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Abstract

Many Finsler-like geometric and modified gravity theories (MGTs) have been elaborated during the last
70 years. They were defined by different types of Finsler generating functions and metric, or nonmetric,
nonlinear and linear connections; and by postulating different types of fundamental geometric objects
and related nonholonomic geometric evolution or dynamical equations. Certain proposed variants of
locally anisotropic gravitational and matter field equations were not completely defined geometrically
or, in other cases, elaborated for some particular models. We provide a status report, with historical
remarks and a summary of new results and methods on Finsler-Lagrange-Hamilton (FLH) geometric
flow and gravity theories, which can be constructed in general axiomatic form on (co) tangent Lorentz
bundles (as modifications of Einstein gravity). Such models are characterized by nonlinear dispersion
relations and may encode nonassociative and nocommutative corrections from string theory, quantum
corrections, or contributions from various types of MGTs. To generate physically important solutions
of the FLH modified Einstein equations, we formulated the anholonomic frame and connection
deformation method, AFCDM. We provide a proof of the general integrability of such FLH geometric
flow and MGTs and analyse new classes of physically important generic off-diagonal solutions.
Such solutions are determined by respective classes of generating functions and generating sources
depending, in principle, on all spacetime and (co) fiber coordinates. We discuss the physical properties
of certain important examples of solutions for Finsler black holes, wormholes and locally anisotropic
cosmological solutions constructed by applying the AFCDM. In general, such generic off-diagonal
solutions/ scenarios do not involve certain hypersurface or holographic configurations and can’t be
described in the framework of the Bekenstein-Hawking thermodynamic paradigm. We argue that
generalizing the concept of G. Perelman’s entropy for relativistic FLH geometric flows allows us to
define and compute new types of geometric thermodynamic variables characterizing different FLH
theories and various classes of solutions.

Keywords: finsler gravity theories; off-diagonal solutions in finsler gravity; finsler geometric flow
thermodynamics; finsler black holes; finsler wormholes

1. Introduction: Metric and Nonmetric Finsler-Lagrange-Hamilton Geometric
Flows, GR and MGTs

The general relativity (GR) theory, i.e. Einstein’s gravity, is considered by the bulk of researchers
as the almost standard theory of gravity beginning the end of 1915, when A. Einstein and D. Hilbert
completed the formulation of gravitational field equations in certain heuristic and, respectively,
variational forms. The monographs [1-4] contain summaries of results and methods, and the most
important cosmological and astrophysical applications of GR before the "accelerating cosmology era".
The Einstein gravity theory was formulated axiomatically on Lorentz manifolds defined as relativistic
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versions of the (pseudo) Riemannian spaces, when various types of metric, tetradic (vierbeind) and
spinor variables and 3+1 or 2+2 nonholonomic decompositions were used. The discovery of late-time
cosmic acceleration [5,6] resulted in extensive research on modified gravity theories (MGTs) [7-11]
and dark energy (DE) and dark matter (DM) physics [12]; and on geometric and quantum information
flows [13], see references therein. In this work, we do not cite many works on non-Riemannian
geometries and related MGTs and do not discuss certain models if they do not consider nonholonomic
or Finsler geometry methods in explicit forms. For reviews of results and geometric methods, readers
are recommended to study [14-16] and references therein.

Finsler-like generalizations of the Einstein gravity form a special class of MGTs when the geometric
and physical objects depend not only on some base manifold coordinates but also on so-called
velocity /momenta type coordinates (for different types of models with local anisotropies). We studied
such relativistic Finsler-Lagrange-Hamilton (FLH) geometries and MGTs modelled on (co) tangent
Lorentz bundles. We also elaborated on higher order tangent bundle, supersymmetric, nonassociative
and noncommutative and other type extensions as we reviewed in chronological form in [13,17,
18]. Here, we provide and review an extended list of our contributions to both metric-compatible
and noncompatible FLH theories and elaborate on new methods of constructing exact solutions for
nonmetric MGTs. Many such works were published during 1988-2008 in Eastern Europe [19], being
less known and not correspondingly cited in Western countries.

This paper can be considered as a status report and a transfer of knowledge on geometric
methods for constructing exact and parametric solutions in FLH theories. It also consists a review
and a pedagogical introduction into the anholonomic frame and connection deformation method,
AFCDM, formulated for constructing off-diagonal solutions in relativistic Finsler geometric flow and
gravity models. This work is different from the nonassociative and noncommutative FLH theories
(on eight dimensions, 8-d, tangent and cotangent Lorentz bundles) studied in Part II of [18]. Here we
consider real associative and commutative and nonmetric theories on nonholonomic phase spaces
involving conventional velocity or momentum like coordinates. It redefines for Finsler theories the 4-d
constructions from Part I (and respective Tables) of that review article and of recent published papers
on off-diagonal solutions and G. Perelman’s thermodynamics [20,21]. Here we note that a series of
early results and geometric methods on constructing off-diagonal solutions in GR and Finsler and
non-Finsler MGTs were reviewed in [22-26].

1.1. Historical Remarks on Finsler-like Relativistic Geometric Flow and Gravity Theories

We list and discuss seven most important steps to formulating and further developments of
respective directions in FLH geometry and physics, which are important for the objectives of this work:

[1] Prehistory and beginning of History (1854-1934): B. Riemann considered in his famous habilita-
tion thesis ([27], 1854) the first example of nonlinear quadratic element ds? = Fz(x, y), where
x = {x'} are coordinated on a base manifold V and y = {y"} are certain fibler/velocity like
coordinates. Such an F(x,y) involving homogeneity conditions on y (when F(x, Ay) = AF(x,y),
for A > 0), was later called a Finsler metric, or (equivalently) a Finsler generating function. The
Riemannian geometry was formulated and studied by using quadratic elements, ds? ~ gl-]-(x)yiyf ,
for y* ~ dx?, and a symmetric metric tensor g;;(x). That was the "prehistory" of Finsler geometry.
— The "Finsler history" began in 1918 due to P. Finsler’s thesis [28], when the term "Finsler ge-
ometry" was introduced in E. Cartan’s first monograph on Finsler geometry from 1935 [29]. In
that monograph (in coordinate form), the first examples of Finsler nonlinear, N = {Ni”(x, )}
connection (N-connection) and linear distinguished connection (d-connection) D = {D,(x,y)}
were considered. Such values consist of two other cornerstone geometric objects (the first one is
F(x,y)). Mathematical details on so-called Riemann-Finsler geometry can be found in monographs
[30-32]. We consider that E. Cartan’s contributions are also fundamental because without his first
use of N- and d-connections and the concept of bundle space, Finsler geometric and physical
models are incomplete for elaborating applications in physics. For our purposes to formulate and
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study relativistic Finsler generalizations of the Einstein gravity theory and to construct exact and
parametric solutions in such theories, we follow the system of notations and conventions stated in
[13,17,19].]

[2] Classical Geometric Ages (1935 - 1955): A series of fundamental geometric papers were published

on so-called metric noncompatible Finsler geometry theories due to L. Berwald [33,34] and S. -S.
Chern [35] and others. Such Finsler geometric models are different from the Finsler-Cartan theories
and involve many conceptual and technical difficulties in elaborating Finsler modifications of
GR and standard particle physics because of nontrivial nonmetricity fields, as we criticised in
[17,19,36]. For instance, it is a problem how to define Finsler-spinors and Finsler-Dirac equations,
conservation laws, and finding exact and parametric solutions of respective locally anisotropic
modifications of the Einstein equations. In principle, a cure exists as in the case of metric-affine
gravity theories formulated on (co) tangent Lorentz bundles following advanced geometric meth-
ods for constructing generic off-diagonal solutions as in [37]. For FLH MGTs, this is a task for a
series of future works.
— We also mention certain important works on the geometry of nonholonomic manifolds due
to G. Vranceanu and Z. Horak (1926-1955) [38,39,43]; and on the global theory of N-connections
and Finsler geometry due to A. Kawaguchi (1937-1952) [40,41] and C. Ehresmann (1955) [42].
Summaries of results and detailed bibliography on the classical period of Finsler geometry and
first applications can be found in [17,19,30-32].> We can consider that all FLH models consist of
particular examples of nonholonomic manifolds or (co) tangent bundle geometries defined by
respective N-connection structures.

