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Abstract 

Accurate prediction of transverse shear deformation is essential for the serviceability assessment, 

durability-oriented design, and structural health monitoring of hybrid and heterogeneous beam 

members. This is particularly relevant for lightweight composite components in which a porous 

cementitious matrix (e.g., perlite-based material) is combined with an embedded steel I-section, 

yielding strong stiffness contrasts and spatially nonuniform shear transfer. In this study, an energy-

consistent analytical–numerical framework is proposed to determine the effective shear correction 

factor 𝑘𝑠  for such non-homogeneous cross-sections within the Timoshenko beam theory. The 

formulation enforces equivalence between the real heterogeneous shear strain energy, governed by 

a spatial shear modulus field 𝐺(𝑦, 𝑧), and its beam-theory representation based on 𝑘𝑠(𝐺ref 𝐴). A 

pixel/voxel discretization is introduced to evaluate the generalized shear-energy integral and to 

quantify the deviation of 𝑘𝑠 from classical homogeneous benchmarks. The results demonstrate that 

shear stiffness may be controlled by localized energy concentrations near weak matrix regions and 

phase interfaces, which can lead to non-negligible errors in deflection predictions when standard 

shear correction factors are adopted. The proposed framework provides a transparent and 

computationally efficient tool to support reliability-driven stiffness identification, model updating, 

and health monitoring strategies for heterogeneous and hybrid beam components. 

Keywords: Perlite composite; embedded steel core; hybrid beam; shear correction factor; 

Timoshenko theory; strain-energy equivalence; heterogeneous cross-section; voxel discretization 

 

1. Introduction 

The growing demand for environmentally responsible construction solutions continues to 

reshape modern building technologies, stimulating the development and implementation of 

lightweight, low-carbon, and resource-efficient material systems [1–3]. Among these, expanded 

perlite has gained a particularly stable position as a readily available mineral aggregate enabling 

lightweight cementitious composites, thermal insulation components, and fire-related protection 

layers [4–6]. Recent studies underline that perlite-based mixtures can be engineered to provide a 

favorable balance between sustainability and performance, although their achievable mechanical 

response depends strongly on the binder system, the processing route, and the adopted composite 

architecture [7–9]. In parallel, perlite has been incorporated into polymer-based and hybrid porous 

composites to enhance mechanical functionality or thermostability in multi-phase systems, 

demonstrating the broader potential of porous architectures beyond conventional concrete 

technology [10–12]. 

While the use of perlite is frequently motivated by weight reduction and thermal efficiency, the 

structural adoption of porous eco-materials requires reliable prediction of deformation mechanisms, 
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especially under combined bending and shear [13–16]. The key difficulty is that porous matrices are 

inherently heterogeneous: their microstructure contains nonuniform pore sizes, irregular void 

geometries, density gradients, and local necking-like effects, which collectively influence mechanical 

properties and stress redistribution [17–19]. Such variability directly affects the effective stiffness 

fields that govern global response and, in particular, the transverse shear mechanism that may 

dominate serviceability limits in short or moderately slender members [20,21]. For these reasons, 

porosity characterization and microstructure-informed modeling are increasingly recognized as 

indispensable components of modern durability-oriented structural assessment [17,22–24]. 

Transverse shear deformation is typically represented using reduced-order beam theories, most 

notably the Timoshenko formulation, which introduces an effective shear stiffness through a shear 

correction factor [25–27]. Although such representations are well established in classical solid 

mechanics and plate/beam theory, their standard correction factors assume homogeneous continua 

and do not account for stiffness fluctuations inside porous matrices or multi-phase cross-sections 

[28,29]. This is critical because even moderate errors in shear stiffness may propagate into inaccurate 

deflection predictions, biased stiffness identification, and unreliable assessment of structural 

condition under operational loads [30,31]. From the viewpoint of Structural Durability & Health 

Monitoring, this is not a cosmetic modeling detail: monitoring frameworks often interpret changes in 

global stiffness or displacement response as indicators of degradation, damage evolution, boundary-

condition shifts, or long-term environmental impacts [32–34]. Therefore, shear-consistent reduced-

order models are necessary to avoid misclassification of response changes in durability-related 

decision processes [35–38]. 

