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Abstract: Here, we describe the bicomplex (p, q) — Fibonacci numbers and the bicomplex (p, q) —
Fibonacci quaternions that are based on these numbers and give some of their equations, including
the Binet formula, generating function, Catalan, Cassini, d’Ocagne’s identities, and some
summation formulas for both of them. Finally, we create a matrix for bicomplex (p,q) — Fibonacci
quaternions, and we obtain a determinant of a special matrix that gives the terms of that quaternion.
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1. Introduction

A generalization of the second-order sequences is the (p, q) —Fibonacci sequence. Suvarnamani
and Tatong [2] defined (p, q) —Fibonacci sequence, {F,(p, q)}n-o, that has initial terms 0 and 1, and
for n = 2, holds the following recurrence relation:

Fri2(0, @) = pFrii(, @) + qF,(p, @), 1)

where p and g are nonzero real numbers such that p? + 4q > 0.
The first few (p,q) — Fibonacci numbers are

Fo(p,q) = 0,F(p,q) = 1,F,(p,q) = p,F3(p,q) = 0* + @), (p. @) = ®* + 2pq), Fs(p, @) = (p* + 3p*q + q?).

The characteristic equation of (1) is

62—po—q=0. )
Binet’s formula of the E,(p, q) is as follow
ﬁn_gn
F(pq) = -0’ @)

where 8 and € are roots of (2) [2].

Furthermore, there are many more articles on (p, q) —Fibonacci sequence [2-8].

Quaternions have become a popular subject of study by researchers, especially in recent years.
In 1843, Hamilton [9] introduced quaternions that extended complex numbers. In addition, a set of
quaternions is defined by Hamilton as follows:

H= {h = 1h0 + elhl + €2h2 + e3h3: ho, hl' h2, h3 € R}

where R is the set of real numbers,

2 2

2 — — — — — — —
el — 62 — 93 — _1, elez - —6261 — 63, 9233 - —6362 — el, 9331 — —6193 - ez. (4)

The quaternions can be thought of as four-dimensional vectors, just as complex numbers can be
thought of as two-dimensional vectors [9] because the quaternions are extensions of complex
numbers into a four-dimensional space.

In addition, new quaternions can be defined by combining quaternions and different number
sequences. For example, nth (p, q) —Fibonacci quaternions [4] are defined as follows:
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QF, (0, @) = By(p,q) + e1Fps1(0, @) + €2Fni2(0, @) + e3Fni3(p, @), @)

where F,(p,q) isthe nth (p,q) —Fibonacci number. Also, the imaginary quaternion units e, e,, and
e; have the rules in (4). There are many more works on quaternions in literature (see, for example,
[2,6,7,10-20]).

Another popular number sequence is the bicomplex numbers. In 1892, it is defined bicomplex
numbers [21] by four base elements 1,1, j,ij where

-2 2 _

i*=j*=-1and ij =ji. (6)
In that case, any bicomplex number b, can be written as follows:
be =bcy, +ibe, +jbe, + ijbey = bey +ibe, +j(bc, + ibcy)

where b, b,,b.,, b., € R and R is the set of real numbers. Let b, = b, + ib., + jb., + ijb., and
b.' = b, +ib;' +jb., +ijb., are two bicomplex numbers. Then, it is written the addition,
subtraction, and multiplication of the bicomplex numbers in the following form:
be + b = (bey +b.' ) + (bey + b’ )i+ (b, +bc',)j+ (bey + b )i,
b, — bc, = (bco - bclo) + (bcl - bcll)i + (bcz - bclz)j + (b03 - bc,3)ij/
b. X b, = (chbC'0 —be b, = be,b.', + beyb.' )

+(bC0bC'1 + bclbc'0 - bczbc'3 + bc3bc'2)i
+(bc0bc,2 + bczbc,o - bclbclg + bC3bcll)j
+(b60bc'3 + bc3bc'0 - bclbc'2 + bczbc'l)ij,

respectively.
Moreover, there are three different conjugations of the bicomplex numbers as follows:
E = bCO - ibcl +jbcz - ijbC3r
be, = by + ibey = jbc, = ijbc,,
KU = bey — ibe, — jbc, + ijbes.

For more information on bicomplex numbers, refer to the resources in [7,8,14,18,19,22-27].

There are also studies in which bicomplex numbers and number sequences and bicomplex
numbers and quaternion sequences are used together [8,14,15,18-20,23,25-27].

Here, we obtain a generalization of second-order bicomplex number and bicomplex quaternion
sequences. We give some of their equations, including the Binet formula, generating function,
Catalan, Cassini, d’Ocagne’s identities, and summation formulas for bicomplex (p,q) —Fibonacci
numbers and bicomplex (p, q) —Fibonacci quaternions. In addition, we describe a matrix that we call
N-matrix of type 4 x 4 for bicomplex (p,q) —Fibonacci quaternions whose terms are bicomplex
(p, 9) —Fibonacci numbers. Then, we obtained that the bicomplex (p, q) —Fibonacci quaternions can
be expressed as the 8 x 8 real matrices. Finally, we create a special matrix for bicomplex
(p, q) —Fibonacci quaternions, we obtain some equations about the matrix, and we obtain the

determinant of a special matrix that gives the terms of that quaternion.

