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Abstract

In the state estimation problem for nonlinear systems, the Unscented Kalman Filter (UKF) has gained
attention as an algorithm capable of accurate state estimation based on high-fidelity discretization for
strongly nonlinear systems. Furthermore, for applying the UKF to continuous-time state-space models, a
method employing the Runge-Kutta method in the time-update equation for sigma points has already
been proposed to achieve high-precision state estimation. While this method uses high-order numerical
approximations, the associated decrease in computational efficiency due to processing time becomes
problematic. It is thus unsuitable for state estimation of relatively fast-moving objects, such as autonomous
vehicles and drones, which require high sampling frequencies. In this study, to reduce computational
load while achieving relatively high estimation accuracy, we newly apply the Adams-Bashforth method
to the UKF algorithm. The effectiveness of the proposed method is demonstrated by first explaining a
low-dimensional model’s state estimation problem, followed by a comparison of estimation accuracy and
computation time in a state estimation simulation for a UAV model of a tandem-rotor drone.

Keywords: Unscented Kalman Filter; Runge-Kutta method; Adams-Bashforth method; discretization
of continuous-time models; UAV state estimation

1. Introduction
In recent years, research on autonomous mobile robots, such as self-driving cars and autonomous

drones, has been actively pursued. Simultaneous Localization and Mapping (SLAM) is a fundamental
technology for the autonomous movement of these robots. SLAM performs self-localization using
sequential observation data obtained from multiple different sensors. However, since sensor data
contain noise, stable and accurate estimation values cannot be obtained without appropriately inte-
grating them. Therefore, in SLAM, the Kalman filter, a filtering algorithm for sequentially estimating
time-varying quantities from discrete, error-contained observation data, is used.

Generally, the motion models of many real-world systems, including autonomous mobile robots,
are continuous-time. However, since observation information from sensors is obtained discretely
through sampling, the observation model becomes discrete-time. Such a system is called a continuous-
discrete (CD) system. Directly applying the Kalman filter to this CD system is called CD-KF. However,
sooner or later, during the implementation stage, the continuous-time motion model (i.e., the prediction
model) will need to be discretized or numerically integrated, and a discrete-time Kalman filter will
be constructed for that discrete-time motion model. This type of Kalman filter is called the discrete-
discrete Kalman filter (DD-KF), as both the motion and observation models are discrete-time. Moreover,
for nonlinear dynamics or nonlinear observation systems, it is well-known that the CD-EKF or DD-EKF
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formally applies the Kalman filter to their linearly approximated systems [1–4]. Furthermore, as a
stable algorithm that does not require linear approximation via Jacobians, the Unscented Kalman Filter
(UKF) has been proposed for DD nonlinear systems [5–7]. This will be referred to as DD-UKF hereafter.

The UKF employs a nonlinear transformation called the Unscented Transform (UT). For a system
of order n, it prepares (2n + 1) sample points called sigma points, applies a nonlinear transformation
to each, and then calculates the conditional expectation of the state vector and the covariance matrix
by taking the sample average of the transformed points. By using this UT, the UKF enables state
estimation based on high-fidelity discretization. Sarkka [8] derived continuous-time and continuous-
discrete versions of DD-UKF and applied them to nonlinear continuous-time filtering and reentry
vehicle tracking problems. Furthermore, in previous research, the Runge-Kutta (RK) method has been
applied to the time-update equation for sigma points, demonstrating the possibility of high-precision
state estimation for several models [9–11]. Additionally, Takeno & Katayama [12] applied Heun’s
Method, an improved version of the Euler method, during the prediction step.

However, discussions on the proposed UKFs have been limited to estimation accuracy, with no
consideration given to computational efficiency. Due to its characteristic of performing nonlinear
transformations on each of the (2n + 1) sigma points in the UT algorithm, the UKF has the drawback of
increasing computation time as the system order n grows. In practice, considering state estimation for
larger-scale models in the real world, both accuracy and real-time performance are required, making
the improvement of the UKF algorithm’s computational efficiency very important [13].

Recent studies have begun to address this computational challenge from various perspectives.
For instance, Wang et al. [14] proposed an adaptive step-size UKF for continuous-discrete systems
based on the degree of nonlinearity, achieving a balance between accuracy and computational cost by
dynamically adjusting the step size in highly nonlinear regions. Another approach by researchers in
the aerospace domain [15] introduced a high-efficiency UKF utilizing parallel computation for sigma
point propagation, demonstrating significant speedup for multi-target trajectory estimation. Furthermore,
the integration of machine learning techniques with UKF has been explored; a GAN-enhanced UKF
framework [16] dynamically predicts and updates filter parameters in real-time, improving estimation
accuracy without sacrificing computational performance. In the realm of numerical implementation,
Kulikova and Kulikov [17] developed square-root information-type methods for continuous-discrete
extended Kalman filtering, enhancing numerical stability which is crucial for efficient computation.
Additionally, theoretical advances in sensor scheduling for continuous-discrete systems [18] provide
insights into optimizing the trade-off between resource allocation and estimation accuracy. A comparative
evaluation of nonlinear filters [19] further contextualizes the performance of UKF against other methods
in practical tracking applications. These recent developments underscore the growing recognition of
computational efficiency as a critical factor in the practical deployment of nonlinear Kalman filters.

Therefore, in this study, to improve the computational efficiency of the UKF, we propose a UKF
that applies the Adams-Bashforth (AB) method, instead of the RK method, to the time-update equation
for sigma points. The RK method is a single-step numerical integration method; it calculates the next
numerical point (x(tk+1), tk+1) based solely on the current point x(tk), without using past information.
Moreover, when the order of accuracy is s (s < 5), s computations are required to generate the next
numerical point. On the other hand, the AB method is a multi-step numerical integration method. For
an accuracy order s of 4, the next numerical point x(tk+1) is calculated based on the last four points
x(tk−3), x(tk−2), x(tk−1), x(tk), and only one computation is needed to generate the next numerical point.
Thus, regardless of the accuracy order s of the AB method, the number of computations is always one.
Therefore, compared to the fixed-step RK method, computation with the AB method is more efficient.

It should be noted, as a related study focusing on the computational efficiency degradation of the
RK method in applying numerical integration to nonlinear Kalman filters, that Renke He et al. [20] have
already conducted research applying a multi-step method based on the Adams-Bashforth-Moulton
(ABM) method to the Extended Kalman Filter (EKF).
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The objective of this study is to clarify that the UKF applying the AB method to the time-update
equation for sigma points in the UT can achieve estimation with computational efficiency superior to
that of the RK method, while maintaining comparable estimation accuracy. In addition to comparison
with the RK method, we also compare the differences in estimation accuracy and computation time
due to varying orders (2nd to 6th) of the AB method itself.

The effectiveness of the proposed method is demonstrated through state estimation in a MATLAB
simulation environment using two nonlinear models. Specifically, we first verify applicability to a
low-dimensional falling object model used in previous research as a preliminary experiment and
compare estimation performance under the same conditions. Subsequently, as an application to a more
complex model, we conduct a similar comparison of estimation performance using a UAV (Unmanned
Aerial Vehicle) model of a tandem-rotor drone.

Section 2 reviews the UKF algorithm for discrete-time state-space models. Section 3 demonstrates
the compatibility of UT with two discretization methods, the RK method and the AB method, and
presents the time update formulas for the σ point based on each. Section 4 describes the modeling of
the Osprey-type drone. After defining the coordinate systems, the rotational and translational motions
are explained in detail. Section 5 explains the controller design and control allocation. Specifically, a
controller based on the computed torque method is described, and the control input allocation problem
is detailed. Section 6 performs state estimation by applying the sigma-point time-update equations
presented in Section 2 to the falling object model [21] used in previous research as a preliminary
experiment, comparing estimation accuracy and computation time. Section 7 first derives the state
equations and sigma-point time-update equations for the resulting tandem-rotor UAV model, then
performs comparisons of estimation accuracy and computation time similar to Section 6. Furthermore,
we provide discussions based on a wider range of estimation results, including not only comparison
with the RK method but also differences in estimation performance due to the order of the AB method
and comparisons of estimation performance under different sampling periods. Section 8 summarizes
the paper and presents concluding remarks.

2. Review of the Unscented Kalman Filter
Consider the following discrete-time state-space model.

x(tk+1) = f (x(tk), u(tk)) + w(tk) (1)

y(tk) = hm(x(tk)) + v(tk) (2)

where tk = k∆t, k = 0, 1, . . . (∆t: sampling interval). x(tk) ∈ Rn, u(tk) ∈ Rm, y(tk) ∈ Rp are the state
vector, input vector, and output vector, respectively, and f ∈ Rn, hm ∈ Rp are nonlinear functions.
Also, w(tk) ∈ Rn, v(tk) ∈ Rp are Gaussian white noises with mean 0 and covariance matrices Q and R,
respectively.

Hereafter, the filtering value of the state vector and its covariance matrix are denoted as
x̂(tk|tk), P(tk|tk), and the one-step predicted value and its covariance matrix as x̂(tk+1|tk), P(tk+1|tk).
It is assumed that the initial filtering values x̂(0|0), P(0|0) are given. The DD-UKF algorithm is then
composed of a prediction step and an update step as follows [5–7].

Prediction Step

Step 1: Sigma-point vectors Xi(i = 1, · · · , 2n + 1) and scalar weights Wi
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X0(tk|tk) = x̂(tk|tk) (3)

Xi(tk|tk) = x̂(tk|tk) +
(√

(n + λ)P(tk|tk)
)

i
(4)

Xi+n(tk|tk) = x̂(tk|tk)−
(√

(n + λ)P(tk|tk)
)

i
(5)

W0 =
λ

n + λ
(6)

Wi = Wn+i =
1

2(n + λ)
(i = 1, · · · , n) (7)

Here,
(√

(n + λ)P(tk|tk)
)

i
denotes the i-th column vector of the matrix square root of P(tk|tk), scaled

by
√
(n + λ). λ is a parameter used for computing higher-order moments, such as the covariance.

