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1. Introduction

The expansion of the universe has interested physicists, mathematicians, and philosophers for
centuries. As a case in point, consider the questions Richard Bentley posed to Newton in 1687 [37].

i) Ina finite universe if all the stars are drawn to each other by gravitation, should not they collapse
into a single point?

ii.) Inan infinite universe with infinitely many stars, would not every star be pulled apart by infinite
forces acting in all directions?

Newton agreed with i.) and favored an infinite universe with infinitely many stars, so that each
star would be drawn in all directions equally, the forces would cancel, and no collapse would occur.
Newton acknowledged the problem with this later scenario is that the stars would have to be precisely
placed to maintain such an unstable equilibrium without collapse. Later Newton claimed that God
prevented this collapse by making constant minute correction. In other words, he conceded that
continual miracle is needed to prevent the Sun and the fixed stars from rushing together through
gravity [8,15]. Neither Newton nor Bentley lived long enough to witness the rigorous mathematical
work which showed that N-point masses obeying Newton's celestial mechanics equations (NCME)
could escape to infinity. This happens when proper initial conditions are chosen. Moreover, the
distance between any two masses also grows without bound by merely obeying NCME. See Gingold
and Solomon [11] and references therein for the latter. Note that unlike Einstein’s field equations
of general relativity, NCME does not require a cosmological parameter that prevents collapse of the
universe.

The proceeding discussion underscores the necessity of producing a “real world” explanation for
the experimental data which shows that the universe is expanding rather than collapsing. Moreover,
there is a need to explain that not only is the universe expanding but also that its expansion is
accelerating. In this paper we propose to explain this accelerated expansion via the closed form
solutions of escaping trajectories of NCME described within [11] since that work provides the detailed
asymptotic approximations necessary to facilitate the results obtained herein. The main results of [11]
differ from the mathematical works of [17,30,31] in the following respects.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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i.) By using successive approximations of integral equations, [11] actually computes the position
vectors of the trajectories or solutions of NCME as a function of time rather than rely on integrals
of motion.

ii.) Consequently, [11] does not need to assume the existence of solutions that are free of singular-
ities on a semi-infinite interval. Unlike [11,17,30,31] proves the existence of solutions that are
singularities free on a semi-infinite interval.

iii.) [11] has approximations of solutions to any level of accuracy desired.

iv.) Unlike [11,17,30,31] does not need to assume an extra condition on the ratio of the total energy to
the potential energy of solutions that escape to infinity as t — oco.

We could not find elsewhere in the literature the methodology and applications that are presented
in this article. The articles [2,12-14,18-22,24,25,33] relate to the expansion of the universe. However,
they are fundamentally different than our approach even though they use titles or key words like
Newtonian cosmology. A case in point are the two articles by Milne [21,22] and Tipler [33]. The
derivations in [21] are premised on the Lorentz transformation and postulates of the theory of special
relativity. The derivations in [33] are based on the equations of the theory of general relativity. The
postulates of general relativity allow for modifications of NCME which yields the new equation
(NCMEMN)

1<dR>2_mp<t>_K @1

R2\ dt 3 R?’ ’
where R is the distance from the center of a homogeneous and isotropic sphere of matter with
density p(t), G is Newton'’s gravitational constant, and K is a certain constant. We observe that for
K =0,1, -1, Equation (1.1) coincides with Friedman's equation of cosmology which itself was derived
from Einstein’s theory of general relativity. It is noteworthy that the derivation arguments of (1.1)
replace derivations arguments of McCrea and Milne [18] that were found to be defective. We observe
that the nature of the equation (1.1) could be very different than the nature of NCME. Thus the name
“Newtonian cosmology” attached to (1.1) is not representative of its nature.

Traditional cosmology derived from Einstein’s field equations uses the Friedman equation that
predicts the rate of change of the radius R(t) of an isotropic and homogeneous expanding universe.
Our approach is different in the following sense. We use NCME to calculate the the trajectories of
individual point masses of an expanding universe that is neither isotropic nor homogeneous. After
which we use mathematical methods like averaging in order to obtain the rate of expansion of a
isotropic and homogeneous universe. Our models offer a substantial amount of parameters that can
be adjusted to make our rates of change fit experimental data.

The main goals of this article are

1.  To demonstrate that NCME are capable of explaining the accelerated expansion.
To derive rates of accelerated expansion based on NCME and thus provide an explanation to an
accelerated expansion that is independent of dark energy.

3. To introduce parameters in measuring the rate of acceleration in order to facilitate the fitting of
experimental data with our proposed rates of acceleration.

