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Abstract: Here, we describe the bicomplex (𝑝, 𝑞) − Fibonacci numbers and the bicomplex (𝑝, 𝑞) − 

Fibonacci quaternions that are based on these numbers and give some of their equations, including 

the Binet formula, generating function, Catalan, Cassini, d’Ocagne’s identities, and some 

summation formulas for both of them. Finally, we create a matrix for bicomplex (𝑝, 𝑞) − Fibonacci 

quaternions, and we obtain a determinant of a special matrix that gives the terms of that quaternion. 
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1. Introduction 

A generalization of the second-order sequences is the (𝑝, 𝑞) −Fibonacci sequence. Suvarnamani 

and Tatong [2] defined (𝑝, 𝑞) −Fibonacci sequence, {𝐹௡(𝑝, 𝑞)}௡ୀ଴ஶ , that has initial terms 0 and 1, and 

for 𝑛 ≥ 2, holds the following recurrence relation: 𝐹௡ାଶ(𝑝, 𝑞) = 𝑝𝐹௡ାଵ(𝑝, 𝑞) + 𝑞𝐹௡(𝑝, 𝑞), (1)

where 𝑝 and 𝑞 are nonzero real numbers such that 𝑝ଶ + 4𝑞 > 0. 

The first few (𝑝, 𝑞) − Fibonacci numbers are 𝐹଴(𝑝, 𝑞) = 0, 𝐹ଵ(𝑝, 𝑞) = 1, 𝐹ଶ(𝑝, 𝑞) = 𝑝, 𝐹ଷ(𝑝, 𝑞) = (𝑝ଶ + 𝑞), 𝐹ସ(𝑝, 𝑞) = (𝑝ଷ + 2𝑝𝑞), 𝐹ହ(𝑝, 𝑞) = (𝑝ସ + 3𝑝ଶ𝑞 + 𝑞ଶ). 
The characteristic equation of (1) is 𝜎ଶ − 𝑝𝜎 − 𝑞 = 0. (2)

Binet’s formula of the 𝐹௡(𝑝, 𝑞) is as follow  𝐹௡(𝑝, 𝑞) = ఉ೙ିఏ೙ఉିఏ , (3)

where 𝛽 and 𝜃 are roots of (2) [2].  

Furthermore, there are many more articles on (𝑝, 𝑞) −Fibonacci sequence [2–8].  

Quaternions have become a popular subject of study by researchers, especially in recent years. 

In 1843, Hamilton [9] introduced quaternions that extended complex numbers. In addition, a set of 

quaternions is defined by Hamilton as follows: 𝐻 = {ℎ = 1ℎ଴ + 𝑒ଵℎଵ + 𝑒ଶℎଶ + 𝑒ଷℎଷ: ℎ଴, ℎଵ, ℎଶ, ℎଷ  ∈ 𝑅} 

where 𝑅 is the set of real numbers,  𝑒ଵଶ = 𝑒ଶଶ = 𝑒ଷଶ = −1, 𝑒ଵ𝑒ଶ = −𝑒ଶ𝑒ଵ = 𝑒ଷ, 𝑒ଶ𝑒ଷ = −𝑒ଷ𝑒ଶ = 𝑒ଵ, 𝑒ଷ𝑒ଵ = −𝑒ଵ𝑒ଷ = 𝑒ଶ. (4)

The quaternions can be thought of as four-dimensional vectors, just as complex numbers can be 

thought of as two-dimensional vectors [9] because the quaternions are extensions of complex 

numbers into a four-dimensional space.  

In addition, new quaternions can be defined by combining quaternions and different number 

sequences. For example, nth (𝑝, 𝑞) −Fibonacci quaternions [4] are defined as follows: 
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𝑄𝐹௡(𝑝, 𝑞) = 𝐹௡(𝑝, 𝑞) + 𝑒ଵ𝐹௡ାଵ(𝑝, 𝑞) + 𝑒ଶ𝐹௡ାଶ(𝑝, 𝑞)  + 𝑒ଷ𝐹௡ାଷ(𝑝, 𝑞), (5)

where 𝐹௡(𝑝, 𝑞) is the 𝑛𝑡ℎ (𝑝, 𝑞) −Fibonacci number. Also, the imaginary quaternion units 𝑒ଵ, 𝑒ଶ, and 𝑒ଷ have the rules in (4). There are many more works on quaternions in literature (see, for example, 

[2,6,7,10–20]). 

Another popular number sequence is the bicomplex numbers. In 1892, it is defined bicomplex 

numbers [21] by four base elements 1, 𝑖, 𝑗, 𝑖𝑗 where 𝑖ଶ = 𝑗ଶ = −1 and 𝑖𝑗 = 𝑗𝑖. (6)

In that case, any bicomplex number 𝑏௖ can be written as follows: 𝑏௖ = 𝑏௖଴ + 𝑖𝑏௖ଵ + 𝑗𝑏௖ଶ + 𝑖𝑗𝑏௖ଷ = 𝑏௖଴ + 𝑖𝑏௖ଵ + 𝑗(𝑏௖ଶ + 𝑖𝑏௖ଷ) 

where 𝑏௖଴, 𝑏௖ଵ, 𝑏௖ଶ, 𝑏௖ଷ ∈ 𝑅 and 𝑅 is the set of real numbers. Let 𝑏௖ = 𝑏௖଴ + 𝑖𝑏௖ଵ + 𝑗𝑏௖ଶ + 𝑖𝑗𝑏௖ଷ and 𝑏௖ᇱ = 𝑏௖ᇱ଴ + 𝑖𝑏௖ᇱଵ + 𝑗𝑏௖ᇱଶ + 𝑖𝑗𝑏௖ᇱଷ  are two bicomplex numbers. Then, it is written the addition, 

subtraction, and multiplication of the bicomplex numbers in the following form: 𝑏௖ + 𝑏௖ᇱ = (𝑏௖଴ + 𝑏௖ᇱ଴) + (𝑏௖ଵ + 𝑏௖ᇱଵ)𝑖 + (𝑏௖ଶ + 𝑏௖ᇱଶ)𝑗 + (𝑏௖ଷ + 𝑏௖ᇱଷ)𝑖𝑗, 𝑏௖ − 𝑏௖ᇱ = (𝑏௖଴ − 𝑏௖ᇱ଴) + (𝑏௖ଵ − 𝑏௖ᇱଵ)𝑖 + (𝑏௖ଶ − 𝑏௖ᇱଶ)𝑗 + (𝑏௖ଷ − 𝑏௖ᇱଷ)𝑖𝑗, 𝑏௖ × 𝑏௖ᇱ = (𝑏௖଴𝑏௖ᇱ଴ − 𝑏௖ଵ𝑏௖ᇱଵ − 𝑏௖ଶ𝑏௖ᇱଶ + 𝑏௖ଷ𝑏௖ᇱଷ) 

+(𝑏௖଴𝑏௖ᇱଵ + 𝑏௖ଵ𝑏௖ᇱ଴ − 𝑏௖ଶ𝑏௖ᇱଷ + 𝑏௖ଷ𝑏௖ᇱଶ)𝑖 
+(𝑏௖଴𝑏௖ᇱଶ + 𝑏௖ଶ𝑏௖ᇱ଴ − 𝑏௖ଵ𝑏௖ᇱଷ + 𝑏௖ଷ𝑏௖ᇱଵ)𝑗 

+(𝑏௖଴𝑏௖ᇱଷ + 𝑏௖ଷ𝑏௖ᇱ଴ − 𝑏௖ଵ𝑏௖ᇱଶ + 𝑏௖ଶ𝑏௖ᇱଵ)𝑖𝑗, 
respectively.  

Moreover, there are three different conjugations of the bicomplex numbers as follows: 𝑏௖పതതതത = 𝑏௖଴ − 𝑖𝑏௖ଵ + 𝑗𝑏௖ଶ − 𝑖𝑗𝑏௖ଷ, 𝑏௖ఫതതതത = 𝑏௖଴ + 𝑖𝑏௖ଵ − 𝑗𝑏௖ଶ − 𝑖𝑗𝑏௖ଷ, 𝑏௖పఫതതതതത = 𝑏௖଴ − 𝑖𝑏௖ଵ − 𝑗𝑏௖ଶ + 𝑖𝑗𝑏௖ଷ. 

For more information on bicomplex numbers, refer to the resources in [7,8,14,18,19,22–27]. 

There are also studies in which bicomplex numbers and number sequences and bicomplex 

numbers and quaternion sequences are used together [8,14,15,18–20,23,25–27].  

Here, we obtain a generalization of second-order bicomplex number and bicomplex quaternion 

sequences. We give some of their equations, including the Binet formula, generating function, 

Catalan, Cassini, d’Ocagne’s identities, and summation formulas for bicomplex (𝑝, 𝑞) −Fibonacci 

numbers and bicomplex (𝑝, 𝑞) −Fibonacci quaternions. In addition, we describe a matrix that we call 

N-matrix of type 4 × 4 for bicomplex (𝑝, 𝑞) −Fibonacci quaternions whose terms are bicomplex (𝑝, 𝑞) −Fibonacci numbers. Then, we obtained that the bicomplex (𝑝, 𝑞) −Fibonacci quaternions can 

be expressed as the 8 × 8 real matrices. Finally, we create a special matrix for bicomplex (𝑝, 𝑞) − Fibonacci quaternions, we obtain some equations about the matrix, and we obtain the 

determinant of a special matrix that gives the terms of that quaternion. 

2. Bicomplex (𝒑, 𝒒) −Fibonacci Numbers 

Here, we describe the bicomplex (𝑝, 𝑞) −Fibonacci numbers. Some equations and summation 

formulas about bicomplex (𝑝, 𝑞) −Fibonacci number sequence are given. In addition, the generating 

function, Binet’s formula, Catalan, Cassini, and d’Ocagne’s identities are obtained for these number 

sequences. 

Definition 1. The bicomplex (𝑝, 𝑞) −Fibonacci numbers are introduced by  𝐵𝐹௨(𝑝, 𝑞) = 𝐹௨ + 𝑖𝐹௨ାଵ + 𝑗𝐹௨ାଶ + 𝑖𝑗 𝐹௨ାଷ, (7)

where 𝐹௨ is the 𝑢𝑡ℎ (𝑝, 𝑞) −Fibonacci number and 𝑖, 𝑗 are bicomplex units that provide (5). 

In the remainder of the study, 𝐹௨ will be considered as 𝑢𝑡ℎ (𝑝, 𝑞) −Fibonacci number. 