[3] Early Middle Ages (1950 - 1974): That was the beginning of research on applications of Finsler
geometry methods in MGTs and geometric mechanics. For our purposes, we mention the first
Finsler modification of the Einstein equations, when instead of the Levi-Civita (LC) connection
V the Cartan distinguished (d) connection D was used (J. I. Horvath, 1950) [44]. We also cite the
monograph [45], which contains a rigorous formulation of Finsler geometry as an example of
(co) tangent bundle geometry. It is defined by Sasaki lifts of Hessians (vertical quadratic forms
~ 92F2/9y"9y"), using N-connections, to total metrics g, g on TV. In our opinion, such construc-
tions are very important because they result in well-defined geometrically complete d-metrics on
(co) tangent Lorentz bundles and allow self-consistent extensions of metrics in GR.

[-3.1] Relativistic Lagrange mechanics as a generalized Finsler geometry without homogeneity conditions,
on tangent Lorentz bundle. Another very important work was that due to J. Kern (1974) [46] who
introduced the concept of Lagrange geometry with nonlinear quadratic element ds?> = L(x,v) on
a tangent bundle TM. This provides an alternative geometrization of classical mechanics which
is different from the standard approach to geometric mechanics (see, for instance, [47]). Finsler
geometry is a particular example of homogeneous mechanics, when L = F2. Such generalizations
are very important because Finsler metrics with homogeneity conditions consists of a very special

1 In our approach V is a four dimensional (4-d) Lorentz manifold as in GR; and TV and T*V are respective tangent and

cotangent Lorentz bundles with respective local coordinates u = {u* = (x¥/,0%) and 'u = { 'u* = (%, p,)}. Indices run
values i,j,... = 1,2,3,4, where x* = ct is the time like coordinate (typically we use systems of unities when the speed of
light ¢ = 1, and consider necessary auxiliary constants to work with dimensionless geometric and physical objects); and,
for velocity and momentum type coordinates, a,b, ... = 5,6,7,8, where «, B, ... = 1,2, ...8 are considered as cumulative (total
space) indices. In this work, we shall give priority to the abstract geometric formulation of GR and MGTs as in [2,13,17] (with
various abstract left-up and low labels), but certain coefficient formulas will be used for constructing exact and parametric
solutions. Boldface symbols are used for denoting N-adapted geometric objects, and respective geometric constructions and
""" emphasizes that the formulas involve momentum-like variables on T*V. Tilde on geometric objects is used to emphasize
that we work in the framework of the Finsler-Cartan geometry. All necessary definitions and notations will be provided and
explained in the next sections and appendices to this paper. In the introduction section, we follow standard and abstract
notations on geometric objects in FLH theories elaborated in [17,19].

Here we note that a nonholonomic manifold is a standard manifold M of necessary smooth class endowed with a non-
holonomic (equivalently, anholonomic, or non-integrable) distribution. A nonlinear connection, N-connection structure
N = {N}, used in Finsler geometry models defined on tangent bundle TM can be defined equivalently as a Whitney
sum: N :TTM = hTM ® vTM, where h and v are used, respectively, for conventional horizontal and vertical splitting. All
necessary definitions and details will be provided in the next section and Appendix.
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case, which is not motivated for general nonlinear interactions and MDRs in MGTs or GR.

-[3.2] Relativistic Hamilton mechanics as a cotangent Lorentz bundle model of generalized Finsler ge-
ometry and equivalent almost (symplectic) Kihler-Lagrange/ Hamilton. Using Legendre transforms,
L(x,v) — H(x,p), the concept of Hamilton geometry, with nonlinear quadratic elements
d's> = H(x,p), on cotangent bundle T*M, can be introduced. Such geometries can be con-
structed on Lorentz manifolds with nontrivial N-connection structures and described equivalently
as almost (symplectic) Kéhler-Lagrange/ Finsler (or Kdhler-Hamilton/geometries, see [31,48-50]).
Respectively, classical and quantum geometric techniques are important for the deformation quan-
tization for such theories [17,51-54] (in chronological form, such developments are relevant to the
research described for directions 6-7], see below).

[4] Middle Ages (1959 - 1995): The period is characterized by many works on Finsler and other types
of locally anisotropic field theories and gravity. It begins with the publication of the monograph
[30] (H. Rund, 1959). It was translated into Russian by G. Asanov, who developed (together
with his postgraduate students, during 1980-1990) in the former USSR some new directions with
applications in physics of Finsler geometry [55-57]. M. Masumoto’s monograph [31] (1986) played a
very important role in the elaboration of various variants of Finsler gravity theories and postulating
certain versions of Finsler gravitational field equations [58-65]. At that time, certain methods of
constructing solutions of locally anisotropic gravitational field equations were not formulated, but
only certain post-Newtonian computations of possible Finsler anisotropy effects.

[5] Dark non-standard Ages (1975 - 2011): It was an "Orthodox" period of GR and standard particle
physics, when influential authors in gravity and QFT [66,67] concluded that Finsler theories
with generic anisotropies had substantial restrictions by experimental and observational data.
Their theoretical analysis had not involved nontrivial N-connection structures, which made those
conclusions quite uncertain and ambiguous. Unfortunately, because of the mentioned works, tents
of Finsler papers (including manuscripts by this author) were rejected from Phys. Rev. Lett. and
Phys. Rev. D as "as unphysical". That situation was described in Appendix B of the preprint variant
of [17], see also references therein. Nevertheless, many authors in the USA, Japan, Germany, UK,
Canada, Greece, Russia, Poland, Romania, R. Moldova, etc., published in other mathematical and
theoretical physics journals of number of papers on generalized Finsler gravity theories [17,68-70].
Here we note that important works (using the FLH geometric methods) were performed using
nonholonomic fibered structures on Lorentz manifolds, in extra-dimension gravity, string theory,
noncommutative Finsler gravity, etc. [71-75]. A series of important monographs on nonholonomic
manifolds and generalized Finsler gravity and applications were published [19,50,62,64,76,77].

[6] Renaissance (1996 - 2011): The period is characterized by a new series of works on modified dis-
persion relations (MDRs) and local Lorentz invariance violations (LIVs) as attempts to solve certain
important problems in QG, string theory and other MGTs [78-80]. For additional assumptions
on nonholonomic geometric structures, various classes of such theories can be formulated as
(generalized) Finsler geometries. This induced in the literature a non-correct opinion that Finsler
gravity models are theories with local anisotropies determined by MDRs and LIVs [81-84].

-[6.1] Elaborating general methods for constructing exact and parametric solutions in FLH MGTs. As we
mentioned above, FLH geometric and physical models can be formulated in general self-consistent
forms on (co) tangent Lorentz bundles when the postulates of GR theory can be extended from
similar ones with Lorentz manifolds [17,19,85]. Using nonholonomic methods as in Finsler geom-
etry, redefined in canonical 2+2 variables on Lorentz spacetimes, we can construct new classes
of off-diagonal exact and parametric solutions in GR and MGTs. Extending the constructions
to higher dimensions involving nonholonomic dyadic decompositions and distortions of affine
(linear) connections, the anholonomic frame and connection deformation method (AFCDM) was
formulated [23-25,86-88]. Perhaps, this is the most general geometric and analytic method which
allows us to decouple and integrate in certain general forms the gravitational and matter field
equations in FLH and other types of MGTs, and GR, see recent reviews and results [13,17,26]. The
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ansatz for constructing such solutions is chosen as some generic off-diagonal metrics that depend
on the type of distorting relations for connections, and on prescribed generating sources.