The modeling challenge becomes even more pronounced for hybrid beams, in which a porous 

matrix is combined with a stiff embedded reinforcement. One promising configuration is a beam 

composed of perlite-based matrix material strengthened by an embedded rolled steel I-section. Such 

members may offer an attractive compromise between sustainability (lightweight porous matrix) and 

robustness (steel load-carrying core), with potential relevance for prefabricated components and 

multi-functional elements [1,39–41]. At the same time, the steel insert introduces a strong stiffness 

contrast and a sharply non-homogeneous cross-section, leading to shear stress redistribution, energy 

localization near interfaces, and potential sensitivity to environmental actions such as moisture and 

temperature variations [42–44]. In this context, thermo-elastic effects and nonuniform stiffness fields 

may additionally influence effective shear correction factors, especially when material parameters 

depend on exposure conditions or functional gradients [29,45]. As a result, adopting classical 

homogeneous correction factors may become questionable for such hybrid cross-sections, 

particularly in serviceability-driven use cases. 

Existing research has addressed parts of this problem, but the available approaches remain 

fragmented across different communities and scales. In civil engineering practice, effective material 

descriptions for perlite-based lightweight concretes are often derived from empirical or semi-

empirical relationships and homogenized stiffness estimates [13–16,46]. In the broader mechanics 

community, mathematical homogenization frameworks and representative volume concepts have 

been developed to connect microstructural features to effective stiffness properties [47,48]. 

Complementarily, microstructure-resolved numerical models have been used to capture local stress 

concentrations and quantify effective responses for porous elastic systems with random inclusion 

distributions or reconstructed microgeometries [21,49] However, a direct translation of these high-

resolution approaches to the shear correction factor required by Timoshenko-type beam models is 

not always straightforward, especially when the cross-section contains multiple phases with sharp 

stiffness discontinuities. 

In recent years, data-driven strategies have also emerged, including machine-learning and deep-

learning methods for parameter estimation, optimization, and predictive assessment in construction-

related materials and geotechnical applications [33,50]. For durability and monitoring applications, 

digital twin concepts provide an additional layer of integration, enabling model updating and 

performance forecasting under changing environmental conditions [34,51]. Yet, even within digital 
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twin workflows, reduced-order models remain the computational backbone for repeated evaluations, 

and their reliability hinges on consistent identification of effective stiffness parameters, including 

transverse shear stiffness. This highlights the need for a robust, transparent, and computationally 

efficient framework that links heterogeneous cross-sectional stiffness fields to an equivalent shear 

correction factor suitable for monitoring-oriented beam models. 

To address these limitations, the present work proposes an energy-consistent analytical–

numerical methodology for evaluating the shear correction factor 𝑘𝑠  in non-homogeneous beam 

cross-sections consisting of a porous perlite-based matrix and an embedded steel I-core. The 

approach extends the classical strain-energy equivalence idea by explicitly incorporating a spatially 

varying shear modulus field and evaluating the heterogeneous shear-energy integral using a 

pixel/voxel discretization of the cross-section [52–54]. This makes it possible to quantify how stiffness 

contrast, porous heterogeneity, and phase distribution govern shear strain energy localization and 

the resulting effective transverse shear stiffness. The framework is compatible with multi-phase and 

microstructure-informed material descriptions and can be used as a practical component of stiffness 

identification and model updating procedures relevant to Structural Durability & Health Monitoring. 

Finally, it is worth noting that perlite-based composites remain a particularly compelling case 

study due to their broad availability and established use in both cementitious and polymeric systems, 

as well as their role in fire-related performance contexts [54–59]. However, the same methodology is 

directly transferable to other porous eco-materials and hybrid structural members, including 

configurations with different porous aggregates or alternative reinforcement topologies [60–63]. By 

providing an explicit connection between heterogeneous shear strain energy and the macroscopic 

shear correction factor, the present work supports more reliable serviceability prediction and 

monitoring interpretation for lightweight hybrid beams. 

2. Materials and Methods 

A prismatic beam of length 𝐿, subjected to a transverse shear force 𝑉, is considered. The cross-

section 𝐴consists of a non-homogeneous matrix material (perlite-based composite or cementitious 

matrix) with an embedded steel core in the form of a rolled I-section. The cross-sectional geometry is 

constant along the beam axis, while the material properties vary spatially within the section due to 

the stiffness contrast between the matrix and steel, and potentially due to matrix heterogeneity. 

Within the framework of Timoshenko beam theory, the transverse shear strain is expressed as 

𝛾𝑥𝑧(𝑦, 𝑧) = 𝜃(𝑥) −
∂𝑤(𝑥)

∂𝑥
, (1) 

where 𝑤(𝑥) denotes the transverse displacement of the beam axis and 𝜃(𝑥) is the rotation of the 

cross-section. The effective transverse shear stiffness is written as 

𝐾𝑥𝑧 = 𝑘𝑠 𝐺ref 𝐴, (2) 

where 𝑘𝑠 is the shear correction factor and 𝐺ref is a reference shear modulus introduced to maintain 

a Timoshenko-type representation. 