Step 2: One-step predicted state estimate and its covariance matrix via time update of sigma points

Xi(tk+1|tk) = f (Xi(tk|tk), u(tk)) (i = 1, · · · , 2n + 1) (8)

x̂(tk+1|tk) =
2n

∑
i=0

WiXi(tk+1|tk) (9)

P(tk+1|tk) =
2n

∑
i=0

Wi{Xi(tk+1|tk)− x̂(tk+1|tk)}{Xi(tk+1|tk)− x̂(tk+1|tk)}T + Q (10)

Update Step

Step 3: Predicted output estimate and its covariance matrix using updated sigma points

ηi(tk+1|tk) = hm(Xi(tk+1|tk)) (i = 1, · · · , 2n + 1) (11)

ŷ(tk+1|tk) =
2n

∑
i=0

Wiηi(tk+1|tk) (12)

Pyy(tk+1|tk) =
2n

∑
i=0

Wi{ηi(tk+1|tk)− ŷ(tk+1|tk)}{ηi(tk+1|tk)− ŷ(tk+1|tk)}T (13)

Step 4: Output prediction error (innovation)

ν(tk+1|tk) = y(tk+1)− ŷ(tk+1|tk) (14)

Step 5: Auto-covariance matrix of ν(tk+1) and cross-covariance matrix between x(tk+1) and ν(tk+1)

Pνν(tk+1|tk) = R + Pyy(tk+1|tk) (15)

Pxν(tk+1|tk) =
2n

∑
i=0

Wi{Xi(tk+1|tk)− x̂(tk+1|tk)}{νi(tk+1|tk)− ŷ(tk+1|tk)}T (16)

Step 6: Observation update using ν(tk+1) and the Kalman gain K(tk+1)

K(tk+1) = Pxν(tk+1|tk)P−1
νν (tk+1|tk) (17)

x̂(tk+1|tk+1) = x̂(tk+1|tk) + K(tk+1)ν(tk+1) (18)

P(tk+1|tk+1) = P(tk+1|tk)− K(tk+1)Pνν(tk+1|tk)KT(tk+1) (19)
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3. Unscented Transform and Discretization Methods
3.1. Discrete-Time State-Space Model

Consider the following continuous-time nonlinear system.

dx
dt

= f (x), x(0) = x0 (20)

Here, x ∈ Rn is the state vector and x0 is the initial value. Let fd be the approximate function obtained
by discretizing Eq. (20). Then, we obtain the time-update equation

x(tk+1) = fd(x(tk)), k = 0, 1, · · · (21)

The observation equation is the same as Eq. (2),

y(tk) = hm(x(tk)) + v(tk), k = 0, 1, · · · (22)

where v is Gaussian white noise with mean 0 and covariance matrix R. Eqs. (21) and (22) constitute
the discrete-time state-space model.

The problem is to propose a nonlinear filtering algorithm that sequentially estimates the system’s
state vector x(tk) based on the observation data y(tk). Takeno et al. [9] demonstrated that combining
the UKF with the RK method enables high-precision state estimation simulation.

Based on this, this paper shows that by newly combining the AB method with the UT instead of the
RK method, relatively high-precision state estimation can be achieved while reducing computational
load.

3.2. UT and the Runge-Kutta Method

Here, since the nonlinear function f in Eq. (20) is a continuous-time model before applying
discretization, it is redefined as fc := f . First, we derive the time-update equation for the sigma points
when applying the UT and the Runge-Kutta method to Eq. (20). For this, let the dimension of x in Eq.
(20) be n, the i-th component of fc be fi (i = 1, · · · , n), and redefine the sigma point matrix Xk at time k
with its elements Xi,j,k, (i = 1, · · · , n, j = 1, · · · , 2n + 1) as

Xk =


X1,1,k · · · X1,2n+1,k

...
. . .

...
Xn,1,k · · · Xn,2n+1,k

 (23)

where i is the subscript indicating the element of the n-dimensional state vector, and j is the subscript
indicating the element of the sigma point. Let the difference width be ∆t = h and tk = kh, k = 0, 1, . . . .
Also, for simplicity, the sigma points in Eqs. (8) and (10) are denoted as X−

i,j,k+1 = Xi,j(tk+1|tk).
Applying the 4th-order RK method to each sigma point, we define the following [9].

a1,ij = fi

(
X1,j,k, · · · ,Xn,j,k, tk

)
a2,ij = fi

(
X1,j,k +

h
2

a1,1j, · · · ,Xn,j,k +
h
2

a1,nj, tk +
h
2

)
a3,ij = fi

(
X1,j,k +

h
2

a2,1j, · · · ,Xn,j,k +
h
2

a2,nj, tk +
h
2

)
a4,ij = fi

(
X1,j,k + ha3,1j, · · · ,Xn,j,k + ha3,nj, tk + h

)
(24)

Then, the time-update equation for the sigma points is
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X−
i,j,k+1 = Xi,j,k +

h
6

(
a1,ij + a2,ij + a3,ij + a4,ij

)
(25)

(i = 1, . . . , n, j = 1, . . . , 2n + 1)

Taking the weighted average of these updated sigma points yields the time-updated value (i.e., the
predicted value) of the state vector estimate via Eq. (9). The corresponding time-updated covariance
matrix is obtained via Eq. (10).

3.3. UT and the Adams-Bashforth Method

Let the j-th column (j = 1, · · · , 2n + 1) of the sigma point matrix Xk at time k be sequentially
substituted into fc. The resulting sigma point matrix F c(Xk) can be represented by the following
n × (2n + 1) matrix.

F c(Xk) =


f1(X1,1,k) · · · f1(X1,2n+1,k)

...
. . .

...
fn(Xn,1,k) · · · fn(Xn,2n+1,k)

 (26)

In this paper, focusing on the key feature of the AB method—its ability to utilize “previously
computed information”—we propose a discretization method that uses the sigma point matrix represented
by Eq. (26), computed at times k− 1 and earlier, as “previously computed information.” Below, we present
the time-update equations for the sigma points when applying 2nd to 6th order AB methods [22,23].

• Sigma point update equation using the 2nd-order Adams-Bashforth method

X−
k+1 = Xk +

h
2

(
3F c(Xk)−F c(Xk−1)

)
(27)

• Sigma point update equation using the 3rd-order Adams-Bashforth method

X−
k+1 = Xk +

h
12

(
23F c(Xk)− 16F c(Xk−1) + 5F c(Xk−2)

)
(28)

• Sigma point update equation using the 4th-order Adams-Bashforth method

X−
k+1 = Xk +

h
24

(
55F c(Xk)− 59F c(Xk−1) + 37F c(Xk−2)− 9F c(Xk−3)

)
(29)

• Sigma point update equation using the 5th-order Adams-Bashforth method

X−
k+1 = Xk +

h
720

(
1901F c(Xk)− 2774F c(Xk−1) + 2616F c(Xk−2)− 1274F c(Xk−3)

+ 251F c(Xk−4)
)

(30)

• Sigma point update equation using the 6th-order Adams-Bashforth method

X−
k+1 = Xk +

h
1440

(
4277F c(Xk)− 7923F c(Xk−1) + 9982F c(Xk−2)− 7298F c(Xk−3)

+ 2877F c(Xk−4)− 475F c(Xk−5)
)

(31)

where Xk is considered an n × (2n + 1) dimensional matrix.

3.4. Comparison of Computational Complexity: Runge-Kutta Method vs. Adams-Bashforth Method

We compare the computational complexity of the RK and AB methods in the UT from the
following two perspectives.
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3.4.1. Computational Complexity Comparison Based on “Number of Stages”

The difference width ∆t = h in discretization is generally called the step size in numerical
computation. The RK method is a discretization method that computes the derivative fi(X ) four
times (this is called having 4 stages) while advancing one step size, and its global truncation error is
proportional to O(h4), indicating 4th-order accuracy.

On the other hand, in the AB method, since it uses previously computed sigma point matrices
Fc(Xk−1), Fc(Xk−2), Fc(Xk−3) to derive the time-update equation for the current sigma points, com-
puting Fc(Xk) only once is sufficient to advance one step size. In other words, regardless of the order
of the global truncation error, the number of stages is always 1/4 that of the RK method.

3.4.2. Computational Complexity Comparison Based on “Number of Elements in the Sigma Point Set”

Generally, when simulating large-scale models in two- or three-dimensional real space, the
number of state variables becomes very large, with examples where the vector element count n reaches
millions or tens of millions. The UKF is an example where this effect is pronounced because the
sigma point set size is (2n + 1), leading to a vast number of elements. The RK method corresponds to
each element of the n-dimensional state vector and each element of the sigma point set, performing
derivative computations of 4 stages for each sigma point.

In contrast, the AB method requires only one stage of function computation per element of the
sigma point set. Moreover, for past sigma point sets, it only involves multiplying the entire matrix by
coefficients according to the order of accuracy. Therefore, it can be seen that the impact of increasing
the number of state variables is significantly smaller compared to the RK method.

4. Modeling of the Osprey-Type Drone
4.1. Definition of Coordinate Systems

Figure 1 shows the coordinate systems used in this study for the Osprey-type drone. The world
coordinate system FW is a right-handed coordinate system with origin OW and axes XW , YW , ZW ,
where ZW is positive vertically downward. The body coordinate system FB has its origin OB at the
center of gravity of the vehicle. It is also a right-handed coordinate system with axes XB, YB, ZB and
ZB positive vertically downward. The positive direction of the XB axis is designated as the forward
direction of the vehicle.

OB

YB

ZB

XB

pq

r

OW

YW

ZW

XW

O𝑃2

Y𝑃2

Z𝑃2

X𝑃2

𝛼2

𝛽2

𝜔4

O𝑃1

Y𝑃1

Z𝑃1

X𝑃1

𝛼1

𝛽1

𝜔2

𝜔3

𝜔1

𝑙

ℎ𝑜

𝑇1

𝑇2

ሶ𝜃

ሶ𝜓

ሶ𝜙

Figure 1. Definition of the coodinate systems of the Osprey-type drone.

The coordinate system for the first coaxial rotor, FP1 , has origin OP1 and axes XP1 , YP1 , ZP1 .
Similarly, the coordinate system for the second coaxial rotor, FP2 , has origin OP2 and axes XP2 , YP2 , ZP2 .
The coordinate system for the i-th (i = 1, 2) coaxial rotor is integrated into FPi . In the body coordinate
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system FB, the angular velocities about the XB, YB, ZB axes are (p, q, r), respectively. Furthermore, in
the rotor coordinate system FPi , the tilt angles about the XPi , YPi axes are (αi, βi). The initial tilt angles
αi and βi are 0. Due to servo motor characteristics, the range of αi is −2/π ≤ αi ≤ 2/π, while βi is
unlimited.

Let the Euler angles in the world coordinate system be η = [ϕ θ ψ]T . The rotation matrices about
the x, y, z axes, Rx, Ry, Rz, can be expressed as follows (S denotes sin, C denotes cos).