-[6.2] Problems with the definition of Finsler-spinors and Finsler-Dirac equations. Another fundamental
problem for elaborating physically viable FLH is that of formulating Finsler generalizations of
the concept of Clifford structures/ spinors adapted to N-connection structures. A related issue is
that on how to formulate self-consistent variants of Finsler-Dirac equations, and (in general) to
construct FLH modifications of the Einstein-Yang-Mills-Higgs-Dirac (EYMHD) equations. Such
research programs were performed for metric compatible Finsler connections (during 1996 - 2012)
in our works [19,62,64,89-97]. We criticized [17,19,36] the approaches for elaborating nonmetric
Finsler gravity theories (involving Chern, Berwald and other type metric noncompatible Finsler
connections). That was because of ambiguities with the definition of nonmetric versions of the
Finsler-Dirac equations and with the formulation of conservation laws for nonmetric FLH de-
formed EYMHD systems. Such difficulties do not exist for the case of Finsler-Cartan geometry, and
for FLH generalizations with metric-compatible Finsler connections. Recently, we discussed how to
find a cure for nonmetric MGTs using physically important solutions as in [37,98]. One of the main
purposes of this work is to show how the AFCDM can be applied both to metric and nonmetric
FLHs modified Einstein equations with general generating sources. Proofs of the integrability of
nonmetric FLH deformed EYMHD equations will be provided in our future works.

-16.3] FLH MGT5 and string gravity, locally anisotropic gauge gravity, supersymmetric and noncommu-
tative Finsler models. The works [13,26,54,62,71-74,99,100] contain a series of original results on
Finsler like (super) string and supergravity theories formulated for extra dimension coordinates
being of velocity/ momentum type. The approach was developed for noncommutative Finsler
gravity models, Finsler-Hofava-Lifshitz theories, almost Kaehler-Finsler models, deformation and
gauge-like quantization of Finsler gauge gravity theories etc. [17,22,101-105]. The AFCDM was
correspondingly generalized and applied to constructing physically important solutions in such
FLH theories.

-[6.4] Metric and nonmetric nonholonomic and generalized Finsler geometric flows. This direction of our
research (see reviews [13,37,106,107]) was inspired by G. Perelman’s preprint [108] on the entropy
of Ricci flows and related proof of the Poincaré-Thurston conjecture, see mathematical methods
in [109-112]. Formulatig Finsler generalizations (in a certain unified form of that conjecture) is
not possible because of the various types of Finsler geometries. This is different from the case
of Riemannian or Kdhler geometry. Nevertheless, we can construct abstract geometric and N-
adapted variational forms of FLH geometric flow models by using distortions of connections. The
most important motivation to formulate such Finsler-like generalizations is that the concepts of
G. Perelman W-entropy, and respective statistical and geometric thermodynamic variables, can
be computed for any type of FLH geometries and MGTs defined by certain (generalized) Ricci
scalar and Ricci tensors. This is enough for analyzing the thermodynamic properties of large
classes of exact and parametric solutions in FLH gravity and geometric flow theories. In general,
the off-diagonal solutions are not characterized by certain hypersurface, holographic, or duality
properties. For such solutions, the Bekenstein-Hawking paradigm [113,114] is not applicable and
we have to elaborate on theories of nonholonomic and Finsler geometric flows. Here, we cite our
and co-authors’ works beginning 2006, [53,115-119]. Recent results and methods on nonholonomic
or nonmetric geometric and quantum information flows and FLH, and other types of MGTs can
be found in [13,98,107]. Such works are also related to a series of papers on Finsler-like diffusion,
locally anisotropic kinetic processes, locally anisotropic thermodynamics, etc. [17,120-124].

-[6.5] Certain different Renaissance directions were developed by other authors (we reviewed and
discussed the most important contributions till 2018 in Appendix B of the preprint variant of
[17]). Here we note that those results and methods do not allow for the construction in general
forms of certain off-diagonal solutions, depending on the type of Finsler generating functions
and prescribed connections. They are different from our approach to FLH and can be incomplete
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for applying the AFCDM. The fiber (tangent or vector ....) bundle formalism was not applied in
elaborating such theories, which put many questions on mathematical rigorous formulation. In
many cases, those models and a few found diagonalizable solutions of Finsler-like gravitational
equations are with a trivial N-connection structure. Typically, they consist of arbitrary lifts and
deformations on y-variables that are not derived as certain exact or parametric solutions involving
Sasaki lifts and an axiomatic formulation and self-consistent physical formulation.

[7] Nowadays and Future (2012 - ...) After many observational evidences on accelerating cosmology
and validating papers of various MGTs and DM and DE physics [5-12], Phys. Rev. D and other
influential physical journals began to publish papers on Finsler geometry and applications in mod-
ern physics, cosmology and astrophysics [82,125-134]. New international and multi-disciplinary
teams and research groups (originating from Greece, Germany, China, Romania, R. Moldova,
Spain, Italy, India, Iran, etc.) have been organized during the last 15 years. We discussed the main
developments (till 2018) in Appendix B of the preprint part of [17]. The discovery of late-time
cosmic acceleration [5,6] resulted in extensive research on modified gravity theories (MGTs) [7-11]
and dark energy (DE) and dark matter (DM) physics [12] Here we analyze in brief some recent
results on FLH MGTs and applications, which are relevant to the purposes of this work:

-[7.1] Undetermined concepts of pseudo-Finsler spacetime, causality, and problems with nonmetric Finsler
gravitational equations. Such geometric models and possible applications were elaborated in a series
of works [125-127,133-136]. This group of authors try to impose a Finsler spacetime standard
(publishing in Phys. Rev. D and other influential journals). Former important and more general
results and methods (from the periods when Finsler gravity was considered "unphysical") typically
are not cited and not discussed, as we described above in 5], and reviewed in [17]). The main idea
of the mentioned team of authors was to extend the concept of pseudo-Riemannian geometry in
certain causal, with a well-defined theory of observations, and for a concept of pseudo-Finsler
spacetime, by postulating a version of locally anisotropic gravitational equations. For instance,
such a pseudo-Finsler spacetime can be defined by some data (V, L = F?), where V is a pseudo-
Riemannian manifold and F(x, v) is a Finsler generating function. Additional assumptions are
necessary to define certain causality and postulates and to derive in geometric or variational forms
some Finsler-like gravitational equations, for instance, of type [125,126], etc. This is not enough
for formulating generalizations of Einstein gravity if we do not prescribe some classes of non-
linear and distinguished Finsler d-connections on (co) tangent Lorentz bundles. Well-motivated
physical arguments (general theoretic/ phenomenological or observational /experimental one)
are necessary for prescribing an F (why it should be homogeneous?) and certain types of N-
and d-connections, or to motivate certain very special relativity models. In [127], a procedure on
how to make extensions of the Lorentzian spacetime geometry "from Finsler to Cartan can vice
versa' is analyzed. Then, in [135], a Birkhoff theorem was proved for Berwald-Finsler spacetimes.
Nevertheless, Berwald, Chern or other type of nonmetric d-connections (reviewed in [136]) result
in many difficulties in definition of Finsler like versions of the Einstein-Dirac equations, as we
explained above in paragraph 6.2] (see also criticisms in [17,19,36]). In principle, a cure can be
provided by formulating Finsler methods involving the canonical d-connection D and distortions
of linear connection structures as in [37] (necessary definitions and formulas will be provided in
the next section).

