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Abstract

This article generalizes the well-known Black-Scholes model, specifically the uncertain volatility model.
To calculate the fair price range of a payment obligation, Hamilton-Jacobi-Bellman equations are
derived and transformed into nonlinear heat equations with boundary conditions. Theorems are
proven stating that, for a certain class of payment obligations, solutions to nonlinear heat equations
satisfy the linear heat equations. A computational example using real data is provided.
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1. Introduction

The first model to describe the evolution of stock prices was the Bachelier linear model [1]. One
of the fundamental shortcomings of the Bachelier model is the fact that stock prices can take negative
values. In [2], Samuelson proposed to describe stock prices by geometric Brownian motion. In other
words, Samuelson proposed to consider that the logarithms of stock prices obey a Bachelier-type linear
model. In [3], Black and Scholes proposed a standard diffusion model of the (B,S)-market and obtained
a formula for the fair value of European-type call options. A significant shortcoming of this model
is the fact that the coefficients of drift, interest rate and volatility are constant, although in reality
they change over time. In this regard, the so-called smile-effect should be noted, which is a fact that
is not explained by the standard diffusion model, which has led to its various generalizations and
improvements. The essence of the smile-effect is as follows. The Black and Scholes formula provides
an explicit relationship between the fair price and volatility, the expiration date, and the contract price.
We can look at actual option prices in financial markets and compare them with theoretical values. We
can then use this equation to calculate the implied volatility, which depends on the expiration date
and the contract price. It has been experimentally established that:

1. For a fixed contract price, implied volatility changes with the expiration date.
2. For a fixed expiration date, implied volatility changes with the contract price, being a downward-
convex function, which explains the name “smile-effect”.

To account for the first observed effect, Merton proposed considering drift and volatility as
functions of time in the standard model [4], and such schemes are indeed used in financial markets,
especially in the settlement of American-style options.

To take into account the second observed effect, a wide variety of complications of the standard
model are introduced. In [5], models of the “diffusion with jumps” type are presented. In [6], models
with stochastic interest rates are presented. In [7], [8], the Dupiri model is proposed, in which the
drift is a function of time, and volatility depends on the time and the cost of the risky asset. In the
mentioned works, Dupiri also showed that the ideas of arbitrage-free market conditions and market
completeness make it possible to estimate the unknown volatility using knowledge of the actually
observed prices of standard European-type call options with fixed exercise time and exercise price. In
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[9-13], models of stochastic volatility are presented. In [14], the Heston stochastic volatility model is
proposed. In [15-21], various numerical methods for calculating option prices in the Heston model
are proposed. In [15], a tree method is proposed for calculating the prices of American options in the
Heston model. In [16], a hybrid method for estimating option prices in the Heston model is proposed.
In [17], a Monte Carlo method for calculating the prices of American options in the Heston model
is proposed. In [18], a numerical method for calculating the prices of barrier options in the Heston
model is constructed. In [19], finite-difference methods for calculating option prices in the Heston
model are presented, as well as algorithms for estimating the model parameters. In [20], an algorithm
for calculating option prices in the Heston model using artificial neural networks is presented. In
[21], a numerical implementation of European-type option prices in the Heston model using integral
transformations is proposed. In [22-26], models with disorder are proposed. Cases of observed
[22,23] and unobserved [24-26] disorder are considered. In [27-29], models of uncertain volatility are
considered. In particular, [27] examines two models of uncertain volatility and presents formulas for
calculating the fair value range of a European-style option.

This article considers a model of uncertain volatility, a generalization of the well-known Black-
Scholes model. For the uncertain volatility model, the upper and lower prices of the payment obligation
are represented as a submartingale and supermartingale, respectively. The Hamilton-Jacobi-Bellman
equations are derived for calculating these. The resulting equations are transformed into nonlinear heat
equations with a boundary condition. Theorems have been proven that if the boundary condition is a
continuous and convex function, then the solutions of nonlinear heat equations are convex functions
that satisfy the linear heat equations.

