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1 Abstract: In this paper, we introduce the evolve-then-filter (EF) regularization method for reduced
> order modeling of convection-dominated stochastic systems. The standard Galerkin projection
s reduced order model (G-ROM) yield numerical oscillations in a convection-dominated regime. The
« evolve-then-filter reduced order model (EF-ROM) aims at the numerical stabilization of the standard
s G-ROM, which uses explicit ROM spatial filter to regularize various terms in the reduced order model
s (ROM). Our numerical results based on a stochastic Burgers equation with linear multiplicative noise.
» It shows that the EF-ROM is significantly better results than G-ROM.

s  Keywords: reduced order modeling; regularization; fluid dynamics; stochastic Burgers Equation;
o  proper orthogonal decomposition; spatial filter

o 1. Introduction

I

1 Many important scientfic and engineering applications require repeated numerical simulations of
1z large and complex dynamical systems with high computational cost [25,26,40,45]. The traditional full
1z order model simulation is limited due to the extremely demanding on computational resources.
1= Reduced order models (ROMs), therefore, have been successfully introduced to reduce the
s expensiveness of the numerical simulations. ROMs aim at finding a reduced space that approximate
1e the original model (full order model) with orders of magnitude reduction in computational cost
1z while maintaining high accuracy. The reduced space is constructed by truncating the reduced basis,
1= often the proper orthogonal decomposition (POD) basis. The classical Galerkin projection based
1» reduced order model (G-ROM) is one of the most popular model reduction method. It is obtained by
20 projecting the full order model to the reduced space. G-ROM is sucessful across a range of disciplines,
xz however, its” use in convection-dominated flows has been hampered by the numerical instability. This
22 instability, usually in the form of unphysical numerical oscillations, yielding inaccurate results for
= nonlinear systems. To mitigate the spurious numerical oscillations, various stabilized reduced order
2 models (ROMs) have been introduced see [2,5,13,24,31,32,42,44,54]. One popular strategy is the ROM
= closure modeling which models the lost information in the truncation of the POD basis, many ROMs
26 can be found in [3,4,13,46,48,50,54,57]. Another approach is the reqularization, which uses explicit
2z spatial filtering to regularize the standard G-ROM and increase the numerical stability of the ROM
2s approximation. Recent development of regularized ROMs method for deterministic systems have
2s  been introduced in [47,55].

30 Reduced order models (ROMs) for systems involving stochastic process have gained increasing
a1 attention recently [8,20,36]. The development of ROMs for partial differential equations (PDEs) subject
sz torandom inputs acting on the boundary and PDEs with random coefficients have been considered
ss  intensely in various contexts [16,27,53]. Some works have been done for ROMs for evolutionary PDEs
;s driven by stochastic processes [11,14]. [29] introduced the Leray-regularization reduced order model
s (L-ROM) for the stochastic system with Brownian motions.
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36 In this paper, we address the instability issue of standard G-ROM for nonlinear stochastic PDEs
sz by using regularization. Motiviated by [29], we introduce another regularized ROM, evolve-then-filter
;s (EF-ROM), for SPDEs that are of relevance to fluid dynamics as used in [29]. The main purpose is to
s numerically investigate the evolve-then-filter regularization ROM (EF-ROM) for the stabilization of
20 the G-ROM within a simple setting, a stochastic Burgers equation (SBE) driven by linear multiplicative
a1 noise. In [29], it has been shown that the spurious oscillations in G-ROM persist as the noise is turned
«2 on, and the oscillations worsen as the noise amplitude increases. The numerical test of EF-ROM shows
s that it gives more accurate modeling of the SBE dynamics by reducing the oscillations of the G-ROM
4« with a low dimensional approximation.

45 The rest of the paper is organized as follows. In Section 2, we briefly describe the SBE to be used in
« our numerical experiment. In Section 3, we provide details about the derivation of the corresponding
4z G-ROM and EF-ROM based on proper orthogonal decomposition. In Section 5, we present our
s numerical investigation of the EF-ROM. Finally, we outline conclusions and potential future research
0 directions in Sectioin 6

so 2. Stochastic Burgers equation (SBE)

The deterministic viscous Burgers equation and its stochastic version have been widely used in
reduced order modeling, see [14,15,34,39,49]. In this paper, we will focus on the following stochastic
Burgers equation (SBE) driven by linear multiplicative noise:

du = (Vitxy — uuy)dt + ou o dWy,
u(0,f) =u(1,t) =0, t>0, 1)
u(x,0) = up(x), x € (0,1),

s1  where 1 is some appropriate initial datum to be specified, W; is a two-sided one-dimensional Wiener
s2 process, 0 is a positive constant that measures the “amplitude” of the noise, and v is a positive diffusion
ss coefficient. Similar to [29], the multiplicative noise term cu o dW; is understood in the sense of
s« Stratonovich [41].