The first few terms of bicomplex (𝑝, 𝑞) −Fibonacci sequence are the following: 
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𝐵𝐹଴(𝑝, 𝑞) = 𝑖 + 𝑝𝑗 + (𝑝ଶ + 𝑞)𝑖𝑗, 𝐵𝐹ଵ(𝑝, 𝑞) = 1 + 𝑝𝑖 + (𝑝ଶ + 𝑞)𝑗 + (𝑝ଷ + 2𝑝𝑞)𝑖𝑗, 𝐵𝐹ଶ(𝑝, 𝑞) = 𝑝 + (𝑝ଶ + 𝑞)𝑖 + (𝑝ଷ + 2𝑝𝑞)𝑗 + (𝑝ସ + 3𝑝ଶ𝑞 + 𝑞ଶ)𝑖𝑗, 𝐵𝐹ଷ(𝑝, 𝑞) = (𝑝ଶ + 𝑞) + (𝑝ଷ + 2𝑝𝑞)𝑖 + (𝑝ସ + 3𝑝ଶ𝑞 + 𝑞ଶ)𝑗 + (𝑝ହ + 4𝑝ଷ𝑞 + 3𝑝𝑞ଶ)𝑖𝑗, 𝐵𝐹ସ(𝑝, 𝑞) = (𝑝ଷ + 2𝑝𝑞) + (𝑝ସ + 3𝑝ଶ𝑞 + 𝑞ଶ)𝑖 + (𝑝ହ + 4𝑝ଷ𝑞 + 3𝑝𝑞ଶ)𝑗 + (𝑝଺ + 5𝑝ସ𝑞 + 6𝑝ଶ𝑞ଶ + 𝑞ଷ)𝑖𝑗. 

For 𝑢 ≥ 2, it is given the following identity with simple calculation 𝐵𝐹௨(𝑝, 𝑞) =  𝑝𝐵𝐹௨ିଵ(𝑝, 𝑞) + 𝑞𝐵𝐹௨ିଶ(𝑝, 𝑞). (8)

Thus, the characteristic equation of (8) is 𝜑ଶ − 𝑝𝜑 − 𝑞 = 0. (9)

Let any two bicomplex (𝑝, 𝑞) −Fibonacci numbers be 𝐵𝐹௨(𝑝, 𝑞) = 𝐹௨ + 𝑖𝐹௨ାଵ + 𝑗𝐹௨ାଶ + 𝑖𝑗𝐹௨ାଷ 

and 𝐵𝐹௩(𝑝, 𝑞) = 𝐹௩ + 𝑖𝐹௩ାଵ + 𝑗𝐹௩ାଶ + 𝑖𝑗𝐹௩ାଷ. The addition, subtraction, and multiplication for them 

are written as follows: 𝐵𝐹௨(𝑝, 𝑞) ± 𝐵𝐹௩(𝑝, 𝑞) = (𝐹௨ ± 𝐹௩) + (𝐹௨ାଵ ± 𝐹௩ାଵ)𝑖 + (𝐹௨ାଶ ± 𝐹௩ାଶ)𝑗 + (𝐹௨ାଷ ± 𝐹௩ାଷ)𝑖𝑗, 𝐵𝐹௨(𝑝, 𝑞) × 𝐵𝐹௩(𝑝, 𝑞) = (𝐹௨𝐹௩ − 𝐹௨ାଵ𝐹௩ାଵ − 𝐹௨ାଶ𝐹௩ାଶ + 𝐹௨ାଷ𝐹௩ାଷ) 

+( 𝐹௨𝐹௩ାଵ + 𝐹௨ାଵ𝐹௩ − 𝐹௨ାଶ𝐹௩ାଷ + 𝐹௨ାଷ𝐹௩ାଶ)𝑖 
+(𝐹௨𝐹௩ାଶ + 𝐹௨ାଶ𝐹௩ − 𝐹௨ାଵ𝐹௩ାଷ + 𝐹௨ାଷ𝐹௩ାଵ)𝑗 

+(𝐹௨𝐹௩ାଷ + 𝐹௨ାଷ𝐹௩ − 𝐹௨ାଵ𝐹௩ାଶ + 𝐹௨ାଶ𝐹௩ାଵ)𝑖𝑗. 

The multiplication of a bicomplex (𝑝, 𝑞) −Fibonacci number by the real scalar μ is described as 

the following:  𝜇𝐵𝐹௨(𝑝, 𝑞) = 𝜇𝐹௨ + 𝑖𝜇𝐹௨ାଵ + 𝑗𝜇𝐹௨ାଶ + 𝑖𝑗 𝜇𝐹௨ାଷ. 

Furthermore, bicomplex (𝑝, 𝑞) −Fibonacci numbers have three different conjugations, which 

can be written as follows: ൫𝐵𝐹௨(𝑝, 𝑞)൯పതതതതതതതതതതതതതതതത = 𝐹௨ − 𝑖𝐹௨ାଵ + 𝑗𝐹௨ାଶ − 𝑖𝑗𝐹௨ାଷ, (10)(𝐵𝐹௨(𝑝, 𝑞))ఫതതതതതതതതതതതതതതതത = 𝐹௨ + 𝑖𝐹௨ାଵ − 𝑗𝐹௨ାଶ − 𝑖𝑗𝐹௨ାଷ, (11)(𝐵𝐹௨(𝑝, 𝑞))పఫതതതതതതതതതതതതതതതത = 𝐹௨ − 𝑖𝐹௨ାଵ − 𝑗𝐹௨ାଶ + 𝑖𝑗𝐹௨ାଷ. (12)

Theorem 1. Let 𝐵𝐹௨ and 𝐵𝐹௩ be two bicomplex (𝑝, 𝑞) −Fibonacci numbers. In that case, it can be given the 

following for bicomplex (𝑝, 𝑞) −Fibonacci numbers about the different three conjugates of these numbers: (𝐵𝐹௨)(𝐵𝐹௩)పതതതതതതതതതതതതതതതത = (𝐵𝐹௨)పതതതതതതതത (𝐵𝐹௩)పതതതതതതതത = (𝐵𝐹௩)పതതതതതതതത (𝐵𝐹௨)పതതതതതതതത (𝐵𝐹௨)(𝐵𝐹௩)ఫതതതതതതതതതതതതതതതത = (𝐵𝐹௨)ఫതതതതതതതതത (𝐵𝐹௩)ఫതതതതതതതത = (𝐵𝐹௩)ఫതതതതതതതത (𝐵𝐹௨)ఫതതതതതതതതത (𝐵𝐹௨)(𝐵𝐹௩)పఫതതതതതതതതതതതതതതതതത = (𝐵𝐹௨)పఫതതതതതതതതത (𝐵𝐹௩)పఫതതതതതതതതത = (𝐵𝐹௩)పఫതതതതതതതതത (𝐵𝐹௨)పఫതതതതതതതതത 

Proof. By using (10)-(12), these identities can be obtained with simple mathematical calculations. □ 

Theorem 2. Binet’s formula of the bicomplex (𝑝, 𝑞) −Fibonacci numbers {𝐵𝐹௨(𝑝, 𝑞)} is given in the following 

equation for 𝑢 ≥ 0 (𝑢 is any integer), 𝐵𝐹௨ =  𝜏𝜏௨ −  𝜔𝜔௨𝜏 −  𝜔  (13)

where 𝜏 and 𝜔 are roots of (9).   𝜏 = 1 + 𝑖 𝜏 + 𝑗𝜏ଶ + 𝑖𝑗𝜏ଷ  𝜔 = 1 + 𝑖 𝜔 + 𝑗𝜔ଶ + 𝑖𝑗𝜔ଷ 

Proof. By using (8) and (4), we have following equation: 𝐵𝐹௨(𝑝, 𝑞) = ൬𝜏௨ − 𝜔௨𝜏 − 𝜔 ൰ + 𝑖 ቆ𝜏௨ାଵ − 𝜔௨ାଵ𝜏 − 𝜔 ቇ + 𝑗 ቆ𝜏௨ାଶ − 𝜔௨ାଶ𝜏 − 𝜔 ቇ + 𝑖𝑗 ቆ𝜏௨ାଷ − 𝜔௨ାଷ𝜏 − 𝜔 ቇ. 
Thus, Binet’s formula of the bicomplex (𝑝, 𝑞) −Fibonacci numbers is easily given with some 

simple computation. □ 

In the remainder of the study, 𝐵𝐹௨  will be considered as 𝑢𝑡ℎ  bicomplex (𝑝, 𝑞) −Fibonacci 

number. 

Theorem 3. The generating function of the bicomplex (𝑝, 𝑞) −Fibonacci numbers {𝐵𝐹௨} is 
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𝐺஻ி(𝑡) = 𝐵𝐹଴ + (𝐵𝐹ଵ − 𝑝𝐵𝐹଴)𝑡(1 − 𝑝𝑡 − 𝑞𝑡ଶ) = 𝐵𝐹଴ + (1 + 𝑞𝑗 + (𝑝ଷ + 𝑝ଶ − 𝑞)𝑖𝑗)𝑡(1 − 𝑝𝑡 − 𝑞𝑡ଶ)_ . 
Proof. To find the generating function of {𝐵𝐹௨}, we will first use the following equation. 𝐺஻ி(𝑡) = ∑ 𝐵𝐹௨𝑡௨ஶ௨ୀ଴ .  

In that case 𝐺஻ி(𝑡) = 𝐵𝐹଴ + 𝐵𝐹ଵ𝑡 + 𝐵𝐹ଶ𝑡ଶ + ⋯ + 𝐵𝐹௠𝑡௠ + ⋯. 
Thus,  −𝑝𝑡𝐺஻ி(𝑡) = −𝑝𝐵𝐹଴𝑡 − 𝑝𝐵𝐹ଵ𝑡ଶ − 𝑝𝐵𝐹ଶ𝑡ଷ − ⋯ − 𝑝𝐵𝐹௠𝑡௠ାଵ + ⋯. −𝑞𝑡ଶ𝐺஻ி(𝑡) = −𝑞𝐵𝐹଴𝑡ଶ − 𝑞𝐵𝐹ଵ𝑡ଷ − 𝑞𝐵𝐹ଶ𝑡ସ − ⋯ − 𝑞𝐵𝐹௠𝑡௠ାଶ + ⋯. 
We obtain that (1 − 𝑝𝑡 − 𝑞𝑡ଶ)𝐺஻ி(𝑡) = 𝐵𝐹଴ + (𝐵𝐹ଵ − 𝑝𝐵𝐹଴)𝑡 + (𝐵𝐹ଶ − 𝑝𝐵𝐹ଵ − 𝑞𝐵𝐹଴)𝑡ଶ     + ⋯ + (𝐵𝐹௠ାଵ − 𝑝𝐵𝐿𝑒௠−𝑞𝐵𝐹௠ିଵ)𝑡௠ାଵ + ⋯. 
Using (9) and initial conditions, we have 𝐺஻ி(𝑡) = 𝐵𝐹଴ + (𝐵𝐹ଵ − 𝑝𝐵𝐹଴)𝑡(1 − 𝑝𝑡 − 𝑞𝑡ଶ) = 𝐵𝐹଴ + (1 + 𝑞𝑗 + (𝑝ଷ + 𝑝ଶ − 𝑞)𝑖𝑗)𝑡(1 − 𝑝𝑡 − 𝑞𝑡ଶ)_ . 