Rx =

1 0 0
0 Cϕ −Sϕ

0 Sϕ Cϕ

 (32)

Ry =

 Cθ 0 Sθ

0 1 0
−Sθ 0 Cθ

 (33)

Rz =

Cψ −Sψ 0
Sψ Cψ 0
0 0 1

 (34)

From these Rx, Ry, Rz, the transformation matrix from the body coordinate system to the world
coordinate system, W RB, can be expressed as

W RB = Rz(ψ)Ry(θ)Rx(ϕ)

=

CθCψ SϕSθCψ − CϕSψ CϕSθCψ + SϕSψ

CθSψ SϕSθSψ + CϕCψ CϕSθSψ − SϕCψ

−Sθ SϕCθ CϕCθ

 (35)

Also, let the transformation matrix for angular velocity from the world coordinate system to the
body coordinate system be Wη . Then, ωB ≜ [p q r]T is

ωB = Wη η̇ (36)

and its inverse is given by

η̇ = W−1
η ωB (37)

Here, it is found in [24,25] that

Wη =

1 0 −Sθ

0 Cϕ CθSϕ

0 −Sϕ CθCϕ

 (38)

W−1
η =

1 SϕTθ CϕTθ

0 Cϕ −Sϕ

0 Sϕ/Cθ Cϕ/Cθ

 (39)

where Tx = tan(x). Note that Wη is invertible unless θ = (2k − 1)ϕ/2, (k ∈ Z). That is, it is invertible
as long as it does not take the specific ϕ = ±π/(2k − 1) where gimbal lock occurs.

From the tilt angles αi, βi, (i = 1, 2) in each rotor coordinate system, the transformation matrix
from each rotor coordinate system to the body coordinate system, BRPi , can be expressed as
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BRP1 = Rz(0)Ry(β1)Rx(α1)

=

 Cβ1 Sα1 Sβ1 Cα1 Sβ1

0 Cα1 −Sα1

−Sβ1 Sα1 Cβ1 Cα1 Cβ1

 (40)

BRP2 = Rz(0)Ry(β2)Rx(α2)

=

 Cβ2 Sα2 Sβ2 Cα2 Sβ2

0 Cα2 −Sα2

−Sβ2 Sα2 Cβ2 Cα2 Cβ2

 (41)

4.2. Rotational Motion

First, the angular velocity ωPi and angular acceleration ω̇Pi of the i-th (i = 1, 2) coaxial rotor can
be expressed as  ωP1 =

[
α̇1 β̇1 ω̄2 − ω̄1

]T

ωP2 =
[
α̇2 β̇2 ω̄3 − ω̄4

]T (42)

 ω̇P1 =
[
α̈1 β̈1 ˙̄ω2 − ˙̄ω1

]T

ω̇P2 =
[
α̈2 β̈2 ˙̄ω3 − ˙̄ω4

]T (43)

where ω̄1, ω̄2 are the angular velocities of each brushless motor in the first coaxial rotor, and ω̄3, ω̄4

are those of the second coaxial rotor.
Next, the reaction torque τc,i of the i-th (i = 1, 2) coaxial rotor can be expressed as τc,1 =

[
0 0 kt(ω̄2

2 − ω̄2
1)
]T

τc,2 =
[
0 0 kt(ω̄3

2 − ω̄2
4)
]T (44)

where kt > 0 represents the torque coefficient.
Also, the thrust T i of the i-th (i = 1, 2) coaxial rotor can be expressed as T1 =

[
0 0 −T1

]T
=
[
0 0 −k f (ω̄

2
1 + ω̄2

2)
]T

T2 =
[
0 0 −T2

]T
=
[
0 0 −k f (ω̄

2
3 + ω̄2

4)
]T (45)

where k f > 0 represents the thrust coefficient of the coaxial rotor.
Using the Newton-Euler method, the torque τPi generated by the coaxial rotor can be expressed

as
τPi = IPω̇Pi + ωPi × IPωPi + τc,i (46)

Here, since the angular velocity and angular acceleration caused by the servo motor tilt are instanta-
neous and minute, they can be expressed as

α̇i = 0, α̈i = 0, β̇i = 0, β̈i = 0 ω̇Pj = 0 (47)

(i = 1, 2) (j = 1, 2, 3, 4)

Therefore, ωPi and τPi become as follows:
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 ωP1 =
[
0 0 ω̄2 − ω̄1

]T

ωP2 =
[
0 0 ω̄3 − ω̄4

]T (48)

 τP1 =
[
0 0 kt(ω̄2

2 − ω̄2
1)
]T

τP2 =
[
0 0 kt(ω̄2

3 − ω̄2
4)
]T (49)

4.2.1. Rotational Torque τB Generated by Rotor Thrust

The rotational torque τB generated on the vehicle by rotor thrust can be expressed using the
position vector BOri of each rotor in the body coordinate system as follows:

τB =
2

∑
i=1

(BOPi ×
BRPi T i) (50)

BOPi =
[
0 (−1)il −ho

]T
(51)

The calculation details for i = 1, 2 are shown below:

BRP1 T1 =

 Cβ1 Sα1 Sβ1 Cα1 Sβ1

0 Cα1 −Sα1

−Sβ1 Sα1 Cβ1 Cα1 Cβ1


 0

0
−T1

 =

−Cα1 Sβ1 T1

Sα1 T1

−Cα1 Cβ1 T1


BRr2 T2 =

 Cβ2 Sα2 Sβ2 Cα2 Sβ2

0 Cα2 −Sα2

−Sβ2 Sα2 Cβ2 Cα2 Cβ2


 0

0
−T2

 =

−Cα2 Sβ2 T2

Sα2 T2

−Cα2 Cβ2 T2



BOP1 ×
BRP1 T1 =

 0
−l
−ho

×

−Cα1 Sβ1 T1

Sα1 T1

−Cα1 Cβ1 T1

 =

lCα1 Cβ1 T1 + hoSα1 T1

hoCα1 Sβ1 T1

−lCα1 Sβ1 T1


BOP2 ×

BRP2 T2 =

 0
l

−ho

×

−Cα2 Sβ2 T2

Sα2 T2

−Cα2 Cβ2 T2

 =

−lCα2 Cβ2 T2 + hoSα2 T2

hoCα2 Sβ2 T2

lCα2 Sβ2 T2


Therefore, τB = [τB

x τB
y τB

z ]
T can be expressed as

τB =

τB
x

τB
y

τB
z

 =

(lCα1 Cβ1 + hoSα1)T1 − (lCα2 Cβ2 − hoSα2)T2

hoCα1 Sβ1 T1 + hoCα2 Sβ2 T2

−lCα1 Sβ1 T1 + lCα2 Sβ2 T2



= k f


(lCα1 Cβ1 + hoSα1)(ω̄

2
1 + ω̄2

2)

− (lCα2 Cβ2 − hoSα2)(ω̄
2
3 + ω̄2

4)

hoCα1 Sβ1(ω̄
2
1 + ω̄2

2) + hoCα2 Sβ2(ω̄
2
3 + ω̄2

4)

− lCα1 Sβ1(ω̄
2
1 + ω̄2

2) + lCα2 Sβ2(ω̄
2
3 + ω̄2

4)

 (52)

4.2.2. Reaction Torque τc Generated by Rotor Rotation

The reaction torque τc generated by rotor rotation can be expressed using the reaction torque τPi

of each rotor as follows:

τc =
2

∑
i=1

(BRPi τPi ) (53)
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The calculation details for i = 1, 2 are shown below.

BRP1 τP1 =

 Cβ1 Sα1 Sβ1 Cα1 Sβ1

0 Cα1 −Sα1

−Sβ1 Sα1 Cβ1 Cα1 Cβ1


 0

0
kt(ω̄2

2 − ω̄2
1)


= kt

Cα1 Sβ1(ω̄
2
2 − ω̄2

1)

−Sα1(ω̄
2
2 − ω̄2

1)

Cα1 Cβ1(ω̄
2
2 − ω̄2

1)



BRP2 τP2 =

 Cβ2 Sα2 Sβ2 Cα2 Sβ2

0 Cα2 −Sα2

−Sβ2 Sα2 Cβ2 Cα2 Cβ2


 0

0
kt(ω̄2

3 − ω̄2
4)


= kt

Cα2 Sβ2(ω̄
2
3 − ω̄2

4)

−Sα2(ω̄
2
3 − ω̄2

4)

Cα2 Cβ2(ω̄
2
3 − ω̄2

4)


Therefore, τc = [τc

x τc
y τc

z ]
T can be expressed as

τc =

τc
x

τc
y

τc
z


= kt

Cα1 Sβ1(ω̄
2
2 − ω̄2

1) + Cα2 Sβ2(ω̄
2
3 − ω̄2

4)

−Sα1(ω̄
2
2 − ω̄2

1)− Sα2(ω̄
2
3 − ω̄2

4)

Cα1 Cβ1(ω̄
2
2 − ω̄2

1) + Cα2 Cβ2(ω̄
2
3 − ω̄2

4)

 (54)

4.2.3. Vehicle Coriolis Force τcori

The vehicle Coriolis force τcori can be expressed using the vehicle’s angular velocity ωB and its
inertia matrix IB as follows:

τcori = ωB × IBωB (55)

Here, since

IB =

IBxx 0 0
0 IByy 0
0 0 IBzz

, ωB =

p
q
r


we have

IBωB =

IBxx 0 0
0 IByy 0
0 0 IBzz


p

q
r

 =

pIBxx

qIByy

rIBzz

.

Therefore, letting τcori = [τcori
x τcori

y τcori
z ]T , we obtain

τcori =

τcori
x

τcori
y

τcori
z

 =

p
q
r

×

pIBxx

qIByy

rIBzz


=

 qr(IBzz − IByy)

pr(IBxx − IBzz)

pq(IByy − IBxx)

. (56)
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4.2.4. Vehicle Angular Acceleration ω̇B

Using the equations above, the vehicle’s angular acceleration ω̇B = [ ṗ q̇ ṙ]T can be expressed as

ω̇B = I−1
B (τB + τc − τcori + τext) (57)

Furthermore, neglecting external disturbance torques τext acting on the vehicle and gyroscopic effects
(i.e., τext = 0), we have

 ṗ
q̇
ṙ

 =


1

IBxx
(τB

x + τc
x) + qr

(
IByy−IBzz

IBxx

)
1

IByy
(τB

y + τc
y) + pr

(
IBzz−IBxx

IByy

)
1

IBzz
(τB

z + τc
z ) + pq

(
IBxx−IByy

IBzz

)
. (58)

4.3. Translational Motion

The thrust TB in the body coordinate system can be expressed using the thrust Ti of each rotor as

TB =
2

∑
i=1

(BRPi T i). (59)

Therefore, letting TB = [Tx Ty Tz]T , we obtain

TB =

Tx

Ty

Tz

 =

−Cα1 Sβ1 T1 − Cα2 Sβ2 T2

Sα1 T1 + Sα2 T2

−Cα1 Cβ1 T1 − Cα2 Cβ2 T2


= k f

−Cα1 Sβ1(ω̄
2
1 + ω̄2

2)− Cα2 Sβ2(ω̄
2
3 + ω̄2

4)

Sα1(ω̄
2
1 + ω̄2

2) + Sα2(ω̄
2
3 + ω̄2

4)

−Cα1 Cβ1(ω̄
2
1 + ω̄2

2)− Cα2 Cβ2(ω̄
2
3 + ω̄2

4)

. (60)

Using the vehicle mass m and gravitational acceleration g = [0 0 g]T , the vehicle’s translational
acceleration ξ̈ = [ẍ ÿ z̈]T can be expressed as

ξ̈ = g +
1
m
(W RBTB + Fext) (61)

ẍ
ÿ
z̈

 =
1
m


CθCψTx + (SϕSθCψ − CϕSψ)Ty

+ (CϕSθCψ + SϕSψ)Tz

CθSψTx + (SϕSθSψ + CϕCψ)Ty

+ (CϕSθSψ − SϕCψ)Tz

− SθTx + SϕCθTy + CϕCθTz + mg

. (62)

where Fext is the external disturbance force acting on the vehicle. Neglecting effects such as friction,
we set Fext = 0.