- The variant of Finsler geometric extension of GR [125,126] (and related models with metrizability
conditions) does not allow construction of exact or parametric solutions [136] in certain general
forms with nontrivial N-connection structure and using Sasaki lifts [45]. Such variants of Finsler-
like gravitational equations consist just of an example reflecting priorities of a group of authors
when other more general approaches were elaborated (as we motivated in [17,19]). Any axiomatic
approach for the Finsler gravity theories [125,126] depends on the type of geometric structures,
conditions of causality, (homogeneity conditions on F, the types of N- and d-connections) and
other assumptions on deriving Finsler modified gravitational equations. Mentioned authors do not
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cite and do not apply the AFCDM described above in 6.1]. Our main idea was to elaborate on FLH
theories in general forms on (co) tangent Lorentz bundles, which allow a straightforward general-
ization of the axiomatic approach to GR [17]. Then we can apply the AFCDM for respective classes
of distortions of connections, Sasaki-type d-metrics with respective gravitational polarizations,
and effective sources, and construct very general classes of off-diagonal solutions. After certain
classes of physically important solutions have been constructed in some general forms, we can
analyze if additional homogeneity conditions on (effective) Finsler-Lagrange, or Cartan-Hamilton,
generating functions and generating sources can be imposed. This way, we can extract, for instance,
Fisler-Cartan, Finsler-Berwald, or other types of configurations. Certain conditions for generating
off-diagonal solutions for a base Lorentz spacetime manifold (as in GR but, for instance, with
anisotropic polarizations of physical constants) can also be formulated. We shall provide important
examples in Section 5. Such results can’t be obtained if we follow only the geometric approach and
methods elaborated in [125-127,133-136] (only certain particular examples of vacuum solutions
were found by these authors). More than that, it is not clear how to define self-consistently and
solve the respective Finsler deformed EYMHD equations.

-[7.2] Barthel-Randers/-Kropina-type Finsler geometries and cosmological implications. A series of such
applications in modern cosmology and DM and DE physics was elaborated recently in [137-139].
N-adapted Sasaki-type metrics are used for defining d-metrics on total tangent bundles. In [137],
the gravitational field equations are derived using Akbar-Zadeh geometric lifts (Ricci type) ten-
sors [140,141]. Further developments [138,139] involve so-called (&, ) metrics, Kropina metrics,
F = a?/ B, the Barthel connection etc. Such models can be subjected to cosmological tests and may
explain certain DE properties. Nevertheless, the simplifications for respective classes of d-metrics
and d-connections (and respective osculator constructions) do not have theoretical motivations in
the conditions when the AFCDM allows us to construct more general classes of off-diagonal locally
anisotropic cosmological solutions. Even if we begin with a variant of Barthel-Randers/ - Kropina-
type configuration, the geometric evolution and off-diagonal dynamics transform such Finsler
geometric data into another type ones. The issues on constructing Barthel-Randers/-Kropina-type
deformations of EYMHD systems and constructing respective classes of solutions have not been
analyzed in [137-139] and further developments. We analyze how to solve such problems in the
next sections.

-[7.2] Fibered structures in (pseudo) Finsler geometry, causality, and variational formalism. A series of
such works was published by research groups in mathematics and mathematical physics [142-144]
(see also references therein). A class of static vacuum solutions of the Einstein equations were
extended for a model of Finsler-Berwald spacetimes with vanishing Ricci scalar. For such construc-
tions, a concept of Finsler spacetime was considered for a smooth finite dimensional manifold
endowed with a Lorentz-Finsler metric. More general models with the Chern connection and
Akbar-Zadeh were also considered, and the conditions for embedding such solutions to solve
Rutz’s equations [61] were stated. Then, a metric-affine version of the Finslerian Einstein equations
was derived using the Palatini formalism [143]. Such equations depend on the type of N-connection
and d-connection structures. Nevertheless, it is not clear how to solve such locally anisotropic
gravitational and matter field equations in certain general forms and to find physically important
solutions. Physically viable models of anisotropic gravity with a respective action integral for a
Finsler gravity theory can be obtained by pulling back and Einstein-Cartan-like Lagrangian from
the tangent bundle to the base manifold [144]. To find solutions (vacuum ones and for nontrivial
matter field sources) in such an approach is a difficult technical task.

-[7.4] Physically important black hole (BH), wormhole (WH), and cosmological solutions. Such new
numeric and graphic methods were elaborated in [145-147]. Typically, the Finsler-Runders ge-
ometry with the Barthel connection is used for finding solutions of the Finsler-like gravitational
equations from [129] and/or using the Akbar-Zadeh definition of Ricci tensors for Finsler spaces
[140,141]. Such solutions are not derived in a unique and complete form on tangent Lorentz
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bundles and consist of arbitrary lifts because certain variants of Sasaki d-metrics are not defined
[17,75,86,101,148,149]. In principle, to reconstruct such BH, WH, and locally anisotropic configu-
rations is possible in general and self-consistent forms as in [13,107,150-152] (we explain this in
section 5). In our works, we applied the AFCDM in its nonassociative /noncommutative, super-
symmetric and other type generalizations. For FLH theories (in general form, not only for certain
Finsler-Randers generating functions and Berwald or Barthel connections), we consider different
types of nonholonomic structures. This allows us to construct exact and parametric off-diagonal
solutions for FLH theories defined on (co) tangent Lorentz bundles.

-[7.5] Finsler-Randers-Sasaki gravity and cosmology. A series of recent works [153-157], see also
[128], is devoted to constructing of exact and parametric solutions (and applications in modern
cosmology and astrophysics). This direction of research is close to our research programs on FLH
MGTs and applications. Our collaboration with Prof. P. Stavrinos and other co-authors in 2000
[19,64] is reviewed [17]. The most common points are those that we elaborate our geometric and
physical models on (co) tangent Lorentz bundles, using Sasaki-type d-metrics, metric-compatible
Cartan or canonical d-connections, etc. The main difference is that in our works we construct
off-diagonal solutions encoding FLH deformations in most general forms (not for any special
classes of Finsler generating functions, like Randers types encoding a covector field as a linear y-
contributions). Even if we begin with certain particular Finsler configurations (Randers or another
type) the geometric evolutions/ dynamics of corresponding Sasaki type d-metrics and distortion
of N- and d-connections transform substantially the target d-metrics. To prove this is possible
if we apply the AFCDM as in [17,25,26,158] for FLH geometric flow and MGTs. Here we also
emphasize that using respective nonholonomic frame transforms, and distortions of connections,
we can reproduce as particular cases any class of solutions in Finsler-like theories 7.2-7.5].

For the directions [1-7], we cited certain series of works which resulted in new directions and
research programs involving nonholonomic and Finsler geometry methods. The priority was given to
the papers which are important for formulating relativistic versions of FLH gravity theories on (co)
tangent Lorentz bundles involving modifications of the Einstein equations in GR. We also provided
the main references related to geometric and analytic methods for constructing exact and parametric
solutions in such theories and performing certain quantum, supersymmetric, nonassocitive and
noncommutative generalizations of classical and QG models of FLH gravity models and geometric
and quantum information flows. Respective historical remarks and detailed bibliography can be
found in [13,17,19,64]. We emphasize that in our approach, we can extend in a natural causal form
on (co) tangent Lorentz bundles the general principle of relativity and respective axioms of GR. This
allows us to consider any types of frame and coordinate transforms in total (and base or typical
fibers and co-fibers) spaces. Arbitrary (nonholonomic) distributions can also be introduced, and they
define respective N-connection structures, matter fields, Finsler-Lagrange and/or Finsler-Hamilton
generating functions, effective sources, etc. Adapting the geometric constructions to respective classes
of nonholonomic distributions, we can model different types of Finsler geometries and MGTs. Then,
using nonholonomic dyadic decompositions and distortions of d-connection structures, we can apply
the AFCDM and integrate physically important systems of nonlinear partial differential equations,
PDEs, in certain general off-diagonal forms. If necessary, we can impose additional nonholonomic
constraints, restrict the classes of generating functions and generating sources, and extract, for instance,
LC-configurations, define metric or nonmetric Finsler-Cartan structures, or model in equivalent forms
certain Finsler-Randers models, etc.