□ 

Theorem 4. The exponential generating function of the bicomplex (𝑝, 𝑞) −Fibonacci numbers {𝐵𝐹௨} is 𝐸஻ி(𝑡) =  𝜏𝑒ఛ௨ −  𝜔𝑒ఠ௨𝜏 −  𝜔 . 
Proof. To find the exponential generating function of {𝐵𝐹௨} , firstly, we will use the following 

equation: 𝐸஻ி(𝑡) = ∑ 𝐵𝐹௨ ௧ೠ௨!ஶ௨ୀ଴ . (14)

By using (14) and 𝑒௧ = ∑ ௧ೠ௨!ஶ௨ୀ଴  , the exponential generating function of 𝐵𝐹௨ is obtained  𝐸஻ி(𝑡) = ∑  ఛఛೠି ఠఠೠఛି ఠ ௧ೠ௨!ஶ௨ୀ଴ =  ఛ௘ഓೠି ఠ௘ഘೠఛି ఠ .  

□ 

Theorem 5. For 𝑢 ≥ 𝑣, Catalan identity for bicomplex (𝑝, 𝑞) −Fibonacci numbers is as follows: 𝐵𝐹௨ି௩𝐵𝐹௨ା௩  − 𝐵𝐹௨ଶ =  ቆ−  𝜏  𝜔(−𝑞)௨ି௩(𝜏௩ − 𝜔௩)ଶ𝑝ଶ + 4𝑞 ቇ 

where 𝑢 and 𝑣 are positive integers. 

Proof.  𝐵𝐹௨ି௩𝐵𝐹௨ା௩  − 𝐵𝐹௨ଶ = ൬ 𝜏𝜏௨ି௩ −  𝜔𝜔௨ି௩𝜏 −  𝜔 ൰ ቆ 𝜏𝜏௨ା௩ −  𝜔𝜔௨ା௩𝜏 −  𝜔 ቇ − ൬ 𝜏𝜏௨ −  𝜔𝜔௨𝜏 −  𝜔 ൰ ൬ 𝜏𝜏௨ −  𝜔𝜔௨𝜏 −  𝜔 ൰                                            = ቀ ఛ  ఠ(ି௤)ೠషೡ(ఛೡିఠೡ)ఠೡି ఠ  ఛ  (ି௤)ೠషೡ(ఛೡିఠೡ)ఛೡ(ఛି ఠ)మ ቁ. 

Because 𝜏 and 𝜔 are roots of (10), 𝜏 𝜔 = (−𝑞) and  𝜏 = 1 + 𝑖 𝜏 + 𝑗𝜏ଶ + 𝑖𝑗𝜏ଷ and  𝜔 = 1 + 𝑖 𝜔 +𝑗𝜔ଶ + 𝑖𝑗𝜔ଷ, we obtain  𝜏  𝜔 = (1 + 𝑞 − 𝑞ଶ − 𝑞ଷ) + 𝑖(𝑝 − 𝑝𝑞ଶ) + 𝑗(𝑝ଶ + 2𝑞 + 𝑝ଶ𝑞 + 2𝑞ଶ) + 𝑖𝑗(𝑝ଷ + 2𝑞𝑝)  =  𝜔  𝜏.  

Thus, we obtain = ቀି  ఛ  ఠ(ି௤)ೠషೡ(ఛೡିఠೡ)మ(ఛି ఠ)మ ቁ = ൬ି  ఛ  ఠ(ି௤)ೠషೡ(ఛೡିఠೡ)మ௣మାସ௤_ ൰. □ 

If v = 1 in the Catalan identity, Cassini identity is obtained as follows:  

Corollary 1. For 𝑢 ≥ 1, Cassini identity for bicomplex (𝑝, 𝑞) −Fibonacci numbers is as follows: 𝐵𝐹௨ିଵ𝐵𝐹௨ାଵ−𝐵𝐹௨ଶ = −  𝜏  𝜔(−𝑞)௨ିଵ 

where 𝑢 is an integer. 

Theorem 6. D’Ocagne’s identity for bicomplex (𝑝, 𝑞) −Fibonacci numbers is as follows: 𝐵𝐹௨𝐵𝐹௩ାଵ − 𝐵𝐹௨ାଵ𝐵𝐹௩ =  𝜏  𝜔(−𝑞)௩(𝜏௨ି௩ − 𝜔௨ି௩)ඥ𝑝ଶ + 4𝑞 . 
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Proof.                  𝐵𝐹௨𝐵𝐹௩ାଵ − 𝐵𝐹௨ାଵ𝐵𝐹௩ = ൬ 𝜏𝜏௨ −  𝜔𝜔௨𝜏 −  𝜔 ൰ ቆ 𝜏𝜏ଵା௩ −  𝜔𝜔ଵା௩𝜏 −  𝜔 ቇ − ቆ 𝜏𝜏௨ାଵ −  𝜔𝜔௨ାଵ𝜏 −  𝜔 ቇ ൬ 𝜏𝜏௩ −  𝜔𝜔௩𝜏 −  𝜔 ൰ = ൬ 𝜏  𝜔𝜏௨𝜔௩(𝜏 − 𝜔) −  𝜔  𝜏  𝜔௨𝜏௩(𝜏 − 𝜔)(𝜏 −  𝜔)ଶ ൰  𝜏  𝜔 =  𝜔  𝜏 , 𝑢 ≥ 𝑣 and 𝜏𝜔 = −𝑞 =  𝜏  𝜔(−𝑞)௩(𝜏௨ି௩ − 𝜔௨ି௩)(𝜏 −  𝜔) =  𝜏  𝜔(−𝑞)௩(𝜏௨ି௩ − 𝜔௨ି௩)ඥ𝑝ଶ + 4𝑞  . 
□ 

Now, we give some identities about summations of terms in the bicomplex (𝑝, 𝑞) −Fibonacci 

numbers. 

Theorem 7. For 𝑘, 𝑙 are natural number, the summation formula of bicomplex (𝑝, 𝑞) −Fibonacci numbers is 

∑ 𝐵𝐹௞ =௟௞ୀଵ ቐ஻ி೗శభା௤஻ி೗ି஻ிభି௤஻ிబ௣ା௤ିଵ                   𝑝 + 𝑞 ≠ 1 ௤஻ி೗ା஻ிభା(௟ିଵ)(ଵା௜ା௝ା௜௝)ଵା௤_              𝑝 + 𝑞 = 1.  

Proof. Firstly, we assume that 𝑝 + 𝑞 ≠ 1. In this situation,  ∑ 𝐵𝐹௞ =௟௞ୀଵ ∑ 𝐹௞ + 𝑖௟௞ୀଵ ∑ 𝐹௞ାଵ + 𝑗 ∑ 𝐹௞ାଶ + 𝑖𝑗 ∑ 𝐹௞ାଷ௟௞ୀଵ௟௞ୀଵ௟௞ୀଵ   

In addition, we know that from the equ (13) in [5] ∑ 𝐹௞ =௟௞ୀଵ ி೗శభା௤ி೗ିிభି௤ிబ௣ା௤ିଵ_    

With simple calculations, we obtain   ∑ 𝐹௞ାଵ = 𝑝௟௞ୀଵ ∑ 𝐹௞ + 𝑞௟௞ୀଵ ∑ 𝐹௞ିଵ௟௞ୀଵ = ி೗శమା௤ி೗శభିிమି௤ிభ௣ା௤ିଵ_ , ∑ 𝐹௞ାଶ =௟௞ୀଵ ி೗శయା௤ி೗శమିிయି௤ிమ௣ା௤ିଵ_ , ∑ 𝐹௞ାଷ =௟௞ୀଵ ி೗శరା௤ி೗శయିிరି௤ிయ௣ା௤ିଵ_ . 

Thus, ∑ 𝐵𝐹௞ = ி೗శభା௤ி೗ିிభି௤ிబ௣ା௤ିଵ +௟௞ୀଵ 𝑖 ൬ி೗శమା௤ி೗శభିிమି௤ிభ௣ା௤ିଵ_ ൰ + 𝑗 ቀி೗శయା௤ி೗శమିிయି௤ிమ௣ା௤ିଵ ቁ + 𝑖𝑗(ி೗శరା௤ி೗శయିிరି௤ிయ௣ା௤ିଵ_ )= ஻ி೗శభା௤஻ி೗ି஻ிభି௤஻ிబ௣ା௤ିଵ  . 
Now, let 𝑝 + 𝑞 = 1, 

We obtain that from the equ (13) in [5], ∑ 𝐹௞ =௟௞ୀଵ ௤ி೗ା(௟ିଵ)ାிభଵା௤_ . Moreover, we have ∑ 𝐹௞ାଵ = 𝑝௟௞ୀଵ ∑ 𝐹௞ + 𝑞௟௞ୀଵ ∑ 𝐹௞ିଵ௟௞ୀଵ = ௤ி೗శభା(௟ିଵ)ାிమଵା௤_ , 

So we can write ∑ 𝐹௞ାଶ௟௞ୀଵ = ௤ி೗శమା(௟ିଵ)ାிయଵା௤_ , ∑ 𝐹௞ାଷ௟௞ୀଵ = ௤ி೗శయା(௟ିଵ)ାிరଵା௤_ . Thus,  ∑ 𝐵𝐹௞ = ௤ி೗ା(௟ିଵ)ାிభଵା௤_ +௟௞ୀଵ 𝑖 ൬௤ி೗శభା(௟ିଵ)ାிమଵା௤_ ൰ + 𝑗 ൬௤ி೗శమା(௟ିଵ)ାிయଵା௤_ ൰ + 𝑖𝑗(௤ி೗శయା(௟ିଵ)ାிరଵା௤_ ) =௤஻ி೗ା(௟ିଵ)(ଵା௜ା௝ା௜௝)ା஻ிభଵା௤_  . 
□ 

Theorem 8. For 𝑢, 𝑣 ≥ 0,  𝐵𝐹௨௩ = ∑ (𝑣𝑘)(𝑞)௩ି௞𝐹௨௞𝐹௨ିଵ௩ି௞𝐵𝐹௞௩௞ୀ଴  . 
Proof. According to the lemma in [17] for (p, q) − Fibonacci numbers, we know that  𝐹௠௡ା௥ = ∑ (𝑛𝑗 )(𝑞)௡ି௝𝐹௠௝ 𝐹௠ିଵ௡ି௝𝐹௝ା௥௡௝ୀ଴  , (15)

 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 19 December 2023                   doi:10.20944/preprints202312.1434.v1

https://doi.org/10.20944/preprints202312.1434.v1


 6 

 

Using (7) and (15), 𝐵𝐹௨௩ = 𝐹௨௩ + 𝑖𝐹௨௩ାଵ + 𝑗𝐹௨௩ାଶ + 𝑖𝑗𝐹௨௩ାଷ = ෍ ቀ𝑣𝑘ቁ (𝑞)௩ି௞𝐹௨௞𝐹௨ିଵ௩ି௞𝐹௞௩
௞ୀ଴ +  𝑖 ෍ ቀ𝑣𝑘ቁ (𝑞)௩ି௞𝐹௨௞𝐹௨ିଵ௩ି௞𝐹௞ାଵ௩

௞ୀ଴  

+ 𝑗 ∑ (𝑣𝑘)(𝑞)௩ି௞𝐹௨௞𝐹௨ିଵ௩ି௞𝐹௞ାଶ௩௞ୀ଴ + 𝑖𝑗 ∑ (𝑣𝑘)(𝑞)௩ି௞𝐹௨௞𝐹௨ିଵ௩ି௞𝐹௞ାଷ௩௞ୀ଴ = ∑ ቀ𝑣𝑘ቁ (𝑞)௩ି௞𝐹௨௞𝐹௨ିଵ௩ି௞(𝐹௞ + 𝑖𝐹௞ାଵ +௩௞ୀ଴𝑗𝐹௞ାଶ + 𝑖𝑗𝐹௞ାଷ) = ∑ (𝑣𝑘)(𝑞)௩ି௞𝐹௨௞𝐹௨ିଵ௞ 𝐵𝐹௞௩௞ୀ଴ . 

