gamma).
This requires using additional options, making the process more complex but effective in reducing
non-linear risk.

e  RL: This baseline model is an effective RL method based on the [19], incorporating quantile
regression to more accurately predict the distribution of losses and returns.

5.3. Evaluation Metrics

We conducted the hedging experiment with three different objective functions. The objective
functions are calculated from the total loss during the 30-day period considered.

The first objective function, Mean-Std, seeks to minimize both the expected loss (mean m) and
the uncertainty of the loss (standard deviation s). Under the assumption of a normal distribution,
m + 1.645s can approximate the 95th percentile of the loss distribution.

The second and third objective functions minimize VaR and CVaR, both using a 95% confidence
level. VaR represents the maximum potential loss at a specific confidence level, with VaR95 indicating
the 95th percentile of portfolio loss. On the other hand, CVaR refers to the average loss when losses
exceed the VaR threshold, and CVaR95 specifically represents the expected loss in the worst 5% of
cases, focusing more on extreme risks and providing further insight into tail risk.

The Gamma Hedge Ratio(R) measures the reduction in gamma exposure after hedging, calculated

as:
Ly sign(Th)T
Y sign(Te)I'

where I'; and T} represent the portfolio’s gamma exposure before and after hedging at time t. A ratio

R — (25)

closer to 1 indicates more effective gamma hedging.
The Improvement Ratio (IR) in gamma hedging between DDRL and RL is calculated as:

Ratiopprr, — Ratiogy

IR =
Ratiog;,

x 100%, (26)
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where the ratio refers to their respective Gamma Hedge Ratios.
The Transaction Cost Reduction Ratio (TCR) compares DDRL and RL in terms of transaction

costs, calculated as:
Costgrr, — Costpprr,

COStRL

TCR = x 100%, 27)

where the cost refers to their respective transaction cost.

5.4. Experimental Settings

All experiments were performed on a high-performance workstation (i9-12900K, 64G, RTX 3090).
DDRL uses a diffusion model-based actor network and two critic networks with identical structures for
evaluation. The actor network predicts the denoised distribution from a random normal distribution
and the current state, incorporating sinusoidal positional embeddings [? ] to capture temporal
information. This helps the network understand the steps in the diffusion process. The actor network
has three fully connected layers with Mish activation, except the last layer, which uses Tanh for output
normalization. The critic networks share this structure but output Q-values directly without activation.
Both networks are trained using the Adam optimizer [? ], with learning rates 7, = 0.0001 for the actor
and 77, = 0.001 for the critic, and a weight decay of A = 0.0001 for regularization. The target networks
have the same structure as the online networks, with a soft update rate of T = 0.005.

As shown in Table 2, we assume the RL agent hedges client orders that arrive following a Poisson
process with a daily intensity of 1.0. Each order is for a 60-day option on 100 units of the underlying
asset, with an equal chance of being long or short. Experiments are conducted under transaction cost
assumptions of 0.5%, 1%, and 2% of the option price. A 30-day ATM option is used for hedging. The
initial stock price is set at 10 dollar, and the volatility is 30% annually. We report the results of over
5,000 test scenarios for an average 30-day hedging period. The training simulation consists of 50,000
iterations, and the evaluation simulation consists of 10,000 iterations.These test scenarios are different
from the (much larger number of) scenarios used to train the agents. Within each set of tests, the
scenarios were kept the same.

Table 2. Experiment Settings.

Item Details

Underlying Asset 100 units of the underlying asset, with a 50% chance of being long or short per order.
Option Contract Term 60-day option contract.

Hedging Tool 30-day at-the-money (ATM) option.

Order Arrival Process Poisson process with a daily intensity of 1.0, resulting in one order per day on average.
Initial Stock Price $10.00

Annualized Volatility 30%

Transaction Costs 0.5%, 1%, and 2% of the option price.

Hedging Frequency Daily hedging, dynamically adjusted based on market conditions.

Hedging Period 30 days, using a 30-day ATM option.

Training Iterations 50,000 iterations.