2. Black-Scholes Model

Let W(t) be a standard Wiener process on a stochastic basis (C[0, T], (F}Y);>0, FY¥, PV). Consider
the equation for the discounted stock price process dS(t) = S(t)o dW(t) with initial condition S(0) =
So- A process Y (t) = E(f(S(T)) | F!V), where the function f(x) > 0 and the mathematical expectation
E(f(S(T))) is finite, is the portfolio capital. Capital can be represented as a function of time and asset
value Y(t) = V(t,S(t)), where the function V(t,x) € C!? has the form V (¢, x) = E; x(f(S(T))). This
mathematical expectation E; x(f(S(T))) is calculated under the condition that the value of the Markov
random process S(t) at time ¢ is equal to x. This function is a solution to the Cauchy problem [30]:

aV 02 d%V
T + e 0, V(T,x)=f(x). 1)

The solution to this equation is known [30]:

V(tx) = \/127[ /_:)of(xexp<—‘;2(T— t) —l—amy)) exp(—y22> dy.

For example, in financial mathematics, the problem of calculating the fair price of a European call
option with a contract price K and an interest rate r on a risk-free asset is relevant. For this problem
the function f(x) = exp(—rT)(x — K) ™, where (x)* = max(x,0). Function V(t, x) = x®(dy(t,x)) —
Ke "(T=d(dy(t, x)), process Y (t) and fair price for a European call option C = Y (0) = V(0,S). As a
result, the fair price is calculated using the formula C = Sy®(d1(0,Sp)) — Ke™"T®(d»(0, Sp)), where

n(x T 2 —
It/ KL/, g, (1, )

®(x) denotes the standard normal distribution function, d;(f,x) =

di(t,x) —o/T — L.
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3. Heston’s Model

Wa(t)
N (0, (1 q) d t> The equation for the discounted stock price process is dS(t t)\/o(t) dWy(t
P

Heston’s model considers a two-dimensional Wiener process W(t) = (Wl(t)> with dW(t) €

S(0) = So, where do(t) = k(0 — o (t))dt +v+/o(t) dWa(t), c(0) = 0p. The quantities k,8,v > 0 are
the model parameters. If 2kf > v2 and ¢y > 0, then the process o(t) is strictly positive, which is
important since volatility is non-negative.

The following interpretation can be given to the parameters of the stochastic dispersion process.
Denoting F(t) = Eco(t), we obtain the equation F(t) = op + k fOt(Q — F(s))ds, the solution of which is
F(t) = 6+ (0p — 0)e . Thus, the process () has the property of returning to a level 6, called the
long-run average. The parameter k specifies the speed of return to 6. The parameter v is called the
“volatility of volatility” and it controls how strong the volatility swings are.

Let’s consider F2(t) = Ec?(t). The application of the Ito formula allows us to write an equation
dF? = (—2kF? + ¢)dt, the solution of which

= zl—k (F(t) (2]{)9 Jr1/2 _ (2]{1—"2(0) + (P(O)(Zk)e + 1/2) exp(*Zkt))

F2(t)
allows us to find the volatility dispersion Do (t) = F(t) — (F(t))?, which at k — oo tends to zero and
“reduces” the Heston model to the Black-Scholes model.

For the Heston model, we consider the process Y (t) = E(f(S(T)) | F!V), where the function
f(x) > 0 and the mathematical expectation E(f(S(T))) is finite, which can be represented by the
equality: Y(t) = V(t,5(t),c(t)). Note that we need a function of three variables. The function
V(t,x,y) € C'?? is the conditional mathematical expectation: V(t,x,y) = Etx,(f(S(T))), is the
solution to the Cauchy problem [14]:

vV oV 132\/2 1aV2 0%V B
§+@k(9_y)+282 vt 35" Y+ gy vy =0, V(T,x,y) = f(x). (2)

To obtain an approximate solution to equation (2), we apply the method of lines [31], for which
we divide time into segments of equal length, equal to h = % In accordance with this division,
we represent equation (2) as a system of elliptic partial differential equations with respect to spatial
variables (the method of lines with respect to time) V(i — 1,x,y) =

. 1 ) 1 ) ) .
=h <Vy(1, x, )k —y)+ EVxx(z, X, y)x%y + EVW(I' X, Y)Y + Viy (i, x,y)xvyp) +V(i,xy),

V(N,x,y) = f(x). The notation V(i,x,y) = V(ih,x,y) is used. Besides the method of lines, other
computational methods for computing the function V can be considered, one of them was proposed
directly by Heston [14] for the already considered problem of calculating the fair price of a European
call option.