55 SPDEs driven by linear multiplicative noise such as the SBE (1) arise in various contexts,
ss including turbulence theory, non-equilibrium phase transitions, or simply the modeling of parameter
sz disturbance [6,12,18,38].

se  2.1. Numerical Discretization of SBE

50 In our numerical experiment at Section 5, we collect the snapshots data from the direct numerical
s simulation of the SBE. The SBE (1) is solved by a semi-implicit Euler scheme as given in [14, Section 6.1].
o1 We briefly present the numerical discretization scheme below. For more details and other numerical
e2 approximation methods of nonlinear SPDEs, see [1,7,11,28,30,37].
63 The nonlinearity uuy = (u?),/2 and the noise term ou o dW; are discretized explicitly for each
e« time step, while the other terms are treated implicitly. The Laplacian operator is discretized using the
es standard second-order central difference approximation. Thus, we can get the following semi-implicit
es discretization scheme:
o? 1
W = (vautt 4 Sl - EV(u?)z)At + ol ul VAL, )

where u!' is the discrete approximation of u(iAx,nAt), Ax and At are the mesh size of the spatial

discretization and the time step, respectively. The discretized Laplacian A and the discretized spatial

derivative V in (2) are given by

2 2
pup = M B Gy () ()
l (Ax)? ’ ! Ax ’

ie{l,---,Ny—2}.
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s» where the boundary conditions are uy = u}; ; = 0, Ny is the total number of grid points of the spatial
es discretization in [0, 1]. The ¢, are random variables drawn independently from a normal distribution
e N(0,1). The additional drift term azu]’.‘ /2 in (2) is the conversion of the Stratonovich noise term
70 ou o dW; into It6 form.

7 2.2. Initial Condition

The initial condition is defined as following

up(x) = /oo EW)pe(x—y)dy,  x€[0,1]. ®3)

—00

Where ¢ is the step function defined by ¢(x) = 1if x € (0.05,0.55) and ¢(x) = 0 otherwise. The ¢, is
given by ¢c(x) = 1¢(2) with

o(x) = Cexp (— ﬁ) if [x| <1,

0 otherwise,

72 and the normalization constant C is chosen such that | il ¢(x)dx = 0. The parameter € in ¢, is set to
73 be € = 0.01 in our numerical experiment.

7a The initial condition is slightly modified from the one used in [34]. The modification is mainly
7 intended to enforce the compatibility of the initial and boundary condition at the left boundary point
76 (x = 0) and to avoid any potential regularity issues that may arise in the numerical discretization of
7z the SBE in (2) due to the discontinuity in the step function.

7z 3. Reduced Order Modeling

70 3.1. Proper Orthogonal Decomposition

80 POD is one of the most popular data-driven reduced order modeling method, which we
a1 exclusively use to generate the ROM basis in this paper. We briefly describe the POD in this section.
2 We note, however, that other ROM bases (e.g., the dynamic mode decomposition (DMD)) could be
es used. For more details, the reader is referred to [9,10,40,51]. The POD starts with the snapshots
sa {1, ..., uM"}, which are numerical approximations of the SBE at N different time instances. The POD
s seeks a low-dimensional space X" := span{¢;,...,¢,} that approximates the snapshots optimally
ss with respect to L?-norm.
Consider an ensemble of snapshots R := span {u", ..., u™ }, which is a collection of velocity data
from either numerical simulation results or experimental observations at time t; =i At,i =0,..., N;.
The POD basis {¢}; come from the minimization problem:

1 N 2

)3

=0

)

u(i ) - 21 (u 10, 25()) 210
Z

subject to the conditions (qoj,(pi) = 6jj, 1 <1i,j <r, where J;; is the Kronecker delta. The minimization
problem result in the eigenvalue problem K zj = Aj zj, forj=1,...,r,where K € R(Ns+1)x(Ns+1) jg
N1 (u(-,ty),u(-, ty)) for £,k =0,...,Ns, zjis

the j-th eigenvector, and A, is the associated eigenvalue. It can be shown that the POD basis functions

the snapshot correlation matrix with entries Ky =
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: _ 1 Ns . .
are given by q)j(-) = 0= Yooo(z)eun(,t0), 1 < j < r, where (z;); is the {-th component of the
j
eigenvector z;. Also the following error formula holds from [26,34]:
1 Ns T 2 d
= b)) — .t (- (- — AsL
s Py OTRDY ()i ()., i) ol ©)

Note that in many ROMs of fluid dynamics, snapshots matrix always assembled by subtracting the
centering trajectory when generating the POD basis. That is, the fluctuations #’ = u — U, where U is
the centering trajectory, are considered in the data matrix. For our numerical investigation, however,
we do not use the centering trajetory approach for the simple one dimension SBE case.

