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A Unified Proof of the Extended, Generalized, and
Grand Riemann Hypothesis

Weicun Zhang

University of Science and Technology Beijing, Beijing 100083, China

Abstract

The Extended, Generalized, and Grand Riemann Hypotheses are proved under a unified framework,
which is based on the divisibility of entire functions contained in the symmetric functional equation,
where the uniqueness of zero multiplicities (although unknown) of a given entire function plays a
critical role. Consequently, the existence of Landau-Siegel zeros is excluded, thereby confirming the
Landau-Siegel zeros conjecture.

Keywords: Extended Riemann Hypothesis; Generalized Riemann Hypothesis; Grand Riemann Hy-
pothesis; Landau-Siegel zeros conjecture

1. Introduction

Inspired by Lemma 8 in Ref.[1], we first establish Theorems 14 progressively (the proofs do
not depend on Lemma 8). Thereafter, we prove the Extended, Generalized, and Grand Riemann
Hypotheses within a unified framework built upon Theorem 4. For convenience, Lemma 8 and other
related lemmas in Ref.[1] are listed in the Appendix of this paper.

It should be noted that in this article and Ref.[1], ’j’ is used to denote the imaginary unit (j* = —1),
while i’ serves as a natural number index.

In the following contents, we adopt the fact—guaranteed by Lemma 6 and Lemma 7 in the
Appendix—that the unknown multiplicities of the zeros of any given non-zero entire function are
finite, unique, and therefore invariant.

2. Foundational Theorems

As pointed out in Ref.[2] (p.57), the non-trivial zeros of the zeta function can be enumerated in
order of increasing absolute value of their imaginary parts; where zeros whose imaginary parts have
the same absolute value are arranged arbitrarily. Consequently, the same enumeration rule applies
to the zeros of entire functions in the following contents. We therefore drop the default assumption
|B1] < |B2] < --- asa condition hereafter for simplicity.

Theorem 1: Given an entire function

F(s) = ﬁl(l + (S_;”z)m seC, M

which converges absolutely on C.

Here

e pi=ua;+jBiand p; = a; — jB; (B; # 0) are the complex-conjugate zeros of F(s),
e m; > 1is the common multiplicity of p; and p;,

[0
o 0<wa <k,

5 <, k > 01is a real constant.
i=1 |Pi|

Then )
F(s):F(k—s):>ai:§(Vi) and 0 < |B1] <|B2|l < B3l <---. )
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Remark: It should be noted that m; is actually the multiplicity of quadruplets of zeros (p;, p;, k
i,k — p;) under the assumption F(s) = F(k —s).

Proof. Considering

(H(Sﬁ;f)z)’”f:(H(Sﬁ;f)Q)...

m; times

we have from F(s) = F(k —s) and Eq.(1)

(e 57) -+ 430)

i=1 i=1

where the i factor appears m; times in any order.

Due to absolute convergence, both products []52; <1 + (Sﬁ?)z) and T2, <1 + (ksﬁlzzx,)z> can
be rearranged into any single quadratic polynomial factor times the remaining product, which stays
absolutely convergent and hence defines an entire function. Then by the definition of divisibility of
entire functions Pl (or more specifically the definition that a polynomial divides an entire function
expressed as infinite product of polynomial factors [1), Eq.(3) implies that each polynomial factor on
either side divides the infinite product on the opposite side, i.e.,

k—
(1+(s >|H1 (14 el ﬁz)) .
(1+ =580 12, (14 B @
,32 i=1 /52
where "|" is the divisible sign, i € N = {1,2,3,--- }.
Both polynomials 1 + (o) 2 %) and 1 + = ; %) have discriminant A = —4 - é < 0. Hence they
are irreducible in R[x]. By Lemma 5 (see Appendix for details), Eq.(4) yields: 1
(s—a;) (k=s—a;)
(1 50) | (11 s
<]+ %) | (1+ (s ‘B’Xl) ) (5)

i,leN

For the special kind of polynomials in Eq.(5), "divisible" means "equal”, which can be verified by
comparing the like terms in the following equation to get k' = 1.

(s —w)? / (k—s—a)?\
1+ —K(1+ K #£0eR (6)
( B? ) =¥ BT )

Further, due to the uniqueness of the multiplicity m;, the only solution to Eq.(5) is i = I, otherwise,
duplicated zeros (in quadruplets) with a; + a; = k, g7 = p7,1 # i would be generated to change ;.
Therefore we have from Eq.(5):

(14_(5_‘32“1')2)_(1+(k_sﬁz_“i)2),i6N )

