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Abstract

We present a time-dependent nonperturbative theory of the reconstruction of attosecond beating by
interference of multiphoton transitions (RABBIT) for photoelectron emission from hydrogen atoms in
the direction perpendicular to the laser polarization axis. Extending our recent semiclassical strong-
field approximation (SFA) model developed for parallel emission [Lépez ef al., Phys. Rev. A 110,
013104 (2024)], we derive analytical expressions for the transition amplitudes and demonstrate that the
photoelectron probability distribution can be factorized into interhalf- and intrahalfcycle interference
contributions, the latter modulating the intercycle pattern responsible for sideband formation. We
identify the intrahalfcycle interference between trajectories born within the same half cycle as the
mechanism governing attosecond phase delays in the perpendicular geometry. Our results reveal
the suppression of even-order sidebands due to destructive interhalfcycle interference, leading to a
characteristic spacing between adjacent peaks that doubles the standard spacing observed along the
polarization axis. Comparisons with numerical calculations of the SFA and the ab initio solution of the
time-dependent Schrodinger equation confirm the accuracy of the semiclassical description. This work
provides a unified framework for understanding quantum interferences in attosecond chronoscopy,
bridging the cases of parallel and perpendicular electron emission in RABBIT-like protocols.

Keywords: atomic photoionization; RABBIT; nonperturbative theory; attosecond chronoscopy; phase
delays; intrahalfcycle interference

1. Introduction

Attosecond science has opened the way to probe and control electronic dynamics in matter on their
natural timescales. Pump—probe techniques combining attosecond extreme-ultraviolet (XUV) pulses
with near-infrared (NIR) or visible laser fields provide access to phase and timing information encoded
in photoelectron wave packets. Among them, attosecond streaking [1-3] and the reconstruction
of attosecond beating by interference of two-photon transitions (RABBIT) [4,5] have become the
cornerstone of attosecond chronoscopy of photoionization processes in atoms [6-11], molecules [12],
and solids [3,13,14]. While streaking can be interpreted classically as an energy shift induced by
the probe field [8,15-19], RABBIT is understood as a quantum interferometer arising from multiple
indistinguishable pathways leading to the same final continuum state [7,8].

Most theoretical descriptions of RABBIT rely on perturbative treatments of the probe field, which
assume that only two-photon processes dominate and that the probe field intensity is weak enough
not to alter the ionization dynamics [20-22]. However, continuum—continuum transitions induced
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by the probe are intrinsic to the measurement process and cannot be neglected. Nonperturbative
approaches based on the strong-field approximation (SFA) [16,23-29] have been successfully employed
to extend RABBIT beyond the perturbative regime, allowing the inclusion of multiple probe photons
and allowing the identification of different interfering electron trajectories responsible for the observed
phase delays. In our recent work [21], we developed a semiclassical time-dependent nonperturbative
model within the SFA to describe electron emission in a RABBIT-like scheme along the polarization
direction. We demonstrated that the photoelectron probability can be factored into intracycle and
intercycle contributions, and we identified the intracycle interference as the main mechanism governing
the phase delays.

Angle-resolved studies of laser-assisted photoionization emission (LAPE) have revealed rich
interference structures beyond the polarization axis [30]. In particular, photoelectron emission in the
perpendicular direction exhibits a distinct interference pattern [31]. This leads to a natural factorization
of the spectrum into intrahalfcycle and interhalfcycle contributions, which modulate the well-known
intercycle interference responsible for sideband formation. Unlike the case of parallel emission [22],
perpendicular emission shows destructive interference between half cycles for the absorption and
emission of even numbers of NIR photons, resulting in the suppression of certain sidebands and
the double of the characteristic energy spacing between neighboring peaks [31-34]. These features
highlight the crucial role of symmetry and emission geometry in determining the structure of the
photoelectron spectrum (PES).

In this paper, we extend the nonperturbative time-dependent SFA-based theory of RABBIT de-
veloped in [21] to the case of photoelectron emission perpendicular to the laser polarization axis. We
demonstrate that our approach provides a unified semiclassical framework for understanding perpen-
dicular emission in RABBIT-like protocols. We obtain an analytical factorization of the photoelectron
momentum distribution into intrahalfcycle and interhalfcycle interference contributions. We also
demonstrate that the intrahalfcycle interference is directly responsible for the attosecond phase delays.
This work thus bridges previous studies on parallel [21] and perpendicular [31] emission, offering new
insights into the role of quantum interferences in attosecond chronoscopy.

The paper is organized as follows: In Section 2, we describe the semiclassical model (SCM) used to
calculate the photoelectron spectra for the case of perpendicular emission to the polarization direction
of the laser in the RABBIT protocol. In Section 3, we present the results and discuss the SCM compared
to the SFA and the ab initio solution of the time-dependent Schrodinger equation (TDSE) [35-37].
Concluding remarks are presented in Section 4. Atomic units are used throughout the paper, except
when otherwise stated.

