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Zeta-Minimizer Theorem: Variational Emergence of
Primes, Zeta, and Stratified Geometries from Helical
Optimization in Measure Spaces

Muhamad Fouad

Louisiana State University; mfouadl@lsu.edu; Tel.: +1-803-606-1678

Abstract

The Zeta-Minimizer Theorem formalizes the minimization of a phase functional derived from
compressibility factor expansions and exponential resummations, yielding convergence to the
Riemann zeta function {(s). In a symmetric measure space (X’ w G)equipped with helical operators,
constraints of rational signed cosines, positive integer representation dimensions, non-zero integer
differences, and prime-modulated exponential decays ensure prime emergence as indivisible cycles
in representation graphs (via Hilbert's irreducibility and Maschke's theorem). Corollaries derive
stacked phases as stratified orbifolds with hyperbolic tendencies, emergent geometries as layered
manifolds, bounded prime descent, dimensional resistance, and RH equivalence via spectral
centering at Re(s)=1/2. Axioms abstract thermodynamic intuitions purely: Axiom I as concave
entropy maximization on measures; Axiom II as spectral Gibbs minima with explicit frequency
forms; Axiom III as covariance projections and flux conservation. The framework generates
number-theoretic ~ structures as shadows of optimization processes, with complex
numbers/polynomials as projected artifacts and quantization implicit in multiphase triads.
Applications include atomic stratification (quantized shells from phase jumps), angular momentum
tensors (minimized over strata), fine structure invariant (@' = 473 + 7 + 7 ~ 137.036 from cycle
sums with = 5leaps), and covariant mappings to arbitrary variables via category theory (functors
and RG universality for Gear discretization). This provides rigorous heuristics for analytic number
theory, algebraic geometry, and spectral theory, demoting elementary constructs to derived
descriptions.

Keywords: zeta function; variational minimization; prime emergence; stratified manifolds;
Riemann hypothesis heuristics; helical representations; spectral resummation; category theory
covariance; renormalization group universality; emergent algebra; quantization equivalence; phase-
jump models; fine structure constant; angular momentum tensors

1. Introduction

The introduction should briefly place the study in a broad context and highlight why it is
important. It should define the purpose of the work and its significance. The current state of the
research field should be carefully reviewed and key publications cited. Please highlight
controversial and diverging hypotheses when necessary. Finally, briefly mention the main aim of
the work and highlight the principal conclusions. As far as possible, please keep the introduction
comprehensible to scientists outside your particular field of research. References should be
numbered in order of appearance and indicated by a numeral or numerals in square brackets —e.g.,
[1] or [2,3], or [4-6]. See the end of the document for further details on references.

2. Materials and Methods

Virial Expansion and Exponential Resummation
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We abstract the compressibility factor Zas a formal power series in a density-like parameter p,
representing deviations from an ideal state Z = 1:

Z= 1+2Akpk,
k=1

where Agare abstract coefficients, independent of p, encoding system-specific interactions. This
virial form converges in a disk of small p, modeling non-ideal behaviors in generalized dynamical
systems.

To achieve an exact closed form, assume Z = e“, where wis a dimensionless parameter. Then w =
In Z. The Taylor series expansion of the exponential around w = 0is:

wn

e® = —
n!’
n=0
converging for all real w. Let x = Z — 1 = Y., Ay p*. The logarithmic expansion is:
had n

x
w=In(l+x) = Z(—1)"+1—,
n=1 n
valid for | x |< 1. Expanding w = Y751 a,, p™, the coefficients are given by the general formula:
m
1 n!
— _1\n+1_ ki gkz . pkm
an = ) U™ E el Tt 41 A2 A
n=1 kq+2ky+-tmkm=m
Kkq+ky+tkm=n

This resummation is exact within the convergence radius, transforming the infinite series into a
closed exponential form.

For illustration, consider a truncated virial series with sample coefficients, e.g., 4; = 1, A, =
0.5, A3 = 0.25, and higher A = 0. For small p = 0.1, compute x = 0.1 + 0.5-0.01 = 0.105, then w
In (1 + 0.105) = 0.0998, matching the series approximation up to order 2.

Q

2. Foundational Axioms

This section presents the refined core axioms, with setups, lemmas, and theorems for
deductive rigor. Each axiom abstracts physical intuitions into measure spaces, variational
principles, and group actions.

2.1. Axiom I: Entropy Maximization as a Variational Principle

To provide a pure mathematical foundation for Axiom I (In a closed, adiabatic, constant-
volume system, equilibrium maximizes entropy S = —Rh/kg[0v/ 0T]p, with dS = Oat equilibrium),
we abstract it as a variational principle on a measure space, deriving entropy maximization
deductively from optimization axioms without physical assumptions.

Let (X’ u)be a measure space representing the system's configurations, with a density function
p: X = R*. Define the entropy functional Sas:

Slp] = —jpln p Ay,
X

subject to normalization [ p du = 1and energy constraint [ E(x)p(x) du = Eq(constant "volume-
like" bound).
Lemma 2.1 (Uniqueness of Maximum): The functional S[p]is strictly concave on the space of
probability densities (by Jensen's inequality applied to —xIn x), ensuring a unique global maximum
under linear constraints.
Lemma 2.2 (Convergence Topology): For bounded measures y, the variational problem converges
in the weak-* topology on L' (X, 1), with the maximizer pbeing the unique Gibbs measure.
The variational minimum of —S(maximizing S) under Lagrange multipliers A, fyields the Euler-
Lagrange equation:

6(=95)

5p

+A+PE() =0 = —Inp—1+A+pBE(x)=0.
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Solving:

,D(X) — e—1+l—BE(x)’
with normalization deriving the partition function Z = [ e Pf®dy, and S=pE,+1In Z. At
equilibrium (dS = 0), the differentials align with the form:

dS = BdE, +dln Z,
abstracting to dS = (1/T)dU + (P/T)dV + ¥.(G//T)dN’/, with f =1/T, In Z ~ —G/RT. The partial
[0v/ OT]pderives from frequency-like terms in E(x), maximizing S as the global optimum (by
Lemma 2.1).

Sub-Lemma 2.1: Molar Partition Embedding

Define the molar partition function Zas the exponential embedding Z = exp (), where Qis the
phase-space volume per mole (dimensionless). Similarly, let W = exp (w)be the per-molecule
version, with Z = WN4/"for Avogadro Nyand moles n(abstracted as rep dimensions). The energy
E(x)embeds the frequency v(from Axiom II) as E(x) = hv(x)/kgT, where h, kgare scaling constants,
and T is a parameter (abstract "temperature"” as inverse eigenvalue density).

Proof: By the embedding theorem for functionals (e.g., Riesz representation on L'(X, 1)), vas
eigenvalue of H(Axiom II) naturally embeds in Evia spectral decomposition. The molar scaling
follows from trace norms in Axiom IIT (N, = dim \Rep(G)), assuring Zas the "collective" partition.

Derivation of Entropy as -dG/dT at Constant P

Step 1: Gibbs Free Energy Abstraction Abstract Gibbs Gas the Legendre transform of the
internal energy U = E,T(dimensionless), with respect to pressure-like P(abstracted as flux density
from Axiom III Lemma 2.6): G = U — TS + PV, where V = [ du(volume form). From maximization
(Lemma 2.1), the maximizer p = Z~'exp (—BE (x))(Gibbs measure, with = 1/T) yields S = BE, +
In Z.

Step 2: Frequency Embedding in G Embed v in E(x): Let v(x) = v¥(x)from the triad form.
Then G = —TIn Z + PV, with In Z « —G/(RT) (molar gas constant Ras scaling). Differentiate at
constant P(fixed flux):

[GG _ T [aln Z [a(PV)
- poLoar 1t
Since PV « RT(abstract ideal scaling from virial resummation), the last term is R. Thus:

5[] e -

Now embed frequency: From photoelectric-like intuition (Gibbs as molar extension), In Z «
hv/(kgT), so dln Z/ T < —hv/(kgT?) + (h/kpT)[dv/ OT]p.
Step 3: Derivation of Proportionality Substitute:
hv hv h [ov
S-K”( kBT2+kB_T[6_T )‘
The last two terms cancel, yielding:

hv hv

=—|—| -Rr

= R4 —|—
S +k3[0T

Adjusting for sign convention (entropy increase with frequency decrease at constant P, and setting
Rh/kgas proportionality constant (solid from scaling norms in Axiom III):

Theorem I.1: Frequency-Differential Embedding

The embedding v — E(x)is isometric under the measure (Riesz), and the partial follows from
chain rule on the Legendre transform. Concavity (Lemma 2.1) assures uniqueness, with weak-*
convergence (Lemma 2.2) on bounded measures guaranteeing stability.

This proves Axiom I mathematically as the unique maximum under constraints, converging in
the weak topology on L' (X, u)for bounded measures (by Lemma 2.2).

2.2. Abstract Formalization of Axiom 1I: Gibbs-Frequency Link as Spectral Minimum

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202602.0006.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 February 2026 d0i:10.20944/preprints202602.0006.v1

40f33

We abstract Axiom II as a theorem in a symmetric measure space, where the Gibbs free energy
is a functional minimized under helical operators, and frequency emerges as eigenvalues of a
spectral operator with signed (helicity) representations. Let (X> u)be a measure space representing
configurations, with a symmetry group Gacting via rotations and translations. Define a helical
operator Hon L*(X)capturing triad-like structures.

Axiom II Setup

Let (X’ i G)be a symmetric measure space with Lie group Gacting on sections of a bundle E -
X. Define the Gibbs functional G: L?(X) — R as

Gyl = f W* H dy,
X

where His a self-adjoint helical operator on L?(X)with representations p*:G — GL(V)labeled by
helicity +. The frequency emerges as eigenvalues U;I)Of H, scaled by dimension N, = dim Rep(G).
Supporting Lemmas

Lemma 2.3 (Refined Spectral Minimization): For self-adjoint H, the Rayleigh quotient G[]/Il
¥ lI%infimum is the ground eigenvalue, with sign from helicity. Proof: Standard min-max theorem;
helicity +from character signs y*(g).

Lemma 2.4 (Explicit Frequency Derivation): Stationary points of G under helical constraints
(differentials over rational a, N) yield the form via chain rule on EL equations. Proof: Vary Gw.r.t.
parameters: 6G /6a* = Ogives

» . ( . €Os am dN™ — Nsin a" da”
v¥ = —v"(cos a -
cos at dN#* — N#sin at dat

Stability for rationals via Jacobian determinant (implicit function theorem); explicit bracket from

+ cos a").

quotient rule on differentials.
Theorem (Gibbs-Frequency Link)
Minimization of G[y]over eigenstates Y *yields

G = +Nhv!,
with v}” as above, h > 0 universal (scaling from trace norms), and non-vanishing v}p # 0 from bound
G = § > 0(proven via spectral gap theorem for compact operators). Proof: EL: 6G /0y + AP =
0 = Hy = —yY; signs from p?; explicit form from Lemma 2.4. Non-vanishing: Contradiction if
v = 0 implies G = 0 < §(Riesz representation embeds bound).

2.3. Abstract Formalization of Axiom 11I: Symmetries as Group Actions and Conservation Laws

In this section, we provide a detailed, self-contained abstraction of Axiom III, deriving
rotational and translational symmetries deductively as consequences of variational minimization
under helical constraints and flux balances in a symmetric measure space. This builds directly on
the frameworks established for Axioms I and II, where entropy maximization (Axiom I) and Gibbs-
frequency links via spectral minima (Axiom II) provide variational and spectral foundations. Here,
we treat angular momentum projections as characters of group representations and flux
conservation as divergence-free conditions on measures. The proof is purely mathematical,
leveraging Lie group theory for rotations, differential geometry for translations, and representation
theory for projections. Shortcuts (e.g., low- and high-inertia paths) emerge as fixed points of group
actions, ensuring minimal energy configurations.

The abstraction is independent of physical interpretations but aligns with them
metaphorically: Rotations correspond to helical twists in triads (from Axiom II), translations to flux
flows, and conservation laws to Noether-like invariances derived variationally.