Evaluation Iterations 10,000 iterations.

Number of Test Scenarios Over 5,000 test scenarios, distinct from training scenarios.

5.5. Hedging Results

Table 3 presents the performance comparison of four hedging strategies—Delta, Delta-Gamma,
RL, and our proposed DDRL—under constant volatility and varying transaction cost settings (0.5%,
1%, and 2%). The table reports objective values across three risk measures (Mean-Std, VaR95, and
CVaR95), as well as supplementary metrics that reflect hedge quality and cost efficiency: Gamma
Hedge Ratio, IR, and TCR.
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Table 3. Results of tests when volatility is constant.
. Delta-
Objective Delta RL DDRL R(RL) R(DDRL) IR TCR
gamma
0.5% transaction cost
Mean-Std 24.61 5.78 5.44 5.01 0.83 0.89 1.11% 13.30%
VaR95 24.29 5.78 5.47 5.02 0.75 0.80 0.67% 21.71%
CVaR95 36.64 7.13 6.78 5.99 0.79 0.85 0.75% 31.53%
1% transaction cost
Mean-Std 24.61 9.93 8.36 7.68 0.57 0.63 10.52% 8.71%
VaR95 24.29 10.12 8.63 8.02 0.56 0.62 12.50% 9.52%
CVaR95 36.64 11.55 10.02 9.27 0.60 0.67 11.70% 17.50%
2% transaction cost
Mean-Std 24.61 18.74 12.73 12.12 0.30 041 36.67% 17.63%
VaR95 24.29 19.11 13.05 12.51 0.24 0.34 29.41% 10.50%
CVaR95 36.64 21.10 15.37 14.96 0.29 0.38 37.93% 19.37%

1.  Enhanced Risk Reduction via Diffusion-Based Policy Learning.

DDRL consistently outperforms all baselines across all risk metrics. For instance, at 1% transaction
cost, DDRL achieves a Mean-5Std of 7.68 compared to RL’s 8.36, Delta-Gamma'’s 9.93, and Delta’s 24.61.
Similar patterns hold for CVaR95, where DDRL achieves 9.27, substantially outperforming RL (10.02)
and Delta-Gamma (11.55). These improvements demonstrate the advantage of integrating diffusion
models into policy networks, resulting in more expressive and risk-aware policies.

2. Precision in Gamma Hedging with Cost-Aware Frequency Adjustment.

The Gamma Hedge Ratio measures the average proportional reduction in a portfolio’s gamma
exposure after each hedging action, with values closer to 1 indicating more effective second-order risk
control. Each value in Table 3 reflects a separately trained strategy under a specific objective function.

Across all transaction cost levels, DDRL consistently achieves higher Gamma Hedge Ratios than
RL, indicating more precise gamma hedging. For instance, at a 0.5% cost, DDRL achieves 0.89 versus
RL’s 0.83; at 2%, DDRL still maintains 0.41, outperforming RL’s 0.30. These results demonstrate DDRL’s
ability to adapt trading frequency through its cost-aware reward design, preserving gamma neutrality
even under rising transaction costs.

3. Robustness Under High Transaction Costs.

As transaction costs increase from 0.5% to 2%, DDRL demonstrates pronounced robustness. Its
Mean-Std value rises only modestly from 5.01 to 12.12, a much smaller increase compared to RL
(from 5.44 to 12.73) and Delta-Gamma (from 5.78 to 18.74). This indicates that DDRL more effectively
mitigates the performance degradation typically caused by rising transaction costs, showing stronger
stability and adaptability. Additionally, at the 2% cost level, DDRL achieves a transaction cost reduction
of 17.63%, significantly outperforming other baseline methods and further confirming its cost-control
capabilities.