2. Theory and Methods

We study the ionization of an atomic system interacting with an external laser field in the single-
active-electron (SAE) approximation. The TDSE reads

2 19(0) = [Ho-+ (0] 19(6), <1>

where Hy = p?/2 + V(r) is the time-independent atomic Hamiltonian, whose first term corresponds
to the electron kinetic energy and the second term to the electron-core Coulomb interaction. The
laser-atom coupling, referred as the interaction Hamiltonian Hjy on the right-hand side of Equation
(1) produces the promotion of the initially bound electron in the atomic state |¢;) to the continuum
final state |¢s) with energy E = k2/2 and final momentum k. The final photoelectron momentum

distributions can be computed as

dpP
= |Tisl? (2)

where Tj; is the transition amplitude ¢; — ¢y.
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Within time-dependent distorted wave theory, the transition amplitude in the prior form can be
expressed as [25,38]
“+o00
Ty =i [ dt (1) (7, 0| 04(7, 1)), ©

—00

where ¢;(7,t) = ¢;(¥)e'lr' is the initial atomic state, I, the ionization potential, and Xr (7,t) is the
distorted final state. Within the SFA, the Coulomb distortion in the final channel produced by the
ejected-electron state due to its interaction with the residual ion is neglected, thus, the distorted final
state can be written as the Volkov function [39], i.e., Xf = 7(}/, which is the solution of the Schrodinger
equation for a free electron in an electromagnetic field.

For simplicity, in this work, we consider photoionization of a hydrogen atom due to a short train
of XUV pulses formed by two consecutive odd high-order harmonics (HH) assisted by a near-infrared
(NIR) laser with fundamental frequency w. The present study can be easily generalized to any atom
within the SAE approximation. Both HHs and the NIR laser are linearly polarized in the same direction,
ie., F(t) = F(t)2, where

F(t) = fo(t)Fycos(wt+¢) +  fru—1(t)Fp_1cos[(2m — 1)wt + ¢pp,—1]
+  fm(t)En cos[(2m + 1)wt + Pn], (4)
where fo(t), fi—1(t), and f,(t) are functions between 0 and 1 that mimic the corresponding pulse

envelopes, Fy, F;,_1, and F; are the field strengths of the NIR and HHs lasers, respectively. Each
harmonic undertakes a phase ¢,,_1 and ¢;;, while the NIR takes a phase ¢. For a long pulse with an

adiabatic switch on and off, the vector potential A(t) = — [ ioo dt'F(t') can be written in its central
part as
At) ~ —ﬂ.T(t)FO sin(wt + ¢) 2, 5)

where we have supposed that the harmonic intensity compared to the intensity of the fundamental
laser field fulfills F,, < Fy(2m + 1) for high harmonic orders, i.e., m > 1. Therefore, the vector
potential of the two HHs can be neglected.

In the present work, we restrict the photoelectron momentum to the direction perpendicular to
the polarization axis, i.e., k = k¢ (in cylindrical coordinates). We analyze similarities and differences
with the case of emission parallel to the polarization axis, i.e., k=kz , studied recently in [21]. As we
use the length gauge in the present work, i.e., Hint (7, 1) =7 - E(t), then from Equation (4), the transition
matrix T; f in Equation (3) is separable in the different laser fields, i.e., T = Ty + T;;,—1 + Ty, with

+oo .
Ihzﬂﬂ/ O (£) e1Sm(D=0m] gt ©)
where )
bu(t) = =5 fun(t) 2- d[R+ A(D)], )
and
N N 2
ﬁ+Awﬂ

sMw:—zmw’ - 2m+Dw b, ®)

with the dipole moment defined as d(7) = (271)~3/2(e!77|7|@;(7)), and Sy, (t) is the generalized classical
action for the harmonic frequency (2m + 1)w, i.e.,, HH(2m + 1). With the appropriate choice of the NIR
and XUV laser parameters considered, we can assume that the energy domain of the LAPE processes
due to HH(2m + 1) and HH(2m — 1) is well separated from the domain of ionization by an NIR laser
alone. Therefore, we can neglect the contribution of NIR ionization T with respect to the contribution
of the XUV pulse train. We justify this assumption in the next section. In Equation (6), we have
considered the high-frequency time-dependent ionization amplitude due to HH(2m + 1) as a single
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photon absorption transition of energy (2m + 1)w, i.e., the rotating-wave approximation [21,22,30,31].
In the flat-top region of the vector potential in Equation (5), i.e., fo(t) = 1, the time integration in
Equation (8) can be analytically calculated, i.e.,

Sm(t) = amt — ;l—(z sin(2wt + 2¢), )

where a,, = k*/2+ I, + U, — (2m + 1)w, and U, = (Fy/2w)?* define the electron ponderomotive
energy under the fundamental frequency NIR electric field.