□ 

3. Bicomplex (𝒑, 𝒒) −Fibonacci Quaternions 

Here, we describe the bicomplex (𝑝, 𝑞) −Fibonacci quaternions. Some equations and summation 

formulas about bicomplex (𝑝, 𝑞) − Fibonacci quaternion sequence are given. In addition, the 

generating function, Binet’s formula, Catalan, Cassini, and d’Ocagne’s identities are obtained for 

these quaternions.  

Definition 2. The bicomplex (𝑝, 𝑞) − Fibonacci quaternions are defined by 𝐵𝐶𝑄𝐹௨(𝑝, 𝑞) = 𝑄𝐹௨(𝑝, 𝑞) + 𝑖 𝑄𝐹௨ାଵ(𝑝, 𝑞) + 𝑗𝑄𝐹௨ାଶ(𝑝, 𝑞) + 𝑖𝑗 𝑄𝐹௨ାଷ(𝑝, 𝑞), (16)

where 𝑄𝐹௨(𝑝, 𝑞) = 𝐹௨𝑒଴ + 𝐹௨ାଵ𝑒ଵ +𝐹௨ାଶ𝑒ଶ  + 𝐹௨ାଷ𝑒ଷ  is the 𝑢𝑡ℎ  (𝑝, 𝑞) − Fibonacci quaternion, 𝑖ଶ = 𝑗ଶ =−1, 𝑖𝑗 = 𝑗𝑖.  

Thus, bicomplex (𝑝, 𝑞) − Fibonacci quaternion with four bicomplex components can be written 

as  𝐵𝐶𝑄𝐹௨(𝑝, 𝑞) = (𝐹௨ + 𝑖𝐹௨ାଵ + 𝑗𝐹௨ାଶ + 𝑖𝑗 𝐹௨ାଷ) + (𝐹௨ାଵ + 𝑖𝐹௨ାଶ + 𝑗𝐹௨ାଷ + 𝑖𝑗 𝐹௨ାସ) 𝑒ଵ + (𝐹௨ାଶ +𝑖𝐹௨ାଷ + 𝑗𝐹௨ାସ + 𝑖𝑗 𝐹௨ାହ) 𝑒ଶ + (𝐹௨ାଷ + 𝑖𝐹௨ାସ + 𝑗𝐹௨ାହ + 𝑖𝑗 𝐹௨ା଺) 𝑒ଷ. 

By using (8), we obtain the following equation 𝐵𝐶𝑄𝐹௨(𝑝, 𝑞) = 𝐵𝐹௨ + 𝐵𝐹௨ାଵ 𝑒ଵ + 𝐵𝐹௨ାଶ𝑒ଶ + 𝐵𝐹௨ାଷ 𝑒ଷ. (17)

Thus, the first few terms of the bicomplex (𝑝, 𝑞) − Fibonacci quaternions are  𝐵𝐶𝑄𝐹଴(𝑝, 𝑞) = 𝑖 + 𝑝𝑗 + (𝑝ଶ + 𝑞)𝑖𝑗 + 1 + 𝑝𝑖 + (𝑝ଶ + 𝑞)𝑗 + (𝑝ଷ + 2𝑝𝑞)𝑖𝑗 𝑒ଵ + (𝑝 + (𝑝ଶ + 𝑞)𝑖 + (𝑝ଷ +2𝑝𝑞)𝑗 + (𝑝ସ + 3𝑝ଶ𝑞 + 𝑞ଶ)𝑖𝑗) 𝑒ଶ + ((𝑝ଶ + 𝑞) + (𝑝ଷ + 2𝑝𝑞)𝑖 + (𝑝ସ + 3𝑝ଶ𝑞 + 𝑞ଶ)𝑗 + (𝑝ହ + 4𝑝ଷ𝑞 +3𝑝𝑞ଶ)𝑖𝑗) 𝑒ଷ,  . 𝐵𝐶𝑄𝐹ଵ(𝑝, 𝑞) = (1 + 𝑝𝑖 + (𝑝ଶ + 𝑞)𝑗 + (𝑝ଷ + 2𝑝𝑞)𝑖𝑗) + (𝑝 + (𝑝ଶ + 𝑞)𝑖 + (𝑝ଷ + 2𝑝𝑞)𝑗+ (𝑝ସ + 3𝑝ଶ𝑞 + 𝑞ଶ)𝑖𝑗) 𝑒ଵ + ((𝑝ଶ + 𝑞) + (𝑝ଷ + 2𝑝𝑞)𝑖 + (𝑝ସ + 3𝑝ଶ𝑞 + 𝑞ଶ)𝑗+ (𝑝ହ + 4𝑝ଷ𝑞 + 3𝑝𝑞ଶ)𝑖𝑗) 𝑒ଶ + ((𝑝ଷ + 2𝑝𝑞) + (𝑝ସ + 3𝑝ଶ𝑞 + 𝑞ଶ)𝑖+ (𝑝ହ + 4𝑝ଷ𝑞 + 3𝑝𝑞ଶ)𝑗 + (𝑝଺ + 5𝑝ସ𝑞 + 6𝑝ଶ𝑞ଶ + 𝑞ଷ)𝑖𝑗)𝑒ଷ, 𝐵𝐶𝑄𝐹ଶ(𝑝, 𝑞) = (𝑝 + (𝑝ଶ + 𝑞)𝑖 + (𝑝ଷ + 2𝑝𝑞)𝑗 + (𝑝ସ + 3𝑝ଶ𝑞 + 𝑞ଶ)𝑖𝑗) + ((𝑝ଶ + 𝑞) + (𝑝ଷ + 2𝑝𝑞)𝑖 +(𝑝ସ + 3𝑝ଶ𝑞 + 𝑞ଶ)𝑗 + (𝑝ହ + 4𝑝ଷ𝑞 + 3𝑝𝑞ଶ)𝑖𝑗) 𝑒ଵ + ((𝑝ଷ + 2𝑝𝑞) + (𝑝ସ + 3𝑝ଶ𝑞 + 𝑞ଶ)𝑖 + (𝑝ହ + 4𝑝ଷ𝑞 +3𝑝𝑞ଶ)𝑗 + (𝑝଺ + 5𝑝ସ𝑞 + 6𝑝ଶ𝑞ଶ + 𝑞ଷ)𝑖𝑗) 𝑒ଶ + ((𝑝ସ + 3𝑝ଶ𝑞 + 𝑞ଶ) + (𝑝ହ + 4𝑝ଷ𝑞 + 3𝑝𝑞ଶ)𝑖 + (𝑝଺ + 5𝑝ସ𝑞 +6𝑝ଶ𝑞ଶ + 𝑞ଷ)𝑗 + (𝑝଻ + 6𝑝ହ𝑞 + 10𝑝ଷ𝑞ଶ + 4𝑝𝑞ଷ)𝑖𝑗)𝑒ଷ. 

Therefore, any bicomplex (𝑝, 𝑞) − Fibonacci quaternion occurs of a scalar part and vectorial part 

expressed as follows; 𝑆஻஼ொிೠ = 𝐾଴ = 𝐵𝐹௨(𝑝, 𝑞) = 𝐹௨ + 𝑖𝐹௨ାଵ + 𝑗𝐹௨ାଶ + 𝑖𝑗 𝐹௨ାଷ, 𝑉஻஼ொிೠ = 𝐾 = 𝐵𝐹௨ାଵ(𝑝, 𝑞) 𝑒ଵ + 𝐵𝐹௨ାଶ(𝑝, 𝑞)𝑒ଶ + 𝐵𝐹௨ାଷ(𝑝, 𝑞) 𝑒ଷ. 

Here, the set of bicomplex (𝑝, 𝑞) − Fibonacci quaternions will be denoted by 𝐻஻஼ொி(೛,೜). And in 

the remainder of the study, 𝐵𝐶𝑄𝐹௨ and 𝑄𝐹௨ will be considered as 𝑢𝑡ℎ bicomplex (𝑝, 𝑞) −Fibonacci 

and (𝑝, 𝑞) −Fibonacci quaternion, respectively. 

Let 𝐵𝐶𝑄𝐹௨ = 𝐾଴ + 𝐾 and 𝐵𝐶𝑄𝐹௩ =  𝐿଴ + 𝐿 be two bicomplex (𝑝, 𝑞) −Fibonacci quaternions. The 

addition and the subtraction of them are  𝐵𝐶𝑄𝐹௨ ∓ 𝐵𝐶𝑄𝐹௩ = (𝐵𝐹௨ ∓ 𝐵𝐹௩) + (𝐵𝐹௨ାଵ ∓ 𝐵𝐹௩ାଵ)) 𝑒ଵ + (𝐵𝐹௨ାଶ ∓ 𝐵𝐹௩ାଶ) 𝑒ଶ + (𝐵𝐹௨ାଷ ∓𝐵𝐹௩ାଷ) 𝑒ଷ. 

The multiplication of a bicomplex (𝑝, 𝑞) −  Fibonacci quaternion by the real scalar 𝜆  is 

described as follows:  𝜆𝐵𝐶𝑄𝐹௨ = 𝜆𝑄𝐹௨ + 𝑖 𝜆𝑄𝐹௨ାଵ + 𝑗𝜆𝑄𝐹௨ାଶ + 𝑖𝑗 𝜆𝑄𝐹௨ାଷ. 
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The product of any two bicomplex (𝑝, 𝑞) − Fibonacci quaternions 𝐵𝐶𝑄𝐹௨ and 𝐵𝐶𝑄𝐹௩  𝐵𝐶𝑄𝐹௨ = 𝐾଴ + 𝐾 and 𝐵𝐶𝑄𝐹௩ = 𝐿଴ + 𝐿 is 𝐵𝐶𝑄𝐹௨𝐵𝐶𝑄𝐹௩ = (𝐾଴ + 𝐾)(𝐿଴ + 𝐿) = 𝐾଴𝐿଴  + 𝐾଴𝐿 + 𝐿଴𝐾 − 𝐾. 𝐿 + 𝐾 × 𝐿, 

where 𝐾. 𝐿 and 𝐾 × 𝐿 represent the dot product and the cross product of 𝐾 and 𝐿, respectively. 

