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1 Faculty of Mechanical Engineering, Niš, 18000, Serbia 
2 Faculty of Occupational Safety 
* Correspondence: jelena.nikodijevic.petrovic@masfak.ni.ac.rs 

Abstract 

Electromagnetic hydrodynamic (EMHD) mixed convective flow of tetra hybrid nanofluid (TeHNF) 
in a Darcy-Forchheimer porous medium in a vertical channel with thermal radiation is considered in 
the paper. The electric and magnetic fields are homogeneous, magnetic perpendicular to the walls of 
the channel, and electric perpendicular to the plane formed by the directions of the magnetic field 
and the basic current. The channel walls are impermeable, they are at constant but different 
temperatures. The governing partial differential equations (PDE) were, by introducing dimensionless 
quantities, transformed into nonlinear ordinary differential equations (ODE) which were analytically 
solved using the homotopy perturbation method. The relations for velocity and temperature 
distributions, Nusselt numbers and shear stresses on the channel walls were determined. These 
relations are functions of introduced physical parameters that characterize the observed problem. For 
TeHNF, where the base fluid is water and the nanoparticles are made of aluminum oxide, titanium 
dioxide, magnesium oxide and magnetite, a part of the obtained results is given. Velocity and 
temperature plots are presented in the form of graphs, and Nusselt numbers and shear stresses are 
presented in the form of tables. Based on the analysis of the obtained results, appropriate conclusions 
were drawn. 

Keywords: vertical channel; Darcy-Forchheimer porous medium; Thermal radiation; Homotopy 
perturbation method 
 

1. Introduction 

Fluid flow and convective heat transfer are present in a wide range of industrial applications. 
That is why even today a large amount of research is devoted to these problems, especially to the 
improvement of heat transfer and management of flow and heat transfer. These requirements are 
realized in different ways: different external environments such as, for example, electric and magnetic 
fields, different current spaces such as porous media, different fluids, etc. The idea of improving the 
thermal conductivity of used fluids is old but its implementation was only started with the 
publication of the work of Choi and Eastman [1], when fluids in which metal nanoparticles are 
suspended were practically introduced and called nanofluids (NF). 

Among the numerous studies available in the literature that address these problems, only a few 
of them are mentioned in this introduction. Lima et al. [2] investigated the magnetohydrodynamic 
(MHD) convective flow of two immiscible fluids in an inclined channel of a porous medium with the 
effects of buoyancy, Joule and viscous dissipation, wall motion, magnetic field tilt and heat 
generation/absorption. Raju and Satish [3] investigated the effect of the slip factor on the MHD flow 
and heat transfer of two incompressible ionized gases inside a horizontal channel with Hall currents. 
The effects of an inclined magnetic field and thermal radiation on entropy generation during the flow 
of two immiscible fluids, micropolar and Newtonian, in the porous medium of a horizontal channel 
were investigated by Yadav et al. [4]. Mixed convective flow of NF in a porous medium in a three-
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layer vertical channel where the middle layer is a clear fluid and the medium is free was investigated 
by Umavathi and Sheremet [5], with the influence of an applied magnetic field, heat generation, 
Brownian motion and heat radiation by Mehta et al. [6] and with a non-Darcy porous medium, an 
applied magnetic field and four discrete heat sources on the right channel wall Fersadon et al. [7]. 
Petrović et al. in papers [8] and [9] investigated the EMHD mixed convective flow of two immiscible 
NF and rigid fluid in porous media in a horizontal and vertical channel, respectively. Subray et al. 
[10] investigated the EMHD convective flow of NF in a porous medium between two clear fluid layers 
in an inclined channel with thermal radiation and Hall current. MHD unsteady convective flow of 
two immiscible NFs in a porous medium in an inclined channel of permeable walls with thermal 
radiation was investigated by Devi et al. [11]. 

Kumar and Chamkha [12] investigated Cu/water nanofluid flow in a Darcy-Forchheimer (D-F) 
porous medium in a convergent/divergent channel with the effects of nanoparticle shape and thermal 
radiation. Peristaltic flow of NF in a non-Darcy porous medium with thermal radiation, chemical 
reaction effects and variable viscosity was investigated using the homopathic perturbation method 
(HPM) by Ouaf and Abouzeid [13]. A review of the literature for various NF models and their 
solutions-especially accurate, as well as suggestions for further research are given in the work of 
Sheikh et al. [14]. In a review paper by Nabwey et al. [15] analyzed top papers published between 
2018 and 2020 dedicated to the application of NF and heat transfer in porous materials and provided 
directions for future research. Mixed convective flow of a hybrid nanofluid (HNF) in a vertical 
channel with slip effects was investigated by Xu and Sun [16]. Zainal et al. [17] investigated the flow 
and heat transfer characteristics of HNF in the presence of a magnetic field and thermal radiation 
over a permeable moving surface. Khalil et al. [18] investigated the MHD flow of HNF of variable 
thermal conductivity and viscosity in a porous medium with heat generation and slip conditions. The 
effect of the nanoparticle shape factor on the convective flow of immiscible NF and HNF in an 
inclined channel with a porous medium was investigated by Subray et al. [19]. Comparative analysis 
of heat and mass transfer of microplate Casson NF (TC4/kerosene oil) and HNF (TC4+NiCr/kerosene 
oil) with the effects of thermal radiation, magnetic field and porous medium was done by Yahya et 
al. [20]. Rao and Deka [21] investigated the MHD flow and heat transfer of a water-based HNF 
induced by a stretchable layer of porous medium with slip boundary conditions and thermal 
radiation. Mahmood et al. [22] investigated the effect of heat generation/absorption on the MHD flow 
of three water-based HNFs (THNF) past a stretching/shrinking permeable plate with slip conditions. 
The effects of radiation, heat generation and nanoparticle size in unsteady MHD mixed convective 
NF flow in a vertical channel were investigated by Gul et al. [23]. The effects of baffles and chemical 
reactions on the convective flow of a micropolar fluid in a two-pass vertical channel of a porous 
medium were investigated by Gitte et al. [24]. 