3.2. Galerkin Projection ROM (G-ROM)

The classic Galerkin projection based reduced order model has been introduced for fluids for
many years. The derivation of the POD Galerkin ROM (G-ROM) follows the standard Galerkin
approximation procedure. We present the derivation of G-ROM for the SBE (1) below. For a fixed
number of basis r ~ O(10), the r-dimensional POD Galerkin approximation u, of the SBE solution u

takes the following form:
r

u(x, bw) = Zaj(t;w)q)j(x), (6)

=1

where the time-varying coefficients (ROM coefficients) {a;(t,w)}’ j—1 are determined by solving:

(dur,(p]-) = (v(ur)xx — ur(u,)x,(p]-)dt + O'(Mr,(pj) odW;, j=1,-,r 7)

Following the expansion of u, given in (6) and the orthogonality property of POD basis functions,
we can get the more explicit form of the above equation:

r
da; = [_szlak P )xs (@) +k121akaz P (9 w,)] dt +-cajo dWi, ®)

where j = 1,---,r. The above low dimensional dynamic system (8) is the called Galerkin ROM
equation of the stochastic Burgers equation (SBE). The ROM online computation involves time
integration of system (8), which carried out by using a standard Euler-Maruyanma scheme [33].
The fully discretized G-ROM of SBE is as follows:

o2

pH ag ((@r)x, (@)x) + 7“}1

a; —a;-“: [—1/
)
_l’_

07~ 7=

. u,’(’a?(qok(q)l)x,q)j)}At+ggna;l\/El j=1,---,r1,

—

1
where {,, are random variables drawn independently from a normal distribution N (0, 1).

4. Evolve-Then-Filter Regularized ROM

The G-ROM is efficient and relatively accurate for many fluid flows. As mentioned before,
however, G-ROM is inccurate for convection-dominated flows because of the numerical instability. In
this Section, we introduce and present details of the EF-ROM regularization for the SBE to investigate
potential improvement for numerical instability. This EF-ROM regularization based on POD spatial
filtering to smooth the flow variables and increase numerical stability of the model, see Sec. 4.1.

d0i:10.20944/preprints201808.0219.v1
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oo 4.1. POD Differential Filter

100 We present details of the ROM spatial filtering (Differential Filter) in this Section. The POD
w1 differential filter (DF) is defined as follows: Let J be the radius of the DF. For a given #” € X’, find
102 # € X' such that

((1—5%) ,go])_(uf,(pj), Vi=1,...r. (10)

103 Differential filters have been used in the simulation of convection-dominated flows with standard
10e  numerical methods [21,22]. The DF (10) uses an explicit length scale J (i.e., the radius of the filter) to
105 eliminate the small scales (i.e., high frequencies) from the input. Indeed, the DF (10) uses an elliptic
106 Operator to smooth the input variable. The DF also has a low computational overhead as it solves
107 a linear system with a very small r X » matrix that is precomputed. Another advantage is ROM DF
s preserve incompressibility in the NSE, since they are linear operators. In reduced order modeling,
1 POD-DF was first used in [47] in a periodic, one-dimensional (1D) setting. In this paper, we apply
110 POD-DF to the SBE system (1).

1 4.2. EF-ROM for SBE

112 We draw inspiration from the deterministic case and consider regularized ROMs (Reg-ROMs)
us  constructed from the POD differential filter [55]. These Reg-ROMs belong to the wide class of stabilized
us ROMs [2,3,5,13,17,24,32,42,46,54]. The main difference between Reg-ROMs and the other stabilized
us  ROMs is that Reg-ROMs increase the numerical stability of the model by using explicit spatial filtering,
us  which is a relatively new concept in the ROM field [47,54]. Other ROMs use closure modeling both
1z physically and mathematically. In this paper, we will use the Evolve-Then-Filter ROM (EF-ROM) [47,55]
us based on a specific way of filtering the convective term in the SBE (1) as explained below.

110 The Evolve-Then-Filter model has been used as a numerical tool in the simulation of
120 convection-dominated deterministic flows with standard numerical methods [23,35]. It has also
121 been used to derive Reg-ROMs for deterministic systems in [47,55]. The construction of the EF-ROM
122 to the stochastic problem (1) is straightforward, which contains two steps. There is only one crucial
123 difference in its derivation compared to the derivation of the G-ROM as outlined in Section 3.2, which
124 consists of applying POD-DF after evolving the dynamic system.