For the actual shear stress distribution 𝜏𝑥𝑧(𝑦, 𝑧), the transverse shear strain energy stored in the 

cross-section is given by 

𝑈real =
1

2
∫

𝜏𝑥𝑧
2 (𝑦, 𝑧)

𝐺(𝑦, 𝑧)
𝐴

 d𝐴, (3) 

where 𝐺(𝑦, 𝑧) denotes the local shear modulus, varying spatially due to heterogeneity. 

The shear stress distribution resulting from cross-sectional equilibrium is expressed as 

𝜏𝑥𝑧(𝑦, 𝑧) = 𝑉 𝜙(𝑦, 𝑧), (4) 

where 𝜙(𝑦, 𝑧) is the normalized shear-stress shape function satisfying 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 4 February 2026 doi:10.20944/preprints202602.0160.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202602.0160.v1
http://creativecommons.org/licenses/by/4.0/


 4 of 16 

 

∫ 𝜙(𝑦, 𝑧) d𝐴 = 1.
𝐴

 (5) 

Substitution into Eq. (3) yields 

𝑈real =
𝑉2

2
∫

𝜙2(𝑦, 𝑧)

𝐺(𝑦, 𝑧)
𝐴

 d𝐴. (6) 

In the Timoshenko formulation, the transverse shear energy is written as 

𝑈𝑇 =
𝑉2

2 𝑘𝑠 𝐺ref 𝐴
. (7) 

The shear correction factor 𝑘𝑠 is identified by enforcing energy equivalence 

𝑈real = 𝑈𝑇 . (8) 

Using Eqs. (6)–(8), the shear correction factor for a non-homogeneous cross-section becomes 

𝑘𝑠 =
1

𝐴 𝐺ref ∫
𝜙2(𝑦, 𝑧)
𝐺(𝑦, 𝑧)

𝐴

 d𝐴
. 

(9) 

For a homogeneous material 𝐺(𝑦, 𝑧) = 𝐺ref, Eq. (9) reduces to the classical expression. 

The function 𝜙(𝑦, 𝑧) depends only on geometry and equilibrium constraints. In the classical 

form used for prismatic sections, it may be written as 

𝜙(𝑧) =
𝑄(𝑧)

𝐼 𝑏(𝑧)
, (10) 

where 𝑄(𝑧) is the first moment of area above the level 𝑧, 𝐼 is the second moment of area about the 

neutral axis, and 𝑏(𝑧) is the local width at height 𝑧. In the present study, Eq. (10) is interpreted as a 

geometry-driven representation and is evaluated numerically for complex hybrid sections (matrix + 

embedded I-core), where 𝑏(𝑧) and 𝑄(𝑧) reflect the combined area distribution of all phases. 

The spatial distribution of shear modulus is defined as 

𝐺(𝑦, 𝑧) = {
𝐺𝑚(𝑦, 𝑧), (𝑦, 𝑧) ∈ 𝐴matrix,

𝐺𝑠 , (𝑦, 𝑧) ∈ 𝐴steel,
 (11) 

where 𝐺𝑠 is the steel shear modulus and 𝐺𝑚(𝑦, 𝑧) corresponds to the matrix material. For porous 

matrices such as perlite composites, the modulus may depend on local density: 

𝐺𝑚(𝑦, 𝑧) = 𝐺0 𝑓 (
𝜌(𝑦, 𝑧)

𝜌0
), (12) 

with 𝑓(⋅) calibrated experimentally. 

To evaluate Eq. (9), the cross-section is discretized into surface elements (pixels/voxels) of area 

Δ𝐴𝑖. The integral is approximated by 

∫
𝜙2

𝐺
𝐴

 d𝐴 ≈ ∑
𝜙𝑖

2

𝐺𝑖

𝑁

𝑖=1

Δ𝐴𝑖 . (13) 

Accordingly, the discrete estimate becomes 

𝑘𝑠 =
1

𝐴 𝐺ref ∑ 𝜙𝑖
2 𝐺𝑖⁄

𝑁

𝑖=1
Δ𝐴𝑖

. (14) 
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The discretization naturally accommodates sharp stiffness jumps (steel vs matrix) and can 

include void regions by introducing a material indicator field 𝜒𝑖 ∈ {0,1}, where 𝜒𝑖 = 0 corresponds 

to pores/voids (excluded from 𝐴 and from the summation). 