MHD flow and heat transfer of a hybrid nanofluid in a boundary layer over an exponentially 
contracting surface with magnetic field, heat sink/source and thermal radiation effects were 
investigated numerically by Othman et al. [25]. Kalpana and Saleen [26] investigated the unsteady, 
laminar flow and heat transfer of a stratified dursty electrically conductive fluid through a porous 
medium in an infinitely long irregular inclined channel. Agarwal et al. [27] investigated the MHD 
flow and heat transfer of a micropolar fluid in a permeable channel with thermal radiation using the 
homotopy perturbation method. The flow and heat transfer of immiscible clear and nanofluids in an 
inclined channel saturated with a porous medium in the presence of thermal radiation, species 
diffusion, and viscous and Darcy dissipation effects were investigated by Pavithra et al. [28]. 
Nikodijević Đorđević et al. [29] investigated the EMHD flow and heat transfer of immiscible 
nanofluids and hybrid nanofluids in a horizontal channel in which the upper and lower halves of the 
channel are saturated with different porous media. Parfena et al. [30] considered two-phase 
Hartmann fluid flow in horizontal and inclined channels where the lower fluid is electrically 
conductive and the upper complete dielectric in a magnetic field. 

Recent developments in mass and heat transport research extensively incorporate TeHNF. 
Various models are considered including MHD, Soret-Dufour effects, non-Darcy porous media, 
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chemical reactions, heat generation, thermal radiation, Casson fluids, velocity and temperature slip, 
electroosmosis, blood as a base fluid and others. As can be seen from the works of Amudhini and 
Poulomi [31], Okasha et al. [32], Mahmood et al. [33], Fatima et al. [34] and Paul and Das [35]. 

A review of the existing literature indicates an unresolved research gap in this area. To address 
this gap, the present study focuses on the EMHD mixed convection of TeHNF in a Darcy–
Forchheimer medium within a vertical channel, incorporating the effects of thermal radiation. The 
channel walls are at constant but different temperatures. 

2. Mathematical Formulation 

This paper analyzes EMHD mixed convection of TeHNF within a vertical channel bounded by 
two vertical plates and saturated with a porous medium having permeability 𝐾଴ . The porous 
medium is Darcy-Forchheimer with the Forchheimer inertia factor F and the flow is fully developed. 
The plates, walls of the channel, are at a distance h from each other and their temperatures are 
constant. An external homogeneous magnetic field whose induction is B acts perpendicularly to the 
walls of the channel and a homogeneous electric field whose strength E acts perpendicularly to the 
plane formed by the directions of the external magnetic field and the primary flow. The pressure 
gradient in the direction of the primary flow is constant. The coordinate system is chosen so that the 
X axis is vertical, on the left wall, the Y axis is perpendicular to the channel walls (Figure 1). 

 
Figure 1. Physical configuration. 

When considering this problem, the effects of pressure forces, viscous friction, Darcy’s resistance 
with Forchheimer’s correction, buoyancy and Lorentz’s, as well as viscous and Darcy-Forchheimer’s 
dissipation, Joule’s heat and radiant heat are taken into account. For the selected coordinate system, 
the momentum equation and the energy equation have, respectively, the following forms: 

( ) ( )( )
2

2
2

w2
0 0

dp d U FU U B E BU g T T 0,
dX KdY K

μ− + μ − − ρ − σ + + ρβ − =  (1)

( )
22

22 3r
2

0 0

dqd T dU Fk U U E BU 0.
dY dY KdY K

  μ+ μ − + + ρ + σ + = 
 

 (2)

The corresponding boundary conditions are: 

( )( ) ( ) ( )( ) ( )
2 1w wU,T 0 0,T , U,T h 0,T .= =  (3)

The symbols used in equations (1), (2) and the boundary conditions (3) are U, T, g and qR—fluid 

velocity, fluid temperature, , gravitational acceleration and radiation heat flux and , , k, andρ μ β σ  
are TeHNF properties namely density, dynamic viscosity coefficient, thermal conductivity coefficient, 
volume thermal expansion coefficient and electrical conductivity coefficient, respectively. 

The physical properties of TeHNF are given by the following relations [27]: 
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( ) ( ) ( ) ( )f
1 f 2 f 3 p 4 p 5 ff f

, k k , , , c c ,
m
μ

μ = = ϕ σ = ϕ σ ρβ = ϕ ρβ ρ = ϕ ρ ρ = ϕ ρ  (4)

in which, for the sake of brevity, the following labels were used: 

( ) ( ) ( ) ( )
( ) ( )

( ) ( )
( )

( )
( ) ( )

2.54

i
i 1

1 1 1 f nf 1 f 2 2 2 nf

knf 2 nf 3 3 3 hnf thnf 3 hnf

4 4 4 thnf 2 1 2 3 4 1 1 2 3 4

1 1 1 f nf 1 f 2 2 2 nf hnf

1 2 S 2 1 R
m 1 , ,S,R ,

1 S 2 R

, , , , , , ,

, , , , ,

, , , ; ;

,k ,k , k k , ,k ,k , k

=

+ φ + − φ
= − φ ψ φ =

− φ + + φ

η = ψ φ σ σ σ = η σ η = ψ φ σ σ

σ = η σ η = ψ φ σ σ σ = η σ

η = ψ φ σ σ ϕ = η η η η ϕ = ζ ζ ζ ζ

ζ = ψ φ = ζ ζ = ψ φ = ζ

∏

( ) ( )

( ) ( ) ( ) ( ) ( )
( )

( )
( )

( )
( )

( )
( )

( )( ) ( )( ) ( )

2 nf

3 3 3 hnf thnf 3 hnf 4 4 4 thnf

31 2 4
4 3 2 1 1 2 3 4

f f f f

3 t 3 p 5

k ,

,k ,k ,k k , ,k ,k ;

HH H H
H 1 1 1 1 ,

H H H H

, c ,

ζ = ψ φ = ζ ζ = ψ φ

      Ω = − φ − φ − φ − φ + φ + φ + φ + φ       

ϕ = Ω ρβ ϕ = Ω ρ ϕ = Ω ρ

(5)

where the subscripts 1, 2, 3 and 4 in the physical properties refer to the materials of nanoparticles 1, 
2, 3 and 4 and their volume fractions and the subscript f to the properties of the base fluid. 