The conjugate operation in 𝐻஻஼ி(೛,೜) is 𝐵𝐶𝑄𝐹௨∗ = 𝑆஻஼ொிೠ − 𝑉஻஼ொிೠ =   𝐵𝐹௨(𝑝, 𝑞) − 𝐵𝐹௨ାଵ(𝑝, 𝑞) 𝑒ଵ − 𝐵𝐹௨ାଶ(𝑝, 𝑞)𝑒ଶ − 𝐵𝐹௨ାଷ(𝑝, 𝑞) 𝑒ଷ, 

whereas the bicomplex conjugates are (𝐵𝐶𝑄𝐹௨)పതതതതതതതതതതതത = (𝑆஻஼ொிೠ)పതതതതതതതതതതതത  + (𝑉஻஼ொிೠ)ప തതതതതതതതതതതത = (𝐵𝐹௨(𝑝, 𝑞))పതതതതതതതതതതതതതതത  + (𝐵𝐹௨ାଵ(𝑝, 𝑞))పതതതതതതതതതതതതതതതതതത𝑒ଵ + (𝐵𝐹௨ାଶ(𝑝, 𝑞))పതതതതതതതതതതതതതതതതതത𝑒ଶ + (𝐵𝐹௨ାଷ(𝑝, 𝑞))పതതതതതതതതതതതതതതതതതത𝑒ଷ (𝐵𝐶𝑄𝐹௨)ఫതതതതതതതതതതതത = (𝑆஻஼ொிೠ)ఫതതതതതതതതതതതത  + (𝑉஻஼ொிೠ)ఫതതതതതതതതതതതത = (𝐵𝐹௨(𝑝, 𝑞))ఫതതതതതതതതതതതതതതതത  + (𝐵𝐹௨ାଵ(𝑝, 𝑞))ఫതതതതതതതതതതതതതതതതതതത𝑒ଵ + (𝐵𝐹௨ାଶ(𝑝, 𝑞))ఫതതതതതതതതതതതതതതതതതതത𝑒ଶ + (𝐵𝐹௨ାଷ(𝑝, 𝑞))ఫതതതതതതതതതതതതതതതതതതത𝑒ଷ (𝐵𝐶𝑄𝐹௨)పఫതതതതതതതതതതതതത = (𝑆஻஼ொிೠ)పఫതതതതതതതതതതതതത  + (𝑉஻஼ொிೠ)పఫതതതതതതതതതതതതത = (𝐵𝐹௨(𝑝, 𝑞))పఫതതതതതതതതതതതതതതതത  + (𝐵𝐹௨ାଵ(𝑝, 𝑞))పఫതതതതതതതതതതതതതതതതതതത𝑒ଵ + (𝐵𝐹௨ାଶ(𝑝, 𝑞))పఫതതതതതതതതതതതതതതതതതതത𝑒ଶ + (𝐵𝐹௨ାଷ(𝑝, 𝑞))పఫതതതതതതതതതതതതതതതതതതത𝑒ଷ. 

The features of quaternion algebra are adapted to bicomplex quaternions as well as to complex 

quaternions. In this situation, some key properties in bicomplex quaternions change. Because the 

norm of a real quaternion ℎ = (ℎ଴, ℎଵ, ℎଶ, ℎଷ) is defined by ‖ℎ‖ = ℎ଴ଶ + ℎଵଶ + ℎଶଶ + ℎଷଶ, the norm is 

positive definite and real. But, we consider the complex quaternion; the norm is described according 

to the inner product of a complex quaternion with itself. That is, for a complex quaternion 𝑐ℎ =(𝑐ℎ଴, 𝑐ℎଵ, 𝑐ℎଶ, 𝑐ℎଷ), the norm of 𝑐ℎ can be written as ‖𝑐ℎ‖ = 𝑐ℎ଴ଶ + 𝑐ℎଵଶ + 𝑐ℎଶଶ + 𝑐ℎଷଶ.  

Since the components of ch are complex numbers, the norm of ch has a complex value. In [15], 

the norm of a complex Fibonacci quaternion can be given as follows; ‖𝑅‖ = 𝐶௡ଶ + 𝐶௡ାଵଶ + 𝐶௡ାଶଶ + 𝐶௡ାଷଶ. 
In addition, we described the norm of any bicomplex quaternion, in terms of the inner product 

of a bicomplex quaternion with itself as in the definition of a complex quaternion. Then for any 

bicomplex quaternion 𝑏𝑐ℎ = (𝑏𝑐ℎ଴, 𝑏𝑐ℎଵ, 𝑏𝑐ℎଶ, 𝑏𝑐ℎଷ), the norm of bch can be written as ‖𝑏𝑐ℎ‖ =𝑏𝑐ℎ଴ଶ + 𝑏𝑐ℎଵଶ + 𝑏𝑐ℎଶଶ + 𝑏𝑐ℎଷଶ . In this situation, the norm of a bicomplex (𝑝, 𝑞) −  Fibonacci 

quaternion can be given as follows; ‖𝐵𝐶𝑄𝐹‖ = 𝐵𝐹௨ଶ + 𝐵𝐹௨ାଵଶ + 𝐵𝐹௨ାଶଶ + 𝐵𝐹௨ାଷଶ. 
Also, we obtained that there are four different conjugates of bicomplex (𝑝, 𝑞) −  Fibonacci 

quaternion, whereas there are three different conjugates of bicomplex (𝑝, 𝑞) − Fibonacci numbers. 

Furthermore, the following inequalities get about four different conjugations of bicomplex (𝑝, 𝑞) − 

Fibonacci quaternion.  

Theorem 9. Let 𝐵𝐶𝑄𝐹௨ and 𝐵𝐶𝑄𝐹௩ be two bicomplex (𝑝, 𝑞) − Fibonacci quaternion. In that case, we obtain 

the following inequalities about the four conjugates of them: ((𝐵𝐶𝑄𝐹௨)(𝐵𝐶𝑄𝐹௩)) ∗ ≠ (𝐵𝐶𝑄𝐹௨) ∗ (𝐵𝐶𝑄𝐹௩) ∗ (𝐵𝐶𝑄𝐹௨)(𝐵𝐶𝑄𝐹௩)పതതതതതതതതതതതതതതതതതതതതതതത ≠ (𝐵𝐶𝑄𝐹௨)పതതതതതതതതതതതത  (𝐵𝐶𝑄𝐹௩)పതതതതതതതതതതതത (𝐵𝐶𝑄𝐹௨)(𝐵𝐶𝑄𝐹௩)ఫതതതതതതതതതതതതതതതതതതതതതതത ≠ (𝐵𝐶𝑄𝐹௨)ఫതതതതതതതതതതതത  (𝐵𝐶𝑄𝐹௩)ఫതതതതതതതതതതതത (𝐵𝐶𝑄𝐹௨)(𝐵𝐶𝑄𝐹௩)పఫതതതതതതതതതതതതതതതതതതതതതതതത ≠ (𝐵𝐶𝑄𝐹௨)పఫതതതതതതതതതതതതത  (𝐵𝐶𝑄𝐹௩)పఫതതതതതതതതതതതതത 

Proof. Using conjugate operations in 𝐻஻஼ொி and (16), the above identities can be easily proved.□ 

The following equation for the elements of BCQF is easily obtained using (16) 𝐵𝐶𝑄𝐹௨ାଶ = 𝑝𝐵𝐶𝑄𝐹௨ାଵ + 𝑞𝐵𝐶𝑄𝐹௨. (18)

Thus, the characteristic equation of (18) is 𝛾ଶ − 𝑝𝛾 − 𝑞 = 0. (19)

Theorem 10. Binet’s formula of the bicomplex (𝑝, 𝑞) −Fibonacci quaternions {𝐵𝐶𝑄𝐹௨}  is given by the 

following equation for 𝑢 ≥ 0, 𝐵𝐶𝑄𝐹௨ =  𝛿𝛿ሖ𝛿௨ −  𝜌𝜌 ́ 𝜌௨𝛿 −  𝜌  

where 𝛿 and 𝜌 are roots of (19) and   𝛿 = 1 + 𝑖 𝛿 + 𝑗𝛿ଶ + 𝑖𝑗𝛿ଷ  𝜌 = 1 + 𝑖 𝜌 + 𝑗𝜌ଶ + 𝑖𝑗𝜌ଷ 𝛿ሖ = 1 + 𝛿𝑒ଵ +  𝛿ଶ𝑒ଶ + 𝛿ଷ 𝑒ଷ, ρ́ = 1 + ρeଵ +  ρଶeଶ + ρଷ eଷ, 
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Proof. By using (16) and (13), we have the following equation: 𝐵𝐶𝑄𝐹௨ =  𝛿𝛿௨ −  𝜌𝜌௨𝛿 −  𝜌 + ( 𝛿𝛿௨ାଵ −  𝜌𝜌௨ାଵ𝛿 −  𝜌 )𝑒ଵ + (  𝛿𝛿௨ାଶ −  𝜌𝜌௨ାଶ𝛿 −  𝜌 )𝑒ଶ + ( 𝛿𝛿௨ାଷ −  𝜌𝜌௨ାଷ𝛿 −  𝜌 ) 𝑒ଷ. 
Thus, Binet’s formula of the bicomplex (𝑝, 𝑞) −Fibonacci quaternion is easily found with some 

simple computation. □ 

Theorem 11. The generating function of the bicomplex (𝑝, 𝑞) −Fibonacci quaternions {𝐵𝐶𝑄𝐹௨} is determined 

by 𝐺஻஼ொி(𝑡) = ஻஼ொிబା(஻஼ொிభି௣஻஼ொிబ)௧(ଵି௣௧ି௤௧మ)_ . 

Proof. To obtain the generating function of {𝐵𝐶𝑄𝐹௨}௨ୀ଴ஶ , we use power series representation of {𝐵𝐶𝑄𝐹௨}. 𝐺஻஼ொி(𝑡) = ∑ 𝐵𝐶𝑄𝐹௨𝑡௨ஶ௨ୀ଴ . 

That is, 𝐺஻஼ொி(𝑡) = 𝐵𝐶𝑄𝐹଴ + 𝐵𝐶𝑄𝐹ଵ𝑡 + 𝐵𝐶𝑄𝐹ଶ𝑡ଶ + ⋯ + 𝐵𝐶𝑄𝐹௠𝑡௠ + ⋯. 
Thus,  −𝑝𝑡𝐺஻஼ொி(𝑡) = −𝑝𝐵𝐶𝑄𝐹଴𝑡 − 𝑝𝐵𝐶𝑄𝐹ଵ𝑡ଶ − 𝑝𝐵𝐶𝑄𝐹ଶ𝑡ଷ − ⋯ − 𝑝𝐵𝐶𝑄𝐹௠𝑡௠ାଵ + ⋯. −𝑞𝑡ଶ𝐺஻஼ொி(𝑡) = −𝑞𝐵𝐶𝑄𝐹଴𝑡ଶ − 𝑞𝐵𝐶𝑄𝐹ଵ𝑡ଷ − 𝑞𝐵𝐶𝑄𝐹ଶ𝑡ସ − ⋯ − 𝑞𝐵𝐶𝑄𝐹௠𝑡௠ାଶ + ⋯. 
We obtain that (1 − 𝑝𝑡 − 𝑞𝑡ଶ)𝐺஻஼ொி(𝑡) = 𝐵𝐶𝑄𝐹଴ + (𝐵𝐶𝑄𝐹ଵ − 𝑝𝐵𝐶𝑄𝐹଴)𝑡 + (𝐵𝐶𝑄𝐹ଶ − 𝑝𝐵𝐶𝑄𝐹ଵ − 𝑞𝐵𝐶𝑄𝐹଴)𝑡ଶ     

 + ⋯ + (𝐵𝐶𝑄𝐹௠ାଵ − 𝑝𝐵𝐶𝑄𝐹௠−𝑞𝐵𝐶𝑄𝐹௠ିଵ)𝑡௠ାଵ + ⋯. 
Using (18) and initial conditions, we have 𝐺஻஼ொி(𝑡) = ஻஼ொிబା(஻஼ொிభି௣஻஼ொிబ)௧(ଵି௣௧ି௤௧మ) . 