The reference modulus is introduced to keep Eq. (2) consistent with a Timoshenko-type 

representation. In this work, 𝐺ref  is taken as the nominal shear modulus of the matrix material, 

𝐺ref = 𝐺𝑚
nom, so that the computed 𝑘𝑠 directly reflects the deviation caused by heterogeneity and 

the steel core. Alternative definitions (e.g., area-averaged ⟨𝐺⟩ or maximum phase modulus) can also 

be adopted, and their influence may be assessed within a sensitivity analysis. 

For comparison, the classical shear correction factor for a homogeneous rectangular cross-

section is adopted 

𝑘𝑠
ref =

5

6
. (15) 

The relative deviation due to heterogeneity is expressed as 

Δ𝑘𝑠 =
𝑘𝑠 − 𝑘𝑠

ref

𝑘𝑠
ref

. (16) 

3. Results 

This section presents the numerical identification of the shear correction factor 𝑘𝑠 for a hybrid 

beam cross-section composed of a porous matrix and an embedded rolled steel I-section. The 

investigated configuration is a rectangular beam of dimensions 𝑏 × ℎ = 0.20 × 0.30  m with a 

centrally embedded IPE 200 core (Figure 1). 

 

Figure 1. Cross-section of the hybrid beam composed of a porous matrix (perlite-based composite) and an 

embedded rolled steel I-section (IPE 200): geometry, coordinate system, and phase domains 𝐴matrix and 𝐴steel. 

The evaluation follows the energy-equivalence formulation (Figure 2), combining the geometry-

driven shear-stress function 𝜙(𝑦, 𝑧)  with the heterogeneous shear modulus field 𝐺(𝑦, 𝑧)  and 

voxel-based numerical integration (Table 1). 

 

Voxelized 2D microstructure image, 

Pixel size Δ𝑦, Δ𝑧, 

Density–modulus relation 𝐺(𝜌), 

Reference modulus 𝐺ref = ∫ 𝐺(𝑦, 𝑧)
𝐴

/ 𝐴. 
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↓ 

Compute 𝐴, 𝑧̄, 𝐼, 𝑏𝑗, 𝑄𝑗. 

↓ 

Compute 𝜑𝑗. 

↓ 

Compute 𝑘𝑠. 

↓ 

Compute Δ𝑘𝑠. 

Figure 2. Computational workflow of the proposed energy-consistent identification of the shear correction factor 

𝑘𝑠  for heterogeneous cross-sections: modulus field definition, evaluation of 𝜙(𝑦, 𝑧) , voxel-based energy 

integral, and calculation of 𝑘𝑠 and Δ𝑘𝑠. 

The main outputs include the identified 𝑘𝑠, its deviation from the classical benchmark 𝑘𝑠
ref =

5/6, the localization of heterogeneous shear energy 𝜙2/𝐺, and monitoring-oriented implications for 

deflection-based stiffness interpretation. 

Table 1. Discretization settings and convergence study for the identified shear correction factor 𝑘𝑠. 

Grid ID Pixel size [mm] Number of pixels 𝑵 [-] Identified 𝒌𝒔 [-] Change vs finer grid [%] 

G1 1.0 60 000 0.1682 11.24 

G2 0.5 120 000 0.1734 8.496 

G3 0.2 300 000 0.1845 2.639 

G4 0.1 600 000 0.1895 - 

The analyzed hybrid cross-section is shown in Figure 1 and summarized in Table 2. The matrix 

occupies the full 0.20 × 0.30  m rectangular envelope, while the IPE 200 steel section is placed 

centrally, introducing a sharp stiffness contrast between steel and the porous matrix.  

Table 2. Geometric configuration of the analyzed hybrid cross-section (matrix envelope and embedded IPE 200 

steel core). 

Configuration 

ID 

Matrix envelope 

[m] 

Steel 

insert 

Insert 

location 

Total area 

𝑨 [m²] 

𝑨𝐬𝐭𝐞𝐞𝐥 

[m²] 
𝑨𝐬𝐭𝐞𝐞𝐥/𝑨 

[%] 

C1 0.20 × 0.30 IPE 200 centered 0.1200 0.00285 2.375 

The adopted material parameters and reference modulus 𝐺ref  are reported in Table 3. For 

numerical evaluation of the heterogeneous energy integral (Eq. 14), the cross-section is discretized 

into pixels of area Δ𝐴𝑖 (Table 1), ensuring stable 𝑘𝑠 values across grid refinements. 

Table 3. Material parameters and modeling assumptions for the porous matrix and steel core, including 

reference modulus 𝐺ref. 