Let’s consider a call option for the Heston model similar to how we did for the Black-Scholes
model. Let us state a theorem.
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Theorem 1. [14] The price at time t of a call option with contract price K and exercise time T is equal:

V(t,x,y) =exp(—r(T —t))F(t,Inx,y) 3)
F(t,x,y) = exﬁ(t, x,y) — KII(t, x,y)

1 1 o0 —iulnK tx,y,
H(t,x,y):i_i_;/o RE(E 4;( X,y u>>du

u
_ 1 1 [ efiuan(l“)(t’ x,y,u)
I1(t, x,y) = 5t ;/0 Re( - du

¢(t,x,y,u) = exp(C(T — t,u) + D(T — t,u)y + iux)

5 ot x,y,u—i)
(P(t/x/y/u)_ gb(t,x,y,fi)

Clr/u) = riut+ iiz) <(k — pviu —d(u))T - 21n<1_8(”)edw>>

1-g(u)
_ k—pviu—d(u) 1—e 4T
D(T, u) - 1/2 (1 o g(u)e—d(u)r

d(u) = \/(pviu — k)2 +v2(iu + u?)

_ pviu —k+d(u)
gu) = pviu —k —d(u)

Let’s split the interval [0, T] into N parts with a step h = % and consider the discrete Heston
model:

AS, = S,_1\/o,hd}

4)
Aoy = k(0 — 0y_1)h + v/ 0, _1hd?

n=1,...,N.

Let us consider two implementations of model (4).
1. Sequences ((5%)2]:1
cov(d},02) = p.

and (éﬁ)nNzl consist of independent Rademacher random variables with

1

2. The sequence ((;;) consists of independent random vectors distributed according to a two-
n

1

As before, we are now interested in a discrete process Y, = E(f(Sn) | F.), where the func-
tion f(x) > 0 and the mathematical expectation E(f(Sy)) is finite. The process Y, can be rep-
resented as Y, = V(n,Sy,0,), where the function V is the conditional mathematical expectation
V(n,x,y) = E(f(SN) | Sn = x,04 = y). The discrete model allows calculating conditional mathemati-
cal expectations using the Monte Carlo method. For any discrete time 7 it is necessary to reproduce the

. . . (1
dimensional normal law with zero mathematical expectation and a covariance matrix ( p) .

required number of trajectory residuals; for each trajectory residual, it is necessary to generate random
variables 6}, 62. Computationally, the first option is preferable to the second.
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The fair price can be calculated using recurrence formulas that use a sequence of Bellman functions
V (i, x,y), related by the Bellman equation V(i — 1,x,y) = EV(i,x + AS;,y + Ac;). We apply the second-
order Taylor formula and discard terms of order of smallness /2, as a result we obtain:

V(i—1,x,y) =EV(i,x+ AS;,y + Ac;) =

. . . 1 .
= V(i,x,y) + Vi(i,x,y) EAS; + Vy, (i, x, y) EAc; + EVxx(z, x,y)E(AS;)?+

Vey (i, %,y EASIEAG; + 3 Viy (i, %,y E(807)? =

) 1 . 1 ) )
= h(Vy(z, x, k(0 —y)+ vax(l' X, y)x%y + EVW(I, X, y)viy + Viy (i, x,y)xvp),
V(N,x,y) = f(x).

This system of equations is completely identical to the system of equations for the line method,
and is the same for both the first and second variants.

This fact allows us to assert that the discrete Heston model, both the first and second variants,
are equally good approximations of the continuous Heston model. Specifically, the approximation
error when calculating the function V (¢, x,y) in the discrete model and in the line method are the same
and are of the order of h provided that the system of differential equations is solved with the required
accuracy and the number of iterations in the Monte Carlo method is of the order of hl—z It should be
noted that the Monte Carlo method in its binary implementation has undeniable advantages over
other computational methods, since at each iteration it requires simple calculations and the generation
of two random variables uniformly distributed over the interval [0, 1].