By comparing the like terms in Eq.(7), we obtain a; = %(Vi ). Further, to ensure the uniqueness of m;
while a; = &, we need limit the B; values to be distinct, i.e., 0 < [B1] < [B2| < B3] < -~
That completes the proof of Theorem 1. O
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Theorem 2: Given an entire function
a s
Gs)=][(1—=)seC (8)
©=I1(1-)
which converges absolutely on C in the form of
> B (s —a)>\m
G(s) = L+
UGim e o
= S\ Mi s\ Mi
= 1-— 1-—
Here
e pi=a;+jBiand p; = a; — jB; (B; # 0) are the complex-conjugate zeros of G(s),
¢ m; > 1is the common multiplicity of p; and p;,
e 0<y Sk,ZW < o0, k > 01is a real constant.
i=1 1P
Then '
G(S) = G(k—s) — n; = 5 (Vi) and 0< |‘31‘ < |‘32| < |‘B3| S ORI (10)
Proof. According to Theorem 1 and Lemma 10 (see Appendix), we have
F(s) = F(k—s)
=
0 2 m; S 2 m;
! (s) = ! F(k—s)
HGp) ro-Es)
& (11)
I°—°I< 2 (s—le)2>mi:f—°[( 2 (k—s—al)z)mz
i1 i+ B b+ B i1+ B o + B
=
G(s) =G(k—s)
Then we know that
k.
G(s) =Glk—s) = ua; = 2 (Vi) and 0 < |Bq] < |B2| < B3] <---. (12)
That completes the proof of Theorem 2. [
Theorem 3: Given an entire function represented by its Hadamard product:
A(As) = eANFBASTT (1 _ i)ep%-,s cC (13)
i=1 Pi
and that
— T 5 © — k=s
ARk —s) = ADBOESITT (1 "p New sec (14)
i=1 i

Here A denotes a mathematical object, A is the dual of A, k > 0 is a real constant.

e pi=ua;+jBiand p; = a; — jB; (B; # 0) are the complex-conjugate zeros of A(A,s),
* 0<a<k)
i=1 |Pi|

0,
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Then .
AN s) =e(MANk—3) = a; = 2 (Vi) and 0 < |B1] < |B2] < B3| <---. (15)
where ¢(A) is a complex number of absolute value 1.
Remark: For more details about ¢(A), see Ref.[5] (p.94).
Proof. First, we have
A(A,s) = eANTBA SH(l—i)e;ﬁ
i=1
2u;s
_ LAM+B(MA)s 15\ (12 5ot 16
e e’ i P
m-5)0-5) a9)
D d s s
A(A)+B(A)s, == 2+ﬁz 1-2V (1.2
e

Noticing that } 72, 2240;1132 <2k-Yi°, R ‘2 < oo, then we have };°; 22?/372 =c,c € R,c # 0. Further,

taking into account the multiplicity m; > 1 of each zero, we rewrite the product as

A(A,5) = eAMNFIBR) s I1 (1- pi)’" (1- pi)’” (17)
Accordingly
_ - i k—sy\mi
A(Rk—s) = A0+ +clksg( . )" (1- ) (18)

Because AN HBA)+ls and ¢(1)eAM)HBA)+e(k=5) are units in the ring of entire functions, they have
no zeros and therefore do not affect the complex zeros related divisibility in the functional equation
A(A,s) = ¢(A)A(A, k —s). We thus conclude that Theorem 3 holds by Theorem 2, whose detailed
conditions match those of Theorem 3.

In addition to Eq.(15), we still have (by canceling the complex zeros related polynomial factors on
both sides of functional equation: A(A,s) = ¢(A)A(A, k — s), since we already have a; = %)

A(/\,S) _ 8()\)A(X,k _ S) — eA()\)+[B(/\)+c]s _ eA(X)—G—[B(X)-i—c](k—s)

That completes the proof of Theorem 3.
O

In the following Theorem 4, we make further efforts to lay a foundation for the study of completed
L-functions that possess both real and complex zeros, denoted by p € Z, (J(p) = 0) and p € Z,
(3(p) # 0), respectively. When these two zero sets have no common elements, we express their
disjointness by: Z, N Z; = &, which is automatically satisfied by our definitions of Z, and Z. because
Z, and Z, are mutually exclusive sets, i.e., if p € Z,, then J(p) = 0; if p € Z,, then J(p) # 0.

The reason we need to consider this case is that, so far, we cannot rule out the existence of
exceptional zeros (or Landau-Siegel zeros), although their numbers are very limited even if they do
exist.