We distinguish between two types of measured accelerated expansion that are parametrized with
a parameter «. The first type is a vectorial acceleration that is based on asymptotic approximations
of ||r}’(t) — 17 (t)]|*. The second type is the scalar measure [||7;(t) — r¢(t)|*]”
but are not the same. In each of the two categories we utilize pointwise measures to be contrasted

. These two are related

with averaging and statistical measures. As such we obtain three types of NCME based measures for
accelerated expansion.

1. The first type measures the rate of accelerated expansion of the distance between any two point
masses raised to a power that is a parameter.
2. The second type utilizes a statistical measure.
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3. The third type conforms to the big bang theory. It shows that asymptotically, the N point masses
lie on a sphere with center at the origin of the coordinate system. All rates of acceleration are
shown to be positive quantities as the time is large.

A main result of our work is the formula

&||r;(t) —ri(1)]*

i ~a(e—T1)[la; — a2 >0, t > 00, a > 1, (1.2)

where 7;(t), ¢(t), with j # k, are two position vectors of the two point masses N-body problem, and
where a > 0 is a parameter and a;, a; are the asymptotic velocities of the two bodies as time t — oo.
This formula shows that the acceleration of the scalar distance between raised to a power « is a positive
quantity. This is the content of Theorem 3.2. Noteworthy is the case of « > 2. Then the acceleration
of [|r;(t) — r(t)||* is not just a positive quantity, but it is growing to infinity at a rate proportional to
%72 — co as t — co. The latter holds even though our asymptotic analysis shows that

d?[rj(t) — ()]
dt?

H — 0, t — o0; (1.3)

see Proposition 5.2.

We also use Theorem 3.2 to calculate two classes of ratios which are generalizations of the Hubble
scale factor % /R, namely

d o
gillri = el
£ a, B >0, (1.4)
I, — rellP P
and "

d’ ®

2y

azlr — el a>1land > 0. (1.5)

[rj —rellf

We then compare and contrast these ratios to the kinematic vector ratios

A T

j k j k

p o, B>1. 1.6
e N e (16

Our derivations are based on robust asymptotic approximations [11]. In Section 2 we cite the
main theorem of [11] in order to provide a self contained study. In Section 3 we derive Equation (1.2)
via Theorem 3.2. In Section 4 we use Theorem 3.2 to compute the alpha Hubble approximations/ratios
of (1.4) and (1.5). In Section 5 we derive (1.3) as a result of Proposition 5.2, and in Section 6 we use
Proposition 5.2 to calculate the vectorial alpha Hubble approximations/ratios of (1.6). Finally, in
Section 7 we use Theorem 3.2 and Proposition 5.2 as tools for deriving statistical measures of expansion
of the universe.

2. Notations and Reference Theorem

Recall that Newton'’s equations of celestial mechanics, NCEM, imply that the position vectors
ri(t) € R3 of N point masses m;, i = 1, ..., N, satisfy

1y Jmylr 1)

=y - v, (2.1)
P
j#i
where
mim]-
b=

1<i<j<N Hri - rj“ '

The units have been chosen so that Newton’s gravitational constant G = 1.
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In order to state and prove the main results of this paper we remake the main result of Gingold
and Solomon [11] using the following Landau asymptotic notation.

Given two scalar functions g(t), h(t) such that g(t)/h(t) is well defined on [ty, o), we say that

g(t) ~ h(t) ast — 00 < limtﬁw@ =1,

h(t)

Given two scalar functions g(t), h(t) such that g(t)/h(t) is well defined on [ty, o), we say that

(t)

g(t) = o(h(t)) ast — 00 == lim; ;005442 = 0,

h(t)

Given two scalar functions g(t), h(t) such that g(t)/h(t) is well defined on [ty, o), we say that

g(t)
h<t>'<K'

g(t) = O(h(t)) ast — oo <= there exists K > 0 such that

_)
In the following theorem we let 0 denote zero vector that is either 3-dimensional or 3N-
dimensional.

Theorem 2.1. (Theorem 1 of [11]) Given any N-tuple of masses (m;)q<i<n, given any 3N-tuple (¢;)1<j<n of
constant vectors c; € R3, and given any 3N-tuple (ai)1<i<N of constant vectors a; € R® which satisfies the
constraint

laj —ail| #0,  wheneveri # j,

there exists an interval [t, c0), with tg > 1 such that

i.  The differential system (2.1) possesses unique vector solutions where
ri(t) = fi(t) +6;(t),  fi(t) ==ait+bnt+c;,  5(t) € R 2.2)
Furthermore, there exists a constant w > 0 with the property that for i # j, (wherei,j = 1...N),
1fi(t) = fi()| 2w >0, t& [to, 00). (23)

ii.  The 3N coefficients b; are uniquely determined by the 3N coefficients a; as follows:

N Aa: — g

eyl 4
i1 [|aj — ail]

J#

iii.  The vectors 6;(t) satisfy on [ty, oo) the following asymptotic relations.