2. Bicomplex (p, q) —Fibonacci Numbers

Here, we describe the bicomplex (p,q) —Fibonacci numbers. Some equations and summation
formulas about bicomplex (p, q) —Fibonacci number sequence are given. In addition, the generating
function, Binet’s formula, Catalan, Cassini, and d’Ocagne’s identities are obtained for these number
sequences.

Definition 1. The bicomplex (p, q) —Fibonacci numbers are introduced by
BFu(p:q)=Fu+iFu+1+jFu+2+ijFu+3r (7)

where F, is the uth (p, q) —Fibonacci number and i,j are bicomplex units that provide (5).

In the remainder of the study, F, will be considered as uth (p, q) —Fibonacci number.
The first few terms of bicomplex (p, q) —Fibonacci sequence are the following:
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BFy(p,q) =i +pj+ (p* + @)ij,

BF,(p,q) = 1 +pi+ (p* + q)j + (0 + 2pq)ij,

BF,(p,q) =p + (> + Q)i + (0> + 2pq)j + (p* + 3p*q + ¢)ij,

BF;(p.q) = (0* + @) + (P* + 2pq)i + (p* + 3p*q + ¢*)j + (p° + 4p3q + 3pq?)ij,

BF,(p,q) = (p* + 2pq) + (p* + 3p*q + q*)i + (p° + 4p*q + 3pq®)j + (p°® + 5p*q + 6p*q* + ¢°)ij.
For u = 2, it is given the following identity with simple calculation

BE,(p,q) = pBF,_1(p,q) + qBF,_;(p,q). (8)

Thus, the characteristic equation of (8) is

9> —pp—q=0. €)
Let any two bicomplex (p,q) —Fibonacci numbers be BE,(p,q) = F, + iF, 41 + jFy2 + ijFyi3
and BF,(p,q) = F, + iF,41 + jF,4 + ijF, 3. The addition, subtraction, and multiplication for them
are written as follows:
BE,(p,q) £ BE,(p, Q) = (Fy £ F,) + (Fus & Fou)i + (Fusz  Fosn)j + (Fuss + Foys)il,
BFu(pJ Q) X BFv(pl Q) = (Fqu - Fu+1Fv+1 - Fu+2Fv+2 + Fu+3Fv+3)
+( Fqu+1 + Fu+1Fv - Fu+2Fv+3 + Fu+3Fv+2)i
+(Fqu+2 + Fu+2E7 - Fu+1Fv+3 + Fu+3Fv+1)j
+(Fqu+3 + Fu+3Fv - Fu+1Fv+2 + Fu+2Fv+1)ij‘
The multiplication of a bicomplex (p, q) —Fibonacci number by the real scalar p is described as
the following;:
UBE,(p, @) = pF, + ipFyyq + jpuFyis + § pFyys.
Furthermore, bicomplex (p,q) —Fibonacci numbers have three different conjugations, which
can be written as follows:

(BFu(ptq))L =Fu_iFu+1+jFu+2 _ijFu+3r (10)
(BE,(p, Q))] =F, +iF 1 —jFu2 — §Fuys, (11)
(BE,(p, Q))L] =F, —iF 1 — jFu t §jFuys. (12)

Theorem 1. Let BE, and BF, be two bicomplex (p,q) —Fibonacci numbers. In that case, it can be given the
following for bicomplex (p,q) —Fibonacci numbers about the different three conjugates of these numbers:
(BE)(BE,), = (BR), (BE,), = (BE,), (BE),
(BE,)(BR), = (BE), (BE,), = (BE,), (BE,),
(BFu)(BFv)L} = (BFu)l] (BEI)U = (BF‘U)I.] (BFu)l]

Proof. By using (10)-(12), these identities can be obtained with simple mathematical calculations. O

Theorem 2. Binet’s formula of the bicomplex (p, q) —Fibonacci numbers {BE,(p, q)} is given in the following
equation for u = 0 (u is any integer),
™t — ww"
BE, =——— (13)
T— w
where T and w are roots of (9).
T=1+it+jt%+ij78
w=1+iw+jo’+ijw?

Proof. By using (8) and (4), we have following equation:

Tu _ cUu Tu+1 _ wu+1 _L.u+2 _ wu+2 _L.u+3 _ wu+3
BFu(p,q)=<T_w)+i< >+j( — >+ij(—>.

T—w T T—w

Thus, Binet’s formula of the bicomplex (p,q) —Fibonacci numbers is easily given with some
simple computation. o

In the remainder of the study, BF, will be considered as uth bicomplex (p,q) —Fibonacci
number.

Theorem 3. The generating function of the bicomplex (p,q) —Fibonacci numbers {BE,} is
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6o o) = BF, + (BF, — pBF)t _ BFy + (1 +qj + (p° + p® — i)t
PSS (A-pt—qt?) (1 —pt — qt?) '

Proof. To find the generating function of {BF,}, we will first use the following equation.