The RABBIT protocol can be thought of as a special case of LAPE, in which a pulse train formed
of several high-harmonic fields is responsible for the ionization of the target. For the sake of simplicity,
we consider atomic ionization by only two neighboring odd high-harmonics (HH) of frequencies
(2m — 1)w and (2m + 1)w, HH(2m — 1) and HH(2m + 1), respectively, followed by continuum-
continuum transitions due to the action of the fundamental frequency w. In this sense, the transition
probability from the initial atomic bound state to the continuum can be thought of as the coherent
superposition of the individual contributions of every HH, i.e.,

|T|2 = |Tn-1+ Tm|21 (10)

where T}, is given in Equation (6). The case of a single contributing HH has already been studied,
showing that the phase ¢ is not important, affecting the photoelectron spectrum only through boundary
conditions of the short XUV pulse [22,30,31]. Instead, in the RABBIT protocol, the phases of each of the
two transition amplitudes T;,_1 and T}, in Equation (10) do matter. In RABBIT, the addition of various
high-frequency components (two in this case) in the pump field breaks the translational invariance in
the time domain present in ionization by only one HH and, thus, an origin can be established for the
reference frame of the relative phase of the probe [21]. Therefore, the ionization probability [Equation
(10)] depends on the relative phases ¢, ¢,,,_1, and ¢, in Equation (4).

If we consider that the central part of the NIR envelope field that does not vary starts at t = 0, the
square of the vector potential in Equation (5) is periodic every half cycle, i.e., A%(t + jr/w) = A%(t),
or equivalently, A(t + jmr/w) = (1) A(t), with j any positive integer number, as well as the square of
the dipole moment, i.e., d° {E +A(t+ jn/w)} =d? [% + A(t)} , or equivalently, J{E + At + jn/w)} =

(—1)id [75 + A(t)} (see appendix A). Besides, we observe that the second term of the right hand side of
Equation (9) is a time-oscillating function with half the period of the fundamental laser field (77/w),

ie.,
jrtay

- an

Sult+j=) = Su(t) +

The integration domain of Equation (6) extends to the non-zero values of the envelope fy,(t), for
simplicity T = 271N /w, with N any real positive number. However, we particularize our analysis for
semi-integer values of N. Thus, we can rewrite the transition matrix T,;, due to the contribution of
HH(2m + 1) in Equation (6) as the addition of N optical laser cycles of the fundamental probe field, i.e.,

27N/ w .
T Fu / U (1) Sm =l gy
0

. N=1 2n(j+1)/w )
= Fpe i Y /2 e O (B)eSm D . (12)
=0

By performing the transformation t = ' + j27t/w, the temporal integral in the second line of Equation
(12) becomes delayed in j cycles of the probe laser. Keeping in mind the periodicity of ¢,,(t)derived
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from the periodicity of the dipole element when f,,,(t) = 1, it is straightforward to factorize the
transition amplitude as [40—42]

.o N-1 . 27/ w . ,
T, = Fmeﬂd)m ZEIZmIm]/w ém(t’)e’sm(t)dt’
j=0 0
_i¢, Si N/w) ; _
- F ngmsm(amn intay, (N 1)/w1 k 1
me sin (a,,71/w) ¢ m(k), (13)
where the factor
21/ w . ,
I (k) = / O ()5 () ! (14)
0

in Equation (13) corresponds to the contribution of HH(2m + 1) ionization from only one optical cycle
of the fundamental field.

For an integer number of cycles N, the factors explima,(N — 1)/w] and
sin (am N/ w) / sin (am /w) are independent of the harmonic index m. Therefore, they can
be factorized in Equation (10) leading to

sin (a,, TN /w)

? 2
71"Pm—1 71'4),,,
sin (a,,71/w) ‘mele Ly—1(k) + Fme Im(k)‘ . (15)

T =

intercycle intracycle

We manage to split the total transition probability in the RABBIT protocol into the intercycle interference
factor [first factor in Equation (15)] and the intracyle interference factor [second factor in Equation (15)]
[21,25,41,43]. The zeros of the denominator of the intercycle factor, i.e., a,,71/w = n7, correspond to
energy values

Eomti4n = (2m +1+ n)w — Ip - Up, (16)

corresponding to the HH(2m =+ 1) one-photon absorption of frequency (2m + 1)w followed by the
absorption or emission of |n| photons of fundamental frequency w when # is positive or negative,
respectively. Such maxima at energies given by Equation (16) are recognized as the SBs in the PES of
the HH(2m + 1) in presence of the fundamental laser [21,22,30,31] and they are also the SBs formed by
the laser dressed train of pulses composed by the two HH(2m — 1) and HH(2m + 1). In fact, when the
number of cycles of the NIR N — oo, the intercycle factor satisfies the conservation of energy. Instead,
for a finite pump pulse of duration 7 (of the order of 2rN/w), each sideband has a width AE ~ w/N,
fulfilling the uncertainty relation AET ~ 271, where 7 is the duration of the pulse. In Figure 1, we
have depicted the corresponding SBs as a function of the intensity of the NIR laser, which results in
straight lines of negative slope —U)/I. One can observe that their energies are straight lines, since the
ponderomotive energy U, is proportional to the intensity of the NIR laser. In Figure 1 we can observe
the SBs’ values given by Equation (16) for a combination of values of m and #.