%@zocm)%®:OCy)%ﬁﬁi(%?,t%w. 25)

t

Remark 2.1. The significance of the above theorem to cosmology is fourfold. First, NCME guarantee that
there exist a continuum (as many as the number of points on a nonzero interval) of initial positions r;(ty) and
initial velocities r'(ty) of N point masses from which the universe (vidalicet N trajectories r;(t) of the N point
masses) has evolved after the big bang. These initial conditions correspond to the parameters ((a;, ;)N ,, where
— . B . .
aj —ax # 0 whenever j # k. Secondly, in this accelerated expansion of the universe, not only do at least
N — 1 point masses escape to infinity but the distance between any two point masses becomes unbounded as the
time t — oo. Thirdly, the accelerated expansion manifested in the asymptotic approximations to the position
vectors 1;(t) (resp. rj(t) — r¢(t)), the velocity vectors ri(t) (resp. r;-(t) — 11(t)), and acceleration vectors r/ (t)
(resp. r;-’ (t) — 1}/ (t)) is due to the laws of nature as manifested by the NCME and is not due to dark energy.


https://doi.org/10.20944/preprints202502.0529.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 February 2025 d0i:10.20944/preprints202502.0529.v1

50f19

Fourthly, the rate of the accelerated expansion can be shown to be as large as desired depending on the parameters

((ai,ci))N,.

Remark 2.2. The cosmological constant in Einstein field equations of general relativity may be set to zero and
yet NCME will guarantee a universe of accelerated expansion.

3. Numerator of the Alpha Hubble Approximation

Let a > 1. The goal of this section is to provide the asymptotic evaluation for [||r;(t) — r¢(t)||*]’
and [[|r;(t) — rx(t)[|*]" as t — oco. In order to calculate these asymptotic evaluations, we observe that

%
Irie) = ()" = [l = me(01P]
and use the results of the following theorem whose proof is provided in Appendix A.

Theorem 3.1. Under assumptions of Theorem 2.1, for j # k we have

75(t) = (D)% := Vi + Wik + Zjx

where
Vie:=(fj = f) (i = fi), Wik :=2(fj — f) " (6 — &), 3.1)
and
Z]'k = (5] - §k)T(5]’ — 5k). (3.2)
Then ast — oo,
I = (ol = vie[1+0( )| = 15~ il 1+ 0 (), (63)
d||r;(t) —r 2 n n
[I7() - KO _ v, {1+O<ltzt>} — 2~ AT - fo) {1+O(ltzt)] (3.4)

and 2
d ||7(t> 7k(t)|| Int 2 Int 3.5
] ; = Vj/l/{l —|—O<t)] = 2||11j_‘1k|| [1+O<t )} (3.5)

Now we generalize the parameter and assume a > 1.

Theorem 3.2. Let & > 1. Under assumptions of Theorem 2.1 and Theorem 3.1, for j # k we have

d Int

236 =1 =l — e [ +0 (0], 66

and 2 .
) = )1 = o= 1)l a2 105 |. (37)
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Proof. Ast — oo, we use the chain rule, the definition of Big O, along with (3.3) and (3.4) to calculate

\ u

ALCEACIEE
= 2 [y~ n 017 L) — o2

L
=slsw-sorpro(F)|| Fime-nor
= S50 - AP |10 (B | ) - neol?
—a[I50) - O] -7 - |10 ()] e

L)) — (o) =

I\)\Q N\Q N\Q QU

We use (9.1) and (9.9) to further estimate the factors of || fj(t) — fi(t)]|* and (f]’ - flg)T(f] — fx) within

(3.8) as follows.
d [[r-o(%)]

L)~ 0l = 150) - o) 1?]
= a[I50 - AOIF]" oy~ e 140

&

Int 271
oy =Pl = a2 1+ 0 53|
51 Int Int
:0(”11]'—llk”2t|:Ha]‘—11kH2t2}2 |:1+O<t>:| |:1+O< ; >:|
wat—1 Int
allaj — ar ||t 1+0 -

Next we calculate the second derivative as follows.

-1

|a]- — leHZt |:1 + O<

NIR

2 [
2l =0t = & (5[0 —n @] Zn0) - nOR) =S+ Qu 69

where

s 5 (3 1) [ ] (G -neoie) 610

and
1 42 )

Q= S — ] ) — o) 2 G.11)
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We now calculate the asymptotic approximations to S ik and Qj. Equations (3.3) and (3.4), along with
(9.1) and (9.9), imply that

si.= 5 (3 1) | 150~ Aol [1+0 I;>H_2<dt”r] )rk“)”zf

() [I0 - AR ‘5[ o) o~ [0 (S|

= ata =210~ O] [ - 75— ) |1+ 0( )]