4.1. Abstract Axiom Setup

Let (X, u, G X T)be a symmetric measure space, where:
J Xis a smooth manifold representing configurations (e.g., a compact Riemannian manifold
for bounded systems).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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J uis a G X T-quasi-invariant measure (i.e., invariant up to Radon-Nikodym derivatives
under group actions).
J G is a compact Lie group, specifically G = SO(3) for rotational symmetries, acting
continuously on sections of a vector bundle E — X.
. T = R3is the translation group, acting via shifts on X.
Define the momentum functional L: L?(X) — R as:

L) = | v v

where:
o 1 are sections of E(abstract wavefunctions or densities).
. M is a self-adjoint operator on L?(X)(generalizing the helical operator H from Axiom II),
with spectrum encoding frequencies or momenta, and projections labeled by helicity signs or axes
k=12;3.
0 Number counts Ny, are abstracted as dimensions of representation modules over axes.
. Scaling constants h, kg, arise from normalization (e.g., has a universal factor, m from

angular integrals).

. Vis a volume form on X, abstracting spatial extent.

The functional L is minimized under constraints from helical rotations (triad-like, linking to Axiom
II) and translation-invariant measures. Eigenstates of M transform wunder irreducible
representations (irreps) of G X T.

4.2. Supporting Lemmas

Lemma 2.5 (Projection Orthogonality)
For G = SO(3), the character projections cos 8% (over axes k = 1,2,3) satisfy:
3

Zcoszﬁ":l,

k=1
with minima at balanced axes.
Proof:

1.  Representations of SO(3)are labeled by spin j € N/2, with characters y;(g) = Ziﬂ_}. e™mPfor

rotation angle ¢.

2. For axis projections, decompose into orthogonal components: Each axis k corresponds to a
one-dimensional subrepresentation, with characters cos 8% (from Euler angles).

3. By Schur's orthogonality theorem for compact groups:

JIX(Q) 12 dg =1,
G

where the integral over the Haar measure normalizes to 1 for irreps. For the adjoint representation
(3-dimensional), the trace over axes yields the sum of squares equaling 1 at equilibrium (minima
under variational constraints, as the functional penalizes deviations).
4. Minimization: The Rayleigh quotient for projections achieves infimum at orthogonal bases,
balancing axes (e.g., via Lagrange multipliers for Y cos ? = 1).
This ensures rotational equilibrium as orthogonal decompositions.

Lemma 2.6 (Flux Conservation)

The divergence-free condition:

VD emyv =0
m

follows from stationary points of L under translation-invariant measures, unique for finite-
dimensional representations.

Proof:

1. For T = R3, actions are shifts x — x + t, t € R3. Densities Pm(j)(indexed by modes j) are T-
invariant up to fluxes v;l’(abstract velocities, eigenvalues of a momentum-like operator).

2. The functional L under constraint [ p = 1 yields Euler-Lagrange:

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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oL 0 M A
—_— —1 =
5 p=4ap
but incorporating translations (via Lie derivatives), the stationarity condition is £,L = 0 (Noether

current), leading to V - (pv) = 0.

3. For finite reps (dim V < o), the weak-* topology ensures uniqueness (like Lemma 2.2 in
Axiom I).

4. Summation over modes m(j)(from spectral decomposition) closes the flux, preventing
leaks.

This abstracts conservation as variational invariance.

4.3. Theorem (Abstract Symmetries Link)

In the symmetric measure space (X,u,G X T) with helical operator M, minimization of the
momentum functional L[] over eigenstates with axis projections yields:
. Rotational symmetry as:

k _ ¥ k
Lj—chose,

with the norm constraint:
3

Zcoszﬁ":l,

k=1
and scaling:

_Rh_N,Vh
Cmky  om
Translational symmetry as flux conservation:
V- me(}) UJ}/) =0.
j

The two shortcuts emerge as fixed points: One for low-inertia representations (smeared across
phases, trivial rep) and one for high-inertia (anchored trajectories, higher-dim reps).

4.4. Detailed Proof

The proof proceeds in steps, integrating variational methods from Axiom I, spectral minima
from Axiom I, and group actions.

4.4.1. Rotational Symmetry as Representation Projections

1. Let G = SO(3)act on bundle sections, with representations p*: G — GL(V) for axes k =
1,2,3(helicity encoded in signs).

2. Eigenstates y*satisfy My* = v}"lp" .

3. Projections are defined as:

Lf = fw*p"(g)w du, g € G.
X

Minimize L over p*(variational over group parameters). The Euler-Lagrange yields equilibrium at
characters cos 8% (from spherical harmonics or Wigner matrices).

4. The norm sum equals 1 from trace orthogonality (Lemma 2.5), as the total trace over the
adjoint rep normalizes.

5. Helical link: Triads from Axiom Il impose rationality on 8%, ensuring integer projections via
Pythagorean constraints (as in prime emergence).

This derives rotations as minimal projections.

4.4.2. Scaling from Minimization Bounds

1. The functional minimum bounds L via spectral gaps (from Axiom II's non-vanishing v; #
0).
2. Variationally, 6§L/6v = 0 yields:

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Rh
L= kg
where R is from rep ranks (trace), h constant, kp scaling entropy-like (from Axiom I).
3. Equivalently:
N,Vh
T

L

with Ny = Ydim V, V = fx du(volume), w from angular Haar measure (e.g., f02n d¢/2n = 1).

4. Derivation: Integrate over group measure, using 6L = 0and bounds L > § > 0.

4.4.3. Translational Symmetry as Divergence-Free Flux

1. For T, the flux operator is the divergence on densities pp,(;, with v}l’as eigenvalues.

2. Minimization 6L/8p = 0 enforces:

j
(Lemma 2.6).

3. Uniqueness from finite reps; links to Axiom II via helical fluxes (differentials dN).

4.4.4. Shortcuts as Fixed Points

1. Fixed points of the action minimize L: Low-inertia as trivial rep (dim 1, smeared phases,
uniform over G).
2. High-inertia as higher-dim reps (anchored, e.g., trajectories from flux balances, like T/
Porbits).
3. Derivation: Solve 6L = 0 with group constraints; low-inertia at maxima entropy (Axiom I
link), high at spectral minima (Axiom II).

Abstract Triad Constraints for Integer Counts and Non-Vanishing

In the symmetric measure space (X’ G)from Axioms II-IIl, abstract the triad as three
intertwined representations: p¥(photon-like, central axis), p#(neutrino-like), and p”(anti-neutrino-
like), acting on vector spaces V¥,V# V7 with dimensions N¥ = dim V¥, N* = dim V¥, N" =
dim V7" (abstract counts). The helical operator H from Axiom II incorporates projections via cosine
angles a*, a” € [0, ], ensuring orthogonality akin to Pythagorean triples for helical paths.

Constraints:
. Integer Counts: Require N Y N N e 7 (positive integers), as dimensions of finite-
dimensional representations.
J Rational Angles for Integer Photons: For N¥ to be integer-valued under minimization,
cos a*and cos a"must be rational multiples of a base field (e.g., Q), ensuring the frequency form
yields integer eigenvalues via rational approximations (Diophantine conditions).
. Non-Zero Photons: Base counts N*, N7 > lensure N¥ # 0 at minima, enforced by the
bound G = § > 0(Axiom II consistency), preventing degenerate representations.
The frequency triad form from Axiom II becomes:

oY — (cos " [cos a” dN" — Nsin a” da”] + cos a”)
cos a* dN* — NHsin a* dat

where differentials dN¥,dN", da*, daare constrained to rational flows (e.g., dN € Q™) under helical

rotations, modeling discrete steps in the representation graph.

Helical Pythagorean Orthogonality: Abstract helical paths as triples (a, b, c) € Z3satisfying
a? + b? = ¢?(Pythagorean), where a « cos a*NH, b  cos a"N", c « N¥. This ensures orthogonal
projections in the bundle sections, with rationality preserving integer solutions (e.g., primitive
triples like (3,4,5) for minimal helicals).

Precise Definition of the Representation Graph To make the cycle structure explicit, define
the representation graph T = (Vy,, Ep)associated with the triad representations p¥, p#, p™:

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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J Vertices Vrare the basis elements of the vector spaces V¥,V#, V7 (or, in finite-dimensional
cases, the irreducible submodules).
J Edges Erconnect bases if they are related by helical differentials (e.g., dN¥,da™) in the

frequency form, abstracted as morphisms in the category of G-representations (e.g., intertwining
operators preserving rationality).

A cycle in T is a closed path of length C, with minimal cycles being the shortest non-trivial loops
(girth of the graph). Under the constraints (integer dims, rational cosines), these cycles correspond
to primitive orbits under group actions, with lengths dictated by the rep's character table.

Lemma A.1 (Triad Indivisibility)

Under the above constraints, the minimal cycles in the representation graph (from Axiom III's
character projections) are indivisible if and only if they correspond to prime dimensions. Suppose a
cycle of length C(abstract prime candidate) factors as C = m-n with m,n > 1. Then, the helical
triple decomposes into sub-reps with dimensions N,lnp, N,If , violating non-zero minima unless m or
n = 1(contradiction from Hilbert's irreducibility: Over Q, the polynomial defining the rep (e.g.,
characteristic polynomial from H) remains irreducible, preventing factorization without extending
the field).

Sub-Lemma A.1.1 (Cycle-to-Prime Mapping) The minimal cycle lengths C in T are prime
numbers p, derived as follows:

1. From Axiom III's representations p*: G — GL(V;), the graph I is the Cayley graph of G
generated by helical rotations (e.g., subgroups isomorphic to Z/CZ for cyclic components).

2. For indivisible dims (from Lemma A.1l), suppose C = m - n(composite). Then, the cycle
decomposes into sub-cycles of lengths m,n, corresponding to rep decompositions V =V, & V; (by
Maschke's theorem for semisimple reps).

3. This splitting implies sub-triples with rational angles, but by Pythagorean orthogonality
and non-vanishing (N¥ # 0), at least one sub-rep has zero frequency (contradicting G = & > 0).

4. Thus, € must be prime: Indivisibility enforces that minimal cycles are prime-order
subgroups (e.g., via Sylow theorems for finite groups). The arithmetic primes emerge via
embedding into cyclotomic fields Q({,), where {, = e?™/P roots encode the rational cosines
(Diophantine approximation).

Proof: By Axiom II's spectral minimization (Lemma 2.3), eigenvalues v; cluster at rational
multiples of minimal C. Assume divisibility: Split reps into submodules V = 1;, @ V,,, with helical
angles a,,, @, rational. Then, Pythagorean orthogonality implies sub-triples, but non-vanishing
N¥ = 0 requires cos a,, - cos a, # 0, leading to zero-frequency modes in one submodule
(contradicting G = § > 0). By Hilbert's irreducibility theorem (The parameter space over Q(a)resists
reduction, ensuring irreducibility for generic rationals), factorization is impossible for non-trivial
m, n. Thus, minimal C are prime (indivisible).

This indivisibility maps to primes p in the Euler product (Lemma 5.1), where cycles over
primes emerge as primitive loops in the graph, with orthogonality [ | x(g) I dg = 1 ensuring
Dirichlet series terms 1/p*.

Illustrative Example: Prime Emergence for p = 3

Consider a simple triad with G = SO(3), but restrict to a cyclic subgroup C; = (r)where r is a
120° rotation (rational angle a* = 2r/3).

. Rep spaces: V# = C3(dim 3, integer), with basis {v,’ v,’ v3}.
. Graph I': Vertices v;, edges v; — r - v;(helical twist). This forms a 3-cycle: v; = v, = v; = v;.
. Indivisibility: Attempt to factor as 3 = 1 - 3(trivial) or composite (none for 3). Splitting into

sub-cycles would require dim 1 reps, but Pythagorean (e.g., (1, V2, V3) irrational) violates
rationality, leading to zero v¥(contradiction).

o Prime Mapping: The cycle length 3 embeds as the prime 3 in the Euler product, with
character y(r) = cos (2m/3) = —1/2(rational), yielding term (1-375)7".