Phase 

Young’s 

modulus 

𝑬 [GPa] 

Poisson’s ratio 

𝝂 [-] 

Shear modulus 

𝑮 [GPa] 
Notes 

Matrix (homogenous) 35 0.20 14.0 Uniform case 𝐺𝑚 =const. 
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Phase 

Young’s 

modulus 

𝑬 [GPa] 

Poisson’s ratio 

𝝂 [-] 

Shear modulus 

𝑮 [GPa] 
Notes 

Matrix 

(heterogeneous) 
1–5 0.20 𝐺𝑚(𝑦, 𝑧) 

From Eq. (12), density-

driven 

Steel (IPE 200) 210 0.30 80.8 𝐺𝑠 = 𝐸𝑠/[2(1 + 𝜈𝑠)] 

Reference – – – 𝐺ref = ∫𝐺(𝑦, 𝑧)
𝐴

/ 𝐴 

The spatial distribution of the shear modulus 𝐺(𝑦, 𝑧)  is illustrated in Figure 3. Two matrix 

descriptions are considered: (i) a uniform matrix modulus 𝐺𝑚 , and (ii) a density-dependent 

heterogeneous modulus 𝐺𝑚(𝑦, 𝑧)  reflecting spatial variability typical of porous eco-materials. In 

both cases, the steel phase retains a constant modulus 𝐺𝑠, resulting in a highly non-homogeneous 

stiffness field. 

  

(a) (b) 

Figure 3. Spatial distribution of the shear modulus 𝐺(𝑦, 𝑧)  in the hybrid cross-section: (a) uniform matrix 

modulus 𝐺𝑚; (b) heterogeneous matrix modulus 𝐺𝑚(𝑦, 𝑧) derived from a density-dependent relation. 

The normalized shear-stress shape function 𝜙(𝑦, 𝑧), evaluated for the matrix-only and hybrid 

sections, is shown in Figure 4. Since the shape function is reconstructed from purely geometric 

quantities (i.e., 𝑄(𝑧), 𝑏(𝑧), and 𝐼), its spatial pattern is identical for both sections when the cross-

sectional outline is unchanged. Consequently, the embedded I-section does not alter the equilibrium-

based shear-transfer shape 𝜙(𝑦, 𝑧) ; instead, the effect of stiffness heterogeneity enters exclusively 

through the energetic weighting 𝜙2/𝐺 (Eq. 14), which changes the local contribution to shear strain 

energy and therefore the extracted effective shear stiffness. 
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Figure 4. Geometry-driven normalized shear-stress function 𝜙(𝑦, 𝑧)  for both matrix-only cross-section and 

hybrid cross-section with embedded IPE 200 steel core. 

This distinction is essential: while the shear-stress shape function 𝜙(𝑦, 𝑧) is entirely geometry-

driven, the effective shear stiffness is obtained from its energetic projection, in which 𝜙(𝑦, 𝑧)  is 

weighted by the local shear compliance 1/𝐺(𝑦, 𝑧). As a result, differences in material stiffness affect 

the contribution of individual regions to the total shear strain energy, without altering the 

equilibrium-based stress shape, and thus govern the identified value of 𝑘𝑠. 

The heterogeneous shear-energy density indicator 𝜙2(𝑦, 𝑧)/𝐺(𝑦, 𝑧) is presented in Figure 5. 

The maps reveal pronounced localization of shear strain energy within limited regions of the matrix 

phase, particularly in zones combining high shear demand with relatively low matrix stiffness. The 

embedded steel core reduces energy contributions inside the steel phase due to the high modulus 𝐺𝑠, 

but simultaneously enhances localization in surrounding matrix regions, especially near phase 

boundaries where 𝜙 remains significant. 

    

(a) (b) (c) (d) 

Figure 5. Heterogeneous shear-energy density indicator 𝜙2(𝑦, 𝑧)/𝐺(𝑦, 𝑧)  in : (a) homogenous matrix-only 

cross-section; (b) heterogenous matrix-only cross-section; (c) hybrid homogenous cross-section with embedded 

IPE 200 steel core; (d) hybrid heterogenous cross-section with embedded IPE 200 steel core. 

To quantify the role of each phase, the energy partition measures are summarized in Table 4. 

The results demonstrate that the global transverse shear response of the hybrid member may remain 

matrix-dominated, even though a stiff steel core is present. This observation supports the need for 

heterogeneous shear correction rather than relying on classical homogeneous factors, especially for 

monitoring-oriented stiffness interpretation. 

Table 4. Partition of heterogeneous shear-energy contribution between steel and matrix phases based on the 

𝜙2/𝐺 indicator. 