~ a2 =2)] —ak||2t2[1+o(l’”)ﬂcE Sl T - ) 1ro(™))

= a2l —aet?]) [l a1+ 0 (5] [+ 0 ()]

el -t sof22) o)

—afa =)l — a2 1400 (). 612)

A similar calculation using (3.5) instead of (3.4) shows that
=3 150 - fk<t>||2[1+o(1“t)]] T ) - P

= 5[0 = 5] 1+ 0 (%) 20 a1+ 0]

s of22)] - eo(2)]

= sl — 2|1+ 0( )| |1+ 0 ()]

1
= afla; — ag]|*t*" 2[1+o (tt)] (3.13)

If we add together (3.12) and (3.13), as long as « > 1, we obtain (3.7). O
Remark 3.1. A careful reading of the proof shows that Equation (3.6) is valid for a« > 0.

4. Alpha Hubble Approximations

The results of Theorem 3.2 will allow us to calculate the following two ratios for large t, namely

aillrpondt B>0 4.1)
l[rj —rellf” ' ' '
and 2
Sl —re]|®
il — i «>1land B> 0. 4.2)

[rj —rellf

Since both of the ratios in (4.1) are generalizations of the Hubble scale factor ¢ T R /R, we refer to them as
alpha Hubble approximations/ratios. For large ¢, we calculate the numerator of the (4.1) via (3.6). It just
remains to estimate the denominator. By combining (3.3) with (9.1), we have already shown that for

large t
Int
Iy =l = oy — 2|1+ (1)
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Hence for § > 0, we find thatas t — co
B /5'
5 Int
Iy =l = [l = ] [y — a2 1+ 0 ()] |
Int 5
= ||a]-—ak||ﬁtﬁ 1+O e
= ||a; — a||Pt? 1+EO(F11 t)+i 2\ (o(mt))*
= 18— 2 n = \k t
— laj — ag|/Pt 1+o<lr;tﬂ. 43)
Thus we find that as t — oo,
Bl rle _ ol —aulte 1+ 0 (1))
7 —rellP la; — al|P# 1+ 05}
-1
— ol — Pt 1 0( B e o (B
Int © Int\\
— L a—pa—p—1 e _1\k ki
alla; — ag||“ Pt {1—1—0( ; )] ( >+k22( 1) <O< ; )) ]
:zx||aj—ak||”‘/3t“ﬁl[ O< ; ﬂ (4.4)
If « = B =1, Equation (4.4) becomes
ri—rell
Mzt‘1 1+0 Int ast — oo. (4.5)
ll7; — el t
To compute (4.2) we use (3.7), along with (4.3), to find that
Ly —rle ale =Dl —agte2[1+ 03]
7 —rillP ||aj—ak||l3tﬁ[1+0(m7t)}
— (e —1)||a; — ag|*Pe B 2[1+o<h;t>]. 6)
If « =2 and B = 1, Equation (4.6) becomes
ri —1el|?)
Wi =PI oty — gy [1+o<1“ )} as t — o, @7)
[rj — 7]l

5. The Asymptotic Calculation of Kinematic Vector Quantities

We begin this section with a variation of Proposition 9.2 which calculates the asymptotic evaluation
of the vector difference of the velocity of two point masses.
Proposition 5.1. Assume that forall j k=1, ..., N, a; —ay # 0. Then

2 1
r}(t)—r,’((t)H —||aj—ak||2{1+o<t)] as t — oo, G.1)
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Proof: Since 7;(t) = ajt + b;Int + ¢; + ;(t), we find that
2
HE) =) = [0 = O ) = 7o)
b; — by T b; — by
:[]—uk—l—] +6) - (5,’(} [a] ax+ ol 5,’(]
L T(s _ 5

=Hw—@W1+%%7%)@im) 20— ) (4 %)

! tla; — ax[? lla; — ag|?
RPN Lt G kDAL e R e AL ek (52)

! t2[|a; — a2 ta; — axl|? l|aj — a2

Since Equation (2.5) implies that (5]’.(t) =0 (l?—t> as t — oo, for large t, Equation (5.2) becomes

o0 -ao(3) o) o)
+ lla; — al? {O(hty) + O(lnt>o<1§‘2t>

1 Int Int In? ¢
= Jlaj — a|]? 1+o<t)+o<“ >+o( >+o<n >+o( )] (5.3)
Since 5
1% _Int l%t Int h;Tt _Intint
1T 41 T g2 1 T Ty g2
N t % t % t t
and since Int In
n n
hmt—)oo P _0/ llmt—)OO tz :0/

we may use the definition of little o to rewrite (5.3) as

# )| = ||aj—ak||2[1+o<1> +0<1)] - ||aj—ak||2{1+o<1)]. 0

The asymptotic evaluation of the magnitudes of the vector difference of the accelerations of two point

masses is obtained from the following proposition.