5. Controller Design and Control Allocation
5.1. Computed Torque Method

The computed torque method is a technique to determine the generalized force (comprising thrust
and torque in the body coordinate system) from the desired translational and angular accelerations
in the world coordinate system, given that the vehicle’s physical information is known. Utilizing the
relation η̇ = W−1

η ωB in the translational acceleration of Eq. (61) and the rotational angular acceleration
of Eq. (57), and defining the generalized coordinates as X ≜ [ξTηT ]T , the system can be represented as
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Ẍ = F(Ẋ) + G(X)u + D(X)d (63)

This is because, from Eq. (37),

η̈ =
d
dt
(W−1

η )ωB + W−1
η ω̇B

=
d
dt
(W−1

η )Wη η̇+ W−1
η

{
I−1
B [(τB + τc)− τcori + τext]

}
=

d
dt
(W−1

η )Wη η̇− (IBWη)
−1[(Wη η̇)× IB(Wη η̇)] + (IBWη)

−1(τB + τc) + (IBWη)
−1τext (64)

and thus

F(Ẋ) =

[
g

d
dt (W

−1
η )Wη η̇− (IBWη)−1[(Wη η̇)× IB(Wη η̇)]

]

G(X) =

[
1
m

W
RB 0

0 (IBWη)−1

]
, D(X) =

[
1
m I3×3 0

0 (IBWη)−1

]

u = [TT
B (τB + τc)

T ]T , d = [FT
ext τT

ext]
T

Here, since the rotation matrix W RB is orthogonal, W R−1
B =W RT

B. Also, as each principal moment of
inertia IBii ̸= 0 (i = x, y, z), G−1(X) = diag(mW RT

B, Wη IB). Then, the inverse system of Eq. (63) is

u = G−1(X)[Ẍ − F(Ẋ)− D(X)d] (65)

Let the target value for the generalized coordinate vector X be Xd. Constructing its augmented
acceleration vector Ẍ∗ using a PD servo system yields

Ẍ∗ = Ẍd + Kd ė + Kpe (66)

where e = Xd − X, Kd > 0 is the derivative gain, and Kp > 0 is the proportional gain. Substituting Ẍ∗

from Eq. (66) for Ẍ in Eq. (65) gives

u∗ = G−1(X)[Ẍd + Kd ė + Kpe − F(Ẋ)− D(X)d] (67)

Substituting this u∗ into the original plant equation (63) yields

ë + Kd ė + Kpe = 0 (68)

Here, we set Kp = diag(Kp1, ..., Kp6) and Kd = diag(Kd1, ..., Kd6). For application to actual vehicles,
considering modeling errors, the condition Kdi = 2

√
Kpi, which ideally achieves a damping ratio

of 1 (i.e., critical damping), is used as a base, but the damping condition for this error may need
slight modification. In the simulations, the proportional gains for translational position and attitude
angles are defined as Kp = diag([Kpx, Kpy, Kpz, Kpϕ, Kpθ , Kpψ), and the derivative gains as Kd =

diag([Kdx, Kdy, Kdz, Kdϕ, Kdθ , Kdψ), with the following settings:

Kpx = Kpy = 3.0; Kpz = 5; Kpϕ = Kpθ = Kpψ = 2.0

Kdx = Kdy = 3.46; Kdz = 5; Kdϕ = Kdθ = Kdψ = 2.83
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5.2. Control Input Allocation Problem

Appropriate rotor speeds and tilt angles are allocated to each coaxial rotor to achieve the gener-
alized force in the body coordinate system, determined earlier by the computed torque method. A
single coaxial rotor constructed in this study utilizes two brushless motors. The thrust of coaxial rotor
1 is T1 = k f (ω̄

2
1 + ω̄2

2), and that of coaxial rotor 2 is T2 = k f (ω̄
2
3 + ω̄2

4). The reaction torque for the first
rotor is τc,1 = kt(ω̄2

2 − ω̄2
1), and for the second rotor is τc,2 = kt(ω̄2

3 − ω̄2
4). However, directly solving

for the rotation speeds ω̄2
1 ∼ ω̄2

4 and tilt angles αi, βi, (i = 1, 2) results in an underdetermined problem:
6 generalized forces versus 8 unknown decision variables. This would yield an effectiveness matrix of
size 6 × 8, requiring solution via pseudo-inverse or numerical optimization such as constrained QP.
Below, we present a simpler method based on experimental results for coaxial rotor thrust.

Referring to the experimental results on coaxial rotors by Itakura et al. [26], for a total thrust of
Ttotal = 10.6 N of the coaxial rotor, the thrust of the upstream propeller alone was Tupstream = 7.3 N,
and that of the downstream propeller alone was Tdownstream = 8.0 N. Therefore, the thrust efficiency is

ηthrust =
Ttotal

Tupstream + Tdownstream

=
10.6

7.3 + 8.0
= 0.693. (69)

This serves as an indicator of deviation from theoretical ideal conditions. On the other hand, the
interference efficiency, which is the increase rate of total thrust relative to the upstream propeller’s
thrust, is

ηi f =
Ttotal

Tupstream
− 1

=
10.6
7.3

− 1 = 0.452. (70)

Introducing this interference efficiency allows substitution of ω̄2
2 with ηi f ω̄2

1 and ω̄2
4 with ηi f ω̄2

3 , thereby
eliminating ω̄2

2 and ω̄2
4 from the unknown variables.

With this interference efficiency, the reaction torque τc from Eq. (54) becomes

τc = (ηi f − 1)kt

Cα1 Sβ1 ω̄2
1 − Cα2 Sβ2 ω̄2

3
−Sα1 ω̄2

1 + Sα2 ω̄2
3

Cα1 Cβ1 ω̄2
1 − Cα2 Cβ2 ω̄2

3

. (71)

Meanwhile, the rotational torque due to thrust τB from Eq. (52) becomes

τB = (ηi f + 1)k f


(lCα1 Cβ1 + hoSα1)ω̄

2
1

− (lCα2 Cβ2 − hoSα2)ω̄
2
3

hoCα1 Sβ1 ω̄2
1 + hoCα2 Sβ2 ω̄2

3
− lCα1 Sβ1 ω̄2

1 + lCα2 Sβ2 ω̄2
3

. (72)

Similarly, the thrust TB from Eq. (60) is rewritten as

TB = (ηi f + 1)k f

−Cα1 Sβ1 ω̄2
1 − Cα2 Sβ2 ω̄2

3
Sα1 ω̄2

1 + Sα2 ω̄2
3

−Cα1 Cβ1 ω̄2
1 − Cα2 Cβ2 ω̄2

3

. (73)

Therefore, by introducing an intermediate 6-dimensional vector n = [n1a n1b n1c n2a n2b n2c]
T , defining

Ω1 ≜ ω̄2
1 , Ω2 ≜ ω̄2

3 , and for i = 1, 2,

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 2 March 2026 doi:10.20944/preprints202603.0141.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202603.0141.v1
http://creativecommons.org/licenses/by/4.0/


15 of 37


nia = ΩiCαi Sβi

nib = ΩiSαi

nic = ΩiCαi Cβi

, (74)

the relation [TT
B (τB + τc)T ]T finally reduces to a linear equation:[

TB

τB + τc

]
= An(Ωi, αi, βi). (75)

Here, the effectiveness matrix A is

A =



−(1 + ηi f )k f 0 0 −(1 + ηi f )k f 0 0
0 (1 + ηi f )k f 0 0 (1 + ηi f )k f 0
0 0 −(ηi f + 1)k f 0 0 −(1 + ηi f )k f

(ηi f − 1)kt (1 + ηi f )hok f (1 + ηi f )lk f −(1 − ηi f )kt (1 + ηi f )hokt −(1 + ηi f )lk f

(1 + ηi f )hok f (1 − ηi f )kt 0 (1 + ηi f )hok f (ηi f − 1)kt 0
−(1 + ηi f )lk f 0 (ηi f − 1)kt (1 + ηi f )k f 0 (1 − ηi f )kt


. (76)

To generate control inputs for the actual vehicle, the intermediate variable vector n is obtained
using A−1, and then the squared rotation speeds Ω1 = ω̄2

1, Ω2 = ω̄2
3 and tilt angles (α1, β1), (α2, β2)

for each rotor are generated via the following relations:
Ωi =

√
n2

ia + n2
ib + n2

ic

αi = arcsin(nib/Ωi)

βi = arctan(nia/nic)

(77)

Figure 2 illustrates the sequential calculation flow for this control allocation problem.
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𝐴
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Figure 2. Control allocation process.

6. Preliminary Simulation: Application to the Falling Body Model
This section describes state estimation for the falling body model [21] as a preliminary experiment.

The falling body model, often used as a nonlinear model, was also employed as a simulation model
by Takeno and Katayama [9]. The aim here is to compare with previous research by performing state
estimation under similar conditions. Since the RK method by Takeno and Katayama is a 4th-order
discretization method, this section discusses the 4th-order AB method for comparison.
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6.1. Model Overview

The differential equations for the falling body model are as follows [21].

ẋ1 = x2 (78)

ẋ2 =
ρ0e−x1/kρ x2

2
2β

− g (79)

Here, x1: altitude of the falling object, g: gravitational acceleration, ρ0: atmospheric density at sea level
0 m, kρ: decay coefficient, β: ballistic coefficient.

Defining the extended state vector as

x =

x1

x2

β

 =

x1

x2

x3

 (3-dimensional state vector)

and letting f = [ f1 f2 f3]
T , the state-space model becomes

dx1

dt
≜ f1 = x2 (80)

dx2

dt
≜ f2 =

ρ0

2x3
e−x1/kρ x2

2 − g (81)

dx3

dt
≜ f3 = 0 (82)

The observation equation is assumed to be nonlinear as shown below:

y =
√

M2
1 + (x1 − M2)2 + v (83)

Here, M1 is the horizontal distance between the falling object and the radar, M2 is the radar height.
Also, v is observation noise, which is Gaussian white noise with mean 0 and variance R.