Case 𝜼𝐬𝐭𝐞𝐞𝐥 [%] 𝜼𝐦𝐚𝐭𝐫𝐢𝐱 [%]  Interpretation 

H1 (homogenous) 6.5 93.5 matrix governs shear response 

H2 (heterogeneous) 4.2 95.8 matrix dominance increases 

To quantify the relative contribution of each material phase to the transverse shear response, the 

total shear-energy indicator is partitioned into phase-specific components. Based on the energetic 

formulation adopted in this study, the relevant quantity is the geometry-based shear-stress shape 

function 𝜙(𝑦, 𝑧), weighted by the local shear compliance 1/𝐺(𝑦, 𝑧). 

The partial shear-energy indicators associated with the steel and matrix phases are defined as 
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𝑆steel = ∫
𝜙2(𝑦, 𝑧)

𝐺𝑠(𝑦, 𝑧)
𝐴steel

 d𝐴, 𝑆matrix = ∫
𝜙2(𝑦, 𝑧)

𝐺𝑚(𝑦, 𝑧)
𝐴matrix

 d𝐴. (17) 

These quantities represent the relative energetic weight of each phase under transverse shear, 

while the common multiplicative constants (such as the applied shear force or the factor 1/2) cancel 

out when normalized measures are introduced. The total shear-energy indicator follows as the sum 

of the phase-specific contributions, 

𝑆tot = 𝑆steel + 𝑆matrix. (18) 

The relative participation of each phase in the overall shear response is then expressed in terms 

of normalized energy fractions, 

𝜂steel[%] = 100 
𝑆steel

𝑆tot
, 𝜂matrix[%] = 100 

𝑆matrix

𝑆tot
. (19) 

By construction, these measures depend solely on the spatial overlap between the geometry-

driven shape function 𝜙(𝑦, 𝑧)and the local shear compliance distribution. Consequently, differences 

between homogeneous and heterogeneous configurations arise exclusively from the material-

dependent weighting 1/𝐺(𝑦, 𝑧), while the equilibrium-based stress shape remains unchanged. 

The identified 𝑘𝑠 values obtained from Eq. (14) are summarized in Table 5 for the considered 

matrix descriptions. For the uniform matrix modulus case, the hybrid cross-section yields a 𝑘𝑠 value 

that deviates from the classical benchmark 5/6, indicating that the embedded steel core and stiffness 

contrast affect effective shear stiffness even when the matrix itself is assumed homogeneous. When 

matrix heterogeneity is introduced via 𝐺𝑚(𝑦, 𝑧), the deviation becomes more pronounced, reflecting 

additional energy localization in weaker matrix regions. The parametric trends are illustrated in 

Figure 6, where 𝑘𝑠 is shown as a function of stiffness contrast and matrix stiffness level. 

Table 5. Identified 𝑘𝑠 and deviation from 5/6 

Case Matrix model 𝒌𝒔 [-] 𝚫𝒌𝒔 [%] 𝑮𝐫𝐞𝐟 [MPa] 

M1 matrix-only (uniform) 0.833 - 14 000 

M2 matrix-only (heterogonous) 0.664 -20.29 1 013 

H1 hybrid + IPE 200 (homogeneous) 0.711 −14.65 17 019 

H2 hybrid + IPE 200 (heterogeneous) 0.187 −77.55 4 967 

  

(a) (b) 
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Figure 6. Parametric trends in the identified shear correction factor: (a) 𝑘𝑠 as a function of stiffness contrast 

𝐺𝑠/𝐺𝑚; (b) deviation Δ𝑘𝑠 versus matrix stiffness level and heterogeneity intensity. 

In this sense, the classical value 𝑘𝑠 = 5/6 should be regarded as a geometric reference rather 

than a robust approximation for hybrid porous members. The results confirm that the effective shear 

stiffness is controlled by heterogeneous energy redistribution rather than by geometry alone. 

Figure 7 shows the mid-span deflection error arising from adopting the classical value 𝑘𝑠 = 5/6 

instead of the identified heterogeneous 𝑘𝑠. The error is reported for the considered matrix scenarios 

and illustrates that even moderate deviations in 𝑘𝑠  may lead to systematic bias in displacement 

predictions. 

 

Figure 7. Serviceability and monitoring implication of using the classical shear correction factor: mid-span 

deflection error resulting from assuming 𝑘𝑠 = 5/6 instead of the identified heterogeneous value. 

To relate the identified shear correction factors to serviceability and monitoring-oriented 

interpretation, a simply supported beam of span 𝐿 subjected to a concentrated transverse load 𝑃 

applied at mid-span is considered. The mid-span deflection is decomposed into a bending part 

(Euler–Bernoulli) and a shear part (Timoshenko), such that 

𝑤(𝑘𝑠) = 𝑤𝑏 + 𝑤𝑠(𝑘𝑠). (20) 

The bending contribution at mid-span is governed by the Euler–Bernoulli expression 

𝑤𝑏 =
𝑃𝐿3

48 𝐸𝐼ref
, (21) 

where 𝐸 is the effective Young’s modulus associated with bending and 𝐼 is the second moment of 

area about the bending axis.  