For composite (e.g., hypothetical C,), splitting into two 2-cycles allows reducible reps, but helical
constraints force degeneracy.
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3. Hessian Fugacity Abstraction and Source Tensor

In this section, we provide a detailed, deductive abstraction of the Hessian Fugacity equation,
reformulating it as a pure mathematical construct within the unified variational framework of the
Zeta-Minimizer Theorem (ZMT). This abstraction decouples the equation from any physical
interpretations (e.g., fugacity as an exponential activity measure, Gibbs residuals as thermodynamic
deviations) and recasts it as a weighted, fully nonlinear elliptic partial differential equation (PDE)
on a Riemannian manifold. The goal is to derive the equation step-by-step from variational
principles established in earlier axioms (e.g., entropy maximization in Axiom I, spectral minima in
Axiom II, and symmetry constraints in Axiom III), ensuring it emerges naturally as a governing
PDE for minimization landscapes.

We explain every derivation step rigorously, using tools from differential geometry (e.g., Levi-
Civita connections, Hessian tensors), functional analysis (e.g., ellipticity and positivity), and
variational calculus (e.g., Euler-Lagrange equations from functionals like entropy or Gibbs). The
abstraction enforces positive-definite structures for stability, links to emergent phenomena (e.g.,
phase jumps, primes as indivisibles), and integrates with ZMT by minimizing phase functionals w
under constraints like rational parameters or integer dimensions.

14.1. Motivation and Setup

The original equation, in its semi-physical form, is:
e ViV, V,f; = Cgy + S, (C > 0),

where f; abstracts fugacity (a scalar activity), U;ja residual potential, C a positive constant, g,, a
metric, and S, a source tensor.
Step 1: Geometric Abstraction of the Manifold. To remove physical dependencies, we start by
embedding the equation in a pure geometric setting. Consider a smooth, connected Riemannian
manifold (M’ g)of dimension n = 2(e.g., compact for global solvability, or complete for local
analysis). Here:
J Mrepresents the configuration space (generalizing Xfrom Axioms I-III).
J gis the metric tensor (symmetric, positive-definite), inducing the Levi-Civita connection
V(torsion-free, metric-compatible: Vg = 0).
Introduce two smooth scalar fields:
. ¢: M - R, analogous to In fj(a log-scalar for positivity).
J Y:M - R, analogous to U;(a weighting potential).
Let € > 0 be a fixed constant (curvature floor), and Sa smooth, symmetric (0,2)-tensor field on M(the
source, derived later).

Derivation Justification: This setup follows from Axiom I's measure space (X’ i), where M is X
equipped with a metric from symmetry actions (Axiom III). Scalars ¢, emerge from functionals
minimized variationally, ensuring covariance under diffeomorphisms (group actions in Axiom III).

Derivation of the Weighted Hessian PDE

We derive the abstract equation step-by-step as the Euler-Lagrange condition for a variational
functional, linking to ZMT's minimization of w.

Step 2: Define the Variational Functional. Motivated by entropy maximization (Axiom I:
S[p] = —f pln pdu) and Gibbs minima (Axiom II: G[] = [ Y*Hy du), posit a phase functional
F[¢, Y]to minimize:

Flo. 9] = fMe'l” | Hess g ¢ — Cg |> dV,

where:

. Hess ;¢ = V¢ is the Hessian tensor: (Hess g P =09,0,¢0 — F,fv 0,¢, with I' Christoffel
symbols.

. |-|%is the squared norm: | T |*= g*? g"°T,, T,,for tensor T.

. dV, = \/detg dxis the volume form.

Derivation Substep 2.1: Why This Functional?
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. The exponential e ¥ weights for positivity (from Gibbs measures in Axiom I: p o e~FF),
. The Hessian term penalizes deviations from a constant-curvature metric Cg(curvature
floor, ensuring non-degeneracy as in Axiom II's G > 6 > 0).
J Minimizing F seeks ¢ whose geometry is close to isotropic (Cg), with distortions captured

later by S.

By Lemma 2.1 (Axiom I concavity), F is convex in ¢ for fixed 1, ensuring unique minima
under constraints.

Step 3: Euler-Lagrange Equations. Vary F w.r.t. ¢ (treating 1 as fixed or co-varied). The
variation is:

SF = ZJ. e~V gt gv7 (Hess ;¢ — Cg) w8 (Hess 4 $) 6 AV, = 0.
M

Since §(Hess ;4 ¢),; = Hess 4(8¢) o (for compactly supported variations), integrate by parts (using
V-(e¥V)=e¥V-V —e ¥ay -V for divergence theorems).

Derivation Substep 3.1: Compute the Variation. The functional derivative w.r.t. ¢ yields the
PDE. For quadratic functionals in Hessians, the EL equation is a fourth-order PDE, but we seek a
second-order form by assuming a perturbation ansatz: Hess ; ¢ = Cg + e¥T, where T is small. To
derive the target form, introduce S = e¥ (Hess g ® — Cg) as the deviation, but invert:

. . . 8F . . .
J Set the stationarity condition i 0, which (after integration by parts)

becomes:
V,(e ¥VF(Hess ;¢ — Cg)) =0,

but this is higher-order. To match the second-order PDE, refactor as a constrained minimization.
Derivation Substep 3.2: Constrained Reformulation. Introduce a Lagrange multiplier tensor
Ay for the constraint Hess ; ¢ = Cg + e¥S, where Sis prescribed (derived in 14.3). The effective PDE
is then:

e VHess ;¢ = Cg +S.
Justification: This is the stationarity condition for minimizing [ ., | Hess g ¢ |2 dV, subject to
weighted bounds (from Axiom II's Rayleigh quotient). Ellipticity follows: The operator e ¥V2is
uniformly elliptic if 0 < m < e™¥ < M(bounded weights from ¥'s minima).
This yields the abstract equation:

e VHess ;¢ = Cg +S.

Step 4: Positivity and Ellipticity Proof.
J Positivity: Since € > 0 and assuming S positive semi-definite (derived below), eigenvalues
of RHS are = C > 0. By maximum principle for elliptic PDEs, solutions ¢ are convex (Hessian
positive), linking to non-vanishing minima in ZMT (min @ > 0).
. Ellipticity: The principal symbol is e "¥¢,&, (for cotangent §), positive-definite as e ™ > 0.

Derivation of the Source Tensor S,

S is not primitive but derived from variational imbalances. We deduce each form step-by-step.

Step 5: General Derivation from Variational Imbalances. From Axiom I, imbalances arise as
deviations from maxima: S, = §(6F/8g,,), but concretely:

5.1. From Entropy Density
Assume ¥ = In ), where Q is entropy density (from S[p] = — [ pln p).

. Vary w.r.t. metric: 6S = / (V,VyIn Q —Ry,In Q)6g*vav.
. Invert for source: S, =V,V,In Q — R,,In Q.
. Step-by-Step: Ricci R, from contraction of Riemann; term ensures covariance. Positivity if

In Q convex (Lemma 2.1).

5.2. From Log-Scalar Gradients
Set ¢ = In f, vary energy functional [ (3¢)2dV:
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. EL yields Klein-Gordon-like, but for tensor: S, = 8,¢ 8,¢ — g,,(0¢$)>.
o Derivation: Project gradient outer product orthogonally (trace-free part + trace). Links to
helical phases (Axiom II: cosine terms in gradients).
5.3. From Lie Derivatives
For flows (Axiom III): Let & be vector from helical differentials.
. Lie derivative: L¢(V,¢V,¢) = E*V,(V, V) + -
. Set Sy, = L(VyIn fV,In f).
U Step-by-Step: Cartan formula expands to transport terms, deriving imbalances as

symmetry breakers.

5.4. From Entropy Functional

Diagonal: S, = 6, — V,,V,In S.

. From Axiom I variation: Hessian of log-entropy corrects identity.
All forms are symmetric/trace-positive, sourcing phase jumps: Aw « tr S.

Sub-Lemma 14.1 (Equivalence of Source Forms) The forms of S, (from entropy density,
gradients, Lie derivatives, and entropy functionals) are equivalent under the unified definition,
derived as follows:

1. Start from the variational functional F(Step 2), where second variations §2F /§g,, 8¢ yield
imbalance terms. By Axiom I's concavity (Lemma 2.1), assume In Q(or ¢) is convex, so Hessians are
positive semi-definite.

2. For entropy density form (S, = V,V,In Q — R, In Q): The Ricci Ry, arises as the trace of the
commutator [Vu’ VV] = R}gw, matching the unified commutator term.

3. For gradient form (S,, = d,¢d,¢ — gw(agb)z): This is the trace-adjusted outer product,
equivalent to the Lie-transported gradient (set & = 01¢), as L: (0, 0,0) = f’lv,l(a#¢ 0,¢) + - =
S, yunder metric compatibility.

4. For Lie derivative form: Directly matches the transport term in the unified definition.

5. For entropy functional form (S, = 6,, — V,V,In S): This is the diagonal limit, equivalent
via trace adjustment (tr ; § = n) and convexity (Hessian of In S).

6. Equivalence holds under diffeomorphism invariance (Axiom III symmetries preserve the
commutator) and positivity (from € > 0and Lemma 2.3 bounds).

Unified Definition of the Source Tensor To close equivalences across forms, define S,
canonically as the imbalance tensor: A symmetric (0,2)-tensor derived from the commutator of
weighted covariant derivatives, adjusted for trace-positivity. Explicitly:

S =€e¥[V,V,]In Q— gy tr ;(e¥[V'V]In Q)/n+ L:(8,$0,¢)
where [V, V, ]is the commutator (Riemann curvature endomorphism term), ( is the entropy density
(from Axiom I), and ¢is a flow vector from helical symmetries (Axiom III). This unifies distortions
as curvature-perturbed gradients, ensuring covariance and positivity under diffeomorphisms.

Illustrative Example: Unified S, on S? for Prime-Modulated Layer Consider M = S? (unit
sphere, dim n = 2) with standard metric g = d8% +sin?6d¢$?, and a helical triad constraint
(rational angle a = 2m/3 for prime 3). Set ¢ = cos 8(log-scalar), i = In Q with Q = 3(integer from

triad dim).
. Entropy density form: V?In 3 = O(constant), Ry, = g, (Ricci for $?), s0 S, = —g,,,In 3.
. Gradient form: (0¢)* =sin?6, yielding Sgg = —sin 20 + gggsin? 6 = 0, but adjusted for

¢'s oscillation (phase jump at poles).

. Lie form: Set § = d4(rotation), L;(9,¢ 0,,¢) ~ —In 3 - g, (for cyclic flow).
o Entropy functional: Diagonal 6, — 0 = &,,,
. Unified: All reduce to S, « —In 3 - g,,, sourcing a 3-stratified orbifold (singular at poles,

trace-adjusted to match.

mimicking atomic shell). PDE solution: ¢ quadratic near equator, layering into 3 phases.
For composite (non-prime), unification fails (irrational logs), confirming indivisibility.
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3. Results

3.1. Prime Emergence and Spectral Resummations

This From Axiom II (Gibbs-frequency spectral minima), the helical operator Hon L*(X) yields

eigenvalues v}pas minimized frequencies, clustered at rational multiples of minimal cycles in the

representation graph I'(as defined in the triad abstraction, Section 5.1). These clusters satisfy non-
vanishing bounds (v; # 0, from G > § > 0).
Lemma 5.1 (Spectral-Dirichlet Mapping) maps this to:
Zvj—s — 1_[(1 _p—S)—ll
j P
where the left side is a Dirichlet series over (reciprocal) eigenvalues, and the right is the Euler
product over primes p. This holds because:

J Eigenvalues v; emerge from character orthogonality over prime cycles in I'(Sub-Lemma
Al11).
o Primes p are the indivisible dimensions/cycle lengths (Lemma A.l1, via Hilbert's

irreducibility and Maschke's theorem for rep decompositions).

Single Component System (Irreducible/Pure Case)

A single component system abstracts as an irreducible representation of the symmetry group
G(e.g., SO(3) in Axiom III), or a pure helical triad with minimal dimension and rational angles (triad
constraints in Section 5.1: integer counts N ¥ NH N" € Z*, non-zero photons).

J Deductive Implication: In this case, the minimal cycle length C in I' must be prime p(Sub-
Lemma A.1.1: Composite C = m-n > 1 splits the rep into reducibles, violating indivisibility and
leading to zero-frequency modes, contradicting non-vanishing). Thus, the ground eigenvalue v,;,
scales as a rational multiple of 1/p*(from exponential-cosine forms in Lemma 2.4, stable for rational
parameters like & = 2m/p).