Alternatively, we can regard the intracycle factor I, (k) in Equation (14) as the separate contribu-
tion of the two half cycles

s 21
In(k) = /O C (eSOt /E‘” O ()5 () gy (17a)
= 2ielTa gin|H8m
= 2iel% sm[ 2w] T () (17b)

where in the second term of the right hand side of Equation (17a) we have performed the substitution
" =t — 1/w and used the periodicity properties of ¢y, (t) and Sy, (t) to arrive at Equation (17b). The
factor sin[7ta,, / (2w)] in Equation (17b) corresponds to the interference between the ionization during
the first and second half cycles of only one optical cycle of the NIR laser and its square is called as the
interhalfcycle interference pattern which cancels at a,, = nw with |n| = 0,2,4, . ... This excludes the
exchange of an even number NIR laser photons in LAPE or, equivalently, || must be odd in Equation
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(16). Therefore, SBs with even number of exchanged photons in Figure 1 in dotted-dashed light blue
(grey) become frustrated due to the inter-half-cycle interference. The last factor in Equation (17b)
corresponds to the ionization amplitude due to HH(2m + 1) occurring during only one half cycle
pulse of the NIR and is defined as

T (k) = / “p(e)eiSn gy, (18)
0
Taking into account Equations (17a) and (18), the transition probability of LAPE corresponding to
HH(2m + 1) becomes
o iman(N-1/2) Jwp iy SO (@, TN/ @) -
T 2ie Fe sin (a, 7/) sin[7tay, / (2w)] Jm (k) (19a)
— eman(N=1/2)/wp ~igy ST (a,,mN/w) T (K). (19b)

cos[ant/(2w)]

It is easy to show that when the duration of both laser fields of HH(2m — 1) and HH(2m + 1) are a
semi-integer number of half cycles of the NIR laser, i.e., T = 2nN/w with N =1/2,1,3/2,2,5/2, ...,
the factor exp[irta,,_1(N —1/2)/w]sin(a,, 7wN/w)/ cos|a,_17/(2w)] is independent of the HH
index m, which means that it can be factorized in Equation (10) as

2
) [Fase ot () + Fue 9 (1) 0)

intrahalfcycle

[ sin (a,, TN /w)
ITF = (cos[amrt/(Zw)]

interhalfcycle

Equation (20) indicates that the photoelectron spectrum can be factorized as the contribution
of photoionization released at different half cycles (interhalfcycle interference) described by the first
factor and the contribution within the same (any) half cycle (intrahalfcycle interference), governed by
the second factor. So far, it is worth to mention that factorizations into interhalf- and intrahalfcycle
[Equation (20)] or inter- and intracycle interferences [Equation (15)] are direct consequences of the time
symmetries of the problem and rely only on the SFA.

We can compute ], (k) either numerically, whose result we call SFA, or analytically, by using the
saddle-point approximation, which is the cornerstone of the SCM, i.e.,

2 T ..
Jnlk) = Y gk, t) [i8n(£®)) + i T sgn[Sn (£)], 1)

a=1

where the saddle times +(*) and the weighting factor g, (k, t(*)) are found in the appendix B. In Figure
1 we plot the classical allowed regions for the LAPE ionization from HH29 and HH31, observing
an overlap between them, which conforms to the classical allowed region in our non-perturbative
SCM for RABBIT (see Appendix B). The minimum value of the classical allowed region for RABBIT
corresponds to Up = w, which, for w = 0.05 a.u., corresponds to Iyin = 1.7 X 1013 W/cm?, which is
shown in Figure 1 with the vertical left dotted line.

To evaluate the action S,,(t(*)) at the ionization times in Equation (9), we can consider the
accumulated action AS,, = S, (t?)) — S,,(t(1)) between the two ionization times and the average
action S, = [S; (t1) + S, (£#2)] /2. Therefore, (k) can be written as

T (k) = 2gm (k)& (K), (22)

where the factor v, (k) is given by

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Ym(k) = (23)
sm(% - g), if A(HD)A(H?) < 0.

Summing up, within the SCM, the RABBIT transition probability to the continuum can be written as

s [ mamN
2 Sm( w ) i is g 5|2
1T = | —7y ‘mele Pt @1 (K)e' 1y 1 (k) + Bne™ 97 g (k) ym (K)e'™ |, (24)
cos (%)
intrahalfcycle
interhalfcycle
where the average action fulfills S,, = — n(¢ — f;;) with £, a constant multiple of 77/2. For perpen-

dicular emission, f;, is independent of the laser intensity, unlike the parallel case [21]. In Figure 2a
we plot the interhalfcycle interference factor in the solid orange line. We observe that even values
of exchanged NIR photons 1 are precluded so that we can name even SBs as frustrated SBs. This
characteristic applies not only to the RABBIT protocol, but also to LAPE and photoionization in the
perpendicular direction [31-34]. In Figure 2b, the intrahalfcycle interference factor modulates the
intracycle pattern, which, in turn, modulates the total ionization probability. The small peaks at
E ~ 0.77 and 0.8 correspond to the incipient SB with n = 0, which is suppressed by interhalfcycle
interference. In Figure 2a we plot the intercycle factor as a function of the photoelectron energy for
N = 2, showing the SB energy peaks of width AE and positions given by Equation (16). In Figure 2b,
the intracycle interference pattern for N = 1 and the total pattern for N = 2 are shown in red and
black lines. One can observe that the intracycle pattern for N = 1 modulates the corresponding PES
to N = 2. This result was already observed for forward emission in the RABBIT protocol [21]. In the
following, we point out the differences between forward and perpendicular emission.