4. Uncertain Volatility Model

Let us consider the Banach space of bounded functions I« ([0, T]), probability space (I, B(lx), P).
ThesetX; = {x € R : I(c € £) A (c(t) = x)}, X € I is compact for every t € [0, T]. Based on any

P(A-X)/P(Z), if P(Z) #0
0, if P(£) =0

probability measure P € P one can define a measure Py, (A) = Let us

denote the family of such measures by Ps.

Let us consider independent random processes, each defined on its own stochastic basis
(C0, T), (F)e=0, EYY, PY) and (Is([0, T]), (FX)s>0, F¥, Px). Let’s consider the equation for the dis-
counted stock price process dS(t) = S(t)X(t)dW (t) with initial conditions S(0) = Sy, X (0) = Xj.
This process is a martingale with respect to filtration (F/V x FX);> and any measure from PV x Pg,
since the Novikov condition is satisfied [6].

The problem is to calculate the submartingale Y(t) = supycpw,p, EQf (ST | FY). Let m(t)
be the lower envelope, and M(t) the upper envelope of the family of slices X;. Let’s consider the
probability space ([m(t), M(t)], B([m(t), M(t)]), P(t)). To calculate the submartingale Y (t) we use the
Hamilton-Jacobi-Bellman equation aait/ + % suppep(y) E ‘37‘2/ = 0, which is transformed into a nonlinear
heat equation
o’V

PV | | MA(t) + mA(t) 8°V
dx2

2 x| 70 ®)

v N X [M2(t) — m2(t)
of 2 2

with a boundary condition V (T, x) = f(x).

Theorem 2. [32] If f(x) is a continuous function, then there exists a unique viscosity solution of equation (5)

Y(t) = V(t,x), which is a submartingale.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem 3. If f(x) is a continuous and convex function, then the solution to the nonlinear heat equation (5) is
a convex function satisfying the linear heat equation:

W MV

TR ST ©)

Proof. Let us consider a discrete model that arises as a result of dividing an interval [0, T] into N equal
parts 5,11\] = SLV_l (1 + \/EXﬁ]_len) , where ¢, are independent Rademacher random variables, gN
is a discrete version of the process S, and XN is a discrete version of the process X. For this model,
we consider a sequence of functions VN (x) = MAX, N N N, <3N <MY E(f(SN) | SN =x), for
which the recurrence equation V¥ (x) = max,,~, < piv EV,4 <x (1 +y Ejsn) > , VN (x) = f(x)is

determined. Using backward induction, it’s easy to prove that the sequence VN (x) is a sequence of
convex functions. Using the second-order Taylor formula, we can write an approximate equation for
this sequence:

5 B T 5 "
PN =T )+ gy max 12 (V)

. T [(MN2 — (mlN)2

= Vﬁl(x) + N [W

W (x) = f(x).

Let us define right semi-continuous piecewise constant functions:

TNt x) = TN (%), (n— 1)% <t< n%, UN(tx) = VN (), (n— 1)% <t< n%.

The first one is an approximate solution of the Hamilton-Jacobi-Bellman equation, therefore
limy e VN (8, x) = V(t,x) for any x.

For the second limy_e(VN(t,x) — VN(t,x)) = 0 for any x. Therefore for the second
limy_se0 VV(t,x) = V(t,x) [33].

Let’s consider the problem of calculating a supermartingale

Y(t)= inf Eg(f(St)|F").
()= _inf  Eolf(sr) | F)
To calculate a supermartingale Y (¢) we use the Hamilton-Jacobi-Bellman equation E% + %2 infpep(y) E 327% =
0, which is transformed into a nonlinear heat equation
W 2[OMAE) —m? (1) |V M) +m?(H) V] )
ot = 2 2 0x2 2 ox2 |

with the boundary condition V(T,x) = f(x). O

Theorem 4. [32] If f(x) is a continuous function, then there exists a unique viscosity solution of equation (7)
Y(t) = V(t,x), which is a supermartingale.