Rasseland transformation [4] is used for radiative heat flux: 
* 4

r *

4 Tq
Y3k

σ ∂= −
∂

 (6)

in which σ* is the Stefan-Boltzmann constant and k* is the mean value of the absorption coefficient of 
TeHNF. Expanding T4 in order and keeping to two terms, is obtained: 

2

* 3 2
wr

* 2

16 Tdq d T .
dY 3k dY

σ
= −  (7)

For further study of the considered problem, it is more convenient to transform equations (1) 
and (2), as well as boundary conditions (3), into dimensionless quantities. For this purpose, the 
following dimmensionless quantities have been introduced: 

2

1 2

w

0 w w

T TY Uy , u , ,
h U T T

−
= = θ =

−
 (8)

where Uo is the characteristic velocity, which will be chosen in the following text. 
By replacing physical properties (5), relations (6) and quantities (8) in equations (1) and (2) as 

well as boundary conditions (3), the equations are obtained, respectively: 
2

2 2
12

d u u R M fu 0,
dy

− ω − + θ − =a  (9)

22
3 2 2

22

d dun fu u 2Ru R 0
dydy

  θ  + + + ω + + = 
   

 (10)

and boundary conditions: 
(u, )(0) (0,0), (u, )(1) (0,1).θ = θ =  (11)

The following notations were used in the last equations and boundary conditions: 
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( ) ( )

( )

1 2

2

1 2

2
0 f

f f
0 f f 0o

2 2
w wf 2 2

2 3
f 0 f 0

* 3
w2 * *

5 f 2 1 1*
f

2
f pf 0

2
f pf w w

hUh hF E Br, Re , , H hB , K , n ,
K BU mbK

h T T p hM g , P , m H , m ,
U X U

16 T
f m Re , R m KH , R R mP, R , b R ,

3k k

c U
Pr , Ec , Br Pr Ec, R KR

k c T T

σ
Λ = = ρ Λ = = = =

μ μ

ρβ − ∂
= = − ω = Λ + ϕ = ϕ

μ ∂ μ

σ
= ϕ Λ = ϕ = − = = ϕ +

μ
= = = =

−

a

a a

a

 (12)

where: Λ-porosity factor, K-factor of external electric load factor and Reynolds (Re), Hartmann (Ha), 
Prandtl (Pr), Eckert (Ec) and Brinkman (Br) numbers. 

Equations (9) and (10), as well as boundary conditions (11) are dimensionless and represent a 
mathematical model of the mixed convective heat transfer problem considered here. 

3. Solutions 

Here, to determine the solution to the described problem, i.e., to solve equations (9) and (10) 
with boundary conditions (11) he uses the Homotopy perturbation method (HPM) authored by J. H. 
He [36]. Following this method, homotopy equations corresponding to equations (9) and (10) are 
formed, respectively. 

( )
2

2 2
12

d u u R M fu 0,
dy

− ω − + λ θ − =a  (13)

22
3 2 2

2

d duS n fu u 2Ru 0
dydy

  θ  + + λ + + ω + = 
   

 (14)

where S=nR2 and [ ]0,1λ ∈
 the homotopy parameter. The solution of the last equations is assumed 

in the form: 

0 0 1 1(u, )(y, ) (u , )(y) (u , )(y) ...θ λ = θ + λ θ +  (15)

Substituting relations (15) in equations (13) and (14) yields zero-order equations: 
2

20
0 12

d u
u R ,

dy
− ω =  (16)

2
0

2

d
S,

dy
θ

= −  (17)

and first-order equations: 
2

2 21
1 0 02

d u
u M fu 0,

dy
− ω + θ − =a  (18)

22
3 2 201
0 0 02

dud
n fu u 2Ru 0.

dydy

  θ  + + + ω + = 
   

 (19)

The corresponding zero and first order boundary conditions are: 

0 0 0 0(u , )(0) (0,0), (u , )(1) (0,1),θ = θ =  (20)

1 1 1 1(u , )(0) (0,0), (u , )(1) (0,0).θ = θ =  (21)
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respectively. 
The solution of the zero-order equations that satisfies the appropriate boundary conditions (20) 

is given by the following relations: 

( ) ( ) ( )0 1 2u y C exp y C exp y D,= ω + −ω −  (22)

( ) 2
0 1

Sy y D y,
2

θ = − +  (23)

in which the following tags were used: 

( )
( ) ( )

1
1 2 1 12

1 expR SD , C D , C D C , D 1 .
2exp exp

− −ω
= = = − = +

ω − −ωω
 (24)

Substituting relations (22) and (23) in the first-order equations and solving them shows that their 
solution, which satisfies the boundary conditions (21), is given by the relations: 

( ) ( ) ( ) ( ) ( )
( ) ( )

1 3 4 3 4

2
5 6 1 2 3

u y C exp y C exp y R exp 2 y R exp 2 y

R y exp y R y exp y y y ,

= ω + −ω + ω + − ω −

ω + −ω + + +a a a
 (25)

( ) ( ) ( ) ( )
( ) ( ) ( )

1 9 10 11

2
12 13 14 15 3 4

y n R exp 3 y R exp 3 y R exp 2 y

R exp 2 y R exp y R exp y R y D y D

θ = − ω + − ω + ω +

− ω + ω + −ω + + + 

 (26)

in which the following tags were used: 

( )

( ) ( ) ( ) ( )
( )

( ) ( )