Proposition 5.2. Assume that forall j,k =1, ..., N, a; —ay # f If for a fixed pair (j, k), with j # k, we

have
bj—be £ 0, whereb; = — Yy T (% i) (5.4)

e ||” “zH
then

r}'(t)—r,'(’(t)H =t"*|b; —bk|| {l—l—O(mtﬂ ast — oo. (5.5)
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Proof: Since 7;(t) = ajt + b;Int + c; + ;(t), we find that
2
H () = ()] = 7 (0 = O] [ (8) = r ()]
T
= [0ty — b — (6] = o))| [~y — b — £2(5] — &})]]
= 174 (b — b) (b — bi) — 262(b; — b)) (6 = 8f) + £4(5] — )T (5] — &)
2
202(bj — by) T (87 — o) — t4( 07 — oY
= t74|b; — by |)? ! ! (5.6)

9 = b

Since Equation (2.5) of Theorem 2.1 implies that &7/ (f) = O (%t) as t — oo, for large t we may rewrite

Equation (5.6) as
2
2 T Int 4 Int
2 B 5 Zt(bj_bk)OtT —t OT
7’;'/(t)_"l/<,(t)H —¢ 4||bj—bk|| 1— ( ) . [ ( ﬂ
16 = b
[ _p\TOo(Int) _ o n’t
_ 44 b b 2 Z(b] bk) O(r; ) O(I;z ) 7
= by = bi|” |1 - ; : (5.7)
157 = b
Observe that
@ Int In? ¢t Int
lt—z——>0ast—>oo:>0 0()ast—>oo. (5.8)
I t 2 t
If we substitute (5.8) into (5.7) we obtain (5.5) as desired 0.
Remark 5.1. Ifb; — by = 7, then r}’(t) —rl(t) = 5]’-’ — o, and
1 12 /! IINT (11 /! 1! INT (g1 1! lnzt
7 = ricll® = (=) (r = 1¢) = (& =) (&) =) =O( =5~ | (5.9)

since 5]{’ = O(t31Int).

6. Vectorial Alpha Hubble Approximations

In this section we look at a variation of the alpha Hubble ratios inspired by Propositions 5.1 and
5.2. In particular, for large t we want to analyze the behavior of

=l =

7 —rellP [lr; = rillP

w B> 1. (6.1)

We will refer to the above as vectorial alpha Hubble approximations/ratios. The denominator of each type
of vectorial alpha Hubble approximation is calculated via (4.3). To calculate the numerator of the first

7=l = (15 = r412)* = 1oy = 1+ 0 ()H
LEABICON
~lay— a1 +0(3)] 62)

vectorial alpha Hubble approximation we adjust (5.1) as follows.

| =

= llaj — [
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Hence, ast — oo
I =gl laj —al* [1+0(})]
Iy =il Jia; — g e [1 + O(lnf)}
- -1
— llaj — a P b |1 +o<1)] [1+o(1“tt)]
= llaj — ag* P+ |1 +o<1)] [1+o(1“tt)]
ﬂ(*ﬁ *ﬁ: h'lt
If « = B =1, Equation (6.3) becomes
rh—r
””‘H:t—1[1+o(lnt>}, ast — oo, (6.4)
[I7j = rll t

This is the same order of growth as provided by (4.5).

Next we turn our attention to the second vectorial alpha Hubble approximation. We will assume
that b; — by # 0 We can adjust (5.5) for large t as follows.

nr—mw—[W‘”ﬂ]?‘{“W‘WFP+OCM>”

— 5| —bk||“{1+o(1“t>} — %, —bk||“[1+o(1“t>} 6.5)

We then combine the above calculation with (4.3) to discover that as t — oo,

Iy =l e 21l = bl 1+ O ()

ll7; = rellP Haj——akHﬁtﬁ[l—F()<k¥)]
«_pllb; = bg||® Int Int
_—5%-B ”] k
o) o ()]

« g lIbj — b
e /.l [1+o(lntt>} (6.6)

lla; — ai [P

If « = B =1, Equation (6.6) becomes

i —r b;—b
Irf =l gy mP+OCM>}%t%w. 6.7)
R la; = ] f

If « =2 and B = 1, Equation (6.6) becomes

1! — |7 b: — by
[ Uty {1+O<lm>}, ast — oo, (6.8)
;i — el llaj — ax|| t

which is a much smaller than the order of growth provided by (4.7), namely O (t~2) versus O(t!).