Theorem 5. If f(x) is a continuous and convex function, then the solution to the nonlinear heat equation (7) is
a convex function satisfying the linear heat equation:

oV x*m?(t) *V
FTIR e ®

The proof of Theorem 5 is similar to the proof of Theorem 3.
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Note 1.
If f(x) = exp(—rT)(x — K), m(t) = ¢, M(t) = 7, then C € [C,C], where

C =5 (ln(ig) ;r\;FT(r + %) ) — Kexp(—rT)® (hl(io) ;r\;FT(r - %> ) ,
C=5% <In(‘°;g) :;T<r +%) ) — Kexp(—1T)® <1n<sf<o> :\;T(r -7) ) _

Note 2.
If m(t) = g, M(t) = 7, then we will say that we are dealing with the first model of uncertain

volatility. If m(t) = Xoexp(ct), M(t) = Xoexp(ct), then we will say that we are dealing with the
second model of uncertain volatility.

5. Example 1

Let us consider the S&P100 index for the period from January 2, 1991 to June 11, 1997. According
to the data given in [34], the index volatility is ¢ = 0.00723, the risk-free interest rate is r = 0.0485.
We consider European call options with expiration dates of 24, 87, and 115 days. The table shows
market fair prices Cps for various values of contract prices K and initial prices Sy, as well as fair
prices calculated for the Black-Scholes model Cpg, fair prices Cy calculated for the Heston model,
upper prices C and lower prices C for the first model of uncertain volatility. Parameter estimates
for a sample of index values ¢, : ¢ = 0.005,0 = 0.01. The values Cy; are taken from [34]. The
values Cgs = V(0,Sp), where V(t,x) is the solution to problem (1). The values Cy = V(0,Sp,0),
where V(t,x,v) is the solution to problem (2). The value C = V(0, Sy), where V(t, x) is the solution
to problem (6) for M(t) = ©. The value C = V(0, Sp), where V(t, x) is the solution to problem (8) for
m(t) = ¢.

Table 1. Comparison of option prices (Part 1).

N So K Cum Chgs Cr C C

24 425.73 395 30.75 32.55 30.83 30.45 31.49
24 425.73 400 25.88 27.57 25.95 25.55 26.15
24 425.73 405 21.00 22.60 21.23 20.56 21.61
24 425.67 410 16.50 17.56 16.71 16.05 17.02
24 425.68 415 11.88 12.53 12.65 11.62 12.10
24 425.65 420 7.69 7.26 9.09 7.15 8.03
24 425.65 425 4.44 2.37 6.18 3.51 456
24 425.68 430 2.10 0.00 3.99 1.73 2.46
24 425.65 435 0.78 0.00 2.39 0.74 0.93
24 425.16 440 0.25 0.00 1.26 0.18 0.56
24 424.78 445 0.10 0.00 0.62 0.09 0.12
24 425.19 450 0.10 0.00 0.32 0.09 0.13
24 425.73 395 30.75 32.55 30.83 30.45 31.49
24 425.73 400 25.88 27.57 25.95 25.55 26.15
24 425.73 405 21.00 22.60 21.23 20.56 21.61
24 425.67 410 16.50 17.56 16.71 16.05 17.02
24 425.68 415 11.88 12.53 12.65 11.62 12.10