125 The r-dimensional EF-ROM approximation u, of the SBE solution u takes the form (6). The
120 time-varying coefficients {a;(t, w)};_; are determined by solving:

(w;z—s-l _ M?KPJ-) (v () xx — uf(uf)x,(pj)dt + U(u?,(pj) odW, j=1,--,1. (11)

u;hLl _ w]i}Jrl (12)

127 The first "evolve" step in the EF-ROM (11) is just one step of the time discretization of the standard
122 G-ROM (9). The "filter" step in the EF-ROM consists of filtering of the intermediate solution obtained
120 in the "evolve" step:

<( _ 2A ) n+l,¢]> (w n+1,(P]) Vi=1,...r. (13)

r

wi’“txw EZ (t;w)@p(x (14)

130 This could give us the following linear system,

(M, + 6%5,)b = M,b (15)
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131 Where M, = (q)i,qoj) and S, = (Veg,, Vq)j) are the POD mass matrix and stiffness matrix respectively,
132 and b is the filtered POD coefficient. Thus the r-dimensional EF-ROM for SBE (1) is given by:

r
bt —al = [ v Y af () (9)0) + X aiaf (9(@)n @) | At + 0Cua! 0 VAL (16)
k=1 kI=1

e ST | 17)

133 wherej=1,---,r. As mentioned in Section 4, a forward Euler time discretization was used in (11),
13s  but other time discretizations are possible [19].

135 Unlike the Leray-ROM (L-ROM) [29,58], which only filtering the nonlinear term, the EF-ROM
136 filter the whole dynamics of the coefficients after the "evolve" step. Some numerical analysis regard
137 these two methods for standard turbulent flows have been studied in [35]. A full comparison of the
138 Reg-ROMs for deterministic case was studied in [55]. We emphasize that a numerical comparison of
130 the EF-ROM and L-ROM for stochastic Burgers system is beyound the scope of this paper. A further
10 study with more discussions and complex stochastic systems will be investigated for future research.

141 5. Numerical Results

142 In this Section, we present our numerical results for the EF-ROM and compared it with the

13 standard G-ROM. The data that we used to construct our ROM is generated by the method describled

s in Sec. 2.1 with the diffusion coefficient v = 0.001, At = 10~* and N, = 1025 so that Ax ~ 9.8 x 10~*.

s We collected 101 equally spaced snapshots on the time interval [0, 1] and used method of snapshots

s to compute the POD bases. The solution field and a few POD basis functions are shown in Fig. 1 for
illustration purposes.

\J\/v

Figure 1. The numerical solution of SBE with o = 0.3 and the POD basis functions generated from the
solution data

Table 1. The energy captured by the first few POD basis from SBE data with o = 0.3.

No. of basis Energy

2 91.38%
4 97.20%
6 98.46%
8 99.02%
148 Even though the first few POD modes extract the most dominate percentage of energy, the

s corresponding G-ROM generates a very high numerical oscillations, which yield inaccurate results.
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1o This can be observed from the reconstructed ROM solution field in Fig. 2. For the SBE problem studied
11 here, as we said before, the purpose of EF-ROM is to alleviate the spurious oscillations genearted
12 in standard G-ROM. We can see from Fig.2 that, indeed, the oscillations are signifcantly reduced in
153 the spatio-temporal numerical reconstruction by EF-ROM resulting in a better approximation to the
1ss  original SBE system. Also note that as the dimension of the ROM increases, the overall performance of
155 both ROMs improves as can be seen in Fig. 2. This behavior is expected since increasing dimension r
16 increases the amount of energy used to the dynamic system of ROM, which accurately approximate

157 the SBE.
f,
3

Figure 2. The space-time numerical reconstruction of SBE from G-ROM (9) (top row) and EF-ROM (16)
(bot row) with dimension r = 4 (left panel), r = 6 (middle panel) and r = 8 (right panel), respectively.

The noise path is the same as used in numerical solution of SBE field plotted in Fig. 1

158 The parameter J that defined as the radius of the ROM spatial filtering of EF-ROM in eqn. (13),
10 has to be appropriately calibrated to reach a good performance. Large value means filtering too much
10 Of the spatial field which generate very bad results, while small value (identical to zero) means filtering
12 nothing just like the G-ROM. The optimal value (6) is choosed by minimizing the L2-error of the
162 EF-ROM in numerical approximating the SBE’s spatio-temporal field. The noise (¢), dimension r and
163 random variable {; in the numerical algorithm (16) can change the performance of the different J. To
e reduce the numerical efforts, the nearly optimal 6 = 0.0011 is reached when o = 0 for r = 4,6, 8, and
165 we fix this J for all the numerical (statistical) experiments.