1.2. The Hypotheses, Objectives and Structure of the Review

In many mathematical works, a general S. S. Chern’s definition [159] that the "Finsler geometry is
just Riemannian geometry without the quadratic restriction” is used. Such a definition also includes the
Lagrange geometry [46] if we drop the condition of homogeneity and the y-variables are considered
as velocity-type coordinates on a TV, where V is a Lorentz 4-d manifold of signature (4 + +—), see
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above sub-paragraph 3.1]. The Chern definition of d-connection and approach to Finsler geometry
are not enough for elaborating self-consistent and physically viable extensions of GR and standard
particle physics theories. We need additional assumptions and geometric constructions. For instance,
for an L(x,v) or a homogeneous F(x,v), with a nondegenerate Hessian (which allows us to construct
a so-called vertical metric, v-metrics), we can construct a geometry of semi-sparays and use them to
define certain canonical N-connection and d-connection structures.> We can define Sasaki lifts [45] of
Hessian v-metric and N-connections into d-metrics § = {g,4(x,v) } and elaborate on metric-compatible
Lagrange/ Finsler - Cartan geometry models. Such nonholonomic tangent bundle geometries are
determined by a triple of fundamental geometric objects 3L = (L(x,v) : N(x,v),§(x,v), D(x,0)}.
Here, the left labels " ?" state the signature of base spacetime.

In dual form, using conventional Legendre transforms, L(x,v) <— H(x, p), we can work on
T*V, considering a non-degenerate Hamiltonian H(x, p) (in general, without homogeneity conditions)
as a Finsler-like generating function®. This results in Hamilton-Cartan geometries determined by
corresponding triples of fundamental geometric objects, ?ITI = (H(x,p) : 'N(x,p), 'g(x,p), ' D(x,p)}
(as described in the above sub-paragraph 3.2], see details in [17,19,29,30,50]). The relativistic spaces ?Z
and 3H are metric compatible but involve nontrivial nonholonomically induced torsion structures.
Following another geometric principles (see details in [17,19,32-35]), we can introduce, for instance,
the Berwald (or Chern) Finsler-like d-connections, 2D(x, v) (or “D(x,v)). Such d-metrics which are
characterized by nontrivial nonmetricity fields 2Q := BDg # 0 (or “Q := “Dg # 0) and used to
define respective relativistic models for FLH geometries $°L and $¥H, or €L and $CH. Different types
of Finsler geometries can be mutually related by noholonomic frame transforms and distortion of d-
connection structures, for instance, in the form 5D = D + BZ, where BZ(x, v) is a respective distortion
d-tensor from D to ®D. Corresponding distortions can be defined in abstract geometric forms on T*V,
when the geometric d-objects are written with left labels ” ' (for instance, ’D = 'D + BZ). We do
not provide details on definitions and explicit abstract or coordinate indexes formulas for the Berwald
and Chern models of Finsler geometry because we do not use such particular cases of d-connections
in this work. In the next sections, we study FLH MGTs for general classes of metric and nonmetric
d-connections adapted to general N-connection structures.

Summarizing above ideas, we conclude that FHL modifications on respective relativistic phase
spaces, TV and T*V, of the pseudo-Riemannian geometric objects (hg(x),hV(x)) on a 4-d Lorentzian
manifold V are defined by additional assumptions and N-adapted data for fundamental geometric
objects on (co) tangent Lorentz bundles which are adapted to respective N-connection structures:

3L = (L:N,g D}, see(3);
/ %L =(L: BN, Bg, BD}; [N(x,0), g(x,0), D(x,v)]
¥L=(L: °N, g, °D};

frame
Legendre transforms (5); transforms;
(hg, 1) 1 . - - t 1)
almost symplectic, distortions of
connections;

= (H: N, g D), see(4);
. 51— (11 ), Bg, 5D, ['N(x,p), 'g(x,p), 'D(x,p)]
%CH = (HZ FN/ \Cg/ \CD}'

We argue that Chern’s definition of Finsler geometry is not enough for elaborating self-consistent
models of FLH modifications of GR and other types of MGTs defined on Lorentz manifolds. We need
the concept of nonholonomic metric-affine manifold with extensions to nonholonomic (co) tangent
bundles [19], when the geometric objects are adapted to an N-connection structure. This is different

3 Necessary formulas (3) and explanations are provided in next section. In this subsection, we use only the definitions and

notations which are important for stating the hypotheses and objectives of this work.

4 see respective formulas (5) and (4) in next section
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from the "not N-adapted" geometric constructions used in [14,16], see critical and non-critical remarks
in [17,36]. We can work respectively with the geometric data [N, g, D] or ['N, 'g, 'D] as in (1) and
such data can be respectively defined even on nonholonomic (pseudo) Riemannian manifolds, Lorentz
manifolds, their tangent and cotangent bundles, or on (co) vector bundles of higher order, on Lie
algebroids etc. [19,95].

In our approach, any FLH geometry can be considered as an example of nonholonomic geometry con-
structed on a (co) tangent bundle/ manifold when geometric objects are determined by prescribing respective
(Finsler-Lagrange, or Hamilton-Cartan) generating functions as in (1). Using general nonholonomic frame
transforms and distortions of linear connections, all fundamental geometric objects (d-metrics, d-
connections and respective curvature, torsion and nonmetric d-tensors) can be defined in abstract
geometric forms, or in arbitrary frame and coordinate forms (in particular, we can use N-adapted
frames and compute respective ). Such geometric and physical FLH models can be elaborated re-
spectively on TV and T*V, when the Einstein gravity theory is included for certain nonholonomic
constraints, or in some small parametric limits, in such MGTs [13,14,16,17,19,62,64]. The priorities of
such an approach are that: 1) The axiomatic formulation of GR is naturally extended for [N, g, V[g]]
or ['N, 'g, 'V['g]], where D = V[g| + Zand 'D = 'V|'g] + 'Z; and 2) there are metric compatible
canonical geometric objects D[g] and Z([g], respectively, 'D[g] and 'Z[g], which allow us to apply the
AFCDM and decouple and integrate in certain general off-diagonal forms FLH modified relativistic
geometric flow and generalized Einstein equations; 3) all nonholonomic geometric and physical models
can be formulated in a causal and self-consistent physical forms using Lorentz configurations deter-
mined by (g, V[g]), or ('g, 'V['g]); nonholonomic frames, distortions of connections and generating
functions and generating sources can be prescribed for metric or nonmetric configurations as for FLH
modified f(R, T, Q, ...) gravity theories but extended on respective (co) tangent bundles.

One of the main tasks for any physical theory is to construct and study physically important
solutions of respective systems of fundamental nonlinear PDEs. Such equations and their solutions
typically describe certain geometric evolution, dynamical field interactions, kinetic or dynamical
classical/ quantum processes. The AFCDM was elaborated in our works as a geometric and analytic
method for constructing generic off-diagonal solutions in GR and various types of MGTs, see recent
reviews of results in [17,25,26,152]. It uses geometric methods elaborated from Finsler-like geometry
theories for conventional nonholonomic 2+2 and (2+2)+(2+2) etc., splitting, respectively, for 4-d GR
and MGTs and for 8-d FLH gravity theories. We note that a generic off-diagonal metric can’t be
diagonalized by coordinate transforms in a finite spacetime region, and the coefficients of metrics and
(non) linear connections may depend, in general, on all spacetime and phase space (fiber or co-fiber)
coordinates.

