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Abstract

By using a generalization of the binomial theorem, we give some bounds for the distance in b-metric
type spaces. In particular, we prove that the fractional power inequalities in the results of Dragomir
and Gosa [S.S. Dragomir and A.C. Gosa, An inequality in metric spaces, Journal of the Indonesia
Mathematical Society, vol. 11, no. 1(2005), 33-38] and Karapinar and Noorwali [Dragomir and Gosa
Type Inequalities on b-metric spaces, Journal of Inequalities and Applications, vol. 2019, 1-7].
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1. Introduction and Preliminaries

We first recall some basic definitions in literature.

Definition 1.1. A metric space is defined as a pair (X, ), where X is a non empty set and ¢ : X x X — Riis
a function. This function  satisfies the following properties for any elements ¢, ¢, ¢ in X:

e (& ¢) >0andp(g, ¢) =0ifand only if ¢ = ¢ (Non-negative);

* (S 9) = ¢leE) (symmetry);

* PG 9) < (o) +y(o @) (Triangle inequality).

The study of metric space involving distance function provides a powerful tool in mathematics
and other science such as fixed point theory, topology and operator theory, see [1,3,11,13]. In 1998,
Czerwik [6] (see also [4]) constructed a lemma to obtain some generalizations of the well known
Banach’s inequality contraction in b-meric spaces using a-relaxed triangle inequality as follows:

(G @) <alp(l o) +v(o )l (1.1)

where @ > 1. We note that in the case where « = 1, every b-metric space is a metric space. Some
examples of b-metric are given below:

Example 1.2. Let X = [0,1] and ¢ : X x X — [0, 0] is defined by (g, ¢) = (¢ — @)%, forall ¢, € X.
Clearly, (X, ) is a b-metric space with k = 2.

Example 1.3. The set I,(R) with 0 < p < 1, where I,(R) := {(¢u) C R| E |gn|P, 00}, is defined by the
n=1
function ¢ : 1,(R)XI,(R) — R,

1

(s ) = (i l6n — M”) ,

where ¢ = Gu, ¢ = @n € 1p(R). Then (I,(R),)is a b-metric space such that (g, 0) < 2%[1/1(9 ®) +
$(e, Q)]
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Definition 1.4. Let X be a vector space over a field K and let s > 1 be a constant. A function || - ||, defined by
Il - llp : X — [0, 00] is said to be a b-norm space if the following conditions are satisfied for all ¢, ¢ € X:

*  (BND [lglly = 0;

e (bN2)|[g|lp = 0 ifand only if ¢ = 0;

*  (BN3)||Kgllp = |K[|'%2° " |g]|y;

o (ONDllg+ olly < slllglls + lell)-

In this case (X, || - ||) is called a b-normed space with constant s.
Remark 1.5. Clearly, when s = 1, we recover the definition of a norm linear space, see [6] .

Example 1.6. Let X = R and define || - ||, : X — [0,00] by ||C||p = |E|P where p € (1,00) then, using the
relation (& + @)P < 2P~1(EP + @F), we can easily deduce that (X, || - ||) is a b-normed space with constant
s=2r"1forall &, ¢ c X.

One of the important properties of a (classical) distance function on any abstract set X is the
triangle inequality, i.e., (&, ¢) < ¢(, 0) + ¢(0, ¢). Several generalizations and refinements of the
concept of a distance have been achieved by relaxing the triangle inequality, see [10].

Dragomir and Gosa [7] established the polygonal inequality in the metric space setting by obtaining
the following result:

Theorem 1.7. Let (X, ¢) be a metric space and &; € X, p; > 0, i € {1,..., N} with ZfL pi = 1. Then we

have the inequality
N-1 N N
Z Y. eiejp(Gi ) < é}g}f< l[% pip(Gis @)]. (1.2)

-1
i=1 j=i+1

In a recent paper, Karapinar and Noorwali [10] gave an improved version of Dragomir and Gosa’s
result as follows:

Theorem 1.8. Let (X, 1) be a b-metric space with constant m > 1and &; € X, p; > 0,i € {1,2,..., N} with
YN | i = 1. Then we have the inequality

N-1 N N N
Y. Y pipjp(8i¢j) < — inf [Zpﬂﬁ(@i,ﬁ)}- (1.3)

i=1 j=i+1 meex|is

The aim of this paper is to obtain some upper bounds for the distance on b-metric spaces. Thus,
our results are generalizations of [2,7,8,10]. Before we give our main result, we can state the following
result that is regarded as a generalization of the binomial theorem.

Theorem 1.9. (Neo-classical inequality; Theorem 1.2 in [9]) For k € Nand 0 < s < 1, we have
- ((sm sk s(m—k) sm
sy ()XY <(x+y)™, xy=>0. (1.4)
k=0

Remark 1.10. When s = 1, the equality holds in (1.4), which is just the conventional binomial theorem.

2. Main Results

Now, we first discuss the following new concept:

Definition 2.1. Let X be a non empty set and o, p € N be a given real number. A mapping i, : X x X — R*
is said to be a variant of b-metric if for all ¢, 0, ¢ in X, the following conditions are satisfied:

o (0D): (g, 9) = 0ifandonly if ¢ = ¢;
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o (02): ¥p(c, @) = Yu(@,G) (symmetry);
o (B3): Pu(c, @) < afyp(s, 0) + Bu(o, ¢)] (Triangle inequality).

It is easy to see that when 8 = 1 then it is b-metric space [6] which in turn is a generalization of
the standard metric space [13]. It may be of interest to study this new variant of b-metric space for the
case p >1
The following example may be stated to support Definition 2.1.