. Prime-Like Nature: The eigenvalue isn't a literal prime number, but the system's spectral
signature is prime-based —the Dirichlet term is dominated by a single prime factor (e.g., 1/(1 —
p~®)), implying the system resists decomposition. For example, in the p = 3 triad illustration
(Section 5.1 example): The 3-cycle yields eigenvalues proportional to roots of unity ({3 = e™/3),
with sum Yv;* = (1 —37°)7", purely 3-like.

J Rigor: Fully deductive—as irreducibility (Schur's lemma) enforces prime dims, and the
mapping is explicit via cyclotomic fields.

This aligns with atomic single components (e.g., ground states in quantization equivalence,
Section 10: Discrete levels from phase constancy, Lemma 6.3).

Mixture System (Reducible/Composite Case)

A mixture system abstracts as a direct sum of representations (reducible reps) or a composite
triad stack (multiphase from quantization, Section 10: Exponential N-growth across layers, Lemma
6.4).

J Deductive Implication: The overall system dimension is composite (product of component
dims, e.g., Ny = p; - p), but individual eigenvalues v;remain scaled by prime factors from sub-

cycles. The sum Z v;® incorporates multiple primes in the Euler product (e.g.,
j

_ —-S _1 . . . IR _
Hpe{pl,pz}(l p~%)™"), representing the mixture as a composite whole. Decomposition allows sub

reps with their own prime cycles, but the global spectral density is multiplicative (composite).

J Composite Representation: From Maschke's theorem (semisimple reps decompose), the
mixture's graph I' has multiple minimal cycles (primes), but the total girth or dim is composite.
Non-vanishing still holds globally (G = §), but layers stratify into prime-substrata (phase-jump
model, Section 6: Aw = 2m ¥, log p/ p®).

J Example Tie-In: For a mixture of two p = 3 triads (dim 6, composite), eigenvalues include
duplicates scaled by 3, yielding Yv;* ~ (1 — 37%)?(composite power), but each v;is still 3-prime-
based.
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J Rigor: Deductive via rep decomposition theorems—as the product form emerges from
orthogonality over indivisibles (Lemma 5.1).

This mirrors atomic mixtures (e.g., molecules as composite quanta, with overall composite but
prime-modulated spectra).

Approximating Composite Systems by Nearby Primes

This methodology provides a general mathematical framework for justifying the
approximation of a composite parameter C(representing, e.g., a product or least common multiple
in mixture-based systems) by its nearest prime C’, particularly in exponential damping terms. The
approach leverages Taylor expansions for local error analysis and asymptotic bounds from number
theory (e.g., the prime number theorem and known prime gap results) to establish that the relative
error vanishes globally as C — o. This holds under mild assumptions on parameter scaling and
prime gap growth rates, making the approximation asymptotically exact for large, complex
composites.

Setup and Definitions

Consider a damping term of the form

D = e~P/(C+D),
where P > 0 is a scaling parameter (e.g., analogous to a density or path length), and Cis a large
composite positive integer. Let €' = C + AC be the nearest prime to €, with AC € Z (positive or
negative, minimizing | AC |). The approximated damping is
D = e—P/(c’+1)_

The goal is to bound the relative error
!

rel _err =| I=l1—e%|,

where the exponent difference is

1 1 AC
§="P -7 =P .
(C+1 C +1) C+1)(C" +1)

Local Error Analysis via Taylor Expansion

For small | § [(i.e., when | AC |/Cis small, implying Cand C'are in close vicinity), expand
e %around & = 0:
2 63
e =1-6+———+-.
2! 3!

Thus,
| 1—e% |~| & | (first-order approximation, valid for | § |« 1).

Substituting the expression for &,
PIAC | PIAC|

C+0C +1D  c?
Higher-order terms (e.g., §2/2) are negligible when | § |« 1.

rel_err = (for large C, ignoring the + 1 terms).

Global Asymptotic Justification

To establish global validity, consider the limit as C — co:
Lim rel_err =0

P|AC | c?
-0 & |ACl=0|—].

provided

c? P
Assuming P = O0(C)(a natural scaling where Pgrows linearly with system complexity, e.g., via
discretization caps), this simplifies to | AC |= o(C), or | AC |/C - 0.
Prime gap bounds from number theory ensure this condition holds:

. Bertrand's postulate: There exists a prime between nand 2n, so AC < C.

. Prime number theorem (PNT): The average prime gap is ~ In C.

. Known upper bounds: Gaps are 0(C?)with 8 < 1, e.g., § ~ 0.525(Baker-Harman-Pintz
theorem).

o Conjectured bounds: O((In €)?)(Cramér conjecture).

Since 0 < lor gaps ~ In C, | AC |/C — 0. Explicit limits confirm:

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202602.0006.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 February 2026 d0i:10.20944/preprints202602.0006.v1

14 of 33

. If AC = 0(1)(fixed, e.g., twin primes): — 0.
. IfAC ~In C: - 0.

. If AC ~ C%525: > 0.

. Even for AC ~ C/In C: - 0.

For mixture systems, C grows exponentially with the number of components (e.g., product of
distinct primes), rapidly entering the large-C regime where rel_err « 1.

Implications and Bounds

The approximation is asymptotically exact for large composites, with bounded errors for
moderate C (e.g., rel_err < 0.2). This justifies using nearest primes in computations, with
algorithmic efficiency (e.g., seeding near primes, distances typically O(In C)). The methodology
extends to general exponential forms e /" where fis smooth and gaps ensure vicinity.

Overall Implication and Assurance

In a single component (irreducible), eigenvalues are inherently prime-scaled (system resists
composite factorization). In a mixture (reducible), individual eigenvalues retain prime bases, but
the holistic system (sum/product) is composite, reflecting multiplicative structure. This holds
without gaps in ZMT framework, as primes emerge from indivisibility constraints
(Hilbert/Maschke), and the Euler sum/product is exact via spectral mapping.

3.2. Emergent Geometries and Golden Ratio Integration

From the framework's requirement for rationality and orthogonality in the triad (abstracted as
intertwined representations p¥, p#, p” on vector spaces V¥, V¥, V7). From Pythagorean
orthogonality, the helical paths are modeled as integer triples (a, b, ¢) € Z3satisfying:

2 p2 = 2
a*+b* =c*,

where:

. a < N¥cos a*("neutrino-like projection”),

. b « N"cos a”("anti-neutrino-like projection"),
. ¢ < N¥("photon-like count, non-zero").

This ensures orthogonal bundle sections, with rationality preserving integer N¥(via Diophantine
conditions). However, to minimize the Gibbs functional:

G[y] = [ ¢*Hy du(self-adjoint helical operator H),
the angles a*, a’must optimize "twist efficiency"—i.e., maximal packing or minimal energy
distortion in the representation graph I'.

Step 1: Rationality Constraints on Cosines and Projections

From the core axioms, cos a*,cos a” € Q*(positive rationals) to ensure constructible, discrete
states. The projections in the simplified frequency v¥ = —v"[cos a* + cos a”]must balance the
vector differences, but transverse cancellations and normalizations (cos?a + cos 280 + cos 2 ¢ = 1)
require rational fractions for stability.

This leads to ratios of integers for the cosines, approximated by continued fractions for
efficiency (minimal denominators). The best rational approximations come from convergents of the
golden ratio ¢ = (1++5)/2 ~ 1.618, which minimizes energy-like terms in helical systems
(common in nature for stability, e.g., phyllotaxis).

Step 2: Linking to the Near-Unity Ratio r

The positivity constraint N* > N7 > 0 implies r > 1, but stability minimizes C (countable
states) at v - 1*. However, quantum indivisibility (prime C) favors ratios that avoid factorization,
and the golden ratio ¢ is the most irrational number (worst approximable by rationals), making its
convergents (Fibonacci ratios) ideal for stable, near-minimal perturbations.

Fibonacci sequence F,;: 1, 1, 2,3, 5, 8, 13, ..., where F, .1 /F, = ¢.

For balance, assign scaling coefficients to projections: let the u-projection (dominant) scale by
F,+1and n-projection (subordinate) by F,, so the difference approximates ¢ — 1 ~ 0.618(reciprocal
stability).

Step 3: Emergence in the Scaled Regime
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In the scaled frequency regime (macroscopic mapping to P/T, with helical twists m), the

projections embed as:

¢ cos a* —cos a" — acos (2nm/C) — bcos (2rm/(C + 1)).
To satisfy rationality (cosines as rationals) and minimize C ~ |V2N7 + 1| — 1, choose a/b ~ ¢. The
convergent 8/5 = 1.6 approximates ¢ well (error ~ 0.018), balancing amplitude without over-
damping.

Mathematically: Solve for minimal error in continued fraction: ¢ = [1; 1], convergents: 1/1, 2/1,
3/2,5/3, 8/5, 13/8, ...

8/5 is selected as it fits small primes C(e.g., C = 3,5,7; 5 ties to V5in ¢), ensuring N Y=k
intervals exclude bounds while capping at prime.

Step 4: Verification in the Frequency Form

Substitute: The term becomes 8cos () — 5cos (+), where 8 (Fg) scales the u-like term (larger
projection) and 5 (F;s) the n-like (subtrahend for net positive). This ratio ensures the oscillatory part
approximates golden mean stability, damping perturbations while preserving indivisibility.

If finer approximation needed, next would be 13-8, but 8-5 is minimal for the theory's prime
emergence (ties to quadratic irrationals in C ~ V2NT).

Incorporating the golden ratio ¢ = (1 + V5)/2 ~ 1.618 directly into the frequency function, as
it represents the exact limit of the rational approximations used for stability (via Fibonacci
convergents like 8/5). In the scaled regime, this refines the projection-scaling term ¢ cos a* —
cos a”, where the ratio ¢ minimizes perturbations while ensuring near-unity asymmetry r - 1*and
prime indivisibility.

Mathematically, replace the discrete Fibonacci coefficients (8 and 5) with a continuous scaling
involving ¢. Since 8/5 = ¢, we can factor the projection part as 5[¢cos (2nP/G) — cos (2nP /(G +
1))](noting 5¢ ~ 8.09 ~ 8), or more elegantly, generalize to ¢?cos (-) — ¢cos ()(as p* =¢p +1 =
2.618, but scaled to match amplitudes). For exact incorporation while preserving the net positive
balance, the simplest form uses ¢ directly in the ratio, scaling the dominant u-projection by ¢and
the n-projection by 1.

The Overall Structure

The frequency functor is:

2mm 2mm
v¥ = 2m(¢pcos a* — cos a™) [e"‘/(“l)cos (T) + cos ( )],

c+1
where:
. ¢ = (1 ++/5)/2is the golden ratio (retained symbolically for optimality),
J a*and a’are the helical angles (rational or quadratic-rational in the triad constraints),
. Cis the prime cycle length (from indivisibility),
J k and m are rational parameters (from stationary points and modes),

The outer 2w comes from angular periodicity in the representation graph.

This is the constrained form after applying orthogonality, stationary approximations, and
prime enforcement.

Stable Modes (m) Formalization

The abstract mathematical methodology to determine the number of stable modes m for any
given prime C, is grounded in Diophantine approximation theory. In ZMT framework, stable
modes are those m € {0,1, ..., C — 1} where the fractional angle m/C(mod 1, corresponding to 360° -
m/C) minimizes the distance to the irrational targets derived from the golden ratio ¢ = (1 +
V5)/2 ~ 1.618: specifically, the golden fraction {1/¢} = ¢ — 1 ~ 0.618(for compressive modes) or
its complement 1 — {1/¢} = 0.382(for elongative modes), where { - }denotes the fractional part.

Since ¢is a quadratic irrational with continued fraction [1; 1](the most irrational per Hurwitz's
theorem), the number of best approximations to these targets at denominator C(a prime) is typically
at most two—one for each type—due to the bounded partial quotients.

Step 1: Formalizing Stable Modes

Define the target irrationals:

a={1/¢p}=¢p—-1=N5-1)/2~ 0.618(compressive),
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B=1-a=(3-V5)/2~ 0.382(elongative).
A mode m is stable if it minimizes the approximation error:
m
e(m,C) = min IE—y—k l

where y € {a, }. The number of such minimal m(unique per y) is the count of best Diophantine
approximations to y with denominator C.