3 3
21 1 2

1 2 3 1 1 2 9 102 2 2 2 2

2 2
1 2 1 2

3 4 5 6 7 3 4 32 2

8 3 4 5 6 1 2 3

7 8
3 4 3 7

MD fC fCMS 1, , 2 f D 2C C , R , R ,
2 9 9
C C DC DC

R f , R f , R f , R f , R R R ,
3 3

R R exp 2 R exp 2 R exp R exp ,

R exp R
C , C C R , d

exp exp

 = − = − = − + = = ω ω ω ω ω

= = = = = + +
ω ωω ω

= ω + − ω − ω + −ω + + +

−ω −
= = − −

ω − −ω

aaa a a a

a

a a a

( )

( ) ( )

( ) ( )

( ) ( ) ( ) ( )
( )

2 2
11 12

2 2 2
12 2 1 1 22

13 1 1 14 1 2

2 2 2
15 1 2 1

16 9 10 11 12 13 14

3 16 15 9 10 11 12

13 14

1 2 3fD , R dC ,
4

1R dC , d 3f C C D 2 R D ,

R d C ,R d C ,

1R D 2R fD D 2C C 3fD ,
2

R R R R R R R ,

D R R R exp 3 R exp 3 R exp 2 R exp 2

R exp R exp

= ω − =
ω

 = = + + − ω ω
= =

 = ω − − − ω + 

= + + + + +

= − − ω − − ω − ω − − ω

− ω − ( ) 4 9 10 11 12 13 14, D R R R R R R .−ω = − − − − − −

 (27)

The solution of equations (9) and (10) is obtained from relations (15) when 1λ →   it is also 
given by the relations: 

0 0 1 1(u, )(y) (u , )(y) (u , )(y) ...θ = θ + θ +  (28)

where u0, θ0 and u1,θ1 are already determined quantities. 
Relations (28) represent the velocity and temperature distribution of the TeHNF problem 

described here. 
For the analysis of this problem, the shear stresses on the channel walls, as well as the local 

Nusselt numbers on these walls, are of interest. The shear stresses on the left and right channel walls 
are given by the relations: 
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1,2
y 0,1

1 du ,
m dy

=

τ =  (29)

respectively. The Nusselt numbers on these walls are given by the relations: 

1,2 1
y 0,1

dNu ,
dy

=

θ= ϕ  (30)

respectively. 
The characteristic velocity U0 has not yet been selected, and this can be done in different ways. 

Here it will be chosen so that the quantity M becomes Grashof’s number, i.e., from the equation: 

( ) ( )
1 2 1 2

2 2 3
f f w w f f w w

2
0 f f

h T T h T T
g g ,

U

ρ β − ρ β −
=

μ μ
 (31)

from which it is obtained that: 

f
0

f

U .
h
μ

=
ρ

 (32)

4. Model Verification 

In order to verify the flow and heat transfer model considered here, the results obtained in this 
work are compared with the results obtained by Umavathi and Malashetty [37]. For the case where 

*
1 2 3 4 0,Ha 2, 0,F 0,K 0, R 0φ = φ = φ = φ = = Λ = = = = the problem considered here is reduced to the 

problem considered by Umavathi and Malashetty [37]. The results obtained here for the fluid velocity 
distribution and the results obtained in [37] are presented in Figure 2. This figure shows that results 
match quite well, i.e., that the differences between them are minimal, do not exceed 2%, which is 
quite satisfactory. 

 

Figure 2. Velocity comparison. 

5. Results and Analysis 

In the previous chapter, the distributions of velocity and temperature, as well as the shear 
stresses and the local Nusselt numbers on the channel walls, were determined as functions of the 
introduced physical parameters. Part of the obtained results for the physical properties of the 
nanoparticles and the base fluid is presented in Table 1, while the results corresponding to different 
values of the introduced parameters are given in this chapter in the form of graphs and Table 2. 
Specifically, the results are presented for the case in which the base fluid is water and the 
nanoparticles are aluminum oxide (Al2O3), titanium dioxide (TiO2), magnesium oxide (MgO) and 
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magnetite (Fe3O4). The values of the physical parameters used in the present analysis are: 
= = =P 25, F 0.01, H 2,a *

1 2 3 4K 1, M 0.5, R 0.6, Br 0.5, 5 and 0.01= − = = = Λ = φ = φ = φ = φ =  , except 
when these parameters are varied to investigate their individual effects. 

Table 1. Physical properties of base fluid and nanoparticles. 

Substance 
properties 

2H O  
 

2 3Al O  

1φ  
2iTO  

2φ  
MgO 

3φ  
3 4Fe O  

4φ  
      

( )3kg / mρ  997.1  3970  4250  3560 5200  

( )pc J / (kgK)  4179  765  686.2  955 670  

( )K W / (Km)  0.613  40  8.9538  45 9.7  

( )S / mσ  65.5 10−⋅  635 10⋅  62.6 10⋅  75.392 10−⋅  25000  

( )1 Кβ  50.18 10−⋅  50.85 10−⋅  50.90 10−⋅  51.13 10−⋅  51.3 10−⋅  
Figures 3 and 4 show the distributions of fluid velocity and temperature in the channel for 

different values of the Hartmann number (Ha), respectively. These figures indicate that higher values 
of Ha correspond to lower fluid velocities and higher temperatures. This behavior can be explained 
by the fact that increasing the Hartmann number strengthens the Lorentz force, which in this case 
acts as a resistive force, thereby reducing the fluid velocity and its gradient in the vicinity of the 
channel walls. The enhanced Lorentz force also increases Joule dissipation, which leads to a rise in 
the fluid temperature within the channel. 

 

Figure 3. Velocity distributions for different values of Ha. 
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Figure 4. Temperature distributions for different values of Ha. 