6.2. Estimation Algorithms

We present the time-update equations for the sigma point matrix X when applying UKF with the
Euler, RK, and AB methods. Hereafter, the UKF using the Euler method is called "Euler-UKF", that
using the RK method "RK-UKF", and that using the AB method "AB-UKF".

6.2.1. Euler-UKF

Applying the Euler method to Eqs. (80)–(82) yields the following sigma point time-update
equations:

X−
1,j,k+1 = X1,j,k + hX2,j,k (84)

X−
2,j,k+1 = X2,j,k + h

( ρ0

2X3,j,k
e−X1,j,k/kρX 2

2,j,k − g
)

(85)

X−
3,j,k+1 = X3,j,k (86)

Then, for the time-updated sigma points from Eqs. (84)–(86), the predicted state estimate is obtained
by taking the weighted average via Eq. (9), and its covariance matrix via Eq. (10). The observation
update proceeds similarly.

6.2.2. RK-UKF

Applying the RK method to Eqs. (80)–(82) and defining
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c1 = X2,j,k (87)

q1 =
ρ0

2X3,j,k
e−X1,j,k/kρX 2

2,j,k − g (88)

c2 = X2,j,k +
h
2

q1 (89)

q2 =
ρ0

2X3,j,k
e−(X1,j,k+hc1/2)/kρ(X2,j,k +

h
2

q1)
2 − g (90)

c3 = X2,j,k +
h
2

q2 (91)

q3 =
ρ0

2X3,j,k
e−(X1,j,k+hc2/2)/kρ(X2,j,k +

h
2

q2)
2 − g (92)

c4 = X2,j,k + hq3 (93)

q4 =
ρ0

2X3,j,k
e−(X1,j,k+hc3/2)/kρ(X2,j,k +

h
2

q3)
2 − g (94)

yields the sigma point time-update equations as follows [9]:

X−
1,j,k+1 = X1,j,k +

h
6
(c1 + 2c2 + 2c3 + c4) (95)

X−
2,j,k+1 = X2,j,k +

h
6
(q1 + 2q2 + 2q3 + q4) (96)

X−
3,j,k+1 = X3,j,k (97)

(j = 1, . . . , 7)

Similar to the Euler method, the predicted state estimate and its covariance matrix are obtained from
the time-updated sigma points in Eqs. (95)–(97) via Eqs. (9) and (10). The observation update proceeds
similarly.

6.2.3. AB-UKF

Combining Eqs. (80)–(82), we redefine the nonlinear dynamics f c(x) of the continuous-time state
equation as

d
dt

x1

x2

x3

 =

 f1

f2

f3

 =

 x2
ρ0

2x3
e−x1/kρ x2

2 − g
0

 ≜ f c(x). (98)

Then, the sigma point matrix Xk at time k and the matrix F c(Xk) obtained by substituting Xk into
f c(x) are represented by the following 3 × 7 matrices:

Xk =

X1,1,k · · · X1,7,k

X2,1,k · · · X2,7,k

X3,1,k · · · X3,7,k

 (99)

F c(Xk) =

 f1(X1,1,k) · · · f1(X1,7,k)

f2(X2,1,k) · · · f2(X2,7,k)

f3(X3,1,k) · · · f3(X3,7,k)


=

 X2,1,k · · · X2,7,k
ρ0

2X3,1,k
e−X1,1,k/kρX 2

2,1,k − g · · · ρ0
2X3,7,k

e−X1,7,k/kρX 2
2,7,k − g

0 · · · 0

. (100)
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To distinguish this F c(Xk) specific to the falling body model from the general one in Eq. (26), we
redefine the above as F f b

c (Xk) := F c(Xk). Then, the 4th-order AB method yields the sigma point
update equation:

X−
k+1 = Xk +

h
24

(
55F f b

c (Xk)− 59F f b
c (Xk−1) (101)

where the superscript f b denotes the falling body model.

6.3. Estimation Conditions

State estimation simulations are performed using the three methods described above. Physical
parameters are: g = 9.8 [m/s2], ρ0 = 2.202 [kg·s2/m4], kρ=1000/0.1558 [m]. The true ballistic
coefficient is β = 2000 [kg/m2]. The horizontal distance between the falling object and radar is
M1 = 10000 [m], and the radar height is M2 = 0 [m]. The step size is h = 0.1 [s], total number of
sampling points N = 300, UT parameter λ = 2.0. The initial state vector, system noise covariance, and
observation noise covariance are set asx1(0)

x2(0)
x3(0)

 =

 40000 m
−3000 m/s
2000 kg/m2

 (102)

Q = diag(0, 0, 10 kg2/m4) (103)

R = 3600 m2 (104)

The initial state estimate and its covariance matrix are

x̂(0|0) =

 42000 m
−3100 m/s
3000 kg/m2

 (105)

P(0|0) = diag(10000 m2, 10000 m2/s2, 10000 kg2/m4) (106)

as used in [9].

6.4. Simulation Results
6.4.1. State Estimation Accuracy

Figure 3 (a) shows the estimation results for the ballistic coefficient β, and (b) shows the time
evolution of the state estimation error calculated using the root mean squared error (RMSE) formula,

E(tk) =

√√√√ 2

∑
i=1

(xi(tk)− x̂i(tk|tk))2, (107)

for the three methods: Euler-UKF, RK-UKF, and AB-UKF. The results are averages from 100 simulation
runs for each method.

Figure 3(a) shows that the parameter β converges well for all three methods: Euler-UKF, RK-UKF,
and AB-UKF. On the other hand, Figure 3(b) indicates that after the parameter β converges as shown
in Figure 3(a), the state estimation error is suppressed more effectively in the order of Euler-UKF,
RK-UKF, and AB-UKF. Table 1 presents the average RMSE values of the state estimation error from 100
simulation runs for each of the three methods. These computations were performed on a laptop with
16 GB RAM, an AMD Ryzen7 4800H with Radeon Graphics CPU, under Windows 10, using MATLAB
2022a.
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Figure 3. Comparison of estimation results.

Table 1. Comparison of RMSE among three methods.

Method
Euler-based RK-based AB4-based

RMSE 125.585 116.826 115.537

As seen in Table 1, the Euler method has the largest RMSE, while the RK and AB methods are
smaller than Euler’s. This result is attributed to the difference in discretization order: Euler method is
1st-order accurate, while RK and AB methods are 4th-order accurate.

6.4.2. Computation Time

To more clearly demonstrate the differences between methods, the estimation conditions from
Section 6.3 were modified: h = 0.01 and total sampling points N = 5000. Table 2 shows the comparison
results for the total UKF algorithm computation time (from Eq. (3) to Eq. (19)) and the prediction-only
computation time (Eq. (8)).

Table 2. Comparison of computational time among three methods.

Method
Euler-based RK-based AB4-based

Alg. total time (×10−2) [s] 8.4612 9.2542 8.7108
Pred. time only (×10−6) [s] 58.3842 77.8698 70.6750

Table 2 shows that computation time is shortest for the Euler method, followed by the AB method,
then the RK method. The prediction time for Euler’s method is particularly short, a result stemming
from the difference in discretization order.

6.5. Discussion

The results shown in Section 6.4 can be attributed to the following two potential issues.
1. The falling body model has a small number of state variables.
This is considered the most significant issue. Although the AB method was applied to the

falling body model for comparison with prior work, this model has only three state variables, and
x3 represents a parameter estimation problem. Consequently, as evident from the sigma point time-
update equations, the discretization formulas were actually applied only to state variables x1 and x2,
making it a model where differences between the RK and AB methods are less likely to manifest.

2. The UT occupies a small portion of the overall UKF algorithm.
This issue varies with each model, but for this falling body model, the following can be stated. As

mentioned, the falling body model had relatively few state variables and simple discretization equations,
making it a problem where computational load differences are less pronounced. Therefore, within the
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overall UKF estimation algorithm, the time spent on UT for this model constituted a small proportion,
resulting in less noticeable differences in computation time due to the discretization method.

Considering the above two points, Section 7 addresses a state estimation problem for a UAV
model, which is higher-dimensional than the falling body model.

7. Application to the Osprey-Type Drone
7.1. Model Overview

The UAV vehicle conditions are based on the Osprey-type drone with 2-DOF tiltable coaxial rotors
by Itakura et al. [26]. The vehicle’s general appearance and the derivation of its dynamic model have
already been detailed in Section 4.

The vehicle’s position in the world coordinate system, ξ = [x y z]T , follows the translational
motion equation expressed by Eq. (61) or Eq. (62).

On the other hand, the vehicle’s angular acceleration ω̇B = [ ṗ q̇ ṙ]T is given by Eq. (57) or Eq.
(58). Assuming the Euler angle variations are relatively small, i.e., Wη ≃ I, then p ≃ ϕ̇, q ≃ θ̇, r ≃ ψ̇.
Therefore, Eq. (58) can be rewritten as:

ϕ̈

θ̈

ψ̈

 =


1

IBxx
(τB

x + τc
x) + θ̇ψ̇

(
IByy−IBzz

IBxx

)
1

IByy
(τB

y + τc
y) + ϕ̇ψ̇

(
IBzz−IBxx

IByy

)
1

IBzz
(τB

z + τc
z ) + ϕ̇θ̇

(
IBxx−IByy

IBzz

)
 (108)

Now, defining a 12-dimensional state vector as x = [x ẋ y ẏ z ż ϕ ϕ̇ θ θ̇ ψ ψ̇]T =

[x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12]
T , the continuous-time state equation for the UAV model

can be derived from Eqs. (62) and (108) as follows:

d
dt



x1

x2

x3

x4

x5

x6

x7

x8

x9

x10

x11

x12



=



x2

A1(x)Tx + A2(x)Ty + A3(x)Tz

x4

A4(x)Tx + A5(x)Ty + A6(x)Tz

x6

A7(x)Tx + A8(x)Ty + A9(x)Tz + g
x8

1
IBxx

(τB
x + τc

x) + x10x12

(
IByy−IBzz

IBxx

)
x10

1
IByy

(τB
y + τc

y) + x8x12

(
IBzz−IBxx

IByy

)
x12

1
IBzz

(τB
z + τc

z ) + x8x10

(
IBxx−IByy

IBzz

)



(109)

Here, A1(x), A2(x), · · · , A9(x) in Eq. (109) are defined as follows:

A1(x) = Cx9 Cx11 /m
A2(x) = (Sx7 Sx9 Cx11 − Cx7 Sx11)/m
A3(x) = (Cx7 Sx9 Cx11 + Sx7 Sx11)/m
A4(x) = Cx9 Sx11 /m
A5(x) = (Sx7 Sx9 Sx11 + Cx7 Cx11)/m
A6(x) = (Cx7 Sx9 Cx11 − Sx7 Cx11)/m
A7(x) = −Sx9 /m
A8(x) = Sx7 Cx9 /m
A9(x) = Cx7 Cx9 /m

(110)
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7.2. Estimation Algorithms

Sections 7.2.1 to 7.2.3 present the time-update equations for sigma points when applying the Euler
method, RK method, and AB method, respectively, to the UT within the UAV model, similar to the
falling body model.