□ 

Theorem 12. The exponential generating function of the bicomplex (𝑝, 𝑞) −Fibonacci quaternions {𝐵𝐶𝑄𝐹௨} 

is 𝐸஻஼ொி(𝑡) =  ఋ  ఋሖ  ௘ഃೠି ఘ  ఘ́ ௘ഐೠఋି ఘ . 

Proof. To obtain the exponential generating function of {𝐵𝐶𝑄𝐹௨}௨ୀ଴ஶ , we use the power series 

representation of {𝐵𝐶𝑄𝐹௨}. 𝐸஻஼ொி(𝑡) = ∑ 𝐵𝐶𝑄𝐹௨ ௧ೠ௨!ஶ௨ୀ଴ , (20)

Using (20) and 𝑒௧ = ∑ ௧ೠ௨!ஶ௨ୀ଴  , we have  𝐸஻஼ொி(𝑡) = ∑  ఋఋሖ ఋೠି ఘ  ఘ́ఘೠఋି ఘஶ௨ୀ଴ ௧ೠ௨! =  ఋ  ఋሖ  ௘ഃೠି ఘ  ఘ́ ௘ഐೠఋି ఘ .  

□ 

Theorem 13. For 𝑢 ≥ 𝑣, Catalan identity for bicomplex (𝑝, 𝑞) −Fibonacci quaternions is as follows: 𝐵𝐶𝑄𝐹௨ି௩𝐵𝐶𝑄𝐹௨ା௩  − 𝐵𝐶𝑄𝐹௨ଶ = ൭ 𝛿  𝜌 (−𝑞)௨ି௩(𝛿௩ − 𝜌௩)(𝛿 𝜌́ሖ 𝜌௩ − 𝜌́𝛿ሖ𝛿௩(𝑝ଶ + 4𝑞) ൱ 

where 𝑢 and 𝑣 are positive integers. 

Proof.  𝐵𝐶𝑄𝐹௨ି௩𝐵𝐶𝑄𝐹௨ା௩ – 𝐵𝐶𝑄𝐹௨ଶ = ൭ 𝛿𝛿௨ି௩𝛿ሖ −  𝜌𝜌௨ି௩𝜌́𝛿 −  𝜌 ൱ ൭ 𝛿𝛿௨ା௩𝛿ሖ −  𝜌𝜌௨ା௩𝜌́𝛿 −  𝜌 ൱ − ൭ 𝛿𝛿௨𝛿ሖ −  𝜌𝜌௨𝜌́𝛿 −  𝜌 ൱ ൭ 𝛿𝛿௨𝛿ሖ −  𝜌𝜌௨𝜌́𝛿 −  𝜌 ൱ 

= ൭ 𝛿  𝜌 𝛿𝜌́ሖ (−𝑞)௨ି௩(𝛿௩ − 𝜌௩)𝜌௩ −  𝜌  𝛿  𝜌́𝛿ሖ(−𝑞)௨ି௩(𝛿௩ − 𝜌௩)𝛿௩(𝛿 −  𝜌)ଶ ൱ 

Because δ and ρ are roots of (19),  𝛿𝜌 = (−𝑞),  𝛿 = 1 + 𝑖 𝛿 + 𝑗𝛿ଶ + 𝑖𝑗𝛿ଷ and  𝜌 = 1 + 𝑖 𝜌 + 𝑗𝜌ଶ + 𝑖𝑗𝜌ଷ, we obtain  𝛿  𝜌 = (1 + 𝑞 − 𝑞ଶ − 𝑞ଷ) + 𝑖(𝑝 − 𝑝𝑞ଶ) + 𝑗(𝑝ଶ + 2𝑞 + 𝑝ଶ𝑞 + 2𝑞ଶ) + 𝑖𝑗(𝑝ଷ + 2𝑞𝑝)                  =  𝜌  𝛿.  

Thus, we obtain  
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𝐵𝐶𝑄𝐹௨ି௩𝐵𝐶𝑄𝐹௨ା௩ – 𝐵𝐶𝑄𝐹௨ଶ = ൭ 𝛿  𝜌 (−𝑞)௨ି௩(𝛿௩ − 𝜌௩)(𝛿𝜌́ሖ 𝜌௩ − 𝜌́𝛿ሖ𝛿௩(𝛿 −  𝜌)ଶ ൱ 

 = ൬ ఋ  ఘ (ି௤)ೠషೡ(ఋೡିఘೡ)(ఋఘ́ሖ ఘೡି ఘ́ఋሖ ఋೡ(௣మାସ௤) ൰ 

□ 

If 𝑣 = 1 in the Catalan identity, Cassini identity is obtained as follows:  

Corollary 2. For 𝑢 ≥ 1, Cassini identity for bicomplex (𝑝, 𝑞) −Fibonacci quaternions is as follows: 𝐵𝐶𝑄𝐹௨ିଵ𝐵𝐶𝑄𝐹௨ାଵ−𝐵𝐶𝑄𝐹௨ଶ = ൭ 𝛿  𝜔 (−𝑞)௨ିଵ(𝛿𝜌𝜌́ሖ − 𝜌𝛿𝛿ሖሖඥ(𝑝ଶ + 4𝑞) ൱ 

where 𝑢 is an integer. 

Theorem 14. D’ocagne’s identity of bicomplex (𝑝, 𝑞) −Fibonacci quaternions for 𝑢 ≥ 𝑣 is as follows: 𝐵𝐶𝑄𝐹௨𝐵𝐶𝑄𝐹௩ାଵ − 𝐵𝐶𝑄𝐹௨ାଵ𝐵𝐶𝑄𝐹௩ =  𝛿  𝜌 𝛿 ሖ 𝜌́(−𝑞)௩൫𝛿 ሖ 𝜌́𝛿௨ି௩ − 𝜌́ 𝛿ሖ𝜌௨ି௩൯ඥ𝑝ଶ + 4𝑞 . 
Proof. 𝐵𝐶𝑄𝐹௨𝐵𝐶𝑄𝐹௩ାଵ − 𝐵𝐶𝑄𝐹௨ାଵ𝐵𝐶𝑄𝐹௩ == ൭ 𝛿 𝛿ሖ𝛿௨ −  𝜌 𝜌́𝜌௨𝛿 −  𝜌 ൱ ൭ 𝛿 𝛿ሖ𝛿ଵା௩ −  𝜌 𝜌́𝜌ଵା௩𝛿 −  𝜌 ൱

− ൭ 𝛿  𝛿ሖ𝛿௨ାଵ −  𝜌 𝜌́𝜌௨ାଵ𝛿 −  𝜌 ൱ ൭ 𝛿 𝛿ሖ𝛿௩ −  𝜌 𝜌́𝜌௩𝛿 −  𝜌 ൱ 

= ൭ 𝛿  𝜌𝛿 ሖ 𝜌́(𝛿𝜌)௩𝛿௨ି௩(𝛿 − 𝜌) −  𝜌  𝛿 𝜌́ 𝛿ሖ  (𝜌𝛿)௩𝜌௨ି௩(𝛿 − 𝜌)(𝛿 −  𝜌)ଶ ൱  𝛿  𝜌 =  𝜌  𝛿 , 𝑢 ≥ 𝑣 and 𝛿𝜌 = −𝑞 =  ఋ  ఘ ఋ ሖ ఘ́(ି௤)ೡ൫ఋ ሖ ఘ́ఋೠషೡିఘ́ ఋሖ ఘೠషೡ൯(ఋି ఘ) =  ఋ  ఘ ఋ ሖ ఘ́(ି௤)ೡ൫ఋ ሖ ఘ́ఋೠషೡିఘ́ ఋሖ ఘೠషೡ൯ඥ௣మାସ௤ . 

□ 

Now, we give some identities about summations of terms in the bicomplex (𝑝, 𝑞) −Fibonacci 

quaternions. 

Theorem 15. For 𝑘, 𝑙  are natural number, the summation formula of bicomplex (𝑝, 𝑞) − Fibonacci 

quaternions is ∑ 𝐵𝐶𝑄𝐹௞ =௟௞ୀଵ ቐ஻஼ொி೗శభା௤஻஼ொி೗ି஻஼ொிభି௤஻஼ொிబ௣ା௤ିଵ                              𝑝 + 𝑞 ≠ 1 ௤஻஼ொி೗ା஻஼ொிభା(௟ିଵ)(ଵା௘భା௘మା௘య)(ଵା௜ା௝ା௜௝)ଵା௤            𝑝 + 𝑞 = 1. 

Proof. Firstly, we assume that 𝑝 + 𝑞 ≠ 1. In this situation, ∑ 𝐵𝐶𝑄𝐹௞ =௟௞ୀଵ ∑ 𝑄𝐹௞ + 𝑖௟௞ୀଵ ∑ 𝑄𝐹௞ାଵ +௟௞ୀଵ𝑗 ∑ 𝑄𝐹௞ାଶ + 𝑖𝑗 ∑ 𝑄𝐹௞ାଷ௟௞ୀଵ௟௞ୀଵ . In addition, we obtain that by using the equ (13) in [5], ∑ 𝑄𝐹௞ =௟௞ୀଵ ொி೗శభା௤ொி೗ିொிభି௤ொிబ௣ା௤ିଵ_  . With simple calculations, we get  ∑ 𝑄𝐹௞ାଵ = 𝑝௟௞ୀଵ ∑ 𝑄𝐹௞ + 𝑞௟௞ୀଵ ∑ 𝑄𝐹௞ିଵ௟௞ୀଵ = ொி೗శమା௤ொி೗శభିொிమି௤ொிభ௣ା௤ିଵ_ , ∑ 𝑄𝐹௞ାଶ =௟௞ୀଵ ொி೗శయା௤ொி೗శమିொிయି௤ொிమ௣ା௤ିଵ_ , ∑ 𝑄𝐹௞ାଷ =௟௞ୀଵ ொி೗శరା௤ொி೗శయିொிరି௤ொிయ௣ା௤ିଵ_ . 