Denote the set of real zeros as

Z,={a,€eR|0<a,<kn=12,...,N}

where N is a finite natural number. This finiteness follows from the Identity Theorem, which implies
that any non-zero entire function cannot have infinitely many zeros in a bounded region.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem 4: Given an entire function represented by its Hadamard product:
Pt (19)
— AM+B(A)s H 1_5 5 H 1_5 3
e e e
0= TT0-)
and that
ANk —s) = AN B (k=s) I (1 _K ; S)e%,s eC
TV LB(X ' k—s\ ks k—sy\ k= (20)
— AN +B(A) (k—s) 1—[ (1 _ )eT H (1 _ )67
pEZ, P pEZ, p
Here A denotes a mathematical object, A is the dual of A, k > 0 is a real constant.
e p;=a;+jBiand p; = «; — jB; (B; # 0) are the complex-conjugate zeros of A(A,s),
° Ogalgk,2j<00,
i=1 |pi|
e ZNZ=0.
Then
aj = 5§ (Vi);
AN, s) =e(M)ANk—s) = S0 < |B1] < |B2] < B3l < -+ (21)

anzg,nzl

where ¢(A) is a complex number of absolute value 1.
i.e., all the zeros (both real and complex) of A(A,s) in the critical strip 0 < R(s) < k lie on the
critical line R (s) = %

Proof. By Theorem 3, to determine the distribution of the complex zeros of A(A,s), it suffices to
s k—s

show that the newly introduced factors []c z, (1 - %) ef and [[yez, (1 - k’%s) e ? do not affect the

complex zeros related divisibility in the functional equation A(A,s) = ¢(A)A(A, k — s). This follows

s k—s
from the given condition Z, N Z; = &, which implies that [ c z, (1 - %) e and []pez, (1 - %) er

k—s s
are co-prime, [pcz, (1 - k%)eT and [yez, (1 - %)65 are co-prime, according to Ref.[3] (p.174,
p-208) or Ref.[4] (see its THEOREM 4).
Thus, we conclude by Theorem 3 that

w=5i=123, .

(22)
0 < |B1] < IB2l < IB3] <---

A(A,s) =e(AM)AAk—s) = {

Next, we consider the real zeros of A(A,s).
By canceling the complex zeros related polynomial factors on both sides of A(A,s) = (A)A(A, k —
s), we have

AN +[B(A)+c]s II\—I[ (1 _ i)eﬁ _ S(A)EA(X)Jr[B(X)ﬁ:](kfs) ﬁ (1 _ k— S)eu;ns (23)
n=1 an n=1 an

where constant c is the same as in the proof of Theorem 3.
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Further Eq.(23) is equivalent to

N
(_1)N6A(/\)+[B(/\)+c/]s 1—[ (S o Iln> _ ()L)e A)+[B(A)+c'](k—s) H (S o (k— Eln)> (24)

n=1 =1

where ¢/ = c—|—2n 1= an
Suppose the multiplicity of zero s = a; is m, (m, > 1) that is finite and unique although unknown.
Then Eq.(24) becomes

—a )) " (25)

/:1:

T
(—1)Ne A(A)+[B(A)+c'] sH (S _ at) t (/\)e A)+[B(A)+c'] (k
t=1 t=1

where YT, m; = N.
Considering (s — a¢) and (s — (k — a;)) are irreducible in R[x], then by Lemma 3 (see Appendix),
Eq.(25) means
(s—a) [ (s—(k—a)
(s—=(k—an))| (s —a) (26)
t,1=1,2,3,---,T

The only solution to Eq.(26) is t = [, a; = %,t =1,---,T, otherwise the uniqueness of m; would
be violated with a; + a; = k, t # . To avoid changing the multiplicity of m; while a; = %, we need to
limit T = 1. Thus we get

ki 1,m =N 27)

A(A,s) =e(M)AMNk—s) = ar = 5

Putting Eq.(22) and Eq.(27) together, we proved Eq.(21).
In addition to Eq.(21), we still have (by canceling the real zeros related polynomial factors on both
sides of Eq.(25))

A(A,s) = e(M)AA k —s) = (—1)NeAWFBO s — 5(1)pAN+BOA)+c](k=s)

That completes the proof of Theorem 4. [

Regarding Theorem 4, we have the following supplementary remarks.

1): Theorem 4 actually implies that if there exists any real zero for the discussed entire function,
there can be only one (with multiplicity > 1), and it must lie on the critical line.

2): If the completed L-function has poles at s = 0 or s = k with multiplicity m > 1, then the
Hadamard product expression can only be applied to s™ (k —s)™A(A,s), not to A(A,s) itself. This
adjustment does not affect the results of Theorem 4, since we have s (k —s)"A(A,s) = ¢(A)(k —
$)MSMA(A k —s) & A(A,s) = e(A)A(A k—s).

3): As pointed out in Ref.[5] (p.102), if p; = a; + jB; is a zero of A(A,s), then p; = a; — jB;isa
zero of A(A,s). Therefore, to use Theorem 4 while A # A, we need to construct a new symmetric
functional equation A(A,s)A(A,s) = e(A)e(A)A(A, k —s)A(A, k — s) to ensure that the conjugate zeros
appear together in the related Hadamard products. For more details, see the proofs of Theorem 5 and
Theorem 7.

3. Main Results

We will make use of Theorem 4 to prove the Extended Riemann Hypothesis (for Dedekind zeta
function), the Generalized Riemann Hypothesis (for Dirichlet L-function), and the Grand Riemann
Hypothesis (for modular form L-Function, automorphic L-function, and etc.).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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To facilitate the subsequent discussion, we give the details of the Extended Riemann Hypothesis,
the Generalized Riemann Hypothesis, and the Grand Riemann Hypothesis. In the following contents,
the critical line means: 9(s) = 1, or more generally, %(s) = %, k > 0is a constant real number.