The influence of the porosity parameter (Λ) on the velocity and temperature distributions of the 
fluid in the channel is illustrated in Figures 5 and 6, respectively. These figures show that higher 
values of the porosity parameter correspond to lower fluid velocities and higher temperatures within 
the channel. Larger values of Λ represent porous media with lower permeability, i.e., media with a 
denser porous matrix. As the fluid flows through a denser matrix, the Darcy and Forchheimer 
resistances to the fluid motion increase, resulting in a reduction in fluid velocity. During the passage 
of the fluid through the porous medium, the energy expended in overcoming this resistance is 
converted into internal thermal energy, which leads to an increase in the fluid temperature. 

 

Figure 5. Velocity distributions for different values of Λ. 

 

Figure 6. Temperature distributions for different values of Λ. 

Figures 7 and 8 show the distributions of fluid velocity and temperature in the channel for 
different values of the Forchheimer parameter (F), respectively. These figures indicate that increasing 
the value of F reduces the fluid velocity and causes a slight change in the fluid temperature within 
the channel. This behavior can be explained by the fact that an increase in F enhances the Forchheimer 
(inertial) drag force of the porous medium, which leads to a reduction in the fluid flow velocity. This 
reduction in velocity has a dominant effect on the energy balance: it decreases heat generation due to 
Forchheimer, Darcy, viscous and Joule dissipation, thereby leading to a decrease in the fluid 
temperature in the channel. 
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Figure 7. Velocity distributions for different values of F. 

 

Figure 8. Temperature distributions for different values of F. 

The velocity distributions of the fluid for different values of the Grashof number (M) are shown 
in Figure 9. It can be observed that higher values of M correspond to higher fluid velocities. This 
result can be explained by the fact that larger values of M represent stronger buoyancy forces, which 
enhance the fluid motion. In the present case, the parameter M has a primarily dynamical rather than 
thermal influence; therefore, the temperature field remains essentially unchanged and is not 
presented here. 

 

Figure 9. Velocity distributions for different values of M. 
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The effects of the parameter P on the velocity and temperature distributions of the fluid in the 
channel are illustrated in Figures 10 and 11, respectively. These figures show that increasing the value 
of P enhances the fluid velocity and leads to a rise in the fluid temperature within the channel. An 
increase in P strengthens the driving force due to the larger pressure gradient, which in turn increases 
the flow velocity. The higher velocity intensifies the dissipation of flow energy in the channel, 
resulting in an increase in the fluid temperature. 

 

Figure 10. Velocity distributions for different values of P. 

 

Figure 11. Temperature distributions for different values of P. 

Figure 12 presents the temperature distributions of the fluid in the channel for different values 
of the radiation parameter (R*). It can be observed that increasing R* reduces the fluid temperature 
due to the enhanced heat transfer by thermal radiation. In this case, the dominant effects on the fluid 
flow are the pressure gradient and the magnetic field rather than the buoyancy effect, therefore, the 
velocity field remains highly stable and is not presented here. 
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Figure 12. Temperature distributions for different values of R*. 

The effects of the external electric loading parameter (K) on the velocity and temperature 
distributions are shown in Figures 13 and 14, respectively. The sign of this parameter depends on the 
direction of the applied external electric field. For negative values of K, the electric-field-induced force 
acting on the fluid is a driving force, whereas for positive values it acts as a resistive force opposing 
the fluid motion. As shown in Figure 13, when K = − 0.1 the fluid velocity increases, while for K = 0.1 
the velocity decreases compared to the case K = 0, which is also reflected in the corresponding 
temperature distributions in Figure 14. 

 

Figure 13. Velocity distributions for different values of K. 
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Figure 14. Temperature distributions for different values of K. 

Figures 15 and 16 show the velocity and temperature distributions of the fluid in the channel for 
different values of the Brinkman number (Br), respectively. Higher values of Br correspond to larger 
amounts of heat generated by viscous dissipation in the fluid and consequently to higher 
temperatures, as observed in Figure 16. The increased temperature enhances the buoyancy force, 
which, despite the presence of resistive forces, can increase the fluid velocity in the channel, as 
illustrated in Figure 15. 

 

Figure 15. Velocity distributions for different values of Br. 

 

Figure 16. Temperature distributions for different values of Br. 

Figures 17 and 18 present the velocity and temperature distributions for a clear fluid, a 
nanofluid, a hybrid nanofluid, a trihybrid nanofluid and a tetra-hybrid nanofluid, respectively. The 
properties of these fluids—density, dynamic viscosity, thermal conductivity and electrical 
conductivity become progressively more pronounced when moving from the clear fluid to the tetra-
hybrid nanofluid. From these figures, it is observed that both the velocity and the temperature of the 
fluid in the channel decrease as one moves from the clear fluid to the tetra-hybrid nanofluid. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 27 March 2026 doi:10.20944/preprints202603.2165.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202603.2165.v1
http://creativecommons.org/licenses/by/4.0/


 14 of 18 

 

 

Figure 17. Velocity distributions for different values of clear fluid, NF, HNF, THNF, TeHNF. 

 

Figure 18. Temperature distributions for diferent values of clear fluid, NF, HNF, THNF, TeHNF. 

These trends can be physically explained as follows. An increase in fluid viscosity reduces its 
kinematic mobility. An increase in density raises the inertia, which, in combination with the 
Forchheimer force, further slows down the fluid motion. An increase in electrical conductivity 
strengthens the Lorentz force, thereby further slowing down the flow. In addition, Darcy resistance 
also contributes to flow deceleration. All these effects lead to a reduction in the fluid velocity when 
moving from the clear fluid to the tetra-hybrid nanofluid. 

The decrease in velocity reduces viscous, Darcy and Forchheimer dissipation. Moreover, the 
increase in thermal conductivity enhances heat transfer toward the channel walls, which are 
maintained at constant temperatures. Thermal radiation further promotes heat removal. Although 
higher electrical conductivity increases Joule dissipation, in the present case its effect is outweighed 
by the aforementioned mechanisms. As a result, less heat remains in the fluid when moving from the 
clear fluid to the tetra-hybrid nanofluid, leading to a decrease in temperature, as observed in Figure 
18. 