Thus, ∑ 𝐵𝐶𝑄𝐹௞ = ொி೗శభା௤ொி೗ିொிభି௤ொிబ௣ା௤ିଵ_ +௟௞ୀଵ 𝑖 ൬ொி೗శమା௤ொி೗శభିொிమି௤ொிభ௣ା௤ିଵ_ ൰ + 𝑗 ൬ொி೗శయା௤ொி೗శమିொிయି௤ொிమ௣ା௤ିଵ_ ൰ +𝑖𝑗(ொி೗శరା௤ொி೗శయିொிరି௤ொிయ௣ା௤ିଵ_ )= 
஻஼ொி೗శభା௤஻஼ொி೗ି஻஼ொிభି௤஻஼ொிబ௣ା௤ିଵ_  . 

Now, we assume that 𝑝 + 𝑞 = 1 . We obtain that by using the equ (13) in [5], ∑ 𝑄𝐹௞ =௟௞ୀଵ ௤ொி೗ା(௟ିଵ)(ଵା௘భା௘మା௘య)ାொிభଵା௤ . Moreover, we have 
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∑ 𝑄𝐹௞ାଵ = 𝑝௟௞ୀଵ ∑ 𝑄𝐹௞ + 𝑞௟௞ୀଵ ∑ 𝑄𝐹௞ିଵ௟௞ୀଵ = ௤ொி೗శభା(௟ିଵ)(ଵା௘భା௘మା௘య)ାொிమଵା௤_ ,  ∑ 𝑄𝐹௞ାଶ =௟௞ୀଵ ௤ொி೗శమା(௟ିଵ)(ଵା௘భା௘మା௘య)ାொிయଵା௤_ , ∑ 𝑄𝐹௞ାଷ =௟௞ୀଵ ௤ொி೗శయା(௟ିଵ)(ଵା௘భା௘మା௘య)ାொிరଵା௤_ . 

So we can write ∑ 𝐵𝐶𝑄𝐹௞ =௟௞ୀଵ ∑ 𝑄𝐹௞ + 𝑖௟௞ୀଵ ∑ 𝑄𝐹௞ାଵ + 𝑗 ∑ 𝑄𝐹௞ାଶ + 𝑖𝑗 ∑ 𝑄𝐹௞ାଷ௟௞ୀଵ௟௞ୀଵ௟௞ୀଵ   ∑ 𝐵𝐶𝑄𝐹௞ = ௤ொி೗ା(௟ିଵ)(ଵା௘భା௘మା௘య)ାொிభଵା௤_ +௟௞ୀଵ 𝑖 ቀ௤ொி೗శభା(௟ିଵ)(ଵା௘భା௘మା௘య)ାொிమଵା௤ ቁ +𝑗 ቀ௤ொி೗శమା(௟ିଵ)(ଵା௘భା௘మା௘య)ାொிయଵା௤ ቁ + 𝑖𝑗(௤ொி೗శయା(௟ିଵ)(ଵା௘భା௘మା௘య)ାொிరଵା௤_ ) . = ௤஻஼ொி೗ା(௟ିଵ)(ଵା௘భା௘మା௘య)(ଵା௜ା௝ା௜௝)ା஻஼ொிభଵା௤_ . 

□ 

Theorem 16. For 𝑢, 𝑣 ≥ 0,  𝐵𝐶𝑄𝐹௨௩ = ∑ (𝑣𝑘)(𝑞)௩ି௞𝐹௨௞𝐹௨ିଵ௞ 𝐵𝐶𝑄𝐹௞௩௞ୀ଴  . 
Proof. Using (7) and (17), 𝐵𝐹௨௩ = ∑ (𝑣𝑘)(𝑞)௩ି௞𝐹௨௞𝐹௨ିଵ௩ି௞𝐵𝐹௞௩௞ୀ଴  𝐵𝐶𝑄𝐹௨௩ = 𝐵𝐹௨௩ + 𝐵𝐹௨௩ାଵ𝑒ଵ + 𝐵𝐹௨௩ାଶ𝑒ଶ + 𝐵𝐹௨௩ାଷ𝑒ଷ = ∑ ቀ𝑣𝑘ቁ (𝑞)௩ି௞𝐹௨௞𝐹௨ିଵ௩ି௞𝐵𝐹௞௩௞ୀ଴ + ∑ ቀ𝑣𝑘ቁ (𝑞)௩ି௞𝐹௨௞𝐹௨ିଵ௩ି௞𝐵𝐹௞ାଵ௩௞ୀ଴ 𝑒ଵ  

+∑ ቀ𝑣𝑘ቁ (𝑞)௩ି௞𝐹௨௞𝐹௨ିଵ௩ି௞𝐵𝐹௞ାଶ௩௞ୀ଴ 𝑒ଶ+∑ ቀ𝑣𝑘ቁ (𝑞)௩ି௞𝐹௨௞𝐹௨ିଵ௩ି௞𝐵𝐹௞ାଷ௩௞ୀ଴ 𝑒ଷ = ෍ ቀ𝑣𝑘ቁ (𝑞)௩ି௞𝐹௨௞𝐹௨ିଵ௩ି௞(𝐵𝐹௞ + 𝐵𝐹௞ାଵ𝑒ଵ + 𝐵𝐹௞ାଶ𝑒ଶ + 𝐵𝐹௞ାଷ𝑒ଷ)௩
௞ୀ଴  

= ෍(𝑣𝑘)(𝑞)௩ି௞𝐹௨௞𝐹௨ିଵ௞ 𝐵𝐶𝑄𝐹௞௩
௞ୀ଴ . 

□ 

4. Matrix Representation of Bicomplex (𝒑, 𝒒) − Fibonacci Quaternions and An Application in 

This Representation for them 

Firstly, we will use the matrix that generates {𝐹௨(𝑝, 𝑞)}, which we define to obtain the N-matrix, 

which is similar to the definition of the S-Matrix defined in [11]. We know that ൬𝐹௨ାଵ𝐹௨ ൰ = ቀ𝑝 𝑞1 0ቁ௨ ൬𝐹ଵ𝐹଴൰, (21)

By using (21), The N-matrix is defined as 𝑁௨ = ቀ𝑝 𝑞1 0ቁ௨ = ൬𝐹௨ାଵ 𝑞𝐹௨𝐹௨ 𝑞𝐹௨ିଵ_ ൰, (22)

where 𝐹 ଶ = ି௣௤_ మ , 𝐹 ଵ = ଵ௤. 

Here, we will define the 𝐵𝐶𝑄𝐹ே -matrix that we called the bicomplex (𝑝, 𝑞) − Fibonacci 

quaternion matrix as follows: 𝐵𝐶𝑄𝐹ே = ൬𝐵𝐶𝑄𝐹ଷ 𝑞𝐵𝐶𝑄𝐹ଶ𝐵𝐶𝑄𝐹ଶ 𝑞𝐵𝐶𝑄𝐹ଵ_ ൰. 
Now, we can give the following theorem about the 𝐵𝐶𝑄𝐹ே-matrix. 

Theorem 17. If 𝐵𝐶𝑄𝐹௨ be the 𝑢𝑡ℎ bicomplex (𝑝, 𝑞) −Fibonacci quaternion. Then, for 𝑢 ≥ 0 𝐵𝐶𝑄𝐹ே. ቀ𝑝 𝑞1 0ቁ௨ = ൬𝐵𝐶𝑄𝐹௨ାଷ 𝑞𝐵𝐶𝑄𝐹௨ାଶ𝐵𝐶𝑄𝐹௨ାଶ 𝑞𝐵𝐶𝑄𝐹௨ାଵ_ ൰. (23)

Proof. To do this, we apply induction on 𝑙. If 𝑢 = 0, it is clear that (23) holds. Now, we suppose that 

(23) is hold for 𝑢 = 𝑣, that is, 𝐵𝐶𝑄𝐹ே. ቀ𝑝 𝑞1 0ቁ௩ = ൬𝐵𝐶𝑄𝐹௩ାଷ 𝑞𝐵𝐶𝑄𝐹௩ାଶ𝐵𝐶𝑄𝐹௩ାଶ 𝑞𝐵𝐶𝑄𝐹௩ାଵ_ ൰. 

Using the Eq. (18), for 𝑣 ≥ 0, 𝐵𝐶𝑄𝐹௩ାଶ = 𝑝𝐵𝐶𝑄𝐹௩ାଶ + 𝑞𝐵𝐶𝑄𝐹௩. Then, by induction, 
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𝐵𝐶𝑄𝐹ே. 𝑁௩ାଵ = (𝐵𝐶𝑄𝐹ே. 𝑁௩)𝑁           = ൬𝐵𝐶𝑄𝐹௩ାଷ 𝑞𝐵𝐶𝑄𝐹௩ାଶ𝐵𝐶𝑄𝐹௩ାଶ 𝑞𝐵𝐶𝑄𝐹௩ାଵ_ ൰.ቀ𝑝 𝑞1 0ቁ = ൬𝑝𝐵𝐶𝑄𝐹௩ାଷ + 𝑞𝐵𝐶𝑄𝐹௩ାଶ 𝑞𝐵𝐶𝑄𝐹௩ାଷ𝑝𝐵𝐶𝑄𝐹௩ାଶ + 𝑞𝐵𝐶𝑄𝐹௩ାଵ 𝑞𝐵𝐶𝑄𝐹௩ାଶ൰    = ൬𝐵𝐶𝑄𝐹௩ାସ 𝑞𝐵𝐶𝑄𝐹௩ାଷ𝐵𝐶𝑄𝐹௩ାଷ 𝑞𝐵𝐶𝑄𝐹௩ାଶ_ ൰. 