The Generalized Riemann Hypothesis: The non-trivial zeros of Dirichlet L-functions in the
critical strip 0 < R(s) < 1 lie on the critical line.

The Extended Riemann Hypothesis: The non-trivial zeros of Dedekind zeta functions in the
critical strip 0 < R(s) < 1 lie on the critical line.

The Grand Riemann Hypothesis: The non-trivial zeros of all L-functions in the critical strip
0 < R(s) < k lie on the critical line.

Another version of Grand Riemann Hypothesis: The non-trivial zeros of all automorphic L-
functions in the critical strip 0 < R(s) < k lie on the critical line.

To begin with, we provide a general property of L-functions, which was labeled Lemma 5.5 in
Ref.[5] (p.101).

Lemma 5.5 5): Let L(f,s) be an L-function. All zeros p of A(f,s) are in the critical strip 0 < ¢ < 1.
For any € > 0, we have

Y ol < oo
p#0,1
where, A(f,s) is the completed L-function corresponding to L(f,s), ¢ is the real part of p, and f is
identical to A in this paper as a symbol representing a mathematical object (e.g., Dirichlet character,
modular form, automorphic representation).

To adapt to the wider situation in this manuscript, i.e., 0 < R(s) < k, L0k lo|717€ < +oo,
Lemma 5.5 has been extended to Theorem 10 (positioned after Theorem 9).

Another general property of L-functions is as follows.

The zeros of A(A,s) are precisely the non-trivial zeros of L(A, s), as the trivial zeros of L(A, s) are
canceled by the poles of the Gamma factors in the completion process. See Ref.[5] (p.96) for more
details, with f therein replaced by A.

Thus, we can discuss the non-trivial zeros of L-functions based on the zeros of the corresponding
completed L-functions.

3.1. Dirichlet L-Function

Definition: The Dirichlet L-function associated with a Dirichlet character y modulo g is defined
for R(s) > 1 by the series:

L(x,s) = il’“f) (28)

n

For the principal (or trivial) character xo (where xo(n) = 1if ged(n,q) = 1 and xo(n) = 0
otherwise), the L-function is related to the Riemann zeta function by:

L) = ¢ (1~ ) (29)

S
pla P

Completed L-function: The completed Dirichlet L-function is defined as:

AGus) = (£) (550 )L (30)

where a = 0if x(—1) = 1 (even character) and a = 1 if x(—1) = —1 (odd character).

Functional Equation: The completed Dirichlet L-function satisfies the functional equation:

Alxs) = WA 1 —s) (31)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where W () is the Gauss sum:

T(x)
W(x) = 2
) == /i (32)
and T(x) = L] _, x(n)e¥™"/1 is the Gauss sum associated with y.
Hadamard Product: For non-principal character x, the completed L-function A(), s) is an entire
function of order 1 and has the Hadamard product:

Alxy,s) = eACO+BG0S H<1 _ > s/p (33)
o P
where the product is over all zeros p of A(x,s), and A(x) and B()) are constants depending on .
For principal (trivial) character xo, A(xo,s) carries a simple pole ats = 1 (and also at s = 0
precisely when g = 1). Then the Hadamard product is applied to s(1 — s)A(xo,s). But this (trivial)
situation makes no difference to our concerned result under the symmetric functional equation, i.e.,

A(xo0,8) = W(xo)A(Xo, 1 —5) = s(1 —s)A(xo,5) = (1 —5)sW(x0)A(Xo, 1 —5)

Thus this (trivial) situation is omitted in the proof of Theorem 5.

Next we prove the Generalized Riemann Hypothesis.

Theorem 5: The non-trivial zeros of Dirichlet L-functions in the critical strip 0 < R(s) < 1 lie on
the critical line.

Remark: We only need to prove that all the zeros of the completed Dirichlet L-function A(x, s) in
the critical strip 0 < R(s) < 1 have real part 1, i.e., all the zeros of A(x, s) lie on the critical line.

Proof. We conduct the proof in two cases.

CASE 1: x = x (self-dual)

It suffices to verify that the properties of A(x,s) with A = x, x = X, €(A) = W(x), k = 1 match
the conditions of Theorem 4: 1) Functional equation; 2) Hadamard product; 3) The complex zeros

1
appear in pairs (p,0);4) 0 < a; <1, Z| 2 <005 ZNZ. =0

Eq.(31) shows the functional equation; Hadamard product Eq.(33) is equivalent to Eq.(19) in
Theorem 4 by separating all zeros into two sets Z, and Z; To restrict x = ¥ is to guarantee that the
complex conjugate zeros of A(x,s) appear in pairs; The condition 0 < a; < 1and } 724 |P%|2 < oo can
be assured by Lemma 5.5, considering that } ;> ; ﬁ, pi € Z. is a subseries of Zp;éO,l lp%, 0EZUZ;
The condition Z, N Z. = & holds because Z, and Z. are mutually exclusive sets, i.e., if p € Z,, then
S(p) = 0;if p € Z, then I(p) # 0.