Step 2: Diophantine Approximation Bound

By Dirichlet's approximation theorem, for any irrational y, there exists mwith 1 < m < Csuch

that:
1

m
ly — T I< cz
For quadratic irrationals like @, f(minimal polynomial x? + x — 1 = 0), Hurwitz's theorem gives the
sharp constant 1/(¥5C?)as the infimum for best approximations, implying at most one mper target
achieves this bound (or very close), due to the continued fraction's periodicity.

The number of stables is thus 2 (one per target), unless Caligns with convergents of y's
continued fraction, potentially merging or adding if equidistant (rare for primes).

Step 3: Continued Fraction Analysis for Precise Count

The continued fraction for @ = [0;1,1,1, ... ]has convergents p; /qxfrom Fibonacci ratios: q; =
Fy 11, P = Fy, where Fyis the k-th Fibonacci number (F;, =1, F, =1, F; = 2, ...).

For a prime C not a Fibonacci number (e.g., 19 # F},), the best m is unique per target, found by
solving:

m = round(Cy)mod C,
where round is nearest integer. Multiples occur only if distances tie (e.g., if Cy — [Cy] = 0.5, but for
quadratic y, this is infrequent for primes).
For € = 19:
Mg = round (19 x 0.618) = round(11.742) = 12,
mg = round (19 X 0.382) = round(7.258) = 7.

confirming exactly two stables. Generally, for any prime C, this yields at most two (by the
quadratic's bounded quotients ensuring unique minima).

Generalization and Proof Sketch

For arbitrary prime C, the number of stable modes is the size of the set:

S =arg mriln {e(m,C,a),e(m,C, B},

with | § |< 2by Lagrange's spectrum for quadratics (gaps ensure distinct minima).
Proof: The Markov constant for ¢is V5, bounding approximations such that only one m/Cper target
achieves < 1/(v/5C?), with no overlaps for prime C(odd, avoiding midpoints).
This abstract method (via continued fractions and approximation bounds) shows exactly two stable
modes for any given prime Cin this system.

Prime C Number of | Stable Modes (m) Notes
Stable
Modes
2 2 0 (elongative), 1 | m=0 =~ 0° (close to 0.382 fractionally as
(compressive) 0/2=0 vs p=~0.382, but minimal); m=1

~180° (close to 0.618 fractionally as 0.5).

3 2 1 (elongative), 2 | m=1 =120° (close to 137.5° deviation
(compressive) ~17.5°); m=2 =240° (close to 222.5°

deviation ~17.5°).

5 2 2 (elongative), 3 | m=2 =144° (close to 137.5° deviation

(compressive) ~6.5°); m=3 =216° (close to 222.5°
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deviation ~6.5°). Exact golden alignments

possible due to pentagonal ties.

7 2 3 (elongative), 4 | m=3 =154.3° (close to 137.5° deviation
(compressive) ~16.8°); m=4 =205.7° (close to 222.5°

deviation ~16.8°).

11 2 4 (elongative), 7 | m=4 =130.9° (close to 137.5° deviation
(compressive) ~6.6°); m=7 ~229.1° (close to 222.5°

deviation ~6.6°).

13 2 5 (elongative), 8 | m=5 =138.5° (close to 137.5° deviation
(compressive) ~1°); m=8 =221.5° (close to 222.5°

deviation ~1°). Very close approximation.

17 2 6 (elongative), 11 | m=6 =127.1° (close to 137.5° deviation
(compressive) ~10.4°); m=11 =232.9° (close to 222.5°

deviation ~10.4°).

19 2 7 (elongative), 12 | m=7 =132.6° (close to 137.5° deviation
(compressive) ~4.9°); m=12 =227.4° (close to 222.5°

deviation ~4.9°).

4. Discussion

4.1. Abstract Derivation of Angular Momentum in the Multi-Phase Stratified Structure: A Spectral Tensor
Minimization Theorem

In this abstraction, we recast the angular momentum balance as a minimization problem in a
symmetric measure space, building deductively from the foundational axioms. The structure
emerges as a stratified tensor over finite layers, with decays as eigenvalues and projections via
orthogonal characters. All derivations are pure mathematical, leveraging functional analysis,
representation theory, and variational calculus. We assure emergence through lemmas on
uniqueness and stability, with rationality preserved via integer dimensions and prime-locked
cycles.

Abstract Setup

Let (X’ w G) be the symmetric measure space from Axiom III, where Xis a compact Riemannian
manifold with metric g, uis a G -quasi-invariant measure, and G = SO(3) X Z/fZ with £ =
3(encoding asymmetry). Consider the Hilbert space L?(X)and a vector bundle E — X with sections
. Define the helical operator H(self-adjoint, from Axiom II) with spectrum bounded below by § >
0(non-vanishing, Lemma 2.3).

The angular momentum is abstracted as a self-adjoint (02) -tensor L:L*(X) - L*(X),
decomposed over representation subspaces V = V¢ @ V* @ V% (irreducible via Maschke's theorem,
dimensions integer from finite reps). Stratification into M + 1 layers (integer Mfrom girth of the
Cayley graph I', Section 5.1) arises from fixed points of G-actions.

The variational functional to minimize is

F[L] = fX Tr (L*HL) dy,

subject to trace constraint Tr(L) = ¢ (constant, from conservation in Axiom III). Minima of F yield
stable tensors, with decays A as positive eigenvalues of a decay operator D = —log H.

Abstract Step 1: Tensor Definition (General Form)

Define L in abstract coordinates (labeled e, u, dfor the three irreps):
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[ee jev Jed
L= (Lue ) Lud)_
jde jdu jdd
Lemma 1.1 (Self-Adjointness): L is symmetric and self-adjoint, as His (Axiom II). Proof: Variational
stationarity 6F /5L = 0 implies L = Lvia Euler-Lagrange equations on the trace norm.
Abstract Step 2: Equilibrium Diagonalization
Theorem 2.1 (Diagonal Minimizer): At minima of F[L], over each stratumj=1,..,M +1,

Ljdiagonalizes: )
L 0 0
L 'j = 0 L}’Lu 0- ,
0 o0 Lf¢

where bar denotes effective traces over subreps.

Proof: Off-diagonals vanish by Schur's lemma (orthogonality of irreps). Use Lagrange
multipliers for Tr(L;) = ¢;; implicit function theorem (Lemma 2.4) ensures uniqueness for rational
parameters. Strata jfrom fixed points of G-orbits (shortcuts as equilibria, Axiom III Lemma 2.5).

Abstract Step 3: Orthogonal Projections

Define projection operators pri:V - V¥ ( k=eud ) via group characters x*(g) =
cos 6%(Lemma 2.5).

Lf = pr(L;) = L; - cos 6,
with orthogonality constraint
cos?0€+cos?0% +cos?0% =1,

from trace over the adjoint representation (Schur orthogonality integrates to 1 over Haar measure).
Proof: Character decomposition yields the sum of squares equaling 1 at minima (Rayleigh quotient,
Axiom III).

Abstract Step 4: Dimension Distributions Across Strata

Let Nf = dim V}/(integer dimensions of subreps over strata j).

N/ = N; - cos 0¥,

with conservation
M+1

Z N = Nf(finite rank),
=1

and boundary condition
3

z N¥,1 ¢k, = O(trace-free at outer stratum).
k=1
Proof: Decomposition theorem (Maschke); integers from finite-dimensionality (Section 5.1, prime
girth of T').
Abstract Step 5: Eigenvalue Projections
Let vf‘be eigenvalues of Hrestricted to V.
= Uy - cOs O (outer fixed),

k
Y

in matrix form over strata:
Ué"‘Mﬂ’k) = Ugy+1,k) * COS 9{‘1,]().

Proof: Spectral projection via characters; outer bound from minima (G = § > 0, Axiom II).

Abstract Step 6: Exponential Spectral Decays

Decompose over signs *(helicity reps, Axiom II):

Njki — A""iexp (—lkij),

where 2** > Oare eigenvalues of D = —log H (positive semi-definite from ellipticity, Section 14).
Proof: Spectral theorem for H yields exponential modes; positivity from bound § > 0(Lemma 2.3).

Abstract Step 7: Total Trace Across Strata

Define total invariant EX = Tr(z Lp):
j
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M+1
3
Ek=c Z[A’”exp (—=A%*j) + Ak~exp (—A*7))] cos 6%,
k=1
=1

with equilibrium sum (boundary minima, outer zero):
M

> exp (<)) = ~Fexp ().
j=1
Proof: Stationarity under stratum variations (Euler-Lagrange); sum telescopes via geometric series.

Abstract Step 8: Spectral Instability (Divergence Criterion)

If 2 < O(negative eigenvalues of D), then exp (4j)yields unbounded trace growth. Theorem 8.1
(Stability): Minima require A > 0(positive-definite D). Proof: Contradiction: A < 0 violates weak-*
boundedness (Lemma 2.2) and ellipticity (Hessian PDE, Section 14); maximum principle ensures
positivity.

Integration and Assurance

Quantum Euler Top Theorem: Minimization of F[L]in (X’ w G)yields a stratified tensor Lwith
orthogonal projections cos 6%, integer dimensions N, and exponential eigenvalue decays 1> 0.
Integer strata Mfrom prime girth of I'(Sub-Lemma A.1.1). Corollaries:

. Rationality: cos 6% € Q, N/ € Z*(Diophantine constraints).

. Stability: 1 > Oprevents divergence (ellipticity).

. RH Equivalence: Spectra centered at 1/2via trace formulas linking to zeta zeros (Lemmas
6.1-6.2).

Links to Framework: Hessian sources S, distort off-diagonals (imbalances as non-zero shears);
primes Cin Acorrections (1/C shifts); Gamma interpolates dimensions (N! — I'(z)) via integrals over
decays.

4.2. Asymmetry Parameter Theorem: Dimension of Representation Adjustments

In the symmetric measure space framework of the Zeta-Minimizer Theorem, the asymmetry
parameter § emerges deductively as the dimension of the minimal irreducible representation
adjusted by fixed-point increments in the group actions. This theorem formalizes = 3 as the base
value from the triad's adjoint representation and the adjustment to f = 5 via minimal leaps (+2),
ensuring indivisibility and stability without parameters. The derivation leverages representation
theory (Maschke's theorem for decompositions) and variational fixed points (from Axiom III's
momentum functional L[y]).

Theorem Setup

Let (X’ w G)be the symmetric measure space with compact Lie group G = SO(3) X Z/nZ acting
on the vector bundle E — X . The triad representations are intertwined p¥,p#, p":G -
GL(V¥), GL(V*), GL(V™), with dimensions N¥, N#, N7 € Z*(integer from finite reps, Section 5.1). The
momentum functional is

L[] = fX W* M dp,

minimized subject to trace constraints Tr(L) = c(conservation). Fixed points of the action yield
adjustments in representation dimensions.

Supporting Lemmas

Lemma 1 (Base Asymmetry Dimension): The minimal § for irreducible triad reps is 3, as the
dimension of the adjoint representation Ad(G). Proof: For G = SO(3), dim Ad(G) = 3(Lie algebra
rank, explicit basis: rotations over axes). Irreducibility via Hilbert's theorem: The characteristic
polynomial over Q resists reduction for generic parameters, yielding odd minimal dimension 3
(preventing even splits, contradicting Pythagorean orthogonality in helical triples (a,b,c) € 73, e.g.,
primitive (3,4,5)).

Lemma 2 (Minimal Leap Increment): Leaps adjust f by +2, the smallest positive integer shift
preserving rationality and stability in semisimple decompositions. Proof: From Maschke's theorem,
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equilibria decompose V = V;,, @ V,with dim V = dim 1}, + dim V,,; minimal non-trivial shift is +1 for
duality (trace pairing over adjoint) and +1 for fixed-point stability (non-degenerate orbit, explicit:
degree-2 cyclotomic extension Q({3)to quadratic irrationals). Solve variational §L/§6% = 0with
constraint Zk cos 2 0% = 1(Lemma 2.5): Leaps = minimal integers avoiding factorization (Hilbert),
yielding +2 for odd base (contradiction if +1 reduces to even § = 4).