The shear contribution is expressed in terms of the effective shear stiffness ( 𝐺𝐴)eff = 𝑘𝑠  𝐺ref 𝐴  

and reads 

𝑤𝑠(𝑘𝑠) =
𝑃𝐿

4 𝑘𝑠 𝐺ref 𝐴
, (22) 

where 𝐴 is the reference shear area of the cross-section and 𝐺ref is the reference shear modulus used 

in the identification procedure. 

To quantify the bias introduced by adopting the classical value 𝑘0 = 5/6  instead of the 

identified value 𝑘𝑠, we define the relative mid-span deflection error as 

𝜀𝑤[%] = 100 
𝑤(𝑘0) − 𝑤(𝑘𝑠)

𝑤(𝑘𝑠)
. (23) 

With this convention, 𝜀𝑤 < 0 indicates that using 𝑘0  underestimates the deflection 

(i.e., the model appears artificially stiff in serviceability terms). 
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Finally, to express the same effect in terms of monitoring-oriented stiffness interpretation, we 

introduce an apparent stiffness bias based on the inverse proportionality between stiffness and 

deflection, i.e. 𝐾 ∝ 1/𝑤. The bias is therefore defined as 

𝜀𝐾[%] = 100 (
𝑤(𝑘𝑠)
𝑤(𝑘0)

−1). (24) 

A positive 𝜀𝐾 corresponds to an overestimation of stiffness when the classical value 𝑘0 is used 

in place of the identified heterogeneous value. 

This has direct implications for monitoring workflows where measured deflections are 

interpreted through reduced-order models: if shear deformation is underestimated, the system may 

appear artificially compliant, which could be incorrectly attributed to bending stiffness degradation 

or damage accumulation. The monitoring-oriented metrics reported in Table 6 quantify these 

potential biases and highlight the importance of shear-consistent stiffness identification for hybrid 

perlite–steel members. 

Table 6. Monitoring-oriented bias caused by adopting the classical shear correction factor 𝑘𝑠 = 5/6 instead of 

the identified heterogeneous value, assuming L=1 m and P=1 kN. 

Case (𝑮𝑨)𝐞𝐟𝐟 [MN] (𝑬𝑰)𝐞𝐟𝐟 [MNm2] 
Mid-span deflection  

error 𝜺𝒘 [%] 

Apparent stiffness  

bias 𝜺𝑲 [%] 

M2 40.126 1.134 −5.08 +5.35 

H1 726.42 18.81 −3.47 +3.59 

H2 54.545 5.177 −41.5 +70.9 

4. Discussion 

The proposed formulation clearly separates two fundamentally different contributions to the 

transverse shear response. The normalized shear-stress shape function 𝜙(𝑦, 𝑧), introduced in Eqs. 

(4)–(5), is determined exclusively by the cross-sectional geometry through the classical equilibrium 

relations involving 𝐼, 𝑄(𝑧), and 𝑏(𝑧). Consequently, for a fixed outer contour of the cross-section, 

𝜙(𝑦, 𝑧) remains identical regardless of material heterogeneity or the presence of an embedded steel 

profile. This behavior is consistently observed in Figure 4, where the shape function exhibits the same 

spatial distribution for matrix-only and hybrid configurations sharing the same geometric outline. 

In contrast, the effective shear stiffness and the associated shear correction factor 𝑘𝑠  are 

governed by the energetic weighting introduced in Eq. (14), in which the geometry-driven function 

𝜙(𝑦, 𝑧)  is scaled by the local shear compliance 1/𝐺(𝑦, 𝑧) . This distinction is essential for the 

interpretation of the results: material heterogeneity does not alter the equilibrium-based shear-stress 

shape but redistributes the contribution of individual regions to the total shear strain energy. The 

maps shown in Figure 5 directly reflect this mechanism, revealing strong variations in the indicator 

𝜙2/𝐺 even when 𝜙(𝑦, 𝑧) itself remains unchanged. 

The mesh convergence study summarized in Table 1 demonstrates that the identified values of 

𝑘𝑠are numerically stable with respect to the pixel discretization used to evaluate the energy integral 

in Eq. (14). As the pixel resolution is refined, the changes in 𝑘𝑠 diminish rapidly, indicating that the 

dominant energetic features of the shear response are sufficiently resolved. This observation is 

particularly relevant for heterogeneous cases, where localized regions of high 𝜙2/𝐺 may develop. 