Therefore, by Theorem 4 with A = x, ¢(A) =
complex) of A(y,s) in the critical strip 0 < R(s) < 1 lie on the critical line for x = .

CASE2: x #x

In this case, the complex conjugate zeros do not appear together in Eq.(33), because if p is a zero
of A(x,s), then g is a zero of A({,s).

Thus, we need to extend Eq.(31) to another form, i.e.,

W(x), k =1, we know that all zeros (real, if any, and

A(x,s) = W(X)A(x,1—s) (34)
Combining (34) with (31), we get a new functional equation

The product A(x,s)A(x,s) is an entire function of finite order < 1, as this holds for the product of
any two entire functions of order 1. This, by Lemma 5.5, implies that its zeros p satisfy the conditions:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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0<a<land}, . lpl| ~2 < c0. Moreover, its zero set—being the union of the zeros of the individual
factors—possesses the conjugate zeros paring property.
Further, based on Eq.(33), we have

A(x,5)A(x, ) = eAHADHBOOTBO+els TT (1 _ E)e%
pEZ, Pl

T0-2)0-2) o

) 20
=
The condition } ;°; \P%\z < o0 and condition Z, N Z. = @ hold for the same reasons as in CASE 1.
Therefore, by Theorem 4, all zeros (real, if any, and complex) of A(x,s)A(X,s), and consequently
of A(x,s), in the critical strip 0 < R(s) < 1 lie on the critical line for x # X.
Combining CASE 1 and CASE 2, we conclude that Theorem 5 holds as a specific case of Theorem
4withk=1,A=yx,and 0 < R(s) < lisasubsetof 0 < R(s) <1. O

wherec =)

Remark: Based on Theorem 4, we actually proved: The non-trivial zeros of Dirichlet L-functions in
the critical strip 0 < $(s) < 1 lie on the critical line %, which implies the non-existence of Landau-Siegel
zeros. Hence, the Landau-Siegel zeros conjecture is justified.

3.2. Dedekind Zeta Function
Definition: For a number field K with ring of integers Ok, the Dedekind zeta function is defined
for R(s) > 1by:

k(s) =Y Mla) (37)

a

where the sum is over all non-zero ideals a of Ok, and N(a) is the norm of the ideal.
Completed Zeta Function: The completed Dedekind zeta function is defined as:

Ax(s) = |DI<|S/2(7T*S/2F(%))7l ((27)°T(s)) ¢k (s) 38)

where Dy is the discriminant of K, r is the number of real embeddings of K, r, is the number of
pairs of complex embeddings of K.
Functional Equation: The completed Dedekind zeta function satisfies:

Ak(s) = e(K)Ak(1 =) (39)

where ¢(K) = 1 for all number fields K, showing the symmetry of the functional equation.

Hadamard Product: The completed Dedekind zeta function has a simple pole at s = 1 with
271 (27T)r2hKRK

wi+/|Dk|

unity in K. The function s(s — 1) Ag(s) is an entire function of order 1 and has the Hadamard product:

residue , where hy is the class number, Ry is the regulator, and wg is the number of roots of

s(s — 1) Ax(s) = ex B T <1 - S)eS/P (40)
0,1 P
where the product is over all zeros p of Ak(s) except p = 0 and p = 1, and Ak and Bk are
constants depending on K.
For more details of the completed Dedekind zeta function, please be referred to Ref.[5] (Chapter
5.10) and Ref.[6] (Section 10.5.1).

Theorem 6: The non-trivial zeros of Dedekind zeta functions in the critical strip 0 < £(s) < 1 lie
on the critical line.

Remark: We only need to prove that all the zeros of Ag(s) in the critical strip 0 < R(s) < 1 have
real part 3, i.e., all the zeros of Ak(s) lie on the critical line.
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Proof. It suffices to show that the properties of Ak (s) match the conditions of Theorem 4 with A = K,
eAM)=1k=1.
Actually, Functional equation Eq.(39) and Hadamard product Eq.(40) guarantee that

eAK+BI<S H <1 o ;)es/p _ eAKJrBK(lfs) H (1 _ 1- S)els/p (41)

p#0,1 p#0,1 p

where T[] (1—%)65/'0: (1—%)63/” IT (1—%)35/9.
07#0,1 0eZ\{0,1} pEZ:
And that the complex conjugate zeros of Ak (s) appear in pairs since it is self-dual. The condition

0<a; <1, ﬁ < o0 and condition Z, N Z. = @& hold for the same reasons as in CASE 1 in the
proof of Theorem 5.