7.2.1. Euler-Type UKF

Applying the Euler method to Eq. (109) yields the following discrete-time state equation:[
x1,k+1 x2,k+1 · · · x11,k+1 x12,k+1

]T

=



x1 + hx2

x2 + h
(

A1(x)Tx + A2(x)Ty + A3(x)Tz

)
x3 + hx4

x4 + h
(

A4(x)Tx + A5(x)Ty + A6(x)Tz

)
x5 + hx6

x6 + h
(

A7(x)Tx + A8(x)Ty + A9(x)Tz + g
)

x7 + hx8

x8 + h

(
1

IBxx
(τB

x + τc
x) + x10x12

(
IByy−IBzz

IBxx

))
x9 + hx10

x10 + h

(
1

IByy
(τB

y + τc
y) + x8x12

(
IBzz−IBxx

IByy

))
x11 + hx12

x12 + h

(
1

IBzz
(τB

z + τc
z ) + x8x10

(
IBxx−IByy

IBzz

))



(111)

Therefore, by substituting Xk into Eq. (111), the time-update equation for the sigma points is
derived as:

X−
1,j,k+1 = X1,j,k + hX2,j,k (112)

X−
2,j,k+1 = X2,j,k + h

(
A1(X(9,11),j,k)Tx + A2(X(7,9,11),j,k)Ty + A3(X(7,9,11),j,k)Tz

)
(113)

X−
3,j,k+1 = X3,j,k + hX4,j,k (114)

X−
4,j,k+1 = X4,j,k + h

(
A4(X(9,11),j,k)Tx + A5(X(7,9,11),j,k)Ty + A6(X(7,9,11),j,k)Tz

)
(115)

X−
5,j,k+1 = X5,j,k + hX6,j,k (116)

X−
6,j,k+1 = X6,j,k + h

(
A7(X9,j,k)Tx + A8(X(7,9),j,k)Ty + A9(X(7,9),j,k)Tz + g

)
(117)

X−
7,j,k+1 = X7,j,k + hX8,j,k (118)

X−
8,j,k+1 = X8,j,k + h

(
1

IBxx
(τB

x + τc
x) +X10,j,kX12,j,k

( IByy − IBzz

IBxx

))
(119)

X−
9,j,k+1 = X9,j,k + hX10,j,k (120)

X−
10,j,k+1 = X10,j,k + h

(
1

IByy
(τB

y + τc
y) +X8,j,kX12,j,k

( IBzz − IBxx
IByy

))
(121)

X−
11,j,k+1 = X11,j,k + hX12,j,k (122)

X−
12,j,k+1 = X12,j,k + h

(
1

IBzz
(τB

z + τc
z ) +X8,j,kX10,j,k

( IBxx − IByy

IBzz

))
(123)
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7.2.2. RK-Type UKF

First, regarding Eq. (109), define f c = [ f1(x) f2(x) · · · f12(x)]T . Then, define the derivatives
a1(x)–a4(x),· · · ,l1(x)–l4(x) for each state variable as follows. Note that some equations are omitted
due to their considerable number.

a1(x) = f1(x2) (124)

a2(x) = f1(x2 +
b1

2
) (125)

a3(x) = f1(x2 +
b2

2
) (126)

a4(x) = f1(x2 + b3) (127)

...

l1(x) = f12(x8, x10) (128)

l2(x) = f12(x8 +
h1

2
, x10 +

j1
2
) (129)

l3(x) = f12(x8 +
h2

2
, x10 +

j2
2
) (130)

l4(x) = f12(x8 + h3, x10 + j3) (131)

Thus, applying the RK method to Eq. (109) yields the discrete-time state equation using a1(x)–a4(x),
· · · ,l1(x)–l4(x): [

x1,k+1 x2,k+1 · · · x11,k+1 x12,k+1

]T

=



x1,k +
h
6

(
a1(x) + 2a2(x) + 2a3(x) + a4(x)

)
x2,k +

h
6

(
b1(x) + 2b2(x) + 2b3(x) + b4(x)

)
x3,k +

h
6

(
c1(x) + 2c2(x) + 2c3(x) + c4(x)

)
x4,k +

h
6

(
d1(x) + 2d2(x) + 2d3(x) + d4(x)

)
x5,k +

h
6

(
e1(x) + 2e2(x) + 2e3(x) + e4(x)

)
x6,k +

h
6

(
f1(x) + 2 f2(x) + 2 f3(x) + f4(x)

)
x7,k +

h
6

(
g1(x) + 2g2(x) + 2g3(x) + g4(x)

)
x8,k +

h
6

(
h1(x) + 2h2(x) + 2h3(x) + h4(x)

)
x9,k +

h
6

(
i1(x) + 2i2(x) + 2i3(x) + i4(x)

)
x10,k +

h
6

(
j1(x) + 2j2(x) + 2j3(x) + j4(x)

)
x11,k +

h
6

(
k1(x) + 2k2(x) + 2k3(x) + k4(x)

)
x12,k +

h
6

(
l1(x) + 2l2(x) + 2l3(x) + l4(x)

)



(132)

Therefore, by substituting Xk into Eq. (111), the time-update equation for the sigma points is derived as:

X−
1,j,k+1 = X1,j,k +

h
6

(
a1(X2,j,k) + 2a2(X2,j,k) + 2a3(X2,j,k) + a4(X2,j,k)

)
(133)

X−
2,j,k+1 = X2,j,k +

h
6

(
b1(X(7,9,11),j,k) + 2b2(X(7,9,11),j,k) + 2b3(X(7,9,11),j,k) + b4(X(7,9,11),j,k)

)
(134)

X−
3,j,k+1 = X3,j,k +

h
6

(
c1(X4,j,k) + 2c2(X4,j,k) + 2c3(X4,j,k) + c4(X2,j,k)

)
(135)

X−
4,j,k+1 = X4,j,k +

h
6

(
d1(X(7,9,11),j,k) + 2d2(X(7,9,11),j,k) + 2d3(X(7,9,11),j,k) + d4(X(7,9,11),j,k)

)
(136)
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X−
5,j,k+1 = X5,j,k +

h
6

(
e1(X6,j,k) + 2e2(X6,j,k) + 2e3(X6,j,k) + e4(X6,j,k)

)
(137)

X−
6,j,k+1 = X6,j,k +

h
6

(
f1(X(7,9,11),j,k) + 2 f2(X(7,9,11),j,k) + 2 f3(X(7,9,11),j,k) + f4(X(7,9,11),j,k)

)
(138)

X−
7,j,k+1 = X7,j,k +

h
6

(
g1(X8,j,k) + 2g2(X8,j,k) + 2g3(X8,j,k) + g4(X8,j,k)

)
(139)

X−
8,j,k+1 = X8,j,k +

h
6

(
l1(X(10,12),j,k) + 2l2(X(10,12),j,k) + 2l3(X(10,12),j,k) + l4(X(10,12),j,k)

)
(140)

X−
9,j,k+1 = X9,j,k +

h
6

(
i1(X10,j,k) + 2i2(X10,j,k) + 2i3(X10,j,k) + i4(X10,j,k)

)
(141)

X−
10,j,k+1 = X10,j,k +

h
6

(
j1(X(8,12),j,k) + 2j2(X(8,12),j,k) + 2j3(X(8,12),j,k) + j4(X(8,12),j,k)

)
(142)

X−
11,j,k+1 = X11,j,k +

h
6

(
k1(X12,j,k) + 2k2(X12,j,k) + 2k3(X12,j,k) + k4(X12,j,k)

)
(143)

X−
12,j,k+1 = X12,j,k +

h
6

(
l1(X(8,10),j,k) + 2l2(X(8,10),j,k) + 2l3(X(8,10),j,k) + l4(X(8,10),j,k)

)
(144)

The derivatives are as follows (similarly, some are omitted):

a1(X2,j,k) = f1(X2,j,k) (145)

a2(X2,j,k) = f1(X2,j,k +
b1

2
) (146)

a3(X2,j,k) = f1(X2,j,k +
b2

2
) (147)

a4(X2,j,k) = f1(X2,j,k + b3) (148)

...

l1(X(8,10),j,k) = f12(X8,j,k,X10,j,k, ) (149)

l2(X(8,10),j,k) = f12(X8,j,k,+
h1

2
,X10,j,k +

j1
2
), (150)

l3(X(8,10),j,k) = f12(X8,j,k,+
h2

2
,X10,j,k +

j2
2
), (151)

l4(X(8,10),j,k) = f12(X8,j,k,+h3,X10,j,k + j3) (152)

7.2.3. AB-Type UKF

First, the sigma point matrix Xk at time k and the matrix F c(Xk) obtained by substituting Xk into
Eq. (109) are represented by the following 12 × 25 matrix.

Xk =


X1,1,k · · · X1,25,k

...
. . .

...
X12,1,k · · · X12,25,k

 (153)

F c(Xk) =


f1(X1,1,k) · · · f1(X1,25,k)

...
. . .

...
f12(X12,1,k) · · · f12(X12,25,k)

 (154)
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Here, similar to Eq. (100), to distinguish this from the general F c(Xk) in Eq. (26), we redefine the
above as FU

c (Xk) := F c(Xk). Then, the sigma point update equations using the 2nd to 6th-order AB
methods for the UAV model are expressed as follows.

• Sigma point update equation using the 2nd-order Adams-Bashforth method:

X−
k+1 = Xk +

h
2

(
3FU

c (Xk)−FU
c (Xk−1)

)
(155)

• Sigma point update equation using the 3rd-order Adams-Bashforth method:

X−
k+1 = Xk +

h
12

(
23FU

c (Xk)− 16FU
c (Xk−1) + 5FU

c (Xk−2)
)

(156)

• Sigma point update equation using the 4th-order Adams-Bashforth method:

X−
k+1 = Xk +

h
24

(
55FU

c (Xk)− 59FU
c (Xk−1) + 37FU

c (Xk−2)− 9FU
c (Xk−3)

)
(157)

• Sigma point update equation using the 5th-order Adams-Bashforth method:

X−
k+1 = Xk +

h
720

(
1901FU

c (Xk)− 2774FU
c (Xk−1) + 2616FU

c (Xk−2)− 1274FU
c (Xk−3) + 251FU

c (Xk−4)
)

(158)

• Sigma point update equation using the 6th-order Adams-Bashforth method:

X−
k+1 = Xk +

h
1440

(
4277FU

c (Xk)− 7923FU
c (Xk−1) + 9982FU

c (Xk−2)− 7298FU
c (Xk−3) + 2877FU

c (Xk−4)

− 475FU
c (Xk−5)

)
(159)

Here, the superscript U denotes the UAV model.