Itb;— b = 6>, we use (5.9) and observe that

o
Iy =l = [y =r1?]* =

1 2 % 1 o
o(rzétﬂ _o<’;‘3at>. 6.9)
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In that case, the second vectorial alpha Hubble approximation for large ¢ becomes
]_na
Iy =l (")
7 =7l ||a—ak||/3t5[1—|—0<1“7t)
B, In" ¢t Int\]*
= |la; — ax|| Pt ﬁo( e > 1+o(t>}
B, In* ¢ Int
= |la; — ax|| Pt ﬁo( 5 > 1+o<t>}
lnlk
— I =] PrP0 (), (610)

where in the last equality we implicitly assumed that « > 0. When & = 8 = 1, Equation 6.10) becomes
7 /!
I =

[[rj =7l

while if « =2 and B = 1, Equation 6.10) becomes

= |laj —axl|~ 1= 1O<lnt>, ast — oo, (6.11)

It = )2

|
N = |laj —ax||” 1t_lO< d >, as t — oo, (6.12)
)

7. What is the Acceleration Rate of Our Expanding Universe? How Many
Accelerated Expanding Universes Exist?

Let t € [tg, ). The relation

d(Inri(t)) _ g dri(t)
H(t) :== = = H(t)r;(t 7.1
(t):= TR = S s TEE — Hn() 7.)
is called a traditional Hubble law with Hubble constant H(t). Equation (7.1) is a manifestation of the
fact that the rate of change of the distance is proportional to the distance. In this paper, instead of using
ri(t), we looked at relative differences ;(t) — r((t) and calculated

A &llri(6) = re(B)] &llri(8) = re(B)]2
o all ) = datll’j .
H(t) = 7 () = re(1)] 2||ri(t) = ()12

see (4.5). Without loss of generality, we can assume that r(f) = r(f) and average, for2 < j < N, all
A (t) to compute a statistical Hubble expansion average (HAVG) as defined below.

_ Lllri(5) = (1) 1 Y
HAVG := N—1Z COEEG] —>N_1]§? as t — oo. (7.3)

= 33l — (6 IP) = 72)

The last conclusion of (7.3) reflects the order of growth provided by (4.5).

There are other ways to obtain statistical averages of acceleration Equation (3.7) shows that any
two different celestial bodies may accelerate away from each other by a different rate. We can use
statistical averages in order to define one measure of acceleration by the formula

Yicjcken ale —1)[la; — a|*t2 2

AVA :=
N 7
(2)

(7.4)

where AVA stands for Average of Acceleration.
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Remark 7.1. Noteworthy is the case & = 2 in (3.7) as a transitional value for the nature of the measures of
acceleration. It renders the rate of acceleration to be a positive constant that depends on the velocities of two point

masses. Namely, 2|\a; — ag||>. However, for 1 < a < 2, the rate of acceleration is positive for a long time but

. —1)||laj—ax||* Lo -
shrinks to zero as t — oco. Namely, % — 0ast — oo. For 2 < a, the rate of acceleration is positive

for large t but tends to infinity as t — oo. Namely, a(a — 1)[a; — ag||*t*=2 — oo as t — co. We also note that
the value & = 1 is also interesting transitional value. However, it requires a different asymptotic analysis.

For a universe which endorses the big bang theory of cosmology and has one measure of acceler-
ated expansion we can choose the parameters 4; in such a manner that asymptotically all bodies lie on
an expanding sphere. For this assumption to hold we choose a positive constant p and put

ri(t) = ajt + bjInt +c; + 6;(t) = pUjt + bjInt +¢c; + 6;(t), t > to. (7.5)

Recall that [|U;]| = 1 for 1 < j < N. Evidently the arrow representing r;(t) has tail at the center of our
coordinate system and head at the center of mass of the celestial body j. It satisfies

r
Il ~ o = e, SO0 oo 76

Moreover, as t — oo,

I~ p

(|| (|01
[|7i(t) 2, ] ~ 20%t, — = 20°. (7.7)

Formulas (7.6) and (7.7) say the following.

1. There exist spherical models of expansion of a universe. In these, all N celestial bodies lie, for
large time £, on an expanding sphere with radius pt.

2. The speed of expansion for large time ¢, as measured by the rate of change of the radius of the
sphere, is p. However, the rate of expansion as measured by the rate of change of the radius
squared of the sphere is 20t

3. The rate of acceleration as measured by the rate of change of the radius squared of the sphere is

202.

One may choose a cosmological scale y# > 0 that ultimately makes the quantity 2p?u fit experimental
data.

We note that what humans observe and study is their particular universe. However, Newton’s
equations of celestial mechanics are a source of an infinite number of diverse and different universes.
Each universe corresponds to and is determined by the 2N initial vector values (r;(ty), r}(to)). Each
pair (a;, c;) corresponds to a unique pair of initial conditions (r;(to), r}(to)). The different choices of

%
(aj, cj), j=1,2,3,---,N,subject to aj — a # 0, generates a different expanding universe.