166 Another comparison of the two ROMs can be made by looking the time evolution of the projected
167 coefficients onto each POD modes. The dynamics of POD coefficients can revel how the model perform
1es from the magnitude and the trajectory of each coefficient. Fig.3 shows the evolution of POD coefficients
160 correspond to each POD basis. The two ROMs are perform quite well and similar for the leading
170 coefficients ay and a3. For high frequency modes, however, G-ROM models badly about the dynamics
i1 in terms of magnitude whereas EF-ROM generates a closer trajectory to SBE, see coefficients a4 — ag
12 in Fig. 3. It is interesting to note that the EF-ROM leads a slight deterioration on the dynamic of first
173 mode a1, see Fig.3. This deterioration is exist even if the optimal ¢ is reached. The conjecutre is that the
17 DF spatial filtering affect this little deterioration. As the first POD mode contains the most dominant
175 energy, the filtering algorithm on the first mode would reduce its magnitude. The G-ROM, however,
17s  uses exactly the same amount of energy which would approximate the first coefficient (2;) dynamic
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177 better. Since this is our initial study, we intend to further investigate this issue together with more
17 complex stochastic systems and numerical analysis in our further research.

L L L L L L L L L L L L L L L L L L )
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

L L L L L L L L L ) L L L L L L L L L )
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

ag

SBE

L L L L L L L L L L L L L L L L L L )
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9 1 0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

L L L L L L L L L ) R L L L L L L L L L )
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3. Time evolution of the projected POD coefficients from the solution of G-ROM, EF-ROM and
SBE system. The ROM solutions are obtained with c = 0.3 and r = 8

1o Robustness of EF-ROM.

180 We also did numerical experiments regarding the statistical relevance of the ROM results.
;1 Especially, we investigated the effect of the magintude of the noise on the results. The following
12 relative L2 error formula is used when assess the performance of the ROMs:

S utw) - utw)

2dx
E(w) = % 100%, (18)

\/ f lu(t; w)|2dX
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Figure 4. The ensemble averages of the relative L2 error of G-ROM (dark line) and EF-ROM (red line)
computed via (18) for dimension r = 6 (top) and r = 8 (bottom). The noise amplitude ¢ equally spaced
between 0 and 0.6. For each ¢, 1000 simulations are carried out for SBE and ROMs. The error bars show
the standard deviations.

For this experiment, we use 13 noise magnitude ¢ that equally spaced between 0 and 0.6, and
perform 1000 simulations for each ROM. The related SBE solution data generated by the same size of
simulations via eqn. (2), and POD basis also updated at each simulation. The differential filter radius
J is fixed to be 0.0011. Fig.4 plot the ensemble averages of the relative errors where the error bars
indicate the standard deviations. This result shows that the EF-ROM is significantly more accurate to
noise variations than G-ROM. The ensemble averages of error are above 40% for GROM with r = 6
and r = 8, while the EF-ROM relative error is around 30% (r = 6) or below (r = 8).

6. Conclusions

The numerical instability of Galerkin projection based ROMs is a very important challenge and
has been widely studied. We are investigating this challenge in the stochastic fluid flows background.
Motivated by few previous work [29], we introduced the evolve-then-filter (EF) regularized ROM for
stochastic fluids by performing a computational study of SBE. The EF-ROM uses the explicit spatial
filtering to regularize outputs from the ROM. The numerical results studied in this paper indicated
that the EF-ROM indeed alleviate the spurious oscillations that existed in the standard G-ROM. It
turned out that EF-ROM generates significant better approximation than G-ROM and less sensitive
to noise magnitude variaitons. We emphasize that although we use the same filtering method as in
regularized L-ROM [29], the model is fundamentally different. A comparison of EF-ROM and other
regularized ROMs (Reg-ROMs) is beyond the scope of this paper. We plan to have a thorough study of
Reg-ROMs for stochastic fluids in future research.

There are still many unclear questions need to be investigated. For example, does the EF-ROM
works for other different types of noise? e.g, addivie noise, correlated noise etc. How this ROM perform
for realistic 3D stochastic flows? Also how to propose new ROM method with the recently popular
data-driven ROM idea which applied machine learning or neural network inference [43,48,57,59]. It is
meaningful to research the robustness of the dynamics of ROM system with parameters (e.g, J, v, 7, 0).

d0i:10.20944/preprints201808.0219.v1
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202 A good future direction would be provide a systematic approch corporate with machine learning to
208 predict the dynamics of ROM for stochastic system.
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