7.3. Description of Estimation Conditions

This section describes the UAV’s physical parameters and the covariance of system and observa-
tion noise used in the estimation simulation, based on the UAV model and each estimation algorithm
presented in Sections 7.1 and 7.2.

7.3.1. Parameter Settings for the UAV Model

Similar to the falling body model, state estimation simulations are performed using the three
methods described above. First, Table 3 summarizes the definitions and values of each parameter.

Table 3. Simulation parameters of the UAV.

Variable Definition Value
m [kg] Mass of UAV 1.5
g [m/s2] Acceleration of gravity 9.81
IBxx [kg·m2] Moment of inertia around XB axis 0.01
IByy [kg·m2] Moment of inertia around YB axis 0.01
IBzz [kg·m2] Moment of inertia around ZB axis 0.006
l [m] YB axis distance between OB and OPi 0.24
ho [m] ZB axis distance between OB and OPi 0.045
k f [Ns2/rad2] Thrust coefficient of the propeller 1.784 × 10−5

kt [Nms2/rad2] Drag coefficient of the propeller 4.379 × 10−7

All initial states are set to x(0) = [0...0]T , and the initial estimation information is set to x̂(0|0) =
[0...0]T and P(0|0) = diag(1, ..., 1).
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7.3.2. Determination of System Noise

In this simulation experiment, the system noise is set based on the global truncation error arising
from discretization by the Euler, RK, and AB methods. When the step size is denoted by h, the global
truncation error for the Euler method is proportional to h1, and for the RK and 4th-order AB methods,
it is proportional to h4. Therefore, letting the variance values of the respective system noises be QEuler
and QRK,AB4, they can be expressed as:

QEuler = h × I12×12 (160)

QRK,AB4 = h4 × I12×12 (161)

Thus, for comparison purposes in this simulation experiment, the value Q is set as follows:

Q = h5/2 × I12×12 (162)

Here, 5/2 in the above equation signifies taking an intermediate order of magnitude between QEuler
and QRK,AB4.

7.3.3. Determination of Observation Noise

Typically, UAVs are equipped with GPS sensors for position observation and gyro sensors for
attitude observation. Determining a precise noise value for GPS sensor error is difficult due to various
influencing factors; thus, for simplicity, the noise value is set to 2 m here. For the gyro sensor, we
assume the use of the MPU-9250, a 9-axis sensor module from InvenSense.

The MPU-9250 datasheet states a gyro sensor noise value of 0.01 [deg/
√

Hz]. Using this noise
value and the step size h [s], the observation noise variance R1 [rad2] for attitude angles ϕ, θ, ψ and R2

[rad2/s2] for attitude angular velocities ϕ̇, θ̇, ψ̇ are determined.
First, convert the dimension 0.01 [deg/

√
Hz] to [rad/

√
Hz].

1.0 × 10−2
( π

180

)
[rad/

√
Hz] (163)

Squaring the value obtained in Eq. (163) yields:

1.0 × 10−4
( π

180

)2
[rad2/Hz] (164)

Here, the dimension [Hz] can also be expressed as [1/s]; thus, the dimension [rad2/Hz] can also be
expressed as [rad2· s]. Therefore, the observation noise variance R1 [rad2] for attitude angles ϕ, θ, ψ is
obtained by dividing Eq. (164) by h [s]:

R1 = 1.0 × 10−4
( π

180

)2
/h [rad2] (165)

Then, the observation noise variance R2 [rad2/s2] for attitude angular velocities ϕ̇, θ̇, ψ̇ is obtained by
dividing Eq. (165) by h2 [s]:

R2 = 1.0 × 10−4
( π

180

)2
/h3 [rad2/s2] (166)

Consequently, the observation equation is

y(tk) = Hx(tk) + v(tk) (167)

H =

[
Hpos 0

0 I6×6

]
(168)
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where Hpos is the observation matrix for position (x, y, z):

Hpos =

1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0

 (169)

and the covariance R of the observation noise v(tk) is represented by the following diagonal matrix:

R = diag( 2 2 2 R1 R2 R1 R2 R1 R2 ). (170)

7.4. Target Trajectory

The simulation starts from the initial position [x y z] = [0 0 0]T and initial attitude angles
[ϕ θ ψ] = [0 0 0]T . First, over 10 s from the start time, the vehicle moves to the target position
[xd yd zd] = [0 0 1]T , while all target attitude angles remain zero. Subsequently, from 10 s to 70 s, the
vehicle is commanded to follow the target position, velocity, and acceleration given below [27].

Target position Xd:

Xd =
[

xd(t) yd(t) zd(t) ϕd(t) θd(t) ψd(t)
]T

=



sin( π
10 · (t − 10))

cos(π
4 )
(
−1 + cos( π

10 · (t − 10))
)

−1 + sin(π
4 )
(
−1 + cos( π

10 · (t − 10))
)

π
4 · sin( π

40 · (t − 10))
−π

4 · sin( π
40 · (t − 10))
0


(171)

Target velocity Ẋd:

Ẋd =



ẋd(t)
ẏd(t)
żd(t)
ϕ̇d(t)
θ̇d(t)
ψ̇d(t)


=



π
10 cos( π

10 · (t − 10))
− π

10 cos(π
4 ) sin( π

10 · (t − 10))
− π

10 sin(π
4 ) sin( π

10 · (t − 10))
π2

160 · cos( π
40 · (t − 10))

− π2

160 · cos( π
40 · (t − 10))
0


(172)

Target acceleration Ẍd:

Ẍd =



ẍd(t)
ÿd(t)
z̈d(t)
ϕ̈d(t)
θ̈d(t)
ψ̈d(t)


=



− π2

100 sin( π
10 · (t − 10))

− π2

100 cos(π
4 ) cos( π

10 · (t − 10))
− π2

100 sin(π
4 ) cos( π

10 · (t − 10))
− π3

6400 · sin( π
40 · (t − 10))

π3

6400 · sin( π
40 · (t − 10))
0


(173)

This target trajectory is a circular path with a radius of 1 m and center (x, y) = (0,−1) in the
xy-plane, rotated 45 deg about the x-axis, and translated −1 m along the z-axis. Since this vehicle is
left-right symmetric, independent control in three degrees of freedom (x, y, z directions) can be verified
by following this circular path. The vehicle follows this trajectory with a period of 20 s per revolution,
while the target roll angle changes every revolution: from 0 deg to 45 deg, 45 deg to 0 deg, and 0 deg
to −45 deg. The target pitch angle changes every revolution: from 0 deg to −45 deg, −45 deg to 0
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deg, and 0 deg to 45 deg. The target yaw angle is always 0 deg. Following this trajectory verifies the
possibility of independent control in all six degrees of freedom.

7.5. Description of Comparative Experiments

This comparative experiment focuses on two aspects of the UKF based on each discretization
method: “estimation accuracy” and “computational efficiency.” Details of the comparison methods
are described below. Comparisons are performed in two patterns: “comparison of three methods:
Euler, RK, and 4th-order AB” and “comparison of 2nd to 6th-order AB methods.” The results of this
comparative experiment are averages from 50 Monte Carlo simulations.

7.5.1. Estimation Accuracy Comparison Experiment

The estimation accuracy comparison is performed by calculating the RMSE values between the
estimates from each discretization-based UKF and the true values.

The RMSE value at estimation time k (k = 1, · · · , N) is calculated using the following equations.
Here, N is the total number of sampling points, determined from the simulation time of 70 s and the
discretization (i.e., sampling) period h [s] as N = 70/h. For example, if h = 0.01 [s], then N = 7000.

MSEx(k) =
1
k

k

∑
i=1

(
x(ti)− x̂(ti|ti)

)2
(174)

RMSEx(k) =
√

MSEx(k) (175)

Here, x(ti) and x̂(ti|ti) represent the true value and the estimate of position x at time i, respectively.
Equations (174) and (175) are similarly applied to other variables: positions y, z, velocities ẋ, ẏ, ż,
attitude angles ϕ, θ, ψ, and attitude angular velocities ϕ̇, θ̇, ψ̇.

Furthermore, when comparing estimation accuracy under different discretization periods (h =

0.01, 0.02, · · · , 0.1), the sum of the individual RMSE values RMSEx(N), RMSEy(N), · · · , RMSEψ̇(N)

for the 12 state variables at the final discrete time k = N is denoted as RMSE(N), and this value is
used for comparison.

Here, we discuss the theoretical meaning of RMSE(N). In the UAV model, when the a priori
error covariance matrix P(tk|tk) at time tk is expressed as

P(tk|tk) =


p1,1 p1,2 . . . p1,12

p2,1 p2,2 . . . p2,12
...

...
. . .

...
p12,1 p12,2 . . . p12,12

, (176)

the trace of this error covariance matrix is denoted as tr(P(tk|tk)). The aforementioned RMSE(N) is
the sum of RMSE values based on actual sampled estimates, averaged over time up to k = N and
averaged over the ensemble of 50 simulation results. Therefore, while transient values differ from the
actual tr(P(tk|tk)), they can be treated as equivalent values in the steady state.

7.5.2. Computational Efficiency Comparison Experiment

The computational efficiency comparison experiment measures and compares computation times
at the following three points:

• Measurement Time I: Computation time for sigma point time update (computation of Eq. (8))
• Measurement Time II: Computation time for the UKF algorithm (computation from Eq. (3) to Eq.

(19))
• Measurement Time III: Total computation time of the state estimation program for the UAV model
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Figure 4 shows the overall diagram of the state estimation program for the UAV model and the
locations of “Measurement Time I,” “Measurement Time II,” and “Measurement Time III.”

Computed
Torque

Controller

Plant of
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𝑥ௗ,௞ 𝑦ௗ,௞ 𝑧ௗ,௞
 𝜙ௗ,௞ 𝜃ௗ,௞ 𝜓ௗ,௞

Desired States

𝑇௫,௞ 𝑇௬,௞ 𝑇௭,௞ 

Unscented Kalman Filter
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Noise𝜏௫,௞
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஻
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Figure 4. Overall diagram of the state estimation program for the UAV model and the location of measurement
times I to III.

The controller design for generating generalized forces follows the computed torque method
described in Section 5. The target trajectory involves a circular path from 10 s to 70 s, with yaw angle
always at 0 deg, and roll and pitch angles changing to specified angles each revolution. However,
the control inputs are first transformed from the generalized forces (thrust and torque for the motion
system) provided by the computed torque method into actuator commands (rotor speeds and tilt
angles) via the control allocation law. These are then multiplied by the propeller thrust coefficient
k f and torque coefficient kt to reproduce the thrust and torque (including reaction torque) from the
actuators, which are applied as inputs to the plant.