We now focus on the phase of the probability amplitude for each SB for energies very close to any
sideband [Equation (16)] when the values of a,;, >~ nw and the total amplitude in Equation (24) can be

written as )
|T(}’l) |2 — 4:N2 Fm_lgi(;j'lz)e—Z(Pm,le—Z(P,?E:j'lz) + FmgS’?)e—ltpm el(f);};g’?) (25)
where we have defined '7%1 ) = einfu ')/,(1? ), g,(f ) = gm(k) correspond to energies k?/2 = Ep, 114y in
Equation (16).
Taking into account Equation (25), the transition probability to a specific SBn can be written as
2
‘T(”) = A+ Bcos(2¢ +6), (26)

where A and B depend on each contribution and ¢ is the phase delay given by (see Appendix B of [21]
for a detailed calculation),

0= m— <pm,l+ arg [’7,(,?)} —arg {'7’(1?:2)} . (27)
HH atomic

The first two terms of the phase delay ¢ in Eq (27), ¢ — ¢,—1, correspond to the difference in group
delays of HH(2m + 1) and HH(2m — 1) of the XUV field when arriving at the target, whereas the last
two terms correspond to atomic delays within the SFA. In our SCM of RABBIT, the population of
every SB is the result of the interference of two different contributions with a multitude of quantum
paths each one, not just the two photon transitions considered at lowest perturbative order of the NIR
intensity [4,7,44-46].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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0.5 Ly b T .
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Laser intensity (101% W/cm?)

Figure 1. Schematic spectrogram in the energy domain for ionization of HH29 and HH31 as a function of the NIR
laser intensity. The classically allowed region for each harmonic: E, ; <E < ES 41 (m =14 and 15) is shaded
in light gray whereas the overlap of the two classically allowed regions: E, .| < E < Ej, | (m = 15) is shaded

2m+1
in blue. The upper classical limits E; 1 are independent of the NIR laser int-:snsity and the lower classical limits
E,,, 1 exhibits a slope of —2U}, /1. The white area represents classically forbidden regions. HH29, HH31, and all
SBs are drawn as straight lines of slope given by —U,,/I. Full lines correspond to observed (odd) SBs, whereas
doted-dashed lines to forbidden (even) SBs. The left vertical dashed line indicates the minimum NIR intensity into
the classical allowed region for the two harmonics HH29 and HH31: I ~ 1.75 x 10'3 W/cm? (Fy = 0.0224 a.u.).
The other two vertical dashed lines indicate the two NIR intensity values analyzed in the text: I ~ 3.16 x 10'3
W/em? (Fy = 0.03 a.u.) and I ~ 5.62 x 1013 W/em? (Fy = 0.04 a.u.). The NIR laser frequency is w = 0.05 a.u.,
and the HH29 and HH31 frequencies are 29w = 1.45 a.u. and 31w = 1.55 a.u,, respectively. I, = 0.5 a.u. (atomic

hydrogen)
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Figure 2. Buildup of the interference pattern in the perpendicular direction following the SCM for N = 2. (a)
Intrahalfcycle interference pattern in thick green line, intercycle pattern in thin dotted blue line, and interhalfcycle
pattern given in thin orange line [see Equations (15) and (24)]. (b) Intracycle pattern in thick green line, total
interference pattern in black line [see Equations (15) and (24)]. The intracycle pattern is shown in red line. Vertical
lines depict the energy positions of the SBs with odd |n| in Equation (16). The NIR laser intensity is I ~ 5.62 x 10'3

W/cm? (Fy = 0.04 a.u.), where the rest of the laser parameters are the same as in Figure 1. The relative phase and
¢ = 0with ¢p_1 = Pm.
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3. Results and Discussions

In order to probe the general result that the ionization probability of photoelectrons emitted
perpendicularly to the polarization axis of the train of XUV pulses and the NIR laser pulse can be
factorized in two different ways—namely, into intracycle and intercycle interferences [Equation (15)]
or into intrahalf- and interhalfcycle interferences [Equation (24)]—we compare the photoelectron
spectrum dP/dE = 27tv/2E |T; f|2 within the SCM, the SFA, and the ab initio numerical solutions of the
TDSE. The NIR and XUV frequencies are taken as w = 0.05 a.u. and wy,, 11 = (2m + 1)w, respectively,
with m = 14 and 15. We consider the NIR laser duration be 87t/ w, corresponding to four optical cycles,
and three different durations of the XUV pulse train, T = 7/w, 271/ w, and 471/ w, corresponding to
N =1/2,1, and 2 optical cycles of the NIR laser, all of them starting right after the second cycle of the
NIR laser, saving the first cycle for a linear ramp on and the fourth cycle for a linear ramp off. The
envelopes fy,(t) are defined in the same way: a flat-top unitary region with a one-cycle linear ramp on
and a one-cycle linear ramp off.