Therefore, by Theorem 4 we know that all zeros (real, if any, and complex) of Ak (s) in the critical
strip 0 < R(s) < 1 lie on the critical line. Thus, Theorem 6 holds as a specific case of Theorem 4 with
A=K, eA)=1k=1and 0 < R(s) < lisasubsetof 0 < R(s) <1. O

3.3. Modular Form L-Function

Definition: For a cusp form f(z) = Yo 2,e2™"Z of weight k for a congruence subgroup T, the
associated L-function is defined for %(s) > & + 1 by:

L(fs) = Y5 #2)

Completed L-function: For a cusp form f of weight k for I'y(N) (level N is any positive integer)
with Nebentypus character yx, the completed L-function is defined as:

A(f,s) = N°/2(21) =T (s)L(f, s) (43)

Functional Equation: For a normalized Hecke eigenform f of weight k for I'y(N) with Nebentypus
character ), the completed L-function satisfies:

A(f,5) = e(f)A(f k—s) (44)

where ¢(f) = £1 is the epsilon factor, and f is the modular form with Fourier coefficients .
Hadamard Product: For a cusp form f, the completed L-function A(f,s) is an entire function of
order 1 and has the Hadamard product:

Alf,s) = eA(f)+B(f)SH<1 _ S>es/p (45)
0 P

where the product is over all zeros p of A(f,s), and A(f) and B(f) are constants depending on f.

For more details of the completed modular form L-function, please be referred to Refs.[5,7].

We have the following result about the non-trivial zero distribution of modular form L-Functions.

Theorem 7: The non-trivial zeros of modular form L-Functions in the critical strip 0 < R(s) < k
lie on the critical line.

Remark: We only need to prove that all the zeros of A(f,s) in the critical strip 0 < R(s) < k have
real part %, i.e., all the zeros of A(f,s) lie on the critical line.

Proof. We conduct the proof in two cases.

CASE 1: f = f (self-dual)

It suffices to show that the properties of A(f,s) with f = f match the conditions of Theorem 4
with A = f. Eq.(44) shows the functional equation; Hadamard product Eq.(45) is equivalent to Eq.(19)
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in Theorem 4 by separating all zeros into two sets Z, and Z.; Actually, to restrict f = f is to guarantee
that the complex conjugate zeros of A(f,s)) appear in pairs; The condition 0 < a; <k, Y724 ﬁ < o0
is satisfied by Theorem 10. The condition Z, N Z; = & hold for the same reasons as in CASE 1 in the
proof of Theorem 5.

Therefore, by Theorem 4, we know that all zeros (real, if any, and complex) of A(f, s) in the critical
strip 0 < R(s) < k lie on the critical line for f = f.

CASE2: f £ f

To deal with this case f # f, we need first to extend Eq.(44) to another form, i.e.,

A(f.s) = e(f)A(f. k=) (46)

Combining Eq.(46) with Eq.(44), we get a new functional equation

A(f,9)A(f5) = e(He(HA(f k= s)A(f, k=) (47)
Both sides of Eq.(47) are the products of entire functions of order 1, thus they are still entire functions of
order <1, with0 <o <k, ¥, 20 ﬁ < 00, according to Theorem 10. And that the complex conjugate

zeros of A(f,s)A(f,s) appear in pairs.
Further, based on Eq.(45), we have

AU, A(F,s) = AN+ADBBG) s TT (1 %)e% ﬁ(l _ ;) <1 _ :) (48)

PEZ, i=1
(9] 2061'
=1 pr
The condition Y72 4 ﬁ < o0 and condition Z, N Z; = @ hold for the same reasons as in CASE 1
in the proof of Theorem 5.

wherec =)

Therefore, by Theorem 4, all zeros (real, if any, and complex) of A(f,s)A( f,s), and consequently
of A(f,s) in the critical strip 0 < R(s) < k, lie on the critical line for f # f.

Combining CASE 1 and CASE 2, we conclude that Theorem 7 holds as a specific case of Theorem
4with A = f,and 0 < R(s) < kisasubsetof 0 < R(s) < k. O

3.4. Automorphic L-Function

Definition: For an automorphic representation 77 of GL, (Ag) (Aq is the adele ring over the field
of rational numbers Q, see Ref.[7] (p.5) for more details), the associated L-function is defined for
R(s) > 1by:

L(rt,s) = [ [ Lp(7p,s) (49)
P

where Ly(7tp,s) is the local L-factor at the prime p. For unramified 71, with Satake parameters
{al,p/ cecy al’l,p}/
n i p -1
Ly(mmp,s) =]](1— =% (50)
i=1 P
Completed L-function: The completed automorphic L-function is defined as:

n

A(m,s) = Qfﬁnl"*(s + i) - L(m,s) (51)
i=1

where Q is the conductor of 7, y; , are complex numbers determined by the i-th local component of
Tleo, and

(52)

Tc(s)

Tg(s) =m 2 I'(5), for real representations.
= 2(2m)~°T(s), for complex representations.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202506.0481.v12
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 December 2025 doi:10.20944/preprints202506.0481.v12

12 of 15

Functional Equation: The completed automorphic L-function satisfies:

A(rt,s) = e(m)A(7t,1—5s) (53)

where 77 is the contragredient representation of 77 and ¢(77) is the epsilon factor, a complex number
of absolute value 1.