8. Conclusion

This paper proposes asymptotic formulas for cosmological models of an accelerating expanding
universe based on Newton’s equations of celestial mechanics. The asymptotic formulas of Theorem 3.2
and Proposition 5.2, along with the ensuing alpha Hubble ratios of (4.1), (4.2), and (6.1), are complete
with estimates of asymptotic remainders terms that measure

i.)  The relative speed between any two point masses.

ii.) The relative acceleration between any two point masses.

iii.) The rate of expansion of an isotropic and homogenous universe.
iv.) Generalized types of Hubble formulas.

v.) A comparison between scalar and vectorial accelerations.
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The above derivations are absent of dark matter.

9. Appendix A: Asymptotic Analysis of ||r; — r¢|?

This section provides the proof of Theorem 3.1 and begins with a series of auxiliary propositions.
In order to make the presentation less cumbersome we will suppress, from time to time, the dependence
of t in the vector functions.

Proposition 9.1. Let f;(t) = a;t + b;Int + c;, where a; and c;, for 1 < i < N are constant vector in R3
satisfying ||a; — a|| # 0, i # j, and where b; is defined via (2.4). Then for j # k,

Int
1y = P = oy = a2 1405 ) | st ©.)

and

Int
£ = fill _||”j—ak||t{1+o<t>} as t — co. 9.2)
Proof: By definition

Ify = fill® = [(aj — a)t + (b — be) Int +¢; — ] T [(aj — a)t + (b — b) Int + ¢ — ¢

P PO L D e L LN U VU Gy
] [y = ailPt T — ol

ol — a2 W BelP I 20— B)T(e —cInt e — cul” ©3)
: llaj — ax||>t2 la; — a2 la; — a2

Equation (9.1) immediately follows from (9.3) and the definition of Big O. Without loss of generality,

assume that for [fg, o),

’o(h‘tt)‘ <p<l (9.4)

The existence of such a ty is guaranteed since lim;_,« Int/t = 0. By working over [ty, c0) we may take

the square root of (9.1),
Int
16y = il = oy = alieg 1+ 0( )
and then apply the binomial theorem to write
Int
Int O(T) > (1 Int\1* Int
1+O(t> =1+—5= +1<:Zz (k> [O(t)] = 1+O(t> 0.

Proposition 9.2. Let fi(t) = a;t + b;Int + ¢;, where a; and c;, for 1 < i < N are constant vector in R3
satisfying ||a; — aj|| # 0, i # j, and where b; is defined via (2.4). Then for j # k,

1fj = il = llaj — all? {1 +o<1)] as t — oo, 9.5)

and

16~ 1 = Iyl [1+0(F) | ast > oo ©9
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Proof: The definition of f;(t) implies that
T
= llaj — axl|* |1+ 20 H_szk—)zgﬁjzt_ & |||L|:j__ail|(||2|i2] : 9.7)

Equation (9.5) the follows from (9.7) and the definition of Big O. Without loss of generality, assume
that for [tg, o),

'o(i)‘ <p<l 9.8)

The existence of such a t; is guaranteed since lim;_, ¢~ = 0. By working over [y, ) we may take
the square root of (9.5),

1= fll = lloy = auly 1+ 0( 3 )

and then apply the binomial theorem to write

Ho(;)_u‘)(j)@(g){o(;)y‘_m(;) -

Proposition 9.3. Let f;(t) = a;t + b;Int + c;, where a; and c;, for 1 < i < N are constant vector in R3
satisfying ||a; — a;|| # 0, i # j, and where b; is defined via (2.4). Then for j # k,

0= 0= £ = (= 50" = 50 = Ny = st 14.0(B5) [ ast 5o, (09

IFbj — by # O, then

= F0T G~ ) = G = U7 = ) =0(7) ast >0 ©10)
and 1
7 = 5T =0 = (= ) = ) =0 ) ast e 011)
Ifb; — by = 0, then
Ui =T = 0 = U = )T~ ) = T, 012

and (9.10) and (9.11) are automatically satisfied.
Proof: The definition of f;(t) implies that

/ NT bj — by !
(fj_fk) (fj_fk): [aj—ak—l— ; [(a]-—ak)t—f—(bj—bk)lnt—i-cj—ck]

(aj —a)T(bj = b)Int  (aj —ar)"(c; — Ck)}

1+

= |la; — ||t
/ la;j — ax||>t lla; — ax |t

(9.13)

Tl — o [(bj — b)) (aj—ar) ||bj—bfPInt (bj—b)T(cj — Ck)]
j

|aj — ax||>t l|aj — ax|>t? llaj — ax|?t2

Equation (9.9) immediately follows from (9.13) and the definition of Big O.
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The definition of f;(t) also implies that
1
' = V(= f) = =z (b = b) [ (3 — @)t + (b — b) Int + ¢ — ¢y
(b —b)"(aj —ax) b —blPInt (b —b)"(c; — )
and that
1 b —be]"
=" =) = —tj(bj — b)) aj — ap+ - ;

_ (- bi)" (aj —ax)  |Ibj — kaZ' ©9.15)

t2 t3
Then (9.10) and (9.11) respectively follow by applying the definition of Big O to (9.14) and (9.15)
respectively. .