The values of the wall shear stresses and the local Nusselt numbers at the channel walls are listed 
in Table 2. 

Table 2. Values of shear stresses and Nusselt numbers on the channel walls. 

 1τ  2τ  1Nu  2Nu  
Ha 0=  8.0687518  3.809563−  4.292345−  0.8688007  
Ha 1=  8.1000597  3.171323−  5.370448−  1.9469028  
Ha 2=  8.1244261  0.169362−  6.808267−  3.3847227  
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3Λ =  8.9516359  3.761051−  5.887822−  2.4642773  
4Λ =  8.5116975  2.000199−  6.476701−  3.0531561  
5Λ =  8.1244261  0.169362−  6.808267−  3.3847227  

F 0=  8.9694798  9.04033−  6.864972−  3.4414276  
F 0.005=  8.5469529  4.604846−  6.83662−  3.4130751  
F 0.01=  8.1244261  0.169362−  6.808267−  3.3847227  
M 0=  8.0725481  0.046634−  6.808267−  3.3847227  

M 0.5=  8.1244261  0.169362−  6.808267−  3.3847227  
M 2=  8.2800601  0.537547−  6.808267−  3.3847227  
P 5=  2.8258097  2.070611−  2.664491−  0.759054−  
P 10=  4.2235543  2.362567−  3.131176−  0.292368−  
P 15=  5.6267132  2.27135−  3.976923−  0.553378  

*R 0.2=  8.1286754  0.173611−  6.405195−  3.7816502  
*R 0.6=  8.1244261  0.169362−  6.808267−  3.3847227  

*R 1=  8.1217865  0.166722−  7.210176−  2.9866313  
K 0.1= −  7.1126746  1.19107−  6.439863−  3.0163178  

K 0=  6.9997239  1.285755−  6.48444−  3.0608952  
K 0.1=  6.8866666  1.376672−  6.546184−  3.1226392  
Br 0.1=  8.1132778  0.158214−  2.732684−  0.690861−  
Br 0.5=  8.1244261  0.169362−  6.808267−  3.3847227  
Br 1=  8.1383614  0.183297−  11.88461−  8.4610659  

Table 2 gives numerical values of shear stress and Nusselt numbers on channel walls. From this 
table, it can be seen that the increase in the values of the parameters Ha, Λ, F and R* leads to a decrease 
in the value of the shear stresses on the channel walls. An increase in the values of the parameters M, 
P and Br leads to an increase in the values of the shear stresses on the channel walls. An increase in 
the value of the parameters F and R* leads to a decrease in the value of the Nusselt numbers in the 
channels, and the change in the value of M in the walls does not affect their values. An increase in 
the parameters Ha, Λ, P, R* and Br leads to an increase in the value of Nusselt numbers. 

6. Conclusions 

In this paper, electromagnetic hydrodynamic flow and heat transfer of tetra hybrid nanofluid in 
Darcy-Forchheimer porous medium in a vertical channel were investigated. Darcy, Forchheimer, 
Joule and radiant heat dissipations are included. The resulting dimensionless equations were solved 
using the homotopy perturbation method. Analytical distributions of fluid velocity and temperature, 
as well as shear stresses and Nusselt numbers on channel walls, were determined as a function of the 
introduced physical parameters significant for this problem. Part of the specific numerical results for 
velocity and temperature distributions is given in the form of graphs, and for shear stresses and 
Nusselt numbers on channel walls in a table. 

Based on the analysis of the obtained results, certain conclusions were drawn, some of which 
are given in the following text. 

An increase in the value of the Ha number, as well as an increase in the value of the porosity 
factor, cause a decrease in the fluid velocity and shear stress on the channel walls, and an increase in 
the fluid temperature and an increase in the value of Nusselt numbers on the channel walls. 

Higher values of the Forchheimer factor, as well as higher values of heat radiation, correspond 
to lower velocities, lower temperatures, lower values of shear stresses and Nusselt numbers on the 
channel walls. 

An increase in the value of the pressure gradient as well as an increase in the value of the 
Brinkman number cause the growth of all the previously mentioned analyzed quantities 

( )
1 21 2 u uu,T, , ,N ,N .τ τ
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An increase in the Grashof number causes an increase in the velocity and shear stress on the 
channel walls, and has no effect on the fluid temperature and Nusselt numbers on the channel walls. 

The direction and strength of the external electric field, i.e., the sign and value of the external 
electric load factor influence the increase/decrease of the analyzed quantities in relation to their values 
when this field is absent. 

Tetra hybrid nanofluid shows advantages over simpler fluids with fewer or no nanoparticle 
species. 

Acknowledgments: This research was financially supported by the Ministry of Science, Technological 
Development and Innovation of the Republic of Serbia (Contract No. 451-03-34/2026-03/200109). 

References 

1. Choi, S. U. S.; Estman, J. A. Enhancing thermal conductivity of fluids with nanoparticles, Presented at 
ASME International Mechanical Engineering Congress & Exposition, San Francisco, CA, November 12-17, 
1955, 

2. Lima, J.A.; Assad, G.E.; Raiva, H.S. A simple approach to analyze the fully developed two-phase 
magnetoconvection type flows in inclined parallel-plate channels, Latin American Applied Research, 2016, 
Vol. 46(3). pp. 93–98, doi: 10.52292/jaar.2016.333 

3. Raju, T. L.; Satish, P. Slip regime MHD 2-liquid plasma heat transfer flow with Hall curcents between 
parallel plates, Int. J. Of Applied Mehhanics and Engineering, 2023, Vol.28, No.3, pp. 65–85, 
doi:10.59441/ijame/172898 

4. Yadav, P.K.; Kumar, A.; El-Sapa, S; Chamkha, A. J. Impact of thermal radiation and oriented magnetic field 
on the flow of two immiscible waves in random and complex media, 2022, doi: 
10.1080/17455030.2022.218897. 