Hadamard Product: For a cuspidal automorphic representation 7, the completed L-function
A(7,s) is an entire function of order 1 and has the Hadamard product:

A(m,s) = eA(”)JrB(")SH(l — S)eS/P (54)
p p
where the product is over all zeros p of A(7,s), and A(7r) and B(7r) are constants depending on 7t.
For more details of the completed automorphic L-function, please be referred to Refs.[5,7].
We have the following result about the non-trivial zero distribution of automorphic L-Functions.
Theorem 8: The non-trivial zeros of automorphic L-Functions in the critical strip 0 < R(s) < 1 lie
on the critical line.
Remark: We only need to prove that all the zeros of A(7,s) in the critical strip 0 < R(s) < 1 have
real part %, i.e., all the zeros of A(7t,s) lie on the critical line.

Proof. The proof procedure of Theorem 8 is similar to that of Theorem 7 with k = 1, f replaced by 7,
and f replaced by 7t. Thus, the proof details are omitted for simplicity. [

Actually, from the above proofs of Theorem 5, Theorem 6, and Theorem 7, we can note that each
proof does not depend on the specific definition of the L-function L(A,s), but rather relies on the
following general properties of A(A,s) and L(A,s):

P1: Symmetric functional equation between A(A,s) and A(A, k —s): A(A,s) = e(A)A(A k —s);

P2: Hadamard product expression of entire function A(A,s) or s™(k —s)™A(A,s),m > 1;

P3: The complex zeros in the relevant Hadamard products appear in pairs (p, p);

P4: All zeros in the relevant Hadamard products lie in the critical strip 0 < R(p) < k and satisfy
1

p#Z(J:,k lpf? =

P5: The disjointness of real and complex non-trivial zero sets;

P6: The zeros of A(A, s) are precisely the non-trivial zeros of L(A, s).
Therefore, we have the following result on the Grand Riemann Hypothesis.

Theorem 9: The non-trivial zeros of all L-functions in the critical strip 0 < R(s) < k lie on the
critical line if only the properties P1, P2, P3, P4, P5, and P6 are satisfied.

Proof. It is not difficult to see that P1, P2, P3, P4, and P5 cover all the conditions in Theorem 4. Thus,
we know by Theorem 4 that all the zeros, both real (if any) and complex, of A(A,s) in the critical strip
0 < R(s) < klie on the critical line. Further, according to P6, we conclude that all the non-trivial zeros,
both real (if any) and complex, of L(A, s) in the critical strip 0 < R(s) < k (as subset of 0 < R(s) < k)
lie on the critical line.

That completes the proof of Theorem 9. [

Remark: Conditions P1-P3 and P6 are established properties of the relevant L-functions, see
Chapter 5 of Ref.[5]. Condition P4 follows from Theorem 10, which is an extended result of Lemma
5.5. Condition P5 is automatically satisfied by our definitions of Z, (the set of zeros with S (p) = 0)
and Z, (the set of zeros with (p) # 0). The sole purpose of P6 is to link the zeros of A(A,s) with the
non-trivial zeros of L(A, s); further details can be found in Ref.[5] (p.96), with f therein replaced by A.
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Theorem 10: Let L(A,s) be an L-function, A(A,s), the corresponding completed L-function
satisfying a functional equation of the form A(A,s) = €(A)A(A,k —s), with k > 0,k € R. Then all
zeros p of A(A,s) lie in the critical strip 0 < R(p) < k. Moreover, for any € > 0, we have

Y lol ¢ < oo

p#0,k

where A denotes a mathematical object, A is the dual of A; €(A) is a complex number of absolute value
1, called the "root number" of L-function L(A, s).

Proof. Defining s = kt and F(A, t) = A(A, kt), the functional equation transforms as follows:
F(At) = A(Akt) = e(A)AA k—kt) = e(A)A(A k(1 —t)) =€e(A)F(A, 1 —1t).

We thus obtain a new entire function F(A,f) with the standard functional equation F(A,t) =
€(A)F(A,1—t), to which the classical Lemma 5.5 applies.

Let T be a zero of F(A, t). By definition, p = k7 is then a zero of A(A,s), and this correspondence
is bijective. The classical Lemma 5.5 guarantees that 0 < R(7) < 1, Y1491 |T|717¢ < oo (for any € > 0),

which immediately implies 0 < R(0) < k, Yo o] 1€ < oo (for any € > 0).

That completes the proof of Theorem 10. [

Acknowledgments: Special gratitude is extended to the preprint platform preprints.org for making this work
permanently available and citable.