Gpr(t) = Xi=o BE,t™.
In that case
Gpp(t) = BFy + BFyt 4+ BF,t? 4 -+ BE, t™ + -,
Thus,
—ptGgp(t) = —pBFyt — pBF,t? — pBF,t3 — --- — pBE, t™*1 + ...,
—qt%Gyp(t) = —qBFyt?> — qBF,t3 — qBF,t* — --- — qBE,t™2 + -,
We obtain that
(1 — pt — qt*)Ggr(t) = BF, + (BF, — pBF,)t + (BF, — pBF, — qBF,)t?
+ -+ (BFpy1 — PBLEp—qBFp_ )t™1 + -,
Using (9) and initial conditions, we have
_ BF, + (BF, —pBF))t _BFy+ (1+qj + ®° + p? — q)ij)t
Cor() ==~ pt—qt?) (1 - pt —qt?) '

m
Theorem 4. The exponential generating function of the bicomplex (p, q) —Fibonacci numbers {BF,} is

e — pe®U
EBF(t) == =

Proof. To find the exponential generating function of {BE,}, firstly, we will use the following

T— W

equation:
Epp(t) = L5 BF, = (14)

By using (14) and e = }.;, 2_1: , the exponential generating function of BF, is obtained

T wu

It -wwtt* e

Epr(t) = Xi=o ==

- w u!

U_ e
-—w

o

Theorem 5. For u = v, Catalan identity for bicomplex (p,q) —Fibonacci numbers is as follows:

— T w(=* (" - w”)?
p? +4q

BE,_yBFy 4y _BFuZ = (

where u and v are positive integers.

Proof.
5 _.[.[u—v _Qwu—v ITU.'FU _ﬂwu+v ITu _ﬂwu ITU. _ﬂwu
Bhu-vBluy = Bl _< T— W )< T— w >_( T— )( T— w )
_ (13(—q)“‘”(r"—w")w”—gz (—q)“‘”(r”—w")r")
(z- w)? ’

Because T and w arerootsof (10), tw =(—q) and T=1+it+jr?+ijt> and w =1+iw+
jw? + ijw3, we obtain
To=04+q-¢-¢)+ilp—pe>)+j®*+2q+p*q+2¢*) +ij(*>+2qp) = 0 T.
- 12(—q)”"’(r”—w”)2) _ (oo P Er-oY)?
= Tag .0

Thus, we obtain = (

(1- w)?
If v =1 in the Catalan identity, Cassini identity is obtained as follows:
Corollary 1. For u > 1, Cassini identity for bicomplex (p,q) —Fibonacci numbers is as follows:
BF,_1BFy41~BF? = — T w(—q)*"!
where u is an integer.

Theorem 6. D’'Ocagne’s identity for bicomplex (p,q) —Fibonacci numbers is as follows:
_Tﬂ(_q)v(l_u—v — wu—v)

Jr?+4q

BE,BFy41 — BFy1BE, =
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5
Proof.
™ — wo¥ T — pelt? T — ottt 77 — waw?
BE,BF,,, — BF, BF:(— @ )_ ) [z M (_ w )
o R e ( T-w ) ( T— ) T— w
_ (IQTH(DV(T_ w)— ® T T’ (T — w))
- (1 — w)?
Tw=w7t,u=2vand tw=—q
109 @ 0" 1 w(=q)"@ "~ ')
(t— w) 07 ¥ 4q
O

Now, we give some identities about summations of terms in the bicomplex (p, q) —Fibonacci
numbers.

Theorem 7. For k,l are natural number, the summation formula of bicomplex (p,q) —Fibonacci numbers is
BF},1+qBF;—BF;—qBF,

p+tq+1

E%c 1BFx =19 45r BFp+?z_11)(1 i+j+ij)
= qBF+BF; +(1-1)(1+i+j+ij 4
i pt+tq=1

Proof. Firstly, we assume that p + q # 1. In this situation,

Z%c:l BF :Z%czl Fy + iZ;c=1Fk+1 +]'E§<=1 Fyi2 +1j Z;e:l Fiets
In addition, we know that from the equ (13) in [5]

Z F Fi41+qF|—-F1—qFy
k=1t == p3q=1

With simple calculations, we obtain
_ FriataFiya—F—qh

Yh=1Fisr = D Ziem1 Fi + q Zhmy Froy = 05—,
v F, =fostafeaFoah o
k=1lk+2 = p+a-1 ’
Sl p = st 0fFimahs
k=1Tk+3 = Prq-1 .
Thus,
_ Fl41+qF1-F1—qFy | . (Fi42+qF141—F—qF -(Fl+3+qFl+2—F3—sz) . Flia+qF 14 3—F4—qF3
Y. _,BF, = e P +j (e +L](—p+£,_1 )
BFy41+qBF—BF;—qBF,
p+q-1 '

Now, let p+q =1,

We obtain that from the equ (13) in [5], Xk_; Fx = % Moreover, we have

qF141+(-1D+F,

Y=t Firr =D Xher Fi + q Xhey Fioa =" 1+q
So we can write
Z F, _ qF2+(I-1)+F3
k=1"k+2 — 1+q 7
qF143+(1-1)+F,
Yi=1Fiss = — g Thus,
qF1+(-1)+F; | . (qF1p1+(1-1)+F; [ qF L+ (I-1)+F5 o QF 3= +Fyy
Zk 1BFk - 1+q +1i 1+q tJ 1+q +l]( 1+q ) -
h qBF+(1- 1)(1+L+]+L])+BF1 - -
1+q

O

Theorem 8. For u,v = 0,

v _ —
BFyy = $3-o() (@) *FiFYEBF, .