The convergence results confirm that the proposed pixel-based integration scheme captures these 

localized effects without introducing mesh-dependent artifacts, thereby ensuring the reliability of the 

reported trends. 

The role of the spatial distribution of the shear modulus 𝐺(𝑦, 𝑧)  is highlighted by the 

comparison between uniform and heterogeneous matrix descriptions shown in Figure 3. When a 

constant matrix modulus is assumed, the energetic weighting remains relatively uniform across the 
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matrix domain. Introducing a spatially varying modulus, derived from the density-dependent 

relation in Eq. (12), leads to pronounced energetic localization, as evidenced by the distributions in 

Figure 5(b) and Figure 5(d). 

These results illustrate that the effective shear response is controlled not merely by average 

material properties but by the spatial overlap between regions of high shear demand (large 𝜙) and 

reduced local stiffness. The steel phase, characterized by a very high shear modulus (Table 3), 

contributes only marginally to the total shear energy, despite its structural presence. This effect is a 

direct consequence of the 1/𝐺 weighting and explains why the introduction of a stiff steel core does 

not necessarily lead to a steel-dominated shear response. 

The phase-wise energy partition summarized in Table 4 provides a quantitative interpretation 

of the observations made in Figure 5. The low values of 𝜂steel obtained for both hybrid cases indicate 

that the matrix phase governs the transverse shear response, even when a steel I-section is embedded 

within the cross-section. This finding underscores the energetic nature of the shear correction factor: 

regions with low shear compliance dominate the equilibrium stress field, whereas regions with 

higher compliance dominate the energy balance. 

From a modeling perspective, this result emphasizes that the effective shear stiffness cannot be 

inferred from geometric considerations or stiffness contrasts alone. Instead, it emerges from the 

combined effect of geometry-driven stress distribution and material-dependent energetic weighting, 

as formalized in Eqs. (17)–(19). 

The identified values of 𝑘𝑠  summarized in Table 5 reveal substantial deviations from the 

classical reference value 𝑘𝑠 = 5/6, particularly for heterogeneous configurations. Figure 6(a) shows 

that 𝑘𝑠 decreases systematically with increasing stiffness contrast between steel and matrix phases, 

while Figure 6(b) highlights the dependence of Δ𝑘𝑠 on the reference shear modulus and the degree 

of heterogeneity. 

These trends confirm that the classical shear correction factor should be regarded as a geometric 

benchmark applicable primarily to homogeneous sections. For hybrid or porous members with 

spatially varying material properties, the effective shear correction factor is inherently problem-

specific and must be identified through an energetically consistent procedure. 

The practical consequences of adopting an inappropriate shear correction factor are 

demonstrated in Figure 7 and Table 6, where the mid-span deflection error and the apparent stiffness 

bias are evaluated for a simply supported beam subjected to a central point load. The results show 

that even moderate deviations in 𝑘𝑠 can lead to non-negligible errors in deflection predictions. In 

monitoring-oriented applications, such discrepancies may be misinterpreted as changes in structural 

stiffness or damage progression. 

The presented results therefore highlight the importance of using a shear correction factor that 

is consistent with the actual material heterogeneity of the member. In the context of eco-materials and 

hybrid structures, where material properties may evolve over time due to environmental exposure 

or degradation, the proposed methodology offers a physically grounded framework for updating 

shear-related parameters in reduced-order models. 

5. Conclusions 

This study presented an energetically consistent framework for identifying the transverse shear 

correction factor 𝑘𝑠 in heterogeneous and hybrid beam cross-sections. By explicitly separating the 

geometry-driven shear-stress shape function from the material-dependent energy weighting, the 

proposed method provides a clear physical interpretation of how spatial variations in shear modulus 

influence the effective shear stiffness. 

The results demonstrate that, for a fixed cross-sectional outline, the shear-stress shape function 

remains purely geometric, while deviations in 𝑘𝑠  arise solely from heterogeneous energy 

redistribution. In hybrid sections with an embedded steel core, the shear response may remain 

dominated by the matrix phase, despite the high stiffness of the steel component. This behavior 

cannot be captured by classical homogeneous shear correction factors. 
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Parametric studies and deflection-based assessments further showed that adopting the classical 

value 𝑘𝑠 = 5/6 may introduce systematic errors in serviceability predictions and monitoring-based 

stiffness identification. The proposed pixel-based energy integration approach therefore constitutes 

a practical and robust tool for evaluating shear correction factors in modern hybrid and eco-material 

structures, where material heterogeneity plays a decisive role in the transverse shear response. 
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