Figure 3 shows the results of the SFA and the TDSE for the same XUV and NIR pulse parameters
as in Figure 2, with F,, 1 = F,, = 0.1 a.u. and Fy = 0.03 a.u. (I ~ 3.16 x 10* W/cm? in panels a and
c)and Fy = 0.04 a.u. (I ~ 5.62 x 103 W/cm? in panels b and d), for relative phases ¢, 1 = ¢, and
¢ = 0. The agreement between the PES along the perpendicular direction calculated with SFA and
TDSE is remarkable, and complements their comparison with the SCM results in Figure 2b. Several
conclusions can be drawn. First, the negligible effect of the Coulomb potential of the residual ion on
the electron yield is evidenced by the almost perfect agreement between the SFA and TDSE spectra
evidences. A more detailed analysis of Coulomb effects in RABBIT spectra will be presented in a
forthcoming work. Second, the factorization of perpendicular photoelectron emission into either intra-
and intercycle interference patterns [Equation (15)] or intra- and interhalfcycle interference patterns
[Equation (24)] is validated not only in the SCM and SFA spectra but also in the full TDSE results.
Figure 3 shows that the intrahalfcycle interference pattern, calculated as the energy distribution for a
XUV pulse duration of half a laser cycle, i.e., T = 71/w, modulates the intracycle interference pattern,
calculated as the energy distribution for a XUV pulse duration of one laser cycle, i.e., T = 271/ w, as
predicted in Equation (24). In the same way, the intracycle interference factor modulates the SBs in the
energy distribution for a longer XUV pulse, i.e., T = 47/w. When the XUV pulse duration involves
several periods of the laser, i.e., T = 471/ w, the positions of the SBs in the SFA and TDSE calculations
in Figure 4 agree with the SCM expressed in Equation (16) for odd number |#| of exchanged NIR
photons as described in the previous section. Conversely, SBs with an even number |#| of exchanged
NIR photons are suppressed by the destructive interference between XUV emission during each first
and second half cycles of all the cycles of the NIR laser involved. SFA and TDSE PES extend beyond
the classical upper limits Ejq = 0.95 a.u. and Ej; = 1.05 a.u. and beyond the lower limits Eyy = 0.77
au. (0.63a.u.) and E5; = 0.87 a.u. (0.73 a.u.) for I ~ 3.16 x 10 W/cm? (I ~ 5.62 x 10'* W/cm?) or
Fy =0.03 a.u. (0.04 a.u.).

We have also investigated the dependence of the perpendicular PES on the intensity of the NIR
laser, following the schematic representation in Figure 1. Figure 4 shows the energy distributions
calculated with the SCM (a, d, g), the SFA (b, e, h), and the TDSE (q, {, i) for laser intensities up to
10 W/cm? (Fy = 0.053 a.u.). The analysis includes different XUV pulse durations, T = n/w, 271/ w,
and 47/w. Figure 2 and Figure 3 correspond to cuts of Figure 4 at I ~ 3.16 x 10'3, W/cm? and
I ~ 562 x 10 W/cm?. By definition, the classical boundaries Ei; and E;;, shown as dotted lines,
delimit the SCM spectrogram in Figure 4a, 4d, and 4g. For T = 71/w (first row), the intrahalfcycle
interference stripes exhibit a negative slope. For T = 27t/ w (second row), the intrahalfcycle interference
patterns are flanked by nodes corresponding to the zeros of the interhalfcycle factor in Equation (24).
ie., 4sin2% for N = 2, which vanishes for a,, = 2nw, i.e., for all even |n| number of exchanged
NIR photons. The slope of maxima (visible SBs) and minima (frustrated SBs) is 7.13 x 10~4/w?,
where the intensity units are in W/cm?, and the energy spacing between consecutive minima (and
maxima) is 2w. This result is inherent to all emissions in the perpendicular direction to the polarization
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of the laser fields, not only for RABBIT and LAPE but also for one-color ionization [32-34]. For
T = 471/ w (third column), the sidebands become thinner due to the time—energy uncertainty relation
AE At = hi, which reflects destructive intercycle interference for energies far from conservation values.
The SCM reproduces the characteristic intrahalf- and intracycle interference stripes with negative
slope observed in the SFA and TDSE spectrograms, although the quantum results extend beyond the
classical boundaries, as expected.

Number of exchanged photons

-7 -5 -3 -1 1 -5 -3 -1 1 3
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Energy (a.u.)