Proof. According to the lemma in [17] for (p,q) — Fibonacci numbers, we know that

mn+r _21 0( )(Q)n }FJ m {P}H” s (15)
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Using (7) and (15),
BFug =FEp +iFp tjFuwe + l;]jFuv+3

v _ _ . v _ -
= (1) @ REREERc+ ) () @ REFEE P
k=0 k=0
. v _ _ .. v _ _ v _ — s
+ TR oQ@ KRR Frwy + 1 o) (@) FEFY K Fiers = S0 (1) (@) *REFSZE (B + iFig +
. L. v _
JFiiz2 + YFy3) = ZZ:o(k)(CI)U *E¥Fy_BF.

O

3. Bicomplex (p, q) —Fibonacci Quaternions

Here, we describe the bicomplex (p, q) —Fibonacci quaternions. Some equations and summation
formulas about bicomplex (p,q) — Fibonacci quaternion sequence are given. In addition, the
generating function, Binet’s formula, Catalan, Cassini, and d’Ocagne’s identities are obtained for
these quaternions.

Definition 2. The bicomplex (p,q) — Fibonacci quaternions are defined by

BCQFE,(p,q) = QF,(p,q) + i QF,4+1(0,q) + jOFy12(p, @) + ij QF,3(p, ), (16)

where QF,(p,q) = F,eq + Fyi1€1+Fy 65 + Fyses is the uth (p,q) — Fibonacci quaternion, i = j* =
—1, ij = ji.

Thus, bicomplex (p, q) — Fibonacci quaternion with four bicomplex components can be written
as

BCQFu(p' q) = (Fu + iFu+1 +jFu+2 + ij Fu+3) + (Fu+1 + iFu+2 +jFu+3 + ij Fu+4—) e; + (Fu+2 +
iFys3 + jFura + 1 Fyuis) €2 + (Fupz + iFyg + jFyis + 1 Fyie) €3

By using (8), we obtain the following equation

BCQF,(p,q) = BF, + BFy4; €1 + BFyy,e; + BFyy3 €3. 17)

Thus, the first few terms of the bicomplex (p, q) — Fibonacci quaternions are
BCQF,(p,@) =i+pj+ ®@*+Qij+ 1+pi+ @*+q@)j+ @+ 2pije + (p+ ®*+ Qi+ (p° +
2pq)j + " +3p*q + ¢ e + (* + @) + (P + 2p@)i + (p* + 3p*q + ¢*)j + (p° + 4p°q +
3pa*)ij) es, .

BCQF (p,q) = (L +pi+ (p* + @)j + @° + 2p)ij) + 0 + (p* + Q)i + ®* + 2pq)j
+(* +3p%q + qM)ip) ey + (% + @) + (P + 2p@)i + (p* + 3p*q + ¢%)j
+ (p° +4p°q + 3pq?)ij) e, + (®° + 2pq) + (p* + 3p*q + ¢*)i
+ (p° +4p°q + 3pq®)j + (p° + 5p*q + 6p%q* + ¢*)ij)es,

BCQF,(p,q) = (p + 0> + Q)i + (0 + 2pq)j + (0* + 3p*q + ¢®)ij) + (* + @) + (* + 2p@)i +
(p* +3p%q +q»)j + (° + 4p°q + 3pa®)ij) e; + ((P* + 2pq) + (p* + 3p?q + q»)i + (° + 4p’q +
3pq®)j + ®° + 5p*q + 6p*q* + ¢*)ij) e, + ((p* + 3p?q + q*) + (p° + 4pq + 3pa?)i + (p° + Sp*q +
6p?q* + q*)j + (p” + 6p°q + 10p*q* + 4pg*)ij)es.

Therefore, any bicomplex (p,q) — Fibonacci quaternion occurs of a scalar part and vectorial part
expressed as follows;

Secor, = Ko = BE,(p,q) = F, + iFyy1 + jFyyp + § Fuys,
Vicor, = K = BFy41(p,q) e, + BF,1,(p, q)e; + BFy43(p, q) e3.

Here, the set of bicomplex (p,q) — Fibonacci quaternions will be denoted by Hpc, Fipa)® And in
the remainder of the study, BCQF, and QF, will be considered as uth bicomplex (p, q) —Fibonacci
and (p, q) —Fibonacci quaternion, respectively.

Let BCQF, = Ky + K and BCQF, = Ly + L be two bicomplex (p, q) —Fibonacci quaternions. The
addition and the subtraction of them are

BCQF, ¥ BCQF, = (BF, ¥ BF,) + (BFy41 ¥ BFy11)) €1 + (BFys T BF,y5) € + (BFyys ¥
BF,:3) es.