The main reason to study off-diagonal configurations in GR and 2+2 toy models of FLH theories
(they can be defined by a formal N-connection splitting) is that, in general, the exact or parametric
solutions are described by 6 independent coefficients (from 10 ones for a symmetric metric tensor
on a Lorentz manifold). Such configurations are different from the cases of quasi-stationary and
cosmological solutions described by a diagonal ansatz with a maximum of 4 independent coefficients
of metrics. We argue that two additional degrees of freedom allow us to describe new models of
relativistic physics and locally anisotropic cosmology involving nonlinear off-diagonal gravitational
and (effective) matter field interactions. This can be used, for instance, for elaborating various models of
nonlinear classical and quantum theories, locally anisotropic thermodynamics, diffusion and kinetics,
and effective DE and DM physics. We constructed classes of generic off-diagonal solutions involving
nontrivial gravitational vacuum and pattern-creating structures (for instance, time quasi-crystal-like),
with locally anisotropic polarizations of physical constants; or describing moving BHs, black ellipsoid/
torus (BE and BT) configurations and nonholonomic WHs. Such results are discussed in details in
[13,17,18,24-26,152,160].

The main goal of this paper is to formulate and analyze general geometric methods of constructing
exact and parametric solutions, physical properties and some applications of generic off-diagonal
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solutions in 8-d relativistic FLH MGTs. The AFCDM is applied for respective nonholonomic dyadic
(2+2)+(2+2) decompositions and distortions of d-connections. We shall omit tedious proofs and
cumbersome formulas presented in [18,25,26] (those works contain details and various constructions
with nonassociative and noncommutative variables, and other examples of MGTs). A generalized
abstract geometric and abstract index formalism (which is similar to that in [2]) is used to simplify
the formulas and proofs; when necessary, technical results will be summarized in the Appendix.
We provide explicit coefficient formulas describing how physically important BH, WH, BT, and
cosmological solutions can be constructed in FLH MGTs. Then, we analyze how such solutions are
nonholonomically deformed into new classes of off-diagonal solutions in GR and MGTs. Certain
models with nontrivial gravitational vacuum, polarization of physical constants, and deformation of
horizons (in general, depending also on velocity/ momentum variables) will be elaborated. Because
the general off-diagonal solutions in MGTs and GR do not involve, in general, certain horizons, duality,
or holographic configurations, the Bekenstein-Hawking thermodynamic paradigm [113,114] is not
applicable to characterise such solutions. We argue that other types of thermodynamic variables
defined by G. Perelman [108] can be used for characterizing the fundamental properties of off-diagonal
solutions corresponding to conventional 2+2+2+... splitting [13,119]. Our models with nonholonomic
and FLH generalizations of the Ricci flow theory are formulated in certain forms which allow us to
apply the AFCDM for constructing new classes of off-diagonal solutions for nonholonomic and FLH
Ricci solitons. Such nonholonomic geometric configurations are equivalent to Finsler modified Einstein
equations with nontrivial cosmological constants if certain additional conditions are imposed. For
respective classes of solutions, we show how to define and compute the G. Perelman thermodynamic
variables for respective classes of physically important solutions.

We generalize for metric and nonmetric FLH theories the main Hypotheses (structured below as
sub-paragraphs H1, H2,...) formulated in certain particular cases, or in different forms and for other
types of nonholonomic structures, in our partner works [13,17-19,25,107,161]:

H1. The axiomatic formulation of the Einstein gravity theory on Lorentz manifolds can be extended for
Finsler-like gravity theories in physically motivated, self-consistent, and mathematically rigorous forms
on (co) tangent Lorentz bundles. In general forms, the nonholonomic geometric formulation of such
FLH MGTs is similar to metric-affine geometry, when the fundamental geometric objects and physically
important systems of nonlinear PDEs can be adapted to a prescribed N-connection structure. The
nonmetric generalizations are performed by using distortions of Finsler-like connections used in metric-
compatible theories (such constructions may involve, or not, nontrivial torsion structures). Explicit
examples of FLH MGTs can be derived by postulating respective classes of Lagrangian or Hamiltonians,
or certain almost symplectic structures, and by prescribing corresponding classes of FLH generating
functions. Such generating functions and effective sources can be with homogeneity conditions, or with
other types of prescribed symmetries, N-connections, and d-connections. General frame/coordinate
transforms and distortions of connections on (co) tangent Lorentz bundles (in particular, on base
spacetime manifolds), and respective classes of off-diagonal solutions of fundamental systems of
nonlinear PDEs, mix the types of FLH theories and may transform them into general nonholonomic
MAG theories.

H2. Considering N-adapted geometric flows on a (temperature-like) T-parameter involving respective
distortions of connections and Sasaky-type d-metrics, we can generalize the theory of Ricci flows for
respective nonolonomic geometric flows of FHL theories. In relativistic forms, such FLH-flows are
modelled on (co) tangent Lorentz bundles. Considering N-adapted (3+1)+(3+1) splitting, the G.
Perelman’s statistical and geometric thermodynamics can be generalized for FLH and various types of
MGTs. For such modifications, explicit formulations and proofs of certain generalized Poincaré-Thurston
conjectures are not possible because the topological and geometric analysis constructions depend on
the types of N- and d-connections and respective distortions. Nevertheless, formal generalizations and
respective general decoupling and off-diagonal integration properties of the modified R. Hamilton and
D. Friedan geometric flow equations can be proven for general classes of distortion relations, generating
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functions and sources. This allows us to compute the modified G. Perelman thermodynamic variables
for respective classes of FLH theories, and important classes of solutions, and speculate on the physical
importance and possible application of such theories or classes of solutions. The dynamical FLH
gravitational and (effective) matter field equations stated by H1 can be considered as specific examples
of FLH Ricci solutions, which are derived as self-similar nonholonomic geometric flow configurations
for a fixed T = 1.

H3. The fundamental geometric and physically important systems of nonlinear PDEs considered for H1 and
H2 (FLH modified geometric flow or gravitational and matter field equations) can be decoupled and
integrated in general off-diagonal forms using the AFCDM. Such geometric and analytic methods allow
us to generate physically important exact and parametric solutions using respective dyadic variables
with conventional nonholonomic (242)+(2+2) decompositions. For respective subclasses of generating
and integration functions, we can define FLH modifications/ versions of BH, WH and BT solutions. In
dual forms, with respective nonlinear symmetries, we can elaborate on locally anisotropic cosmological
models with implications in modern DE and DM physics. Typically, the Bekenstein-Hawking paradigm
does not apply to characterizing physical properties of such FLH theories and respective classes of
solutions. Changing the statistical thermodynamic paradigm to that for G. Perelman’s thermodynamics
of Ricci flows, we can investigate in a more general form the physical properties of such nonlinear
systems under nonholonomic geometric evolution and/or with dynamical off-diagonal interactions.

H4. Certain Finsler-like MGTs are used to study new (non) metric and nonlinear physical effects and
observational features of accelerating cosmology, DE and DM theories. This involves both conceptual
and technical problems if we consider FLH non-standard models of particle physics with nonmetricity
fields. In such cases, to define in a unique form Finsler variants of the Dirac operator and respective FLH
modifications of the Einstein-Dirac, ED, equations are not possible. For the canonical d-connection,
which is metric compatible and can be related via frame transforms to the Cartan-Finsler d-connection,
the constructions for Clifford structures are similar to those in GR, but result in ambiguities, for
instance, for the Chern-Finsler d-connection (because of nonmetricity). In our approach, we can define
FLH-modifications of certain well-defined EYMHD systems possessing physically motivated solutions
in nonholonomic dyadic variables and canonically adapted (non) linear connection structures. For such
configurations, the AFCDM allows us to decouple and integrate in a certain general off-diagonal form
and generate both metric-compatible and nonmetric solutions. Various classes of solutions in GR and
MGTs defined on Lorentz spacetime manifolds can be extracted for certain particular parameterizations
of general generation and integration data. Using the formalism of N-adapted distortion of linear
connections nonholonomic dyadic variables, and canonically adapted (non) linear connection structures,
the AFCDM allows decoupling and integrating in a certain general off-diagonal form the nonmetric
FLH geometric evolution flow equations and related dynamical (non) metric EYMHD equations. All
new classes of off-diagonal solutions for nonmetric FLH geometric flow equations, with nonholonomic
Ricci soliton configurations for EYMHD systems, etc., are characterized by generalized G. Perelman
thermodynamic variables.