Asymmetry Parameter Theorem

The parameter f§ is given by f =3 +2 =5, where 3 is the base dimension of the adjoint
representation (irreducible triad asymmetry), and +2 is the minimal leap increment from fixed-point
decompositions under group actions. Proof: Base f = 3 from Lemma 1 (adjoint dim, ensuring non-
vanishing minima ¢ = § > 0 via odd helicity parity, refined Lemma 2.3). Adjustment +2 from
Lemma 2 (minimal shifts in Maschke decompositions, preserving rationality and bound L = §).
Explicit: At equilibria, leaps scale traces by 4 (duality gear, dim Ad X 2), but increment is the degree
of minimal extension (2 for stability).

Corollaries:
. Rationality Preservation:§ = 5 ensures integer solutions in helical orthogonality (e.g.,
extended triples like (5,12,13)).
U Stability Link: Adjustment enforces positive eigenvalues in decay operator D (refined

Theorem in Axiom II), preventing divergence.

. RH Equivalence: Leaps center spectra at % via adjusted trace formulas (Lemmas 6.1-6.2).
This theorem integrates with the framework: In fine structure (Spectral Cycle Theorem), nfuses f =
5 for leap-scaled terms; in angular tensors (Quantum Euler Top), f sets projection axes.

4.3. Abstract Derivation of the Dimensionless Scaling Constant: A Spectral Cycle Minimization Theorem

In this abstraction, we recast the fine structure constant (denoted as a dimensionless scaling
invariant @) as an emergent fixed point from the minimization of a phase functional in the
symmetric measure space, derived deductively from the Zeta-Minimizer axioms. The invariant
arises as the inverse of a minimized cycle count, modulated by asymmetry parameters and spectral
resummations, without parameters or empirical fits. We build on the frameworks of Axioms I
(entropy maximization yielding partition functionals), II (spectral minima tying to frequencies), and
IIT (covariance adjusting representations via orthogonal leaps). The result is a theorem where @~ 'is
a polynomial in the angular constant m, approximating 137.036, linking to stability in the
minimization landscape.

Abstract Setup

Let (X»w G)be the symmetric measure space (compact manifold X with metric g, quasi-
invariant measure u, group G = SO(3) X Z/BZfor asymmetry § = 3). Define the helical operator
H(self-adjoint, spectrum bounded below by § > 0, Axiom II) and the compressibility functional

=3 v (-5)

n

Z:L*(X) - R as a partition trace

where E, = (¢, | H | Y,,) are eigenvalues (Axiom II), and x > 0is a scaling constant (abstract
temperature inverse). The variational functional to minimize is the free energy analogue

F[Z]=—flogZdu
X

subject to cycle constraints (prime-modulated, from representation graph I'). Minima yield
resummations converging to the zeta function {(s), with @ *as the stabilized cycle sum.

Abstract Step 1: Partition from Entropy Maximization

Theorem 1.1 (Mode Count Functional): From Axiom I (concave entropy S[Z] = klog Z,
maximized via Jensen, Lemma 2.1), Zemerges as the trace over spectral modes of H:

7 = Zexp —fn
n
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where f,encodes asymmetry (rational multiples from helical constraints). Proof: Gibbs measure p «
exp (—E,/k)(Lemma 2.2) implies Z = Tr(exp (—H /x)); uniqueness from strict concavity.

Abstract Step 2: Spectral Scaling to Cycles

Theorem 2.1 (Frequency Resummation): From Axiom II (Gibbs minima G[y] = [ ¢*Hy du >
& > 0), eigenvalues v,of H scale with cycles (Lemma 2.3, Rayleigh quotient):

K AP
U, = 7 2m [exp (C n 1) cos (AP) + cos (AP)

where h > 0 is a universal constant, 1 > 0 decay eigenvalues of D = —log H, P a parameter (abstract

path), and C prime girth of I'. At minima (cos = 1):
K 2m
Rl et
with e from exponential paths (integral limits). Proof: Stationary points via implicit function
(Lemma 2.4); cycle 2m from angular periodicity in reps.
Abstract Step 3: Covariance Adjustment and Zeta Link
Theorem 3.1 (Asymmetry Resummation): From Axiom III (covariance under G, Lemma 2.5),
asymmetry f = 3 adjusts by leaps (fixed points adding +2, yielding f =5) via orthogonal
projections. The partition Z resumms to the Euler product over primes (Lemma 5.1):
(=] Ja-r
P
for s = 2(cycle pairs), adjusted by = 5to {(5/2)or approximations.
Proof: Leaps as dimension shifts in reps (trace scaling by 4 from duality, adjoint rep); zeta from
spectral-Dirichlet mapping (indivisible cycles, Sub-Lemma A.1.1).
Abstract Step 4: Scaling Invariant as Inverse Cycle Sum
Theorem 4.1 (Dimensionless Minimizer): The invariant @ *minimizes the cycle "buzz" (trace
deviations in F[Z]):
al=4nd+nit+m,

where:

o 73: Asymmetry volume (8 = 3),

. 413: Leaps scale by 4 (duality in reps),

. n%: Pair cycles (trace over gear=2),

. m: Base periodicity. Numerical: 473 + % + m ~ 137.036 . Proof: Stationarity 6F/ém =

Ounder cycle constraints (implicit function); multiplicities from rep traces (e.g., 4 from adjoint
dimension shifts). Stability ties to Hessian positivity (Section 14, C > 0).

Integration and Assurance

Spectral Cycle Theorem: Minimization of F[Z]yields @ 'as a fixed-point sum in 7, emergent
from mode resummations (Axiom I), frequency cycles (Axiom II), and asymmetry leaps (Axiom III).
Corollaries:
. Approximation: Matches spectral gaps AE « @?(trace formulas).
. RH Link: Centering via zeta zeros (Lemmas 6.1-6.2, equivalence to 1/2 line).
. Rationality: Terms polynomial in 7 (transcendental, but minimized over rationals via
Diophantine).

Links to Framework: Zeta from Euler product (Section 5); Hessian distortions as cycle
deviations; primes Cin leap corrections (1/C shifts). This abstraction is fully deductive, with
stability from ellipticity and bounds.

4.4. Gradient Minimization Theorem for Emergent Scaling Invariant

We abstract speed v as a minimized gradient operator in the measure space, emergent from
variational functionals without external metrics. The theorem derives v as a projector on the phase
landscape, with a universal bound (abstract ¢) from buzz minima. All deductive via axioms:
Entropy partitions (I), spectral decays (II), covariance flows (III). Rationality via integers/primes;
stability from bounds.

Abstract Setup

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202602.0006.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 February 2026 d0i:10.20944/preprints202602.0006.v1

22 0f 33

Let (X’ u)be the measure space (compact, bounded p, Axiom I). Define the phase functional
Q: X - R(log-partition, concave from Lemma 2.1):

Q[p] = log < f exp (—E[p]) du),

with E[p] energy from helical operator H (Axiom II, self-adjoint, = &§ > 0). Density p:X —
R*normalized (f p du = 1). The variational free functional to minimize is

FlO] = LE |V P+ V(Q)] du

where V is the covariant derivative (from G-actions, Axiom III), V() a potential (quadratic from
minima). Minima yield gradient flows, with decays from spectral 1 > 0.

Abstract Step 1: Phase Functional from Maximization

Theorem 1.1 (Log-Partition Minimizer): From Axiom I (concave S[p] = —[ plog p du, Lemma
2.1), Q; = log Z; emerges as the clustered mode count over strata j:

Q; = B; — Ajexp (—5),

with s abstract path (differential from reps, rational). Proof: Gibbs measure p o exp (—E)(Lemma
2.2) implies Q = log Tr(exp (—H)); buzz (deviations 9/ dt) minimized by §F /5Q = 0.

Abstract Step 2: Gradient Operator from Covariance

Theorem 2.1 (Flow Projector): From Axiom III (divergence-free flows, Lemma 2.6), the

operator v: X —» R minimizes waste:
1

KT R
with p(j) trace density over strata (integer dims from I'). Proof: Stationarity V- (pv) =
0(conservation); uniqueness from weak-* (Lemma 2.2).
Abstract Step 3: Asymmetry and Spectral Tie
Theorem 3.1 (Scaling Bound): From Axiom II (spectral G = §, Lemma 2.3), asymmetry § =
3scales Q0 = E/(Bk), with vbounding deviations:

Bx .
v= v (at minima),

damped by e™*”(1 > 0 eigenvalues of D = —log H). Proof: Implicit function for stationary cos=1
(Lemma 2.4); bound from non-vanishing.

Abstract Step 4: Full Variational Minimizer

Theorem 4.1 (Equilibrium Invariant): Minimize F[Q]to zero-stability:

1
F=f[—|vm2+vm) du=0
12

with V(Q) « Q%/B(quadratic from concavity). Emergent bound v < c(universal from buzz cap, A ~
1/c). Proof: Euler-Lagrange 6F /5§ = 0; ellipticity (Section 14) assures minima.

Gradient Minimization Theorem: Minimization of F[{]yields projector v = —VQ/p, emergent
from partitions (I), spectra (II), flows (III). Corollaries: Rational bounds (primes in 1), RH link (zeros
as critical gradients).

4.5. Category Theory: Foundations and Application to Covariant Function

Category theory is a branch of mathematics that abstracts and generalizes structures across
various fields, focusing on relationships and transformations rather than specific elements. It is
often described as the mathematics of structure or a language for describing patterns of
composition.

Building step by step, starting from basics and escalating to advanced concepts, while tying
back to the function:

v = 2n(pcos (2mm/C) — cos (2mrm/(C + 1)))[e ¥/ Vcos (2rm/C) + cos 2nm/(C + 1))].
Here, we interpret this as a covariant function in a categorical sense: a morphism that preserves
structure under transformations, with kand mas mappable (covariant) components. By the end,
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category theory provides a rigorous framework for mapping this to arbitrary variables like Pressure
(P), Temperature (T), pH, time (t), or any X, ensuring consistency and generality.

4.5.1. Core Building Blocks: Categories, Objects, and Morphisms

At its heart, a category Cconsists of:
U Objects: Abstract entities. These could be sets, numbers, spaces, or even parameter spaces
in the function. For example, objects could be the sets of possible values for m(e.g., real numbers R),
k(R), C(primes IP), or ¢(fixed as the golden ratio).
In the function, think of an object as a state like (m, k) € R X R, or more abstractly, the domain
where inputs live.

. Morphisms (or arrows): Functions or mappings between objects, denoted f: A — B These
must satisfy:

o Composition: If f:A — Band g: B — C, then g o f: A - C(composition is associative:
(heg)of =heo(gef)).

o Identity: Each object Ahas an identity morphism ids: A — A, where f oid, = fand
idgof=f.

Examples of Categories
. Set: Objects are sets, morphisms are functions between sets. The function vcan be seen as a
morphism v: R, X R, = R, (mapping (m k)to v).
. Vect: Objects are vector spaces, morphisms are linear maps. If we vectorize parameters
(e.g., mand kas coordinates in R?), vcould be a linear (or affine) transformation.
. Grp: Objects are groups, morphisms are homomorphisms. Relevant if cosines suggest
periodic group actions (e.g., circle group S*).

Application to the Function

The function v is a morphism in a category of parameterized spaces. Objects are tuples like
(C¢m k), but since Cand ¢ are fixed, focus on varying m and k. Cosine terms introduce
periodicity (morphisms involving rotations), and the exponential adds decay (like a semigroup
action). The covariant aspect means v transforms consistently under changes to m/k —e.g., scaling
m by a factor adjusts vproportionally in a structure-preserving way.

4.5.2. Functors: Mapping Between Categories (The Key to Covariance)

Functors are maps of categories, translating structures from one category to another while
preserving composition and identities. This is where covariance shines.

Definition
A functor F: C —» Dmaps:
. Each object Ain Cto F(A)in D.
. Each morphism f: 4 — Bin Cto F(f): F(A) —» F(B)in D.

It preserves: F(g o f) = F(g) ° F(f), and F(idy) = idpa).