Proof of Theorem 3.1: Since r;(t) = f;(t) + ¢;(t), we find that

[75(8) = rie()[1> = (rj(8) = re(£)) T (r () — (1))
= [fi(t) = fil®) +6;(t) = 6e(D] T [fi(£) — fielt) + 8;(£) — 8 (8)]
= (fi = f) " (fi = fi) +2(f; — fi) T (6; — &) + (6 — 6) T (6 — Bk)
—If - AP 2(fi = fi) (6 — 6,) + (6 — 6) T (6, — &%) ,
1f; = fell?

1+

where we implicitly made use of the fact that ||f; — fi|| # 0; see Condition iv. of Theorem 2.1.
Consequently, the triangle inequality, when combined with the Cauchy-Schwartz inequality and the
above observation, implies that

2(f; — fi) (6] — &) + (6 — 6) T (6, — 6k - 21 f; = fellll6j — ol + 16; — &l
i — fell? - Ifi — fell?
2116; — 6 5: — 8||? 2|16; — 6 8 — 8)1%
< 16; = kIl 1l9; k||2 < 16; — 0|l N 16 2k||
Ifi = fell  ILfi = fill w w

-ofs)+o(3) -o(2).

where the last line made use of (2.5). In summary, we have shown that

Int
) = ()2 = 115 = Al |1 +0 (5 )| ast > e
which is precisely (3.3).
Next we will verify (3.4). By definition

d|lrj(t) — ()2
dt

= Vi + Wi+ Zj, (9.16)

where Vi, Wi, and Zjy are defined via (3.1) and (3.2). We will show that V]’k is the leading asymptotic
term of (9.16) as t — oco. Indeed, by (9.9), we have

1 Y, 1
Vie= 207 = 07 (= 0 =2l — a1+ 0( ) [ ast = ©17)
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which implies that V]’k # 0ast — co. Since f;(t) = a; + b;/t and since (2.5) implies that

Int Int

Wi = 2(ff = fOT (6 = 6) +2(f; — f) T (6] — &)

_O<lr;t) tO(lnt> <1nt>
Zj =200, 6070 -5 =0 )o (%) = Cnﬁ

Putting all the above together we obtain

dlri(t) — ()|
dt

we discover that as t — oo

and

Wi + Zji
Vi
(lnt)+o(1n t)
2t]a; — a|2[1 + O(t TInt)]

O('5f)

' o0 Twy =V {1+o<1;‘2t> (1+O(t11nt))_l}

o) -o(5)- Bor(e() )

= Vi + Wi+ Zj = Vi |1+

=Vi|1+

=Vi|1+

Int
!
=V}, 1+O( ) ﬂ

where we have assumed that we are working over an interval [ty, o0) such that |O(t ! Int)| < p < 1.

We turn to the second derivatives. Since

=2~ T~ 0] =2[(F — AT f) + (]~ AT~ )],

Equation (9.10) and Proposition 9.2 imply that

Vi =0 +2(f] = T = f) = Ot +2lla; — a2 |1+ O(t )

= 2|ja; — a|* {1 + O(til)} ast — oo,
Next consider W]’,Q Since f]-’(t) =aj+ bjt™!, since f].”(t) = bjt~?, and since (2.5) implies that

Int PR Int v Int

we find that as t — o

Wi =2[(f] = fi)T(6j = &) + (f; = fi) (6} = 6))
=2[(f]' = f)T (65 = &) +2(f] = f) (6] = 6) + (f; = fi) (6] = &})]

- o(t—z)o<1ntt> +O(lnt> +O(t )O(TJ) = o(lntt>.
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Finally we turn to
Zik = (6= 6T (65 = 81)]" = 2(67 = )T (6 — &) +2(8} — )T (6] — 1)
Int Int Int Int In?t
—O(ﬁy4t)*o(ﬂy4ﬂ)—o(ﬂ>'

Putting all the above together we get

d||ri(t) — ri(£) 1|2
dt?

Wi+ 2}

1+
Vik

= Vit Wi+ 2y =V

| o(lnt) + o(Imt)
2[la; —arP[1+O(t 1)

=Vi|l1+

= Vik I (O(T) +o<lﬁt>> (1+O(t‘1)>1]
= Vi :1+ (o(h‘tt> +o<lﬁt>> (1 —o@t +§2(_1)p<o(t_1))p>]

[ Int
T/
“firo(m)] o
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