4.  Joint Improvement in Returns and Cost Efficiency.

DDRL consistently outperforms in both return enhancement and cost reduction. Under 2%
transaction cost, it achieves the highest Gamma hedge improvement (IR) of 37.93% and the highest
transaction cost reduction (TCR) of 19.37%. These results indicate that DDRL successfully maintains
hedge precision while significantly reducing trading frequency and costs, reflecting the effectiveness
of its overall design in balancing performance gains with operational efficiency.
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Figure 3. Comparison of Mean-std distribution for hedging under different transaction costs
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Figure 5. Comparison of CVaR-95 distribution for hedging under different transaction costs

5.6. Risk Limit Management Evaluation

To reflect realistic trading constraints, we impose a gamma risk limit equal to 10% of the unhedged
portfolio’s maximum gamma exposure, in line with industry practice. In all strategies, delta exposure
is fully neutralized whenever it crosses a threshold, while gamma is hedged only when the exposure
exceeds $50. This design enables a controlled evaluation of how different methods handle second-order
risk without incurring unnecessary costs.

For the rule-based delta-gamma strategy, gamma hedging is triggered strictly based on this
threshold. In contrast, the RL-based agents, particularly under the VaR95 objective, respond adap-
tively: when gamma exposure surpasses $50, they not only neutralize delta but also optimize gamma
reduction in a cost-aware manner. This behavior reflects a learned trade-off between cost and risk,
improving responsiveness compared to the fixed rule-based baseline.

As shown in Table 4, RL-based methods outperform the delta-gamma baseline across all objective
functions and transaction cost levels, with DDRL consistently achieving the best results. For example,
under 0.5% cost and the CVaR95 objective, DDRL reduces the objective value from 9.20 (delta-gamma)
to 6.93, indicating superior risk-adjusted performance. These results demonstrate that learning-based
strategies can maintain effective gamma control while dynamically adjusting hedging actions based
on both risk sensitivity and cost efficiency.
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Table 4. Performance Comparison of Hedging Strategies under Gamma Risk Constraints.

Transaction Cost Objective Function Delta-Gamma RL DDRL
Mean-Std 7.27 6.80 5.01
0.5% VaR95 7.40 6.43 6.02
CVaR95 9.20 7.84 6.93
Mean-Std 9.59 9.19 9.01
1.0% VaR95 9.69 8.86 8.12
CVaR95 11.62 10.39 9.68
Mean-Std 14.85 13.34 12.51
2.0% VaR95 15.17 13.29 11.97
CVaR95 17.44 15.33 14.65

5.7. Robustness Test
5.7.1. Robustness under Model Misspecification

In the initial experiments, we assumed that the hedging agent had accurate knowledge of the
underlying asset’s stochastic process. However, in real-world trading scenarios, the assumed model
often deviates from the actual market dynamics. To evaluate the robustness of the proposed strategies
under model misspecification, we further examine the performance of various hedging strategies
when the actual stochastic process differs from the one used for policy development.

Specifically, we assume a true market volatility process with a volatility of volatility parameter
v = 0.3 and an initial volatility of o = 30%, which deliberately deviates from the model settings used
during training. We systematically compare three classical rule-based strategies—Delta, Delta-Gamma,
and Delta-Vega—with the RL-based RL and DDRL approaches under varying transaction costs (0.5%,
1%, 2%) and hedging horizons (30 days, 90 days).

Table 5 presents the complete comparison results. It can be observed that the risk metrics of
traditional rule-based strategies deteriorate significantly with increasing transaction costs and extended
horizons. For instance, under the 90-day horizon and 2% transaction cost scenario, the CVaR of the
Delta-Gamma strategy reaches 65.05, while the Delta-Vega strategy shows an even higher CVaR of
84.38. In contrast, RL-based methods demonstrate clear advantages. DDRL consistently achieves
the lowest Mean-5td, VaR95, and CVaR95 across all scenarios. For example, in the most challenging
case with 2% transaction costs and a 90-day hedging horizon, DDRL yields a CVaR of only 30.73,
significantly outperforming traditional approaches and demonstrating strong robustness and stability
against model misspecification.

Table 5. Performance under Stochastic Volatility.