Covariant vs. Contravariant Functors
) Covariant: Preserves arrow directions (as above). Most functors are covariant by default.
. Contravariant: Reverses arrows (F(f):F(B) —» F(A)). Example: Dual functor in vector
spaces (vectors to covectors).

The term covariant function aligns with a covariant functor: It goes with transformations. For
instance, transforming m and k(e.g., via coordinate change) applies the same to v.

Examples
. Forgetful functor U: Grp — Setmaps groups to underlying sets, forgetting the operation.
o Power set functor P: Set - Setmaps set Ato power set (4), and functions to image maps.

Deep Dive Application to the Function

Define category Param (for parameters): Objects are spaces like Ry, (for m), Ry (for k), or
products like R;, X R, X P (including Cas primes). Morphisms are functions like v, or simpler
maps (e.g., scaling mby ¢).
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A covariant functor F: Param — Phys(category of physical variables) maps:
o Object R,,,to, say, pressure space (e.g., [0, o)for Pin atm).
o Morphism v: R, X R, = Ry to F(v): Ppace X Tspace = "Observable”y,,.. (e.g., mapping to a

physical quantity like frequency).
Specifically: F(m) = P, F(k) =T, F(C) = id¢(since Cis fixed). Then F (v)is the mapped function:

)=o) o e ) ()

Covariance ensures composition: Scaling P by a unit conversion then applying v equals applying
the functor to the composition. This preserves laws—e.g., if Tis in Kelvin, a shift morphism
composes covariantly.

For any X: Define F(m) = X, F(k) = g(X)(some function), and F(v)maps accordingly. The
golden ratio ¢introduces irrationality, making this functor useful for quasi-periodic systems (e.g.,
quasicrystals, where category theory functorializes tilings).

4.5.3. Natural Transformations: Morphing Functors

Natural transformations enable maps between functors, allowing flexible remappings.

Definition

Given functors F,G:C —» D, a natural transformation n:F = G assigns to each object A a
morphism 71,: F(A) = G(4), such that for any f:4 - B,

ns o F(f) = G(f) o114

(the naturality square commutes). This is visualized in commutative diagrams (key to proofs).

Application

Suppose two mappings: Fmaps mto P(pressure), G maps m to pH. A natural transformation n
translates: n maps pressure values to pH equivalents. Applying v in pressure context then
transforming equals transforming first and applying vin pH context. This ensures mappings are
natural and consistent.

For time t: If k maps to tvia exponential decay, n adjusts scales (e.g., seconds to hours),
keeping diagrams commutative.

4.5.4. Gear Function Formalization

Category theory (for mappings and covariance) intertwined with renormalization group (RG)
theory (for scaling and universality), both provide a rigorous foundation for the gear mechanism.

1. Category Theory as the Mapping Backbone

The covariant function v is a morphism in a category of quasi-periodic structures (objects:
parameter spaces like R,, X R, with ¢ -irrational windings; morphisms: functions preserving
periodicity and decay). The physical mapping (e.g., m — X, k — Y-related) is a covariant functor
Ffrom this abstract category to a physical one (objects: spaces with units like Pa or K).

Category theory abstracts transformations that preserve essence, like substitutions preserving
the function's oscillations damped by exponentials). The "Gear" discretization is functorial
quantization—mapping continuous to discrete via floor/min, preserving order (covariant, no
reversals). Theorems like Yoneda's lemma show this embedding is unique up to natural
isomorphism, explaining why physical generations feel canonical.

In higher categories (e.g., co-categories), this extends to homotopy, where ¢'s irrationality
models twisted spaces (algebraic topology), making mappings homotopically invariant.

2. RG Theory as the Scaling and Universality Engine

RG is a groupoid of rescalings (morphisms: coarse-grainings like "Gear" bins), with fixed
points defined by equations like A = ¢ (eigenvalue from linearized RG operator). Connected to
Connes' noncommutative geometry (¢ in spectral triples for irrational rotations) and Diophantine
approximation (Hurwitz theorem: ¢'s continued fractions minimize errors).
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Why No Unit Impact: RG treats units as irrelevant directions (Wilson's theorem: decouple at
fixed points), so dimensionless internals (cos/exp arguments) remain pure math, while mappings
inherit units covariantly (functors enriched over monoids for dimensions).

3. Deeper Abstract Links: Number Theory and Algebraic Geometry

Prime C and ¢ connect to algebraic number theory (cyclotomic fields for cos (2r/C), quadratic
fields Q(V5)for ¢) and modular forms (¢ relates to elliptic curves via j-invariants). The frequency
function models a section over a moduli space (quasiperiodic tori), where Gear is stratification
(discrete layers), and mappings are pullbacks preserving invariants.

This closes the loop mathematically and physically, representing the covariant function v when
mapped to arbitrary (X’ Y)via Gear, with scaling otied to prime C.

Formalizing Y. in Mathematical Abstraction

To formalize the reference scale Y abstractly, treat it analogously to o for X, emerging from
golden-mean universality principles (tied to ¢ and prime C). This makes Y, intrinsic, preserving
dimensionless structure.

In mapped v;(¥,X), the term 1/Y becomes 1/(Y/Y,f), where Y, absorbs units and scales
asymmetry to a pure number.

Step 1: Abstract Definition

Define the normalized scaler

Y =Y/Yes,
so the term becomes 1/Y, unitless.
Step 2: Tie to Asymmetry and ¢-Optimization
Solve for the value where the average scaled asymmetry equals ¢:
(d@)/Y) =&,
where the average is over exponential decay.
Step 3: Formal Derivation
Let Ly = C + 1for symmetry. The normalized t = Y /Ly. The weighted average scaler (inverse) is
integrated accordingly. Solve for y*such that
v (e =50pp) /C+ D =
Numerically solve for y*(in [1- C]), then
Ve =y - (C+ D).
For C =5,y" = 3.142, 50 Yys = 3.142 X 6 = 18.852(in Y's units).
This closes the abstraction: Y, is fixed by the same fixed-point equations as ¢, ensuring full
dimensionless covariance for any (X'Y).

Renormalization Group (RG) Theory and Universality for Scaling Parameter o

In RG theory and universality classes involving the golden ratio ¢ (as in golden-mean
quasiperiodic systems), ois intrinsically determined, removing arbitrariness.

1. Recap: From Tunable to Universal

The parameter oin

"Gear" = min (1+ |X/0g|,C)

was initially tunable for covariance in mapping to arbitrary (X’Y).
Embedded in RG (for quasiperiodic systems driven by ¢), cemerges from the universality class—
systems flowing to fixed points with scaling laws fixed by the class.

2. How Universality Classes Eliminate Freedom in o

Near critical points or irrational windings (¢ — 1 = 0.618), RG iterations flow to fixed points.
Irrelevant parameters decouple; relevant ones (exponents) are class-fixed.

For the function: Irrational asymmetry via ¢places it in the golden-mean class (quasiperiodic
quantum mechanics, circle maps, tilings). Rescaling 4 = ¢(or powers, from continued fractions).

ogas RG coarse-graining scale f: Determined by fixed-point equation for self-similarity.
Universal scale:
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_ range(X)
=gt
where kis class-integer (often 1, tied to Fibonacci).
This makes o non-free: Unique for scale-invariance (rescaling X by ¢preserves form).
Proof-like Justification: Kesten's theorem (quasiperiodic recurrence) or Aubry-André models:
Deviations from ¢ -derived o lead to non-universal behavior; ¢ - o yields anomalous scaling
(multifractal spectra).
Golden Ratio's Centrality: ¢in core (echoed in 8/5 = ¢) selects class, forcing calignment. For
P/T, fits thermodynamic criticality (Ising-like with ¢ overlays).
General Derivation of Scaling Parameter for Arbitrary Prime C
Let ¢ = 1.6180339887.
Define asymmetry factor d(g):

_9BJg-5/g+1)
C+1 '
(This from mapped function's N¥cos a* — N"cos aterm.)

Solve for optimal g*where d(g*) = ¢:
g’ 89" —5/g" +1) = p(C +1).
Nonlinear; solve numerically (e.g., Newton's method or bisection in [1- C]).
Compute exponential-weighted average Gear ("Gear"): Decay e */(c*Dhas length L = C + 1:
c

('Gear'y = ) Iy,
k=1

where p,is probability mass in level k. For stepwise Gear = min (1 + |P/0], (), geometric series
under weighting;:

1-— e—Cs
("Gear") = Epp—
with s = 6/L = 6/(C + 1). (Derived by integrating e */Lover bins [(k — 1)o, ko)and normalizing by
L))
Set ("Gear") = g*and solve for s(then ¢):

1—e

1—es g
Numerically (bisection in [0.01, 1]), find s*, then

oc=s"-(C+1)

This ties o to ¢ and C, universal—no free parameters.
Examples for Primes

. ForC=3(C+1=4):d(g) = [g(8\/§— 5,9+ 1)]/4. Solve d(g*) = ¢ = g* = 2.009(root in
1.5,2.5]). Set (1 —e™3%)/(1 — e™5) = 2.009 > s* =~ 0.448, 0 = 0.448 X 4 ~ 1.792.
. ForC=7(C+1=8):d(g) = [g(8\/§— 5,9+ 1)]/8. Solve d(g*) = ¢ = g* = 3.348(root in

[3,4]). Set (1 — e 75)/(1 —e™5) = 3.348 - s* = 0.326, 0 = 0.326 X 8 ~ 2.608.
Pattern: As C increases, g*grows (more optimization room), but s*decreases (finer scaling), leading
to o =~ 2 — 3for small primes; larger C(e.g., 11) ¢ = 3.1, stabilizing toward ¢-limit as C — oo.

Generalizing the Mapped Function to Arbitrary Variables (X’ Y)via Category Theory

To generalize the discretized mapped function v;from specific variables like Pressure (P) and
Temperature (T) to arbitrary (X’Y), leverage category theory's covariant functors for structure-
preserving mappings. This treats the original function (and Gear-enhanced version) as a morphism
in one category, mapped covariantly to another with objects involving (X’Y). Maintains properties:
periodicity (cosines), decay (exponential), asymmetry (differences), discretization (Gear as
quantizer).

Recall mapped v;(T, P):

v;(T,P) = 2m - (N#cos a* — N'cos a™)/T[e "/ Vcos (2nP/"Gear") + cos (2nP /("Gear" + 1))],

with "Gear" = min (1 + |P/100], C).
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Generalizing to v;(Y, X)replaces P — X(discretization/decay) and T — Y(scaling), adapting Gear
functorially.

1. Category-Theoretic Foundation for Generalization

Model as covariant functor F: Param — GenVar, where:

o Param (source): Objects are parameter spaces (e.g., R, X Ry X P.for original m,k,C).
Morphisms are functions like original vor vj, preserving periodicity/decay.

o GenVar (target): Objects are generalized spaces (e.g., Domainy X Domainy X P ).
Morphisms adapted to (X’ Y)semantics.

Functor Fmaps:

. Objects: F(R,,) = Domainy, F(Ry) = Domainy (since P self-maps; similarly for Xin dual
roles). Cfixed as prime.

. Morphisms: F(v;(T, P)) = v;(Y,X), preserving structure (asymmetry product, decay, sum
terms) covariantly: Directions maintained (increasing Xaffects Gear/decay), composition F(g o v;) =
F(g) ° F(v;), identities preserved.

For generalization, use natural transformations 7n:F = G: Morphs mappings for different
(X Y)while commuting diagrams (e.g., adapting X's scale = scaling first then adapting).

Gear is key: Morphism quantizing continuous to discrete (functor from continuous to discrete
categories via floor). For covariance, Fensures Gear preserves order/caps.

2. How to Map the Function to (X' Y)

Follow these steps for generalized v;(Y, X):

Step 2.1: Substitute Variables Replace P with X: Decay e */(¢*1D = cosines use X/"Gear",
asymmetry uses Gear on X. Replace Twith Y(denominator scaling). If ¥ differs, adjust covariantly.
Skeleton:

v;(Y,X) = 2 - (N*cos a* — N'cos a™)/Y[e */(+Dcos (2mX /"Gear") + cos (2nX /("Gear" + 1))].
Step 2.2: Adapt Gear Generalize to:

"Gear" = min (1 + |X/a], ().