H5. FLH geometric flow and MGTs can be quantized by using nonholonomic generalized methods of defor-
mation quantization, generalized Batalin-Fradkin-Vilkovisky quantization methods, etc. Generalized
QG theories with local anisotropy and modified dispersion relations, for FLH models, can be elaborated
in certain compatible forms with the (super) string/ M-theories. In general, they involve nonassociative
and noncommutative R-flux modifications and nontrivial Lie-algebroid structures and gerbes. Such
constructions result in new types of nonmetric FLH geometric and quantum flow information theories,
and locally anisotropic kinetic, diffusion and geometric thermodynamic models.

The goals and structure of the article motivate the hypotheses H1-H3 (further partner works will
be devoted to H4 and H5; when [37,51,87,87,89,96-98,100,103,104,160] contain necessary geometric
methods and a number of preliminary results) as follow:

In Section 2, we outline the nonholonomic geometry of metric and nonmetric FLH MGTs on
(co) tangent Lorentz bundles by formulating an abstract geometric approach with metrics and affine
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connections adapted to N-connection structures (the first aim of this paper, i.e. objective Objl). This
allows us to generalize the axiomatic principles of GR for FLH theories. The second aim (Obj2) of
this work is to formulate such MGTs in a generalized form, when using distortions of connections
and respective effective sources we can construct nonholonomic geometric and physical models
with nontrivial torsion and nonmetricity fields. Such theories include Finsler-like generalizations of
f(R,T,Q,...) gravity to physical d-objects depending on both spacetime and velocity/momentum type
variables. We also discuss how certain examples of Finsler gravity theories and physically important
(in many cases undetermined or incomplete) solutions studied recently in the physical literature can
be included as particular cases in our approach.

Two important goals of this article are stated in Section 3. We formulate the theory of nonmetric
geometric flows of FLH systems in the first subsection (consisting of the third aim, Obj3). Respective
nonmetric deformed G. Perelman functionals and thermodynamic variables are postulated, which
allows us to derive both in abstract geometric or N-adapted variational forms, the metric and nonmetric
geometric flow equations. This consists of the forth aim (Obj4) of the paper. Here, we emphasize
that Perelman’s thermodynamics is different and more general than the constructions based on
the Bekenstein-Hawking paradigm. The (non) metric geometric flow approach is important for
characterizing off-diagonal solutions in GR and various types of MGTs, including also the FLH models.

In Section 4, we provide details and proofs that nonmetric geometric flow equations of the FLH
modified Einstein equations can be decoupled and integrated in general off-diagonal forms. This
is possible for various classes of distortions of Finsler-like connections and FLH theories, consisting
of particular examples of nonholonomic Finsler-Ricci solitons (the fifth aim, Obj5). We consider
examples for toy 2+2 FL and FH models, then extend the constructions for nonholonomic (2+2)+(2+2)
splitting using velocity/ momentum-like variables and speculate how the LC configurations or
other type Finsler-like structures can be extracted in general forms. As the sixth aim (Obj6), we
formulate a method of geometric and analytic computations of G. Perelman thermodynamic variables
for nonmetric geometric flows of FLH systems, using new types of nonlinear symmetries relating
generating functions and generating sources to certain families of effective running cosmological
constants. We discuss some examples of how solutions for Finsler gravity theories constructed by other
authors can be introduced in our nonholonomic MAG approach. This is related to the seventh aim
(Obj?7) to study how the nonholonomic geometric flows and off-diagonal interactions can transform a
class of FLH theories into another class, and how this is described by respective sub-classes of general
solutions.

The Section 5 is devoted to constructing explicit classes of physically important exact and para-
metric generic off-diagonal solutions for nonholonomic geometric running of FLH theories. The eighth
aim (Obj8) is to apply the AFCDM to generate quasi-stationary solutions describing off-diagonal non-
metric FLH of regular BH solutions in GR to ellipsoidal configurations, in particular, for BE solutions.
We state the conditions for generating BH, WH, BT and solitonic wave configurations in FLH gravity.
The second class of solutions (with different variables and nonlinear symmetries which are defined
in certain time dual forms to quasi-stationary configurations; i.e. the ninth aim, Obj9) is constructed
for nonmetric cosmological configurations encoding FLH deformations of the spherical symmetric
cosmological systems in GR. As explicit examples, we analyze accelerating models with spheroidal
symmetry and voids, with solitonic wave evolution, and small parametric deformations of the FRW
metrics to (co) tangent Lorentz bundle configurations. In brief, we speculate on possible applications
of such results and methods in DE and DM physics.

In Section 6, we conclude the results of this work and discuss further perspectives. Appendix A
contains the technical results and the necessary proofs for the AFCDM generalized for FLH geometric
flow and MGTs. We summarize this method in Tables A1-A3 in Appendix B, which can be used for
constructing quasi-stationary and locally anisotropic cosmological solutions in Finsler-like gravity
theories. Finally, we note that this review also has a pedagogical character for introducing and
abstract geometric formalism of FLH theories. So, we present necessary details for formulations

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202508.1868.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 August 2025 d0i:10.20944/preprints202508.1868.v1

14 of 115

and proofs of formulas on nonholonomic phase spaces modelled as (co) tangent Lorentz bundles (in
general, endowed with dyadic splitting, distortions of connections) to familiarize the reader with the
formalism. Then, when we consider the provided calculations and examples with conventional indices,
coordinate dependencies, etc., are enough for understanding the fundamental ideas and geometric
constructions, we omit details and provide the formulas, for instance, only for FL structures and
respective nonholonomic Ricci soliton configurations.

2. Nonholonomic Metric or Nonmetric Geometry and FLH-Modified Einstein
Gravity

In this section, we show how the Einstein gravity and MGTs formulated (effectively) on Lorentz
manifolds can be extended on (co) tangent Lorentz bundles (equivalently, phase spaces) as relativistic
FLH theories. In general, such Finsler-like gravity theories involve nontrivial torsion and nonmetricity
fields. The gravitational field equations in metric and nonmetric FLH MGTs are introduced in the most
general forms with effective sources determined by distortions of linear connection structures and mat-
ter field configurations lifted on total phase spaces involving both spacetime and velocity /momentum
type coordinates.

We provide six important motivations to elaborate and study physical implications of FLH MGTs
theories:

1.  MDRs and models of locally anisotropic media can be described by nonholonomic or generalized
Finsler structures on phase spaces [17,78-80,101,131,158].

2. A subclass of Finsler geometries and physical models involves LIVs [81,82,84,130], which could
define a new physics if such effects were be discovered.

3. InMGTs, we can define N-connection structures determined by semi-spray equations, i.e. nonlin-
ear geodesic equations. Such equations are equivalent to the Euler-Lagrange and/or Hamilton
equations [32,46,47]. This results into alternative formulations of geometric mechanics, which
may involve supersymmetric/ nonassociative and other types nonholonomic variables [19,62].

4. Non-geometric star product R-flux deformations in string theory [15,162,163] can be geometrized
in nonassociative and nonholonomic forms on 8-d phase spaces involving complex or real
momentum variables [13,18,26]. Star product R-flux deformations can be also characterized by
MDRs encoding nonassociative and noncommutative data. We also can elaborate on (super) string
and supergravity theories when extra dimension coordinates are velocity /momentum type [17,19,
71-73]. To prove general decoupling and integration properties of physically important systems of
nonlinear PDEs in such theories, we have to consider nonholonomic dyadic decompositions and
certain classes of generalized metrics and linear connections adapted to N-connection structures.
Such geometric methods were elaborated in Finsler geometry.

5. New classes of generic off-diagonal solutions with effective sources in MGTs on (nonassociative,
noncommutative, supersymetric, etc.) phase spaces, or nonholonomic Lorentz manifolds, are
characterized by G. Perelman statistical and geometric thermodynamic models [108] which are
generalized for nonassociative Finsler-Lagrange-Hamilton geometric flow and nonholonomic
Ricci soliton theories [53,115-119]. We cite [13,98,107] for recent results and methods (which
were originally formulated in Finsler geometry) on nonholonomic or nonmetric geometric and
quantum information flows and FLH, and other types of MGTs.