5. Umavati, J.C.; Sheremet, M.A. Heat transfer of viscous fluid in a vertical channel sandwiched between 
nanofluid porous zones. Journal of Thermal Analysis and Calorimetry. 2020, Vol. 144, pp. 1389–1399, 
https://doi.org/10.1007/s10973-020-09664-1. 

6. Mehta, R.; Chouhan, V. S.; Mehta, T. MHD flow of nanolfuids in the presence of porous media, radiation 
and heat generation trough a vertical channel, Journal of Physics: Conference Series 1504, 2020, 012008, doi: 
10.1088/1742-6596/1504/1/012008 

7. Fersadon, I.; Kahalerras, H.; El Ganaoi ,M. MHD mixed convection and entropi generation off a vertical 
porous channel, Computers and Fluids, 2015, doi: 10.1016/j.compffluid.2015.08.014 

8. Petrović, J.; Stamenković, Ž.; Bogdanović-Jovanović, J.; Nikodijević, M.; Kocić, M.; Nikodijević, D. Electro-
Magnetoconvection of Conductive Immiscible Pure Fluid and Nanofluid, Transactions of FAMENA, 2022, 
Vol. 46 No. 3, pp. 13–28, doi: 10.21278/TOF.463036021. 

9. Petrović, J. D.; Stamenković, Ž.; Kocić, M.; Nikodijević, M.; Bogdanović Jovanović, J.; Nikodijević, D. D. 
Magnetohydrodynamicflow and mixed convection of a viscous fluid and a nanofluid a porous medium in 
a vertical channel, Thermal Science, 2022, Volume 27, Issue 2 Part B, pp. 1453–1463, 
doi:10.2298/TSCI220903188P 

10. Subray, P. V. A.; Hanumagowda, B. N.; Raju, C. S. K.; Varma, S. V. K.; Jagdish, P.; Yook, S.; Shah, N. A. 
Analytical analysis of inclined three-layered composite channel with coalt ferrite nanoparticles and Hall 
current in Darcy medium, Propulsion and Power Research, 2023, Vol. 12(4), pp. 523–538, doi: 
10.1016/j.jppr.2023.11.001 

11. Devi, M.P.; Goyal, K.; Srinivas, S.; Satyanarayana, B. Effects of different nanoparticles on the two immiscible 
liquids flow in an inclined channel with Joule heating and viscous dissipation. Gulf J. of Math. 2024, Vol. 16, 
2, pp.278-290. https://doi.org/10.56947/gjom.v16i2.1815 

12. Kumar, K. G.; Chamkha, A. J., Darcy-Forchheimer flow and heat transer o ater-based Cu nanoparticles in 
convergent/divergent channel subjected to particle shape effect, European Physical Journal Plus, 2019, Vol. 
134, No. 107, doi: 10.1140/epjp/i2019-12447-y 

13. Ouaf ,M.E.; Abouzeid, M. Y. Chemically reacted blood CuO nanofluid flow through a non-Darcy porous 
media with radially varying viscosity. Sci. Rep. 2024, 14:1650, https://doi.org/10.1038/s41598-023-48692-3 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 27 March 2026 doi:10.20944/preprints202603.2165.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202603.2165.v1
http://creativecommons.org/licenses/by/4.0/


 17 of 18 

 

14. Sheikh, N. A.; Ching, D. L. C.; Khan, I., A Comprehensive Review on Theoretical Aspects of Nanofluids: 
Exact Solutions and Analysis, Symmetry, 2020, 12/5, 725, doi: 10.3390/sym12050725 

15. Nabwey, H.A.; Armaghani, T.; Azizimehr, B.; Rashad, A.M.; Chamkha, A.J. A Compehensive Review of 
Nanofluid Heat Transfer in Porous Media, Nanomaterials, 2023, Vol. 13/5, 937. 
doi.org/10.3390/nano13050937 

16. Xu, H.; Sun, Q. Generalized Hybrid Nanofluid with the Application of Fully Developed Mixed Convection 
Flow in a Vertical Microchannel. Comm. in theor. Physi. 2019, Vol. 71, 8, pp. 903–911. 
https://doi.org/10.1088/0253-6102/71/8/903 

17. Zainal, N.A.; Nazar, R.; Naganthran, K.; Pop, I. MHD flow and heat transfer of hybrid nanofluid over a 
permeable moving surface in the presence of thermal radiation, International Journal of Numerical Methods 
for Heat and Fluid Flow, 2020, pp. 0961–5539, https://doi.org/10.1108/HFF-03-2020-0126 

18. Khalil, S.; Humaira, Y.; Abbas, T.; Taseer, M. Analysis of thermal conductivity variation in magneto-hybrid 
nanofluids flow through porous medium with variable viscosity and slip boundary, Case Studies in Thermal 
Engineering, Vol. 57, 2024, 104314. doi:10.1016/j.csite.2024.104314 

19. Subray, P. V. A.; Hannmagowda, B.N.; Varma, S.V.K.; Hatami, M. The impacts of shape factor and heat 
transfe on two-phase flow of nano and hybrid nanofluid in a saturated porous medium, Scientific Reports, 
2022, Vol. 12:21864, doi: 10.1038/s41598-022-26169-z 

20. Yahya, A. U.; Salamat, N.; Abdal, S.; Shah, N. A.; Pasannakumara, B. C. Nonlinear thermal radiativve 
implication on micropolar Casson hybrid nanofluid (TC4+nichrome/kerosene oil) flow between permeable 
plates, ZAMM, 2025, Vol. 105 doi: 10.1002/zamm.202400792 

21. Rao, S.; Deka, P.N. Numerical Analysiis od MHD Hybrid Nanofluid Flow a Porous Stretching Sheet with 
Thermal Radiation, Int. J. Appl. Comput. Math., 2024, Vol. 10, 3. https://doi.org/10.1007/s40819-024-01734-4 