The multiplication of a bicomplex (p,q) — Fibonacci quaternion by the real scalar 1 is

described as follows:

ABCQE, = AQF, + i AQF,41 + jAQFys + ij AQFy 3.
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The product of any two bicomplex (p,q) — Fibonacci quaternions BCQF, and BCQF,
BCQF, = K, + K and BCQE, = Ly + L is
BCQE,BCQE, = (Ko + K)(Ly + L) = KoLy + KoL + LoK —K.L+K XL,
where K.L and K X L represent the dot product and the cross product of K and L, respectively.
The conjugate operation in Hgcr, ,, 18

BCQF,” = SBCQFu — Vicor, = BE,(p,q) — BF,41(p,q9) e; — BF,42(p,@)e; — BF,43(p, q) e3,
whereas the bicomplex conjugates are
(BCQE). = (Sscor )i + (Vbcor,)r = (BR.(p, @) + (BFu41(p, @)).e1 + (BFy42(p, @))€z + (BFuis(p, 4)) 85
(BCQFu)1 = (SBCQFH)] + (VBCQFu)j = (BF,(p, Q))J + (BFu+1(PIQ))191 + (BFu42(p, Q))Jez + (BFu4+3(p, CI))JEE.
(BCQED; = (Sseor, )y + Vscor,)y = (BE,(p, CI))U + (BFu11(p, CI))U€1 + (BFy12(p, CI))Uez + (BFu13(p, Q))ue3-
The features of quaternion algebra are adapted to bicomplex quaternions as well as to complex
quaternions. In this situation, some key properties in bicomplex quaternions change. Because the
norm of a real quaternion h = (hg, hy, hy, h3) is defined by ||h]| = hy® + hy® + h,” + hs?, the norm is
positive definite and real. But, we consider the complex quaternion; the norm is described according
to the inner product of a complex quaternion with itself. That is, for a complex quaternion ch =
(chy, chy, chy, chy), the norm of ch can be written as ||ch|| = chy® + chy® + chy® + ch3®.
Since the components of ch are complex numbers, the norm of ch has a complex value. In [15],

the norm of a complex Fibonacci quaternion can be given as follows;
”R” = an + Cn+12 + Cn+22 + Cn+32-

In addition, we described the norm of any bicomplex quaternion, in terms of the inner product
of a bicomplex quaternion with itself as in the definition of a complex quaternion. Then for any
bicomplex quaternion bch = (bchy, bchy, beh,, behs), the norm of bch can be written as [|bchl| =
bchy® + bchy® + behy® + behy® . In this situation, the norm of a bicomplex (p,q) — Fibonacci
quaternion can be given as follows;

IBCQFIl = BFu2 + BFu+12 + BFu+22 + BFu+32-

Also, we obtained that there are four different conjugates of bicomplex (p,q) — Fibonacci
quaternion, whereas there are three different conjugates of bicomplex (p,q) — Fibonacci numbers.
Furthermore, the following inequalities get about four different conjugations of bicomplex (p,q) —
Fibonacci quaternion.

Theorem 9. Let BCQF, and BCQF, be two bicomplex (p,q) — Fibonacci quaternion. In that case, we obtain
the following inequalities about the four conjugates of them:
((BCQE,)(BCQE,)) " # (BCQE,) " (BCQR) ™
(BCQR)(BCQF,), # (BCQE,), (BCQE),
(BCQF,)(BCQE,), # (BCQF,), (BCQF,),
(BCQF,)(BCQE,),, # (BCQF,),, (BCQF,),

Proof. Using conjugate operations in Hpcor and (16), the above identities can be easily proved.o

The following equation for the elements of BCQF is easily obtained using (16)
BCQFy 1, = PBCQF, 41 + qBCQF,. (18)
Thus, the characteristic equation of (18) is
y?—pr—q=0. (19)

Theorem 10. Binet’s formula of the bicomplex (p,q) — Fibonacci quaternions {BCQEF,} is given by the
following equation for u = 0,

where & and p are roots of (19) and
S=1+i6+j6*+ij63
p=1+ip+jp*+ijp?
§=1+38e, + 8%, +68%¢;
p=1+pe + p’e;+p’e;
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Proof. By using (16) and (13), we have the following equation:
S6% — ppu 55u+1 _ ppu+1 56u+2 _ ppu+2 65u+3 _ ppu+3
BCQF, = ——=—+ (= = = = — = :
CQF, 5—p +( 5= p Jes +( 5—p Dez + ( 5= p ) e3
Thus, Binet’s formula of the bicomplex (p, q) —Fibonacci quaternion is easily found with some

simple computation. o

Theorem 11. The generating function of the bicomplex (p, q) —Fibonacci quaternions {BCQF,} is determined

by
Gacgr(6) = P20t ppcon:
Proof. To obtain the generating function of {BCQF,};-,, we use power series representation of
{BCQEF,}.
Gpcor(t) = Xa=o BCQE,t".
That is,
Gpeor(t) = BCQFy + BCQF;t + BCQF,t? + -+ + BCQEut™ + -+,
Thus,
—ptGpeor(t) = —pBCQFyt — pBCQF t*> — pBCQF,t3 — - — pBCQF, t™ ! + ---.
—qt?Gpeor(t) = —qBCQF,t* — qBCQF t* — qBCQF,t* — -+ — qBCQF,,t™** + -,
We obtain that

(1 — pt — qt*)Gpcor(t) = BCQFy + (BCQF, — pBCQFy)t + (BCQF, — pBCQF; — qBCQFy)t?
+ -+ + (BCQF,,.; — pPBCQE,,—qBCQF,,_)t™*1 + ...,
Using (18) and initial conditions, we have

BCQFy+(BCQF,—pBCQF,)t
Gpeor(t) = 0 . 2

(1-pt-qt?)