Thus the Eq. (23) holds for all 𝑢 ≥ 0. □ 

Corollary 3. For 𝑢 ≥ 0,  𝐵𝐶𝑄𝐹௨ାଶ = 𝐵𝐶𝑄𝐹ଶ𝐹௨ାଵ + (𝑞𝐵𝐶𝑄𝐹ଵ)𝐹௨. 
Proof. The proof can be easily seen by the coefficient (2, 1) of the matrix 𝐵𝐶𝑄𝐹ே. 𝑁௨ and the Eq. (22). □ 

Theorem 18. For 𝑢 ≥ 1, (𝑢 is an integer) and 𝑣 ∈ {0,1}. Then ൬ 𝐵𝐶𝑄𝐹ଶ௨ା௩ 𝐵𝐶𝑄𝐹ଶ(௨ିଵ)ା௩𝐵𝐶𝑄𝐹ଶ(௨ାଵ)ା௩ 𝐵𝐶𝑄𝐹ଶ௨ା௩ ൰ = ൬𝐵𝐶𝑄𝐹ଶା௩ 𝐵𝐶𝑄𝐹௩𝐵𝐶𝑄𝐹ସା௩ 𝐵𝐶𝑄𝐹ଶା௩൰ ൬𝑝ଶ + 2𝑞 1−𝑞ଶ 0൰௨ିଵ. 
Proof. We prove the theorem by induction on 𝑢. If 𝑢 = 1 then the result is clear. Now we assume 

that, for any integer 𝑑 such as 1 ≤ 𝑑 ≤ 𝑢, ൬ 𝐵𝐶𝑄𝐹ଶௗା௩ 𝐵𝐶𝑄𝐹ଶ(ௗିଵ)ା௩𝐵𝐶𝑄𝐹ଶ(ௗାଵ)ା௩ 𝐵𝐶𝑄𝐹ଶௗା௩ ൰ = ൬𝐵𝐶𝑄𝐹ଶା௩ 𝐵𝐶𝑄𝐹௩𝐵𝐶𝑄𝐹ସା௩ 𝐵𝐶𝑄𝐹ଶା௩൰ ൬𝑝ଶ + 2𝑞 1−𝑞ଶ 0൰ௗିଵ. 
Then for 𝑢 = 𝑑 + 1, we obtain  ൬𝐵𝐶𝑄𝐹ଶା௩ 𝐵𝐹௩𝐵𝐶𝑄𝐹ସା௩ 𝐵𝐹ଶା௩൰ ൬𝑝ଶ + 2𝑞 1−𝑞ଶ 0൰ௗ = ൬𝐵𝐹ଶା௩ 𝐵𝐹௩𝐵𝐹ସା௩ 𝐵𝐹ଶା௩൰ ൬𝑝ଶ + 2𝑞 1−𝑞ଶ 0൰ௗିଵ ൬𝑝ଶ + 2𝑞 1−𝑞ଶ 0൰ = ൬ 𝐵𝐹ଶௗା௩ 𝐵𝐹ଶ(ௗିଵ)ା௩𝐵𝐹ଶ(ௗାଵ)ା௩ 𝐵𝐹ଶௗା௩ ൰ ൬𝑝ଶ + 2𝑞 1−𝑞ଶ 0൰ = ൬𝐵𝐹ଶ(ௗାଵ)ା௩ 𝐵𝐹ଶௗା௩𝐵𝐹ଶ(ௗାଶ)ା௩ 𝐵𝐹ଶ(ௗାଵ)ା௩൰. 

where 𝑣 ∈ {0,1}. Therefore, the proof is completed. □ 

In [15], it is obtained the complex Fibonacci quaternions are shown by the 8 × 8 real matrices. 

First, we obtained the matrix form of a bicomplex (𝑝, 𝑞) − Fibonacci quaternion 𝐵𝐶𝑄𝐹௨ with the aid 

of 4 × 4 matrix representations and produced a new 8 × 8 type bicomplex quaternion matrix similarly. 

We can define the following matrices. 𝐸଴=ቀ𝛼 00 𝛼ቁ, 𝐸ଵ = ቀ𝑖𝛤 00 −𝑖𝛤ቁ ,  𝐸ଶ = ቀ 0 𝛼−𝛼 0ቁ , 𝐸ଷ = ൬ 0 𝑗𝜁𝑗𝜁 0 ൰ 

where 𝛼 =ቀ1 00 1ቁ , 𝛤 = ቀ0 −𝑖𝑖 0 ቁ, 𝜁 = ൬0 −𝑗𝑗 0 ൰, and 𝑖ଶ = −1, 𝑗ଶ = −1, (𝑖𝑗)ଶ = 1, 𝑖𝑗 = 𝑗𝑖. 
Using the matrices 𝛼, 𝛤 and 𝜁, we obtain  𝐸଴ଶ = 𝐼ସ and  𝐸ଵଶ =  𝐸ଶଶ =  𝐸ଷଶ = −𝐼ସ, where 𝐼ସ is 

the 4 × 4 identity matrix. Furthermore, it satisfies the following equations: 𝐸ଵ𝐸ଶ = −𝐸ଶ𝐸ଵ = 𝐸ଷ, 𝐸ଷ𝐸ଵ = −𝐸ଵ𝐸ଷ = 𝐸ଶ, 𝐸ଶ𝐸ଷ = −𝐸ଷ𝐸ଶ = 𝐸ଵ, 𝐸ଵ𝐸ଶ𝐸ଷ = −𝐼ସ. (24)

The bicomplex (𝑝, 𝑞) −Fibonacci quaternion 𝐵𝐶𝑄𝐹 is also expressed by the 4×4 matrix with 

these new matrices. By the bicomplex (𝑝, 𝑞) −Fibonacci number, we can write 𝐵𝐶𝑄𝐹௨ = 𝐵𝐹௨𝐸଴ + 𝐵𝐹௨ାଵ 𝐸ଵ + 𝐵𝐹௨ାଶ𝐸ଶ + 𝐵𝐹௨ାଷ 𝐸ଷ          𝐵𝐶𝑄𝐹 =
⎝⎛

𝐵𝐹௨−𝐵𝐹௨ାଵ−𝐵𝐹௨ାଶ
𝐵𝐹௨ାଵ   𝐵𝐹௨𝐵𝐹௨ାଷ−𝐵𝐹௨ାଷ −𝐵𝐹௨ାଶ

𝐵𝐹௨ାଶ−𝐵𝐹௨ାଷ𝐵𝐹௨
𝐵𝐹௨ାଷ𝐵𝐹௨ାଶ−𝐵𝐹௨ାଵ 𝐵𝐹௨ାଵ 𝐵𝐹௨_ ⎠⎞. 

Theorem 19. For 𝑢 ≥ 0, the 𝑢𝑡ℎ term of the bicomplex (𝑝, 𝑞) − Fibonacci quaternion sequence with the 

determinant of a special matrix can be obtained as follows: 

𝐵𝐶𝑄𝐹௨ = ተተ
ተ𝐵𝐶𝑄𝐹଴ −1 0𝐵𝐶𝑄𝐹ଵ 0 −1𝐵𝐶𝑄𝐹ଶ 0   0    0         0    … 0        0    …−1       0     …       0       0       0 0       0       00       0       00           0      𝑞⋮           ⋱       ⋱0         0       0000          000        000

       𝑝      −1      …⋱        ⋱      ⋱0000          0000      ⋱⋱⋱⋱   
    0     0  0  ⋱    ⋱   ⋮−1𝑝𝑞0       0−1𝑝      𝑞    00−1  𝑝 ተተ

ተ

(௨ାଵ)×(௨ାଵ).
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Proof. For the proof, we use the induction method on 𝑢. It is clear that equality holds for 𝑢 = 0,1. 

Now, suppose that the equality is true for 2 ≤ 𝑘 ≤ 𝑢. Then, we can verify it for 𝑢 + 1 as follows: 

𝐵𝐶𝑄𝐹௨ାଵ =
ተ
ተ
ተ𝐵𝐶𝑄𝐹଴ −1    0𝐵𝐶𝑄𝐹ଵ 0 −1𝐵𝐶𝑄𝐹ଶ 0   0  0       0    …0        0    …−1       0     …     0    0      0     0  0     0      0      0  0      0      0      00             0      𝑞⋮           ⋱       ⋱0         0       00000           0000       0000

      
𝑝     −1   …⋱        ⋱     ⋱00000         10000     ⋱⋱⋱⋱⋱

0 0   0      0  ⋱   ⋱ ⋱        ⋮−1𝑝𝑞00
   0−1𝑝    𝑞0   0    0 0   0−1      0  𝑝 −1𝑞   𝑝ተ

ተ
ተ

(௨ାଶ)×(௨ାଶ).

 

= 𝑝(−1)ଶ௨ାସ
ተተ
ተ 𝐵𝐶𝑄𝐹଴ −1 0𝐵𝐶𝑄𝐹ଵ 0 −1𝐵𝐶𝑄𝐹ଶ 0   0 0        0    … 0        0    …−1         0     …     0       0       0 0       0       00       0        00           0      𝑞⋮           ⋱       ⋱0          0       0000             000        000

     𝑝      −1    …⋱        ⋱     ⋱0000          0000     ⋱⋱⋱⋱   
0  0  0  ⋱    ⋱   ⋮−1𝑝𝑞0      0−1𝑝    𝑞   00−1  𝑝 ተተ

ተ

(௨ାଵ)×(௨ାଵ).

 

+(−1)(−1)ଶ௨ାଷ
ተተ
ተ𝐵𝐶𝑄𝐹଴ −1 0𝐵𝐶𝑄𝐹ଵ 0 −1𝐵𝐶𝑄𝐹ଶ 0   0    0         0    … 0        0    …−1       0     …       0       0       0 0       0        00        0        00           0      𝑞⋮            ⋱       ⋱0         0       0000         000        000

       𝑝      −1     0⋱        ⋱    ⋱0000          0000      ⋱⋱⋱⋱   
   0       0   0  ⋱  ⋱   ⋮−1𝑝𝑞0       0−1𝑝       0    0 0−1  𝑞 ተተ

ተ

(௨ାଵ)×(௨ାଵ).

 

= 𝑝𝐵𝐶𝑄𝐹௨ + 𝑞(−1)ଶ௨ାଶ ተተ
ተ𝐵𝐶𝑄𝐹଴ −1 0𝐵𝐶𝑄𝐹ଵ 0 −1𝐵𝐶𝑄𝐹ଶ 0   0    0         0    … 0        0    …−1       0     …       0    0     0    0    0    0   0           0      𝑞⋮           ⋱       ⋱               000           0 0 0        000      𝑝      −1  ⋯⋱        ⋱    ⋱000          000     ⋱⋱⋱      0     0    ⋱  ⋮  −1𝑝𝑞 0−1𝑝   ተ

ተተ
௨×௨.

 

= 𝑝𝐵𝐶𝑄𝐹௨ + 𝑞𝐵𝐶𝑄𝐹௨ିଵ 

Thus, the proof is completed. □ 

5. Conclusions 

Here, we investigated (𝑝, 𝑞) − Fibonacci numbers, quaternions, bicomplex numbers, and 

bicomplex quaternions. And we introduced bicomplex (𝑝, 𝑞) −Fibonacci numbers and bicomplex (𝑝, 𝑞) −Fibonacci quaternions based on these numbers. That is, we obtain a generalization of second-

order bicomplex number and bicomplex quaternion sequences. Furthermore, some of their equations 

include the Binet formula, generating function, Catalan, Cassini, and d’Ocagne’s identities, and some 

summation formulas for both of them.  

In addition, we describe a matrix that we call N-matrix of type 4 × 4 for bicomplex (𝑝, 𝑞) − 

Fibonacci quaternions whose terms are bicomplex (𝑝, 𝑞) −Fibonacci numbers. Then, we obtained 

that the bicomplex (𝑝, 𝑞) −Fibonacci quaternions can be expressed as the 8 × 8 real matrices. With the 

help of the new four matrices we defined in 4 × 4 type, we obtained {𝐸଴, 𝐸ଵ, 𝐸ଶ, 𝐸ଷ} which is used as 

the basic elements of real quaternions {1, 𝑒ଵ, 𝑒ଶ, 𝑒ଷ} . Also, we obtained that the bicomplex (𝑝, 𝑞) −Fibonacci quaternion can also be expressed with a new matrix of type 4 × 4, whose elements 

consist of bicomplex (𝑝, 𝑞) −Fibonacci numbers. 
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Finally, we create a matrix for bicomplex (𝑝, 𝑞) − Fibonacci quaternions, and we obtain a 

determinant of a special matrix that gives the terms of that quaternion. 
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