22. Mahmood, Z.; Eldin, S. M.; Rafiqne, K.; Khan, U. Numerical analysis of MHD tri-hyrid nanoluid over a 
nonlinear stretching/shrinking sheet with heat generation/absorption and slip conditions, Alexandria 
Engineering Journal, 2023, Vol. 76, pp. 799–819, doi: 0.1016/j.aej.2023.06.081 

23. Gul, A.; Khan, I.; Shafie, S. Radiation and heat generation effects in magnetohydrodynamic mixed 
convection flow of nanofluids. Thermal Science, 2018, Vol. 22, 1A, pp. 51–62, 
https://doi.org/10.2298/TSCI150730049G 

24. Gitte, G. T.; Shreedevi, K.; Saraswathi, H.; Kulkarni, V.; Jameel, M.; Tawade, J. V.; Kulkarni, N.; Abdullaeva, 
B.; Ghodhbani, R.; Waqas, M. Thermal and solutal performance analysis featuring fully developed 
chemically reacting micro-rotational convective flow in an open-ended verical channel, Case Studies in 
Thermal Engineering, 2025, Vol. 65, 105603, doi: 10.1016/j.csite.2024.105603 

25. [25] Othman, M. N.; Jedi, A.; Bakar, N. A. A. MHD Flow and Heat Transfer of Hybrid Nanofluid over an 
Exponentially Shrinking Surface with Heat Source/Sink. Appl. Sci. 2021, 11(17), 8199; 
https://doi.org/10.3390/app11178199 

26. [26] Kalpana, G.; Saleem, S. Heat Transfer of Magnetohydrodynamic Stratified Dusty Fluid Flow through 
an Inclined Irregular Porous Channel. Nanomaterials 2022, 12(19), 3309; 
https://doi.org/10.3390/nano12193309 

27. [27] Agarwal, V.; Singh, B.; Kumarim A.; Jamshed, W.; Nisar, K. S.; Almaliki, A. H.; Zahran, H. Y. Steady 
Magnetohydrodynamic Micropolar Fluid Flow and Heat and Mass Transfer in Permeable Channel with 
Thermal Radiation. Coatings 2022, 12(1), 11; https://doi.org/10.3390/coatings12010011 

28. [28] Pavithra, K. M.; Hanumagowda, B. N.; Raju, S. S. K.; Varma, S. V. K.; Murshid, N.; Mulki, H.; Al-Kouz, 
W. Thermal Radiation and Mass Transfer Analysis in an Inclined Channel Flow of a Clear Viscous Fluid 
and H2O/EG-Based Nanofluids through a Porous Medium. Sustainability 2023, 15(5), 4342; 
https://doi.org/10.3390/su15054342 

29. [29] Nikodijević Đorđević, M. D.; Petrović. J. D.; Kocić, M. M.; Stamenković, Ž. M.; Nikodijević. D, D. 
EMHD Flow and Heat Transfer of a Nanofluid Layer and a Hybrid Nanofluid Layer in a Horizontal 
Channel with Porous Medium. Appl. Sci. 2025, 15(18), 10183; https://doi.org/10.3390/app151810183 

30. [30] Parfenov, A.; Gelfgat, A.; Ullmann, A.; Brauner, N. Hartmann Flow of Two-Layered Fluids in 
Horizontal and Inclined Channels. Fluids 2024, 9(6), 129; https://doi.org/10.3390/fluids9060129 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 27 March 2026 doi:10.20944/preprints202603.2165.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202603.2165.v1
http://creativecommons.org/licenses/by/4.0/


 18 of 18 

 

31. Amudhini, M.; Poulomi, D. Comparative study of hirid, tri-hybrid and tetra-hybrid nanoparticles in MHD 
unsteady flow with chemical reaction, activation energy, Soret-Dufour effect and sensitivity analysis over 
Non-Darcy porous stretching cylinder, Heliyon, 2024, Vol. 10, e35731, doi: 10.1016/j.heliyon.2024.e35731 

32. Okasha, M. M.; Abbas, M.; Ameen, H. F. M.; Salah, F.; Abbas, A.; Khan, I.; Sidi, M. O.; Rajh, W.; Galal, A. 
M. Applications of Casson tetra hybrid nanofluid in industrial cooling systems: An investigation of 
radiative flow and Stephan blowing impacts, Journal of Radiation Research and Applied Science, 2025, Vol. 18, 
101300, doi: 10.1016/j.jrras.2025.101300 

33. Mahmood, Z.; Rafique, K.; Ansari, M. A.; Ahmed, N.; Khan, U.; Kumar, A.; Khalifa, H. A. E.; Shaaban, A. 
A. Deep learning investigation of water-based tetra hybrid nanofluid across a shrinking cylinder for 
variable electrical conductivity with thermal radiation, Journal of Radiation Research and Applied Sciences 
(JRRAS), 2025, Vol. 18, 101213, https://doi.org/10.1016/j.jrras.2024.101213 

34. Fatima, N.; Kallel, M.; Ijaz, N.; Zeeshan, A.; Saleem, N. Thermodynamic analysis and entropy generation 
of electroosmotic tetra-hybrid nanoparticle transport in complex biological transport, Results in 
Engineering, 2025, Vol. 25, 104308, https://doi.org/10.1016/j.rineng.2025.104308 

35. Paul, P.; Das, S. Electro-pumping paradigm of non-Newtonian blood with tetra-hybrid nanoparticles 
infusion in a ciliated artery, Chinese Journal of Physics, 2024, Vol. 87, pp. 195–231, 
https://doi.org/10.1016/j.cjph.2023.12.008 

36. He, J.H. Homotopy perturbation method: a new nonlinear analytical technique, Applied Mathematics and 
Computation, 2003, Vol. 135(1), pp. 73–79, https://doi.org/10.1016/S0096-3003(01)00312-5 

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those 
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) 
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or 
products referred to in the content. 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 27 March 2026 doi:10.20944/preprints202603.2165.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202603.2165.v1
http://creativecommons.org/licenses/by/4.0/