O

Theorem 12. The exponential generating function of the bicomplex (p,q) —Fibonacci quaternions {BCQF,}

is
8 5efu-p perv
Epcor(t) =———F———

Proof. To obtain the exponential generating function of {BCQF,};-,, we use the power series

s—p

representation of {BCQF,}.
Epcor(t) = Zi=o BCQF, =, (20)

. t t¥
Using (20) and e* = X7 -, we have
888%—p pp* tu

8 6e%-p perr
Epcor(t) = Xu=o 5 p i 5—p

O

Theorem 13. For u = v, Catalan identity for bicomplex (p,q) —Fibonacci quaternions is as follows:
8 p (=¥ (8" = p*)(& pp¥ — ﬁ&?”)

BCQFu—vBCQFu+U - BCQFuZ = < (pz + 4q)

where u and v are positive integers.

Proof.
8878 — ppTUp\ (BEWVE — ppttUp\ [ 86M5 — ppUp\ (888 — pptp
BCQFu_vBCQFu+v—BCQFu2=< — )( = >—< = )( 5=, )
8 pSp(=q)* (8" = p"p¥ — p 8 pS(=q)* 7" (8¥ — p*)6”
N ( 6 - p)? )

Because § and p are roots of (19),
Sp=(-q), 8=1+i6+j6*+1ij6* and p=1+ip+jp*+ijp*, we obtain
Sp=0+q-q*—-q>)+ilp—pa®) +j®*+2q +p*q + 2¢*) + ij(p* + 2qp)
a =p38.
Thus, we obtain B
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BCQF,BCQFy4, ~BCQF,” = @ = p)?

_ <££ (¥ U(8V-p¥)(6pp- P&S”)
- (P2 +4q)

8 p (=q)*7" (8% — p)(8pp* — ﬁ&S")

If v =1 in the Catalan identity, Cassini identity is obtained as follows:

Corollary 2. For u = 1, Cassini identity for bicomplex (p, q) —Fibonacci quaternions is as follows:
8 w (—)*"(8fp — p&s
BCQF,_,BCQF, 4, ~BCQF,” = (——( D" G- p )
V(p* +4q)

where u is an integer.
Theorem 14. D’ocagne’s identity of bicomplex (p,q) —Fibonacci quaternions for u = v is as follows:
8 p8p(—q)°(8 p5¥ — p §p*~)

P2 +4q '

BCQF,BCQF,4; — BCQF,,BCQF, =

Proof.
BCQF,BCQF, 4, — BCQF,; BCQF, =
égau _ﬁppu é5’51+v _£p'p1+v
6—p 6—p

£85u+1_£p'pu+1 §55”—£ﬁp”
6—p 6—p

(.08 (8p)'6 S —p) = p 858 (98)'p"(S — p)
- ©— p)?

Sp=pb,uzvand dp=—q
_ 8p8p=a)¥(6p8"-pbp V) 8 pSp(-a)¥(8 p8HTV=p 5p¥Y)
- 6-p) B Jp2+4q '

Now, we give some identities about summations of terms in the bicomplex (p, q) —Fibonacci
quaternions.

Theorem 15. For k,l are natural number, the summation formula of bicomplex (p,q) — Fibonacci

quaternions is
BCQFy41+qBCQF;~BCQF; —qBCQFy

1 _ p+q-1
Zk=1 BCQF, = qBCQF+BCQF +(1-1)(1+e1+ey+e3)(1+i+j+ij)
1+q
Proof. Firstly, we assume that p + q # 1.In this situation, Y,_; BCQF, =Xk_; QF, + i Xk_1 QFp41 +
j k1 QF 42+ ij Xk—1QF¢ys . In addition, we obtain that by using the equ (13) in [5],

p+q+1

ptq=1

Fl41+qQF | —QF; —qQF, . . .
i QF, =¥r1+ae0R=a0%k yith simple calculations, we get
k=1 k p+q-1 p &
Y N ) _ QFL42+qQF141-QF,—qQF:
Zk:l QFk+1 - ka:l QFk + q Zk:l QFk—l - +2 p+-;1_1 2 1/
l _ QF143+qQF142,—QF3—qQF; h
Zk:l QFk+2 - p+q—1 1
l _ QF14+4+qQF113—QF4—qQF;
Zk=1 QFk+3 - p+q—1 .
Thus,
l _ QF14+1+qQF;—QF1—qQFy , . [QF14+2+qQF14+1—QF;—qQF; . [ QF143+qQF 142 —QF3—qQF,;
Li=1 BCQF, = p+q-1 +i ( p+q-1 ) tJ ( p+q-1 ) +
.. QF 144 +qQF143—QF4—qQF3\ _ BCQF141+qBCQF—BCQF;—qBCQF, )
3 ( p+q-1 )_ p+q-1 °

Now, we assume that p+q=1. We obtain that by using the equ (13) in [5],

QF+(l-1)(1+eq+ez+e3)+QF;
Y QF, =%L =1 1+; 2+€3)+0F ) foreover, we have
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qQF 41+ (l-1)(1+e1+ey+e3)+QF;
Zﬁc=1 QFi41 = PZ;c=1 QF, +q Z%c:l QF_, = bt 1+q1 e 2,