Example 2.2. Consider the set X of all continuous functions ¢ : [0,1] — R defined by the distance function

Pp: X x X = R as:
1

¥u(s, @) :/|G(t)—(p(t)|2dt.

0

This is a metric space that satisfies the condition Py,(g, ¢) < a[py(c, 0) + Byp(0, @) witha = 2 and p = 2,
since

*  (bD: (g, ) = Oifand only if ¢ = ¢;
o (b2):Yy(s @) = ¥u(9,¢) (symmetry);

¢ 03 leg) <2 160) - el + 4 o(t) - o)1 =2[ps(c,0) + 20s(er )]
Example 2.3. Let X = {1,2,3} be a discrete set and let 1y, : X x X — R be a function defined by
Pp(1,1) = ¥(2,2) = ¢5(3,3) =0
Pp(1,2) = ¢p(2,1) =
¥p(1,3) = $(3,1)

¥(2,3) = ¢u(3,2) =
By Definition 2.1, (b1) and (b2) clearly holds. For all {, 0, ¢ € X it follows that

I
S e

(8, @) < 2[9p(E,0) +3¢Pu(0, 9)]

The following result may be stated:

Theorem 2.4. Let (X, i) be a metric spaceand a,m € N, >1,0<s <1, v; € X,p; >0,i € {1,..,N}
with YN, p; = 1, then

N-1 N
). pipjy" (vi, vj)
= =
sas™ N m—1 sm N N s(m—
> ——sup|2s ) i (vi,0) + ) <5k> (Zpilpik(v,vi)> (ZPiﬁSkle( k)(vi,v)ﬂ- 2.1)
veX i=1 k=1 i=1 i=1

Proof. Using the b-triangle inequality in metric space, we have that for any v € X and i,j € {1,.., N}
that

¥y (v, 0j) < afy(vi,0) + By (v, vj)]. (22)

Taking the power sm, where 0 < s < 1,m =1,2,... to have

i (05, 05) = & [y (vi, 0) + By (v, 0] (2.3)
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By expanding the RHS of (2.3) using Proposition 1.13 we have
sm sm - [(sm s( k. pk
" (v, vj) > s Z sk v ) (v, 0)B gk (v, vj) (24)
k=

where

smy m!
sk)  s(m—k)k!’
Multiplying (2.4) by p;0; and summing over i and j from 1 to N, we get

Y. ooy (vi,vp) = sa™ Y sz;<2< )lPs(m k)(vifv)ﬁ(sk)lpik(vaj))- 2.5)

1<ij<N 1<i,j<N
ie.,
N

T o) >0 3 (%) Lowi™ P00 Loptei o)

1<ij<N j=1

- [i (sk) <2plﬁsk%m 9 (vi,v ) <Zp1¢b v,vi)>}
k=0
. N
( Yo" P (vs,0) ) <szﬁs’(¢i" vi,v ﬂ 2.6)
i=1

= 25" Ep " (vi,v) +

It is easy to see that

Z Pp]llJb (vi,v 22 Z plp]lph Ui, U ) (2.7)
1<i,j<N i=1 j=i+1
So, (2.6) becomes
N-1 N
2Y Y pipjpp(vi,vj)
i=1 j=i+1
sm y st sm =l sm al s(m—k) sk
ZZSIX Zpllpb (Ui,U)+0C Z Sk Zpllpb Ul/ szlB lp ) .
i=1 k=1 i=1
That is,
N-1 N
Y. Y pipity" (vivg)
i=1 j=i+1
oS N m—1 sm N k)
ZT[ZSZPfIPZm(v,wH L (sk><>ipf¢ik<”'" ><Zpﬁ )|
i=1 k=1 i=1

Hence the result in (2.1) is proved forallv € X. [

Theorem 2.4 has proven to be an extension of the result in ([2,10]) in a more general setting.

Corollary 2.5. Let (X, ;) be a b-metric spaceand a,m € N, N >2,0<s <1,v; € X foralli € {1,..,N}

with Zf\il pi = 1. Then
N

Z p]lph Ulr )

&Ml

— N N
> amsup)s 1 i (0,0 %2( )(Zpilpfak(l’/l’i)> (gpiwz(m‘%,w)]. 28)

veX | i=1
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Corollary 2.6. Let (X, y,) be a b-metric spaceand m € N, N >2,0<s < 1,v; € Xandi € {1,.., N} with
YN i =1. Then

— N
Z Z " (vi, vj)
i=1j

- N N
= ZSZlePb v, v;) 1 Z < > XpilPik(vrvi) 'Zpﬂﬁz(m*k)(vi,v) )
2 i=1 2 k=1 i=1 i=1

We can state the following result that give an application in b-normed linear spaces using
¥p(vi,vj) = [[vi — vj||p to give an application in b-normed linear spaces.

Proposition 2.7. Given that (X, ||.||;) is a b-normed linear space and v € X, a,m € NN > 2,8 > 1
0<s<1lIfp;>0,i,j=A{1,.,N} with

Indeed, we have by Theorem 2.3 that

N-1 N
Yo ) pipjllvi —villy"

i=1 j=it1

T (sm § Sm—k) W ok o*
- ZSZPlHUz_UH +) Y pillvi —oll, Y oip[lvi — vl |, (3.1)
2 o1 \sk/) = i—1
forallv € X.

Proof. It follows from the proof of Theorem 2.2 if we set i, (v;, vj) = [lv; — vjllp. O

3. Conclusion

In conclusion, we have provided a fractional power inequality in b-metric-type spaces based on
Definition 2.1, condition (b3) for § > 1. Possible consideration of this paper for the case < 1 maybe
of interest.

Conflicts of Interest: The authors declare no conflict of interest.
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