Hedge Objective Delta Delta-Gamma Delta-Vega RL DDRL

Maturity Function

Transaction Costs = 0.5%

30 days Mean-Std 35.76 19.46 44.82 17.76 15.27
VaR95 34.43 19.23 42.90 19.31 18.53
CVaR95 5291 27.53 62.77 26.06 24.77

90 days Mean-Std 35.76 25.25 15.47 14.28 13.96
VaR95 3443 2443 15.40 1441 12.65
CVaR95 5291 31.96 20.21 18.17 17.23

Transaction Costs = 1%

30 days Mean-Std 35.76 23.06 51.36 20.03 17.99
VaR95 3443 23.02 50.24 20.22 18.89
CVaR95 5291 31.55 69.92 26.81 21.23

90 days Mean-Std 35.76 35.20 22.05 18.61 17.66
VaR95 34.43 35.01 22.05 18.86 16.98
CVaR95 5291 42.63 27.18 24.58 19.77

Transaction Costs = 2%

30 days Mean-Std 35.76 30.51 64.77 24.17 21.31
VaR95 34.43 30.67 64.56 23.85 19.89
CVaR95 5291 39.79 84.38 31.57 28.75

90 days Mean-Std 35.76 56.67 36.78 25.20 20.12
VaR95 34.43 56.97 36.78 25.73 22.31
CVaR95 5291 65.05 42.14 32.62 30.73

5.7.2. Robustness to Parameter Perturbations

Beyond model misspecification, we further assessed the sensitivity of DDRL to specific parameter
variations. Since the true dynamics of the underlying asset may not be perfectly captured by the
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model used for training, it is essential to validate the strategy’s stability against perturbations in key
stochastic parameters.

We considered two distinct stress-test scenarios. In the first scenario, the initial volatility is fixed
at 0 = 30%, while the volatility of volatility parameter v is varied across five values: 0, 0.15, 0.3, 0.45,
and 0.6. In the second scenario, v is held constant at 0.3, while the initial volatility ¢ is varied across
10%, 20%, 30%, 40%, and 50%. Both scenarios involve 90-day options and a transaction cost rate of 1%.

Figure 6 illustrates the results of varying v, showing that the performance of DDRL—measured by
Mean-Std, VaR95, and CVaR95—remains largely stable across different levels of volatility of volatility.
This indicates that the strategy is not overly sensitive to changes in this parameter and maintains
effective risk control.

Mean-Std vs. Volatility of Volatility (v)

\-.\o—o——_—.

Mean-Std

VaR95 vs. Volatility of Volatility (v)
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CVaR95 vs. Volatility of Volatility (v)
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Figure 6. Metrics vs. Volatility of Volatility (v)

Figure 7 provides a complementary view by showing the variation of the three objective functions
under different initial volatility values o. Each subfigure shows one of the three metrics plotted against
the changing parameter. The curves in all cases show minimal fluctuation, reaffirming the robustness
of the strategy to parameter uncertainty.
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Overall, these tests confirm that DDRL delivers consistent and reliable hedging performance
even under perturbations in key model parameters, enhancing its practical applicability in real-world
trading scenarios.

6. Conclusions

We propose an innovative hedging framework designed to reduce risks in the complex world
of finance. To address the challenges of environmental uncertainty and variability, we developed the
DPN based on diffusion models and integrated it into SAC algorithm to create the DDRL algorithm
for efficient hedging, accompanied by technical innovations that enhance the stability of the resulting
hedging strategy. Extensive experimental results demonstrate the effectiveness of this algorithm.
More importantly, the DPN algorithm holds potential applications for various optimization problems
in financial scenarios. Furthermore, future research will focus on the following aspects: First, we
will expand the applicability of the DDRL algorithm to other financial scenarios, such as dynamic
asset allocation, portfolio optimization, and risk forecasting. This will help validate the algorithm’s
generalizability and robustness across different financial environments. Next, we plan to incorporate
additional market factors and macroeconomic indicators to further enhance the algorithm’s adaptability
to complex market conditions. To ensure the practical operability of the algorithm, we will collaborate
with financial institutions to conduct field testing and real-time applications, evaluating the algorithm’s
performance under real market conditions.
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