Figure 3. Photoelectron spectra in the perpendicular direction calculated within the SFA (a and b) and the TDSE
(c and d), for different XUV pulse durations tx = 71/w (green), 27t/ w (red), and 47t/ w (black) for two different
NIR intensities: I ~ 3.16 x 1013 W/cm? (Fy = 0.03 a.u. ina and ¢) and I ~ 5.62 x 1013 W/cm? (Fy = 0.04 a.u. inb
and d). The XUV peak fields are F,,_1 = F;, = 0.1 and the NIR parameters are the same as in Figure 2. Vertical
lines depict the positions of the relevant SBs (odd n) according to Equation (16). The relative phase is ¢ = 0 and
¢m—1 = ¢m. Photoelectron energy distributions have been vertically rescaled for better visualization.

So far, we have analyzed electron emission in the transverse direction for phases ¢ = 0. To reveal
how the intracycle interference pattern changes with the relative phase ¢, we studied the dependence
of the photoelectron spectra as ¢ varies from 0 to 27t. Figure 5a shows the intrahalfcycle interference
pattern (N = 1/2) calculated within the SCM (for T = /w). We mark the two discontinuities for
HH29 and HH31 at energy values Egisc ., = % [v%/m — A?(¢/w)] (see appendix B and [31]. For ¢ =0,
the discontinuity lies at Egigc ., = U%,m /2, which coincides with the upper classical boundary. As ¢
varies, the discontinuity follows the squared vector potential with 7r-periodicity in contrast with the
2m-periodicity characteristic of parallel emission [21,22,31]. For ¢ = 0, 7T, 27, the discontinuity occurs
at E;m = U%,m /2, while for ¢ = 7w/2,37/2, it shifts to E,, | = U%,m /2 —2U,. The intracycle interfer-
ence (N = 1) and total spectra (N = 2) shown in Figs. 5d and 5(e) display jumps in the probability
distribution at the discontinuities. For T = 271/w, the SCM spectrum (Figure 5d shows horizontal
lines corresponding to intracycle interference, i.e., interference between the first and second half cycles,
consistent with the factor sin?(7ta,, /2w) in Equation (17b). For T = 4n/w (Figure 5g), the SCM
spectrum shows intercycle interference modulated by the intracycle pattern, but the discontinuities
at the SBs [Equation (16)] are absent. As the SBs narrow, the discontinuities blur. The SFA and TDSE
results extend further the classical limits exhibiting more SBs as seen in second and third columns of
Figure 5 and agree closely with the SCM within the classical boundaries, validating the time-dependent
semiclassical picture.
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Laser intensity (10" W/cm?®)

Figure 4. Photoelectron spectra in the perpendicular direction (in arbitrary units) as a function of the NIR laser
intensity within the SCM [(a), (d), and (g)], the SFA [(b), (e), and (h)], and the TDSE [(c), (f), and (i)]. The XUV
pulse durations are T = 7/ w (a-c), 27t/ w (d-f), and 471/ w (g-i). The other XUV and IR parameters are the same as
in previous figures. In white dashed line we show the classical boundaries, in light-blue dotted-hashed line the
frustrated SBs, i.e., Ep;; 114 with even |n| and in magenta dashed line, the relevant SBs with odd n [Equation (16)].
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Figure 5. Photoelectron spectra in the perpendicular direction (in arbitrary units) as a function of the phase of the
NIR laser ¢ within the SCM (a, d, and g), the SFA (b, e, and h), and the TDSE (c, f, and i). The XUV pulse durations
are T = 11/ w (a-c), 27t/ w (d-f), and 477/ w (g-i). The NIR laser intensity is I ~ 5.62 x 1018 W/em? (Fy = 0.04 a.u.).
The other XUV and IR parameters are the same as in previous figures. In dashed lines we show the corresponding
energy discontinuities Egjsc , = [v%,m — A%(¢p/ w)} /2 for T14 and Ti5 (see appendix B).
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Finally, to scrutinize the phase delays of the sidebands as a function of the NIR intensity, Figure
6 shows the perpendicular photoelectron spectra of hydrogen for SB32, SB30, and SB28 within the
SCM and SFA. The SCM reproduces all the main features of the SFA, except for SB32 out of the
applicability region. At low NIR intensities, the distributions maximize at ¢ = 0 and 7, for SB30 and
SB28, indicating that both sidebands are in phase, i.e., 30 = drg = 0 [see Equation (26)]. Conversely,
SB32 peaks at ¢ = 71/2 and 371/2 for low intensity with an ensuing phase delay d3, = 7.