_ qQFp+(I-1)(1+estey+e3)+QF;

l
Zk:l QFk+2 - 1+q 7

qQF L 3+(I—1)(1+e; +ep+e3)+QF,

! _
Yk=1QFki3 = g

So we can write

Yi=1BCQF, = Z%{:(l Qik + iZ;c=1)QFk+1 +Jj Yhma Q(Fk+)2( +ij ch=1)QFk+3
qQF+(1-1)(1+e1+ez+e3)+QF; . (qQF14+1+(1-1)(1+eqi+ez+e3)+QF.
Z;c=1BCQFk — l 1+111 2tes 1+l( I+1 1+q1 2tes 2)+
j(qQFl+2+(l—1)(11::1+92+33)+QF3) + ij(qQFl+3+(l—1)(11:;1+€2+93)+QF4) '
_ qBCQF+(1-1)(1+e; +ey+e3)(1+i+j+ij)+BCQF,
- 1+q .

O
Theorem 16. For u,v = 0,
BCQF,, = X3-o() (@) *FFX_\BCQF; .
Proof. Using (7) and (17), BE,, = zzzo(Z)(q)v-kFukngfBFk
BCQF,, = BE,, + BF 4161 + BFy06; + BFy 4363
=Skoo () (@7 REFIEBF + B3o ()) (@ *FEFZEBF &0
580 (1)) (@ FEFY - BFe s €245 0 () (@) *REFSEBFyps €5
;

v - —
= Z (k) (@) *FK¥FY=¥(BFy + BFy11€; + BFyy2; + BFyy3€3)
k=0

v
v _
= > @V EEFLBCQF,.
k=0
O
4. Matrix Representation of Bicomplex (p,q) — Fibonacci Quaternions and An Application in
This Representation for them

Firstly, we will use the matrix that generates {F,(p, q)}, which we define to obtain the N-matrix,
which is similar to the definition of the S-Matrix defined in [11]. We know that

Fup) _(p a\* (B
(51)=G 0'(2) 2D
By using (21), The N-matrix is defined as
u_ (P qu_ Fu+1 un)
v=(1 o) —( Fy  qFu-1) (22)

- 1
where F_, = q—f, F,= p

Here, we will define the BCQFy -matrix that we called the bicomplex (p,q) — Fibonacci

quaternion matrix as follows:
_ (BCQF; qBCQF,
BC0Fy = (scor, qBCQF;)'

Now, we can give the following theorem about the BCQFy-matrix.
Theorem 17. If BCQF, be the uth bicomplex (p,q) —Fibonacci quaternion. Then, for u = 0

BCQFy. (! q)”=(BCQFu+3 qBCQFm)'

1 0 BCQFy4; qBCQFutt (23)

Proof. To do this, we apply induction on . If u = 0, it is clear that (23) holds. Now, we suppose that

v (BCQF, BCQF,
(23) is hold for u = v, that s, BCQFy.(} 0) = (BchZ:z ZBCgF’;:i).

Using the Eq. (18), for v = 0, BCQF,,, = pBCQF, ., + qBCQF,. Then, by induction,
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BCQFy.N"*' = (BCQFy.NV)N
_ (BCQFM qBCQFv+2) ¢ - (pBCQFu+3 + qBCQFy+, qBCQFv+3)
~ \BCQFy42 qBCQFv+1)'\1 0/ \pBCQF,,; +qBCQF,4; qBCQF,,,
_(BCQFv+4 qBCQF,,+3)
= \BCQF,.s qBCQFv+2)
Thus the Eq. (23) holds for all u > 0.0

Corollary 3. For u = 0,
BCQF,1; = BCQF,Fyyy + (qBCQF)F,.
Proof. The proof can be easily seen by the coefficient (2, 1) of the matrix BCQFy.N* and the Eq. (22). O

Theorem 18. For u = 1, (u is an integer) and v € {0,1}. Then
( BCQFyy4 BCQFZ(u_1)+U) _ (BCQFZH, BCQF, )(pZ +2q 1)“'1
BCQF+1y+v  BCQFayi+y ) \BCQF4, BCQFyy)\ —q* 0/
Proof. We prove the theorem by induction on u. If u =1 then the result is clear. Now we assume
that, for any integer d suchas 1<d <,
< BCQFq+y BCQFZ(d—1)+v)
BCQFyaiiysy  BCQFyary
Then for u = d + 1, we obtain
BCQF,,, BF, \(p*+2q 1\° (BF,, BF, \(p*+2q¢ 1\ '/p?+2q 1
<BCQF4+v BF2+v)( —q? 0) - <BF4+1; BF2+1;)( —q? 0) < —q? 0)
_ ( BF;444 BFZ(d—1)+v) (p2 +2q 1) <BF2(d+1)+v BFq4v )
BF;a+1)+v BF,444 —q? 0 BF,a12)+v  BFoas1y+v/’
where v € {0,1}. Therefore, the proof is completed. O

_ (BCQFM BCQF, )<p2 +2q 1)‘“
BCQFyy BCQFyuy)\ —q2  0) -

In [15], it is obtained the complex Fibonacci quaternions are shown by the 8 x 8 real matrices.
First, we obtained the matrix form of a bicomplex (p, q) — Fibonacci quaternion BCQF, with the aid
of 4 x 4 matrix representations and produced a new 8 x 8 type bicomplex quaternion matrix similarly.
We can define the following matrices.