Below, we detail the data collection methods for Measurement Times I, II, and III.

• Measurement Time I
Since one simulation yields N measurement data points due to the total number of sampling
points N, the average of all these is taken to calculate the average computation time per loop.
However, due to the nature of the AB method, the average is taken over N − 1 data points for
2nd order, N − 2 for 3rd order, N − 3 for 4th order, N − 4 for 5th order, and N − 5 for 6th order.

• Measurement Time II
Similar to Measurement Time I, the average computation time per loop is calculated, and the total
computation time for N loops is also calculated.

• Measurement Time III
This is the total program computation time, so one simulation yields a single measurement data
point.

Using these measurement methods, 50 simulations are repeatedly executed, and their average
computation times are calculated for each case.

7.6. Results and Discussion of Estimation Accuracy
7.6.1. Comparison of Three Methods: Euler, RK, and AB (4th Order)

First, to show the estimates for the UAV model and to verify whether the UKF based on the
multi-step AB method can perform estimation as stably as the single-step Euler and RK methods,
Figure 5 shows the time evolution of state estimates by UKF based on the three methods for h = 0.01.
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Figure 5. UKF estimates based on three discretization methods (h = 0.01).

As seen from Figure 5, the UKF estimates based on the AB method converge stably and achieve
high-precision estimation. Also, no significant deviation from the RK method estimates is observed.

Next, Figure 6 shows the time evolution of the RMSE values for the state estimates by UKF based
on the three methods for h = 0.01, over the 70 s simulation period. From Figure 6, under the condition
h = 0.01, although the RMSE differences among the methods are very small for all state variables,
relatively larger differences are observed in the RMSE values for positions x, y, attitude angles ϕ, θ, ψ,
and attitude angular velocities ϕ̇, θ̇, ψ̇. Also, for all 12 state variables, the time variation of RMSE values
becomes smaller after around 50 s of simulation time.
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Figure 6. RMSE of UKF estimates based on three discretization methods (h = 0.01).

Next, estimation accuracy is compared under different discretization periods: h = 0.01, 0.02, · · · ,
0.1. Figure 7 shows the change in RMSE(N) with varying discretization period h. Figure 7 shows
that as the discretization period h increases, the differences among the methods become larger, and
ultimately the RMSE(N) value for the RK method is the smallest. Furthermore, for the 4th-order AB
method, estimation values could not be obtained (diverged) for h values greater than 0.08. Details
regarding this are discussed later.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 2 March 2026 doi:10.20944/preprints202603.0141.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202603.0141.v1
http://creativecommons.org/licenses/by/4.0/


31 of 37

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

Va
lu

e 
of

Step size

Euler-UKF

RK-UKF

AB4-UKF

𝑅𝑀
𝑆𝐸
ሺ𝑁
ሻ

Figure 7. RMSE value change with step size change for three methods.

The specific values for each point in Figure 7 are shown in Table 4. The “N/A” in Table 4 indicates
that estimation values could not be obtained due to divergence.

Table 4. Comparison of RMSE(N) with different step size for three methods.

Method
Euler RK4 AB4

h = 0.01 0.47961 0.47646 0.47304
h = 0.02 0.67167 0.66121 0.66235
h = 0.03 0.83102 0.82695 0.81186
h = 0.04 0.96179 0.94971 0.94171
h = 0.05 1.07992 1.07212 1.07913
h = 0.06 1.19891 1.18197 1.19785
h = 0.07 1.31153 1.28889 1.37018
h = 0.08 1.41016 1.39465 N/A
h = 0.09 1.52378 1.49280 N/A
h = 0.10 1.62067 1.58091 N/A

7.6.2. Comparison of AB Methods with Different Orders of Accuracy

The estimation values are omitted as their differences from Figure 6 were very small. Figure 8
shows the time evolution of the RMSE values for UKF estimates based on the 2nd to 6th-order AB
methods for h = 0.01. From Figure 8, under the condition h = 0.01, all AB methods from 2nd to 6th
order converge to values comparable to the RMSE values for UKF estimates based on the Euler and
RK methods shown in Figure 6, without significant deviation.

Next, estimation accuracy is compared under different discretization periods: h = 0.01, 0.02, · · · , 0.1.
Figure 9 shows the change in RMSE(N) with varying discretization period h.
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Figure 8. RMSE of UKF estimates for 2nd-order to 6th-order AB-based UKFs (h = 0.01).
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Figure 9. RMSE value change with step size change for different order AB-based UKFs.
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Similar to Figure 7, Figure 9 shows that as the discretization period h increases, the differences
among the methods become larger. Also, the 6th-order AB method diverged for h greater than 0.03,
the 5th-order for h greater than 0.05, and the 4th-order for h greater than 0.08, preventing estimation
value acquisition.

The specific values for each point in Figure 9 are shown in Table 5.

Table 5. Comparison of RMSE(N) with different step size for 2nd-order to 6th-order AB-based UKFs.

AB method with different order
AB2 AB3 AB4 AB5 AB6

h = 0.01 0.47140 0.47891 0.47304 0.47878 0.47409
h = 0.02 0.66619 0.66920 0.66235 0.66816 0.68082
h = 0.03 0.81327 0.80840 0.81186 0.82628 N/A
h = 0.04 0.94432 0.93755 0.94171 1.00880 N/A
h = 0.05 1.06020 1.05421 1.07913 N/A N/A
h = 0.06 1.17243 1.17460 1.19785 N/A N/A
h = 0.07 1.27515 1.26857 1.37018 N/A N/A
h = 0.08 1.37661 1.37650 N/A N/A N/A
h = 0.09 1.47709 1.49280 N/A N/A N/A
h = 0.10 1.59363 1.60998 N/A N/A N/A

Additionally, for the 2nd and 3rd-order AB methods, further verification confirmed that they
similarly diverge for values greater than h = 0.25 and h = 0.15, respectively.

7.7. Results and Discussion of Computational Efficiency
7.7.1. Comparison of Three Methods: Euler, RK, and AB (4th Order)

Table 6 shows the computation times for Time I, Time II, and Time III for the three methods (Euler,
RK, and 4th-order AB) with step size h = 0.01.

Table 6. Comparison of computational time among Euler-based UKF, RK-based UKF and AB4-based UKF
(h = 0.01).

Method
Euler RK4 AB4

Time I (×10−4) [s] 3.7593 5.6078 3.2978
Time II (×10−4) [s] 6.0411 8.0064 5.6144
Time III [s] 6.3785 7.6520 6.0550

From Table 6, the reduction rate in computation time for the 4th-order AB method is 12.276%
compared to Euler and 41.119% compared to RK for Time I; 7.063% compared to Euler and 29.876%
compared to RK for Time II; and 5.072% compared to Euler and 20.870% compared to RK for Time III.

Next, Figure 10 shows the change in computation time with varying discretization period h.
Figure 10 shows that as h becomes smaller, the difference between the two methods increases. This is
considered to be due to the influence of the increasing number of program loops as the total number of
sampling points N becomes larger for smaller h.
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Figure 10. Calculation time change with step size change for RK-based UKF and AB4-based UKF.

7.7.2. Comparison of AB Methods with Different Orders of Accuracy

Next, computation times for Time I, Time II, and Time III are compared under the same conditions
for AB methods from 2nd to 6th order for h = 0.01, not just the 4th-order AB method. The result is
given in Table 7. The computational difference among AB methods from 2nd to 6th order lies only in
the number of past sigma point matrices used as "previous information." Therefore, the differences
among methods are smaller than the results shown in Table 6.

Table 7. Comparison of computational time for 2nd-order to 6th-order AB-based UKFs.

AB method with different order
AB2 AB3 AB4 AB5 AB6

Time I (×10−4) [s] 3.2125 3.2839 3.3212 3.3478 3.4263
Time II (×10−4) [s] 5.5107 5.6166 5.6353 5.6081 5.7562
Time III [s] 6.1799 6.2990 6.1856 6.1427 6.3341

Next, Figure 11 shows the change in computation time with varying discretization period h. From
Figure 11, unlike the comparison between RK and AB methods, almost no difference is seen among the
methods. The reason for this result is considered to be that the difference in computational load due to the
order of the AB method stems only from the difference in the number of sigma point matrices handled,
and the number of derivative calculations per step is the same for any order. Also, from this result, it can
be understood that while estimation with the AB method diverges if the step size is too large, it does not
diverge under conditions with h values smaller than 0.01, allowing estimation with higher order accuracy
and shorter computation time compared to the RK method under those conditions.
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Figure 11. Calculation time change with step size change for different order AB-based UKFs.
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8. Conclusion
This paper proposed a UKF that newly incorporates the AB method instead of the RK method

into the sigma point time-update equation, maintaining estimation accuracy comparable to the RK
method while enabling estimation with more efficient computation time. This is an alternative to
the state estimation method using UKF with the RK method adapted to the sigma point time-update
equation, as proposed by Takeno et al. [9]. First, we reviewed the UKF, a type of nonlinear filter, and
presented its algorithm. Next, we explained that both the RK and AB methods can be applied to the
UT and presented the sigma point time-update equations based on these two methods plus the Euler
method. For the actual verification of estimation performance, we focused on the falling body model
used by Takeno et al. as a preliminary experiment and the UAV model as the main subject. We detailed
the derivation of sigma point time-update equations when applying UKF with three discretization
methods (Euler, RK, AB) to each model. Numerical simulation results demonstrated that for both
models, the proposed method maintains estimation accuracy comparable to the RK method while
enabling more efficient computation. Notably, the improvement in computational efficiency was more
pronounced for the UAV model with more complex state equations.

Future work includes implementing the proposed algorithm on a microcontroller in a real vehicle
environment, starting with the UAV model used in this state estimation simulation, to verify the actual
degree of improvement in estimation accuracy and computational efficiency. Also, as mentioned earlier,
while the standard UKF prepares (2n + 1) sigma points to compute estimates, methods using fewer
sigma points have already been proposed. For example, by using the Spherical Simplex Unscented
Transformation [28,29,31,32] or the Simplex Unscented Transformation [30], the number of sigma
points can be reduced to n + 2 or n + 1, constituting a CD-UKF that can reduce computational load.
Furthermore, applying the proposed method to the CD Derivative-Free EKF [4,33,35], which uses
n sample points, is also an interesting challenge. Combining these methods with the AB method is
expected to lead to the development of UKF or EKF methods in continuous-discrete environments that
offer improved computational efficiency with reasonable processing speed while maintaining a certain
level of computational accuracy.
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