1.0
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04|14 .
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02{— Y5 | ! . '
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(d) SCM - SE30
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Figure 6. Photoelectron spectra for perpendicular emission as a function of the NIR laser intensity I and phase ¢
calculated within the SCM in the middle column (b, e, and h) and SFA in the right column (c, f, and i). Emission
energies correspond to SB32 in (b and c), SB30 in (e and f), and SB28 in (h and i). In the left column, the normalized
intrahalfcycle factor ’75,1" ) as function of the fundamental laser intensity for energies corresponding to (a) SB32, (d)
SB30, and (g) SB28. For each panel we show the intrahalfcycle factors for paths (a): 'ﬂi) and '7%), (d): '7&) and
'75571), and (g) ’7&1) and ’75;3). Cyan (magenta) regions correspond to intensity values for which the different

normalized intracycle factors '75,;1 ) have the same (opposite) sign. Pulse parameters and SFA envelope are the
same as in previous figures.

The maxima of SB28 remain invariant with probe intensity (at least up to the studied intensity
of 10 W/cm?), while SB32 and SB30 exhibit transitions of behavior. SB32 peaks at ¢ = 0, 77 for low
intensities (I < 3.16 x 1013 W/cm?) yielding d3 = 0, and at ¢ = 71/2,37/2 for 3.16 x 108 W/em? <
I <89 x 103 W/cm? with 63, = 7 and again at ¢ = 0, 77 for higher intensities (I > 8.9 x 1013 W/cm?)
leading to J3; = 0. We observe that the phase delays are always either § = 0 or 7t depending on
E:jlz ) and '7,(121 ), as expected from Equations (26) and
(27), which is expected under strong field approximation. The model could be extended to the non-
classical region by using theories that are more sophisticated, for example, the uniform saddle-point

approximation [47], however, this is out of the scope of the present work.

the relative sign of the two contributing terms ¥

4. Conclusions

We have developed a time-dependent nonperturbative theory of the RABBIT protocol for pho-
toelectron emission perpendicular to the laser polarization axis. Building on our previous work for
parallel emission, we generalized the semiclassical strong-field approximation by deriving analytical
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expressions that allow for a transparent interpretation of the phase-delay information. Our analy-
sis shows that the perpendicular emission spectra can be factored into intrahalf- and interhalfcycle
contributions or, alternatively, as intra- and intercycle contributions. In particular, we identified intra-
halfcycle interference between trajectories released within the same half cycle as the main mechanism
responsible for attosecond phase delays in this geometry. A distinctive feature of the perpendicular
direction is the suppression of even-order sidebands, leading to a sideband spacing of 2w, in sharp
contrast to the w spacing observed along the polarization axis. Comparisons with full SFA and the
ab initio TDSE simulations confirm the validity of our nonperturbative semiclassical approach. The
present theory thus provides a unified framework for describing attosecond chronoscopy in both par-
allel and perpendicular emission geometries. Future work may extend this analysis to angle-resolved
photoemission and to polarization-resolved pump-probe schemes, paving the way toward a more
complete understanding of attosecond electron dynamics.
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Abbreviations

The following abbreviations are used in this manuscript:

RABBIT  Reconstruction of attosecond beating by interference of two-photon transitions

SCM Semiclassical model

SFA Strong-field approximation

TDSE Time-dependent Schrodinger equation
PES Photoelectron spectrum

HHn High n-th order harmonic

LAPE Laser-assisted photoionization emission
NIR Near infrared

XUV Extreme ultraviolet

SB sideband

Appendix A. Dipole Moment
The z-component of the dipole element for the 1s state of a hydrogen atom is

—

0

_— Al
(02 + (21,,)2]3 (A1)

a(7) = ——27/2(21,)*/*
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For the case of emission along the polarization axis in Ref. [21], symmetry properties of the dipole
matrix element were not taken into account. Contrarily, for perpendicular emission, it needs to be
considered since according to Equation (A1), the dipole elements d, along the polarization direction of
consecutive half cycles fulfill

A 5 Tt i A 5
iz (P + 2A(t+]—)) = (=1) dmz (Pk + 2A(1)). (A2)
Hence, the odd and even half cycles have opposite contributions.

Appendix B. Saddle-Point Approximation

Within the saddle-point approximation we can approximately solve the time integrals of Equation
(18) yielding the addition of two (semi)classical trajectories that have been born within the same half
optical cycle shown in Equation (21). The saddle times ¢(*) fulfill the saddle equation S = dS(+®)) /dt =

0, or equivalently,
Az(t(“)) +i2 = Ué,m (A3)

with 0§, /2 = (2m + 1)w — I, resulting in

wt = mod [sin_1 (;) }n/z(k)) —¢, 7'(] (Ada)
0
wt® = mod [71 —sin~! (;U },,/Z(k)) —¢, 71] , (A4db)
0

and the weighting factor is

V27 [kp + A(t(“))f]

g (K, 1)) = (A5)

/4
‘v%’m — kz‘ ’Fo cos(wt®) + ¢) |1/2

where B, = U(z),m — k%. From Equation (A3), the domain of the allowed classical trajectories per-
pendicular to the polarization axis is E,,, 1 < E < E;m Y where E;rm = 2m+1)w — I, and
oma1 = (2m+ 1w — I, — 2U, whether vg,;, > Fy/w. The modulo function in the definition of

ionization times introduces a discontinuity, which is an artifact of the SCM [31].
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