I VA R G N )

where
_1 0 _0 _l _0 _] 2 2 N PP
a_(o 1)/1—‘_(1 0)/(_(} 0>/andl - 1/] - 1;("]) _1vl]_]l'
Using the matrices @, I' and {, we obtain E,*> =1, and E;* = E,* = E;* = —I,, where I, is

the 4 x 4 identity matrix. Furthermore, it satisfies the following equations:
E1E2 = _EZEI = E3, E3E1 = _E1E3 = Ez, E2E3 = _E3E2 = El’ E1E2E3 = _14_. (24)

The bicomplex (p,q) —Fibonacci quaternion BCQF is also expressed by the 4x4 matrix with
these new matrices. By the bicomplex (p, q) —Fibonacci number, we can write
BCQF, = BE,Ey + BF,41 Ey + BFy42E> + BF,,s Es  BCQF =
BFu BFu+1 BFu+2 BFu+3
—BF, 41 BE, —BFy3 BFy42
—BF,+; BF,.3 BE, —BFy41
—BFy13 —BFyi2 BFy4 BE,

Theorem 19. For u > 0, the uth term of the bicomplex (p,q) — Fibonacci quaternion sequence with the
determinant of a special matrix can be obtained as follows:

BCQF, -1 O 0 0 0 0 0

BCQF, 0 -1 0 0 0 0 0

BCQF, O 0 -1 0 0 0 0

0 0 q p -1 0 0 0

BCQF, =|: -,

0 0 0 0 0 -1 0 0

0 0 0 0 0 D -1 0

0 0 0 0 0 q p -1

0 0 0 0 0 0 q Pl nxw+1)
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Proof. For the proof, we use the induction method on wu. It is clear that equality holds for u = 0,1.
Now, suppose that the equality is true for 2 < k < u. Then, we can verify it for u + 1 as follows:

BCQF, -1 0 o0 0 .. 0 0 0 0
BCQF, 0 -1 0 0 .. 0 0 0 o0
BCQF, 0 0 -1 0o .. 0 0 0 o0
0 0 g p -1 0 0 0 0
BCQRun = | 0 0 0 1 -1 0 0 0
0 0 0 0 0 p -1 0 0
0 0 0 0 0 q p -1 0
0 0 0 0 0 0 g p -1
0 0 0 0 0 0 0 q  Plasoyxws2)
BCQF, -1 0 0 0 0 0 0
BCQF, 0 -1 0 0 0 0 0
BCOQF, 0 0 —1 0 0 0 0
] P ° %
0 0 0 0 0 -1 0 0
0 0 0 0 0 p -1 0
0 0 0 0 0 q p -1
0 0 0 0 0 0 q Plausxwsr)
BCQF, -1 0 0 0 0 0 0
BCQF, 0 -1 0 0 0 0 0
BCOF, 0 0 -1 0 .. 0 0 0
0 0 q p -1 0 0 0 0
+(=D(=D)2*+3 |
0 0 0 0 0 -1 0 0
0 0 0 0 0 p -1 0
0 0 0 0 0 q p -1
0 0 0 0 0 0 0 4 1yt 1)x(u+1)
BCQF, -1 0 0 0 0 0
BCQF, 0 -1 0 0 0 0
BCOF, 0 0 -1 0 0 o0
= pBCQF, +q(-122|) 0 1 p -l o)
0 0 0 0 0 -1 0
0 0 0 0 0 14 -1
0 o o O 0 a Pl

= pBCQF, + qBCQF,-,
Thus, the proof is completed. O

5. Conclusions

Here, we investigated (p,q) — Fibonacci numbers, quaternions, bicomplex numbers, and
bicomplex quaternions. And we introduced bicomplex (p,q) —Fibonacci numbers and bicomplex
(p, 9) —Fibonacci quaternions based on these numbers. That is, we obtain a generalization of second-
order bicomplex number and bicomplex quaternion sequences. Furthermore, some of their equations
include the Binet formula, generating function, Catalan, Cassini, and d’Ocagne’s identities, and some
summation formulas for both of them.

In addition, we describe a matrix that we call N-matrix of type 4 x 4 for bicomplex (p,q) —
Fibonacci quaternions whose terms are bicomplex (p, q) —Fibonacci numbers. Then, we obtained
that the bicomplex (p, q) —Fibonacci quaternions can be expressed as the 8 x 8 real matrices. With the
help of the new four matrices we defined in 4 x 4 type, we obtained {E, E1, E,, E3} which is used as
the basic elements of real quaternions {1,ej, e, e;}. Also, we obtained that the bicomplex
(p, 9) —Fibonacci quaternion can also be expressed with a new matrix of type 4 x 4, whose elements
consist of bicomplex (p, q) —Fibonacci numbers.

doi:10.20944/preprints202312.1434.v1
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Finally, we create a matrix for bicomplex (p,q) —Fibonacci quaternions, and we obtain a
determinant of a special matrix that gives the terms of that quaternion.
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