* N: days to expiration; Sy: initial price; K: strike price; Cyr: market price; Cps: Black-Scholes price; Cp: Heston model price; C:
upper bound; C: lower bound.
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Table 2. Comparison of option prices (Part 2).
N So K Cum Cgs Cy C C
24 425.65 420 7.69 7.26 9.09 7.15 8.03
24 425.65 425 4.44 2.37 6.18 3.51 4.56
24 425.68 430 2.10 0.00 3.99 1.73 2.46
24 425.65 435 0.78 0.00 2.39 0.74 0.93
24 425.16 440 0.25 0.00 1.26 0.18 0.56
24 424.78 445 0.10 0.00 0.62 0.09 0.12
24 425.19 450 0.10 0.00 0.32 0.09 0.13
87 425.73 380 46.75 52.04 46.17 46.70 47.19
87 425.73 385 42.00 47.12 41.40 41.38 43.88
87 425.73 390 37.50 42.21 36.75 36.98 43.07
87 425.73 395 33.00 37.29 32.25 32.08 36.66
87 425.73 400 28.50 32.37 27.96 27.99 29.12
87 425.73 405 2413 27.43 2391 22.99 26.19
87 425.26 410 20.38 21.99 19.81 19.49 20.15
87 425.86 415 16.13 17.58 16.82 14.13 18.31
87 425.68 420 12.82 12.41 13.63 11.56 13.62
87 425.42 425 9.32 7.54 10.81 8.67 11.67
87 425.62 430 6.51 3.93 8.60 6.01 8.11
87 425.82 435 4.51 1.48 6.74 4.01 6.07
87 425.68 440 2.75 0.14 5.09 2.05 3.88
87 425.75 445 1.60 0.00 3.82 1.23 2.06
87 425.78 450 0.85 0.00 2.81 0.74 1.03
87 425.39 455 0.44 0.00 1.97 0.31 0.71
115 425.73 380 47.25 54.05 46.50 46.93 49.23
115 425.73 390 38.13 44.27 37.31 37.94 39.14
115 425.73 400 29.38 34.48 28.82 28.94 38.05
115 425.73 410 21.19 24.63 21.28 20.94 22.30
115 425.41 420 13.88 14.50 14.77 13.39 15.31
115 425.63 430 8.13 6.18 9.93 8.01 10.15
115 425.28 440 3.88 1.15 6.16 2.64 4.18
115 425.13 450 1.50 0.00 3.64 1.21 1.73

* N: days to expiration; Sy: initial price; K: strike price; Cp: market price; Cps: Black-Scholes price; Cr: Heston model price; C:
upper bound; C: lower bound.

The standard deviation of market prices from the prices in the Black-Scholes model is 8.618;
the standard deviation of market prices from the prices in the Heston model is 1.675; the standard
deviation of market prices from the mean prices in the first model of uncertain volatility is 0.839. The
advantage of the first model of uncertain volatility is obvious.

6. Example 2

Let us consider the second model of uncertain volatility. Let¢ = —0.1, 7 = 02, Xy =
0.1, r=0.1, Sp=K=5, T =1.Thefigureshows the graphs of the dependence V(0,x), V(0,x)
and V(0,x) on x, where V(t, x) is the solution to problem (6); V (¢, x) is the solution to problem (8);
V(t, x) is the solution to problem (1) for ¢ = Xj. The solid line shows the graph of dependence of
V(t,x) on x. The dotted line shows the graph of dependence of V (0, x) on x. The dashed line shows
the graph of dependence of V (¢, x) on x.
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Figure 1. Graphs of V(0,x),V(0,x), V(0, x).

7. Results

This article examines a model of uncertain volatility, a generalization of the well-known Black-
Scholes model. Theorems are proven that allow us to estimate the fair price range for an important
class of payoff functions. An example of calculating the fair price range for a European call option is
given.

8. Discussion

This article is a continuation of [27], which examined two models of uncertain volatility and
presented three computational methods for calculating the fair value range of a European-style option.
The first method is based on solving the Hamilton-Jacobi-Bellman equations using difference schemes.
The second is the Monte Carlo method, which is based on modeling the original stock price process.
The third is the tree method, which is based on approximating the original continuous model with a
discrete model and obtaining recurrence formulas on a binary tree.

This article proves theorems stating that if the boundary condition is a continuous and convex
function, then the solutions to the nonlinear heat equations are convex functions satisfying the linear
heat equations. For an important special case, formulas for calculating the fair value range are
obtained, which are analogous to the Black-Scholes formula. Calculations using real data are presented,
demonstrating the effectiveness of uncertain volatility models compared to the Black-Scholes and
Heston models for calculating fair prices for European-style options.

A promising area for future research is the development of a dynamic neural network implemen-
tation of uncertain volatility models.
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