Appendix: Lemmas

Here we list Lemma 8 and other related lemmas from Ref.[1]; moreover, Lemma 10 is proved as
an extension of Lemma 9.

Lemma 1 [!): Non-trivial zeroes of {(s), noted as p = a + jB, have the following properties
1) The number of non-trivial zeroes is infinity;
2)B#0;
N0<a<;
4) p,p,1 — p,1 — p are all non-trivial zeroes.

Lemma 2 [ The zeros of &(s) coincide with the non-trivial zeros of {(s).

Lemma 3 [1: Let m(x), g1(x),..., gu(x) € Rlx],n > 2. If m(x) is irreducible (prime) and divides
the product g1 (x) - - - gu(x), then m(x) divides one of the polynomials g1 (x), ..., gn(x).

Lemma 4 ): Let f(x),m(x) € R[x]. If m(x) is irreducible and f(x) is any polynomial, then either
m(x) divides f(x) or ged(m(x), f(x)) = 1.

Lemma 5 [!I: Let f(x) be an entire function on C. Suppose f(x) = [T gi(x) converges absolutely
on C, where each g;(x) € R[x] is irreducible in R[x] of degree d € {1,2}. If m(x) € R]x] is irreducible
in R[x] of degree d and divides f(x), then m(x) divides g;(x) for some i > 1.

Lemma 6 [ Let f(s) be a non-zero entire function, and let s be a zero of f(s). Then the multi-
plicity of sq is a finite positive integer.

Lemma 7 [U: Let f(s) be a non-zero entire function, and let s be a zero of f(s). Then the multi-
plicity of sg is unique.
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Lemma 8 [UI: Given that the entire function

£(s) = ﬁ(1+( ﬁz”‘i)z)mi, seC (A55)

i=1
converges absolutely on C, where 0 < a; < 1 and B; # 0 are real numbers with || < [B2| < ---,
m; > 1is the multiplicity of zero conjugates p; = a; + jBi, pi = a; — jBi, Lo g é < oo.

Under the substitution s — 1 — s, we have

f(1—s)—ﬁ(1+(1_;2_“f)2)mi, seC (A56)
i=1 i
Then .

fl) =f(l=s) = ai =50 =123 ;0 <|pr] <[Ba| <~ (A57)

B?

a%-&-ﬁ?

conditions: 0 < a; < 1,B8; # 0,1°, & < 00, and m; > 1 is the multiplicity of zero a; + jB;.
i=1 B P y ]

m;
Lemma 9 [U}: The infinite product 12, ( ) converges to a non-zero constant, given the

Remark: Lemmas 1-4 are the well-known results summarized from related journal papers, or
textbooks/monographs. Lemmas 5-9 are proved in Ref.[1].

i
o} +B;
conditions: 0 < &; < k,k > 01is a real constant, B; # 0,) ;>
zero a; + jB;.

Proof: First of all, we know that

m;j
Lemma 10: The infinite product [T, ( ) converges to a non-zero constant, given the

i1 /32 < oo, and m; > 1 is the multiplicity of

where in the right side express1on i" factor appears m; times.

0(2
Leta; = 2+/32’ a+/32_1

Since 0 < a; < kand B; # 0, we have: 0 < a; <

then zi 7= 1-—

. Then }°; -5 < oo (given condition) implies

‘3712 11‘3

Yo e = < K2, é < oo (absolute convergence).
Further the absolute convergence of Y, a; guarantees that the product [Ti2;(1 —a;) =

2\ ™M
I, 2+ 7= =112, (aﬁﬁ) converges to a non-zero constant.
1 1

That completes the proof of Lemma 10.

References

1.  Zhang, W. (2025). A Proof of the Riemann Hypothesis via a New Expression of &(s), Preprints,
https:/ /www.preprints.org/manuscript/202108.0146

Karatsuba A. A., Nathanson M. B. (1993), Basic Analytic Number Theory, Springer, Berlin, Heidelberg.
Conway, . B. (1978), Functions of One Complex Variable I, Second Edition, New York: Springer-Verlag.
Olaf Helmer (1940), Divisibility properties of integral functions, Duke Mathematical Journal, 6(2): 345-356.
Iwaniec, H., Kowalski, E. (2004). Analytic Number Theory, American Mathematical Society Colloquium
Publications, Vol. 53.

ISUEE R

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202506.0481.v12
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 December 2025 doi:10.20944/preprints202506.0481.v12

150f 15

6.  Cohen, Henri (2007), Number theory, Volume II: Analytic and modern tools, Graduate Texts in Mathematics,
240, New York: Springer, doi:10.1007 /978-0-387-49894-2, ISBN 978-0-387-49893-5

7. Jianya Liu (Ed.).(2014) Automorphic forms and L-functions, Beijing: Higher Education Press, ISBN 978-7-04-
039501-3

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202506.0481.v12
http://creativecommons.org/licenses/by/4.0/