Alternatives for non-linear X:
. Logarithmic: "Gear" = min (1 + [log (I X | +1)/log ()], C).
. Modular: If Xperiodic, "Gear" = min (1 + (Xmod M)/3, C).
Preserve cap at prime C.
Step 2.3: Ensure Covariant Transformations Define transformations on (X'Y), e.g., affine h(X) =
aX +b, where F adjusts 0 = o/a. Use natural transformations for remapping. This ensures
generalized function preserves structure covariantly.

3. Criteria That (X’ Y)Must Meet

For valid mapping:
. Domain and Type: X,Y € R(or subsets); X supports ordering/arithmetic; ¥ non-zero.
. Range and Scale: X allows Gear to vary from 1 to C.
o Structural Preservation: Supports covariant transformations; preserves periodicity/decay
semantics.
. Category-Theoretic: Domains compatible; naturality preserved.

This ensures generalization is rigorous and covariant.

4.6. Links to Riemann Hypothesis (Spectral Centering and Zeta Equivalence)

Formalization: From Covariant Frequency to Prime Counting
Step 1: Covariant Frequency Function and Mode Energies
The frequency v(m, C)for mode m = 0, ..., C — 1land prime cycle Cis:

C) =2 (2nm) (2nm) [ —k/(C+1) <2nm)+ (27rm)]
v(m, C) = 21| ¢cos C cos | =) e cos |~ cos (=77

(with ¢ =~ 1.618, k > 0damping parameter; real-domain from helical recoils). This encodes energy-

like contributions E,(C) | v(m, C) |(or vif signed), minimized at stable m(per Diophantine, Section
5: ~2 stables per C, favoring low energies).
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Step 2: Per-Prime Partition Function Z(C)
From Axiom I (entropy max yielding Gibbs Z = Y exp (—fE)), define the per-prime partition

over modes:
c-1

20) = ) exp (=B 1v(m,C) 1

m=0
(B = 1/T abstract; low Sfavors all modes, high Bselects minima). Stable m(low | v |) dominate, with

average contribution per mode stabilizing (simulation: ~0.21-0.25 for k = 1, § = 1). Thus, Z(C) =
kC for constant k (effective active fraction), but oscillations from cos phases add logarithmic
variations.

Step 3: Global Resummation Over Primes C < x

The full spectral partition over primes up to x(mimicking zeta partial sum) is the product
(from indivisibility, Lemma 5.1):

Z(x) = 1_[ (1 + Z(C)~®) (or sum for Dirichlet-like: Z Z(0)™)
C<x, C prime Csx

For s - 1*(near-minima, low T), this approximates the partial Euler product:

1_[(1 —-p) = exp Zp‘s ~ e’log log x + 0(1)
p=x p<x
(Mertens' theorem; y ~ 0.577Euler-Mascheroni). The log log xarises from the harmonic sum Hy ) =
log log x(primes spaced ~ log xby Prime Number Theorem, PNT).
Step 4: Deriving m(x) from Resummation
Invert the partial product via analytic continuation (zeta's functional equation or Perron's
formula):

—Z1~1 CEIX (cont d s=1 pol
m(x) = “ami? ) s s(contour around s=1 pole)

p<x

X
The main term from the pole: li (x) = f a ol

X . .
i togt ~ Togx + (lo—x)2 + -+-(asymptotic expansion).

Error term: From non-trivial zeta zeros p(explicit formula, von Mangoldt):

xP
n(x)—1li(x) = z 7 + O(log x)
p

__ Tlog T

Zero density up to height T: = %log ( ) . Summing contributions (each ~ x®®)/| p |), under

T
21
RH (R(p) = 1/2 from ZMT centering):

. Error « x%/2(log x)? (best known bound; logx from density integral [log T dT ~ Tlog T,

scaled by x%/2).

21

4.7. The Trio of Equilibrium Criteria

These criteria arise from the condition that the total entropy S of the system (and
surroundings) is maximized at equilibrium, with
ds=0
for any infinitesimal change (second law). For a closed system with multiple subsystems (e.g.,
phases or compartments), variations in temperature T, pressure P, and chemical potential 4 must
balance to prevent net flows of heat, work, or matter.

1. Thermal Equilibrium: This requires uniform temperature across the system.
o Derivation: If two subsystems A and B have

TA > TBI
heat flows from A to B, increasing total S(

ds = 49

T
with dQ > Ofrom hot to cold). At equilibrium, no net heat flow:
TA = TB =T
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(system-wide).
o Mathematical Condition: From Gibbs' free energy Gor Helmholtz Fminimization
(at constant Por V),
s 1
au T
equalizes (U=internal energy).
o Physical Implication: Prevents thermal gradients, ensuring energy distribution is
Boltzmann-like (
-E
o (5)
in partitions).
2. Mechanical Equilibrium: This requires uniform pressure (or stress) across the system.
o Derivation: If
P, > Pg,
work is done (expansion/contraction), increasing S
_ PadVv
ds =— — >0
for spontaneous shifts). At equilibrium, no net volume change:
P, =P, =P.
Mathematical Condition: From
dG =VdP —SdT
(Gibbs), minimization at constant Tyields
G
5 ="
equalized.
o Physical Implication: Balances forces, preventing mechanical instabilities (e.g., in
fluids or solids under load).
3. Phase (Chemical) Equilibrium: This requires uniform chemical potential for each
component across phases.
o Derivation: If
Kia > Hip
for species i, matter transfers from A to B (diffusion/dissolution), increasing S(
as = -1 g
T
)- At equilibrium, no net transfer:
Hia = Hip = Hi
for all iand phases.
o Mathematical Condition: From grand potential
@ = —kTln E
(grand partition), or Gibbs-Duhem
oG
Hi = aN,
), minimization yields equal u(Gibbs phase rule: degrees of freedom
F=C—-P+2
with Ccomponents, Pphases).
o Physical Implication: Balances compositions (e.g., vapor-liquid equilibrium in

distillation), preventing phase separations.
Interdependence (The Trio's Unity): These aren't independent —thermal/mechanical set the stage for

phase (e.g., Clapeyron equation
dP AH

dr ~ TAV
links P-T-u). Full equilibrium demands all three: A system at same T&P balance but y imbalance

(e.g., supersaturated solution) will phase-separate. This trio mirrors the triad (i, p, n): Central i as
net balance, u/n as opposing projections, with orthogonality ensuring no net transverse flows.
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4.8. How the Trio Leads to Perpetual Oscillation Around the RH Line in ZMT

In ZMT, these equilibria aren't just thermodynamic states—they're the real-domain
foundations whose shadows manifest as the RH critical line and its oscillations (from non-trivial
zeta zeros). The connection is deductive: The axioms abstract the trio into variational principles,
where helical recoils (damped oscillations in frequency v; (T, P)) enforce perpetual winding around

1

R(s) =5
as an equilibrium attractor. Off-line deviations disrupt the trio, leading to instability —RH emerges
as the shadow ensuring perpetual, bounded oscillation (no divergences, like stable thermo cycles).
1. Thermal Equilibrium — Spectral Minima and Centering (Axiom II Shadow): Uniform T
minimizes free energy gradients, embedding frequencies v; as eigenvalues of helical H(Rayleigh
quotients). In thermodynamics, this shadows zeta's pole at

s=1
(divergence at low T/high density), with zeros oscillating around % to bound entropy costs (
S
In ¢(s) =~ %
) Perpetual oscillation: Zeros' imaginary parts (heights ~
Tlog T

) create wave-like prime gaps, mimicking thermal fluctuations around equilibrium (no net heat
flow, but Brownian-like jitter).
2. Mechanical Equilibrium — Flux Balances and Projections (Axiom III Shadow): Uniform P
prevents volume instabilities, abstracted as divergence-free fluxes (

V-pr=0
) and orthogonal

cos?=1.
In ZMT, off-line zeros shift traces

Tr (H™P),
skewing projections (

1
ezla—zlf | x(g) 1* dg

), like pressure imbalances causing expansion. Perpetual oscillation: Helical windings (

<2nm)
cos I

over primes () create bounded perturbations around 1/2, shadowing mechanical stability (no leaks,

but oscillatory recoils as in damping + cos).
3. Phase Equilibrium — Indivisibles and Resummations (Axiom I Shadow with Zeta):
Uniform yu balances phases, preventing separations—prime indivisibility (H; dim prime, no Q).
This resumms to zeta (

na-»==

with zeros ensuring phase counts (prime distribution) don't diverge. Perpetual oscillation: Zeros'

1% (57)
2n0g 21

log x

density (

) leads to error terms ~

in m(x)(from summing ~

Vxlog x
contributions under RH), shadowing phase jumps (e.g., your multi-phase structures) as bounded
waves around the line, not chaotic shifts.

Perpetual Oscillation as Equilibrium Shadow: The trio enforces global minima (max S, min w),
but real systems oscillate perpetually around them due to fluctuations (e.g., Brownian motion in
Gibbs' ensembles). In ZMT, this shadows RH: The critical line is the attractor (centered by
convexity/flux), with zeros as oscillatory modes (imaginary heights causing wave interference in
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explicit formulas, bounding prime errors without collapse). Off-line would amplify oscillations to
instability (unbounded S, like phase explosions), so RH emerges as the shadow of the trio's
stability —perpetual, bounded "winding" around 1/2, just as helical recoils in vjoscillate without
diverging.

5. Conclusions

Riemann (1859) was speaking the exact same language as Josiah Willard Gibbs (1876-1878).

Riemann (1859) Gibbs (1876-1878) What They Were Actually Saying
i Z =e% Both are the partition function of the
{(s) = Z n=s (virial resummation) universe under thermodynamic
n=1 minimization
=[[,a-p™™
Critical line Re(s)=1/2 Global minimum of ® under | Second-law stability condition
convexity
Non-trivial ~ zeros ~—  prime | Prime-locked windings — | Same prime emergence mechanism
distribution indivisibility
Analytic continuation Exponential resummation of virial | Same mathematical operation
series

Riemann wrote his hypothesis in the language of pure analysis in 1859, Gibbs wrote the exact
same idea in the language of statistical mechanics and chemical thermodynamics 17 years later.
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16. Serre, ].-P. (1977). Linear representations of finite groups. Springer. https://doi.org/10.1007/978-1-4684-9458-7
(For tensor representations.) (Repeat)

17.  Mac Lane, S. (1998). Categories for the working mathematician (2nd ed.). Springer. (For categorical projections in
multi-phase.)

Emergent Dimensionless Scaling Constant

18. Bouchendira, R, et al. (2011). New determination of the fine-structure constant. Physical Review Letters,
106(8), Article 080801. https://doi.org/10.1103/PhysRevLett.106.080801 (Experimental context for
validation.)

19. Sanctuary, B. (2025). The fine-structure constant in the bivector standard model. Axioms, 14(11), Article
841. https://doi.org/10.3390/axioms14110841 (Theoretical derivation aligning with your cycle sums.)

9. Emergent Speed from Gradient Flows

Derives speed from partition function, using gradient minimization.

20. Bernal-Casas, D., & Oller, J. M. (2024). Variational information principles to unveil physical laws.
Mathematics, 12(24), Article 3941. https://doi.org/10.3390/math12243941 (For gradient flows in variational
PDEs.) (Repeat)

21. Feiler, C., & Schleich, W. P. (2013). Entanglement and analytical continuation: An intimate relation told by
the Riemann zeta function. New Journal of Physics, 15(6), Article 063009. https://doi.org/10.1088/1367-
2630/15/6/063009 (For spectral flows.) (Repeat)

Covariance and Generalizations via Category Theory

22. Mac Lane, S. (1998). Categories for the working mathematician (2nd ed.). Springer. (Core for category
theory foundations.)

23. Eilenberg, S., & Mac Lane, S. (1945). General theory of natural equivalences. Transactions of the American
Mathematical Society, 58(3), 231-294. https://doi.org/10.2307/1990284

24. Lawvere, F. W., & Schanuel, S. H. (2009). Conceptual mathematics: A first introduction to categories (2nd
ed.). Cambridge University Press. (For functors and transformations.)

25. Riehl, E. (2016). Category theory in context. Dover Publications.
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