6. We elaborated the AFCDM as a geometric and analytic method for constructing generic off-
diagonal solutions in GR and various types of MGTs by using nonholonomic dyadic frames and
certain canonical d-connections defined as in Finsler geometry, see recent reviews of results in
[17,18,25,26,152]. Conventional nonholonomic 2+2 and (2+2)+(2+2) etc. splitting (respectively,
for 4-d GR and MGTs and for 8-d FLH gravity theories) were used. New classes of Finsler-like
solutions were constructed for elaborating various models of nonlinear classical and quantum
theories, locally anisotropic thermodynamics, diffusion and kinetics, and effective DE and DM
physics.
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2.1. E. Cartan’s Approach, Canonical d-Connections, and Relativistic FLH Geometry
2.1.1. Finsler-Cartan Geometry

The first example of Finsler metrics was considered by B. Riemann in 1954 his famous habilitation
thesis [27], when the Riemannian geometry was constructed as a particular example of curved space
geometry defined by a quadratic line element ds* = gij(x)vivj , for v ~ dx’. More general cases with

ds* = F%(x,0), ()

where F(x,v) is a general nonlinear function (or a functional on some other tensor, etc. functions,
depending on (x,v)) had not been studied in that work. In modern literature, a generating function
F(x,v) is also called a Finsler metric which results in certain ambiguities because a metric tensor is not
just a line element and we need additional assumptions to define some (symmetric or nonsymmetric)
tensors.” In standard Finsler models, certain homogeneity conditions, F(x, Av) = |A|F(x,v), with the
module taken for a real constant A (and other geometric or physical conditions) are considered. Con-
trary to the Riemannian geometry, which is completely defined by a metric tensor g;;(x), to prescribe a
F(x,v) is not enough for constructing geometric or physical models in a rigorous and complete form.
Additional assumptions on the properties of geometric objects were used for constructing different
types of Finsler geometries.

The monograph [29] contains in coordinate form the definition and first examples of some
N-connection and d-connection structures which define in a complete mathematical form the so-
called Finsler-Cartan geometry. Here we note that E. Cartan introduced the term Finsler geometry
for a class of non-Riemannian spaces defined and studied originally in [28], see historical remarks
and details in [17-19,30,31,158]. The monographs [164,165] (see references therein) contain in local
coordinate forms all necessary concepts and formulas which are necessary for constructing geometric
models of gravity and particle field theories on curved pseudo-Riemannian spacetimes and Finsler
geometries. Here we note certain definitions of fiber bundles, N- and d-connections, spinors, moving
frames, etc. The first example of Finsler-Cartan modified Einstein equations was provided in [44]
using the Cartan d-connection (which is metric compatible) for Finsler geometry. That was not yet
a generalization of the Einstein gravity theory because v = { v’} where treated as velocity-type
variables on a Riemannian manifold M with local Euclidean signature, and the concept of tangent
Lorentz bundle was not involved. Here we note that certain influential authors [32] use the term
Riemann-Finsler geometry because B. Riemann considered Finsler-like nonlinear quadratic elements
many years before Finsler’s thesis. In our opinion, this is not quite correct because self-consistent and
physically important Finsler-like geometries can be formulated only by introducing different types of
Finsler linear connection structures adapted to N-connections, for instance, due to Chern, Berwald,
Hashiguchi, etc. For reviews of definitions and necessary coefficient formulas, we cite [30,31,136]) and
distortions of connections from (1). Such d-connections may be metric compatible or not compatible,
which has different implications for constructing physical theories.

In geometric mechanics, a Finsler generating function F(x,v) can be used as an effective La-
grangian L(x.0) := F?(x,v) and applied, for instance, for constructing certain models of reonomic
mechanics. In such theories, corresponding homogeneity and nonholonomic constraints are intro-
duced. In equivalent form, the terms nonholonomic and anholonomic, i.e. non-integrable constraints,
are used in literature on Finsler geometry (by analogy to nonholonomic mechanics [47]). In a more
general context, Finsler geometries can be considered as certain examples of nonholonomic geometries
originally formulated and studied in detail in [38,39,44,62,64,76,77]. The idea to drop the conditions of
homogeneity and consider a Finsler-like generalization of Lagrange mechanics on tangent bundle TM,
by introducing the concept of Lagrange geometry, also called Lagrange-Finsler geometry, is due to J. Kern
[46]. In a rigorous form, such geometries can be defined on the tangent bundle TM and extended on

5 We show below how to define so-called vertical metric structures (Hessians) and Sasaki type lifts d-metrics, see respective
formulas (3) and (13).
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higher order tangent bundles like TTM, TTTM etc., see [19,50]. We cite R. Miron and his co-authors’
works with many reserves and critical remarks on hidden plagiarism, intellectual slavery, and other
ethical, political and human rights problems during N. Ceausescu’s dictatorial regime provided in
appendix B of [17].

We emphasize that the geometrization of mechanics and classical field theories using generalized
Finsler d-objects is very different from another approaches [47]. Certain authors [55-57,125,126,166]
constructed Finsler-like theories by dropping the conditions of Euclidean signature for certain effective
or background metrics on base manifolds, typical fibers and respective total bundles, but had not
elaborated a complete geometric formalism for relativistic Finsler spaces. In our works [17,19,62,71,72],
we concluded that we have to consider certain base Lorentz manifolds V of necessary dimension and
smooth class, and respective (co) tangent bundles on such manifolds, if we wont to study Finsler-
Lagrange, FL, modifications of the GR and modern MGTs in a causal form on TV, TTV, etc. This
allows us to elaborate in covariant form on physically viable theories with local anisotropy but in
certain relativistic forms and causality structure which are similar to those in special relativity and
GR theories and in standard particle physics. The Finsler-like generalizations distort such geometric
constructions (for instance, for different connection structures), but certain effective metrics of signature
(+,+,...,+, —) are supposed to be defined on typical base and fiber spaces. This way we avoid the
problem of constructing analyzing properties of a plethora of Finsler-generalized causal structures,
which depend on the type of Finsler geometry and fundamental physical equations are postulated
for respective theories. In our approach, the main assumption is to begin our research with certain
well-defined geometric and physical models (of relativistic mechanics, gravity, standard particle
physics, etc.) on a (co) tangent Lorentz bundle, or Lorentz manifold. Then, we can consider additional
nonholonomic transforms, nonholonomic distributions and distortions of connections which result in
certain generalized metric or nonmetric FL theories, or their dual FH models.

2.1.2. N-Connection Structures for FL and FH Spaces

The GR theory is formulated on a Lorentz manifold V|g, V] of dimension 4, dimV = 4 (for
the higher dimension theories, we can consider dim V' > 4, when the manifolds are of necessary
smooth class and signature). We follow the conventions from [13,17-19,26,158] as (co) tangent Lorentz
bundle generalizations of the geometric methods from [1-4]. A ¢ = {g;;(x)} a four dimensional, 4-d,
pseudo-Riemannian manifold V = 3V of signature (+ + +—). Naturally and minimally, we can
elaborate on Finsler-like modifications of GR and MGTs and of the standard particle physics theories
on conventional phase spaces modelled as tangent and cotangent Lorentz bundles, TV and T*V.°

A relativistic 4-d model of Lagrange geometry [46], i.e. a Lagrange space 3L = (TV,L(x,0)),
consists a generalization of the concept of Finsler space by dropping the homogeneity conditions for
F (x,v). We call it as a Finsler-Lagrange, FL, geometry if it is completed (see below) with additional
Finsler-like N-connection and d-connection structures. This is a 8-d phase space M with velocity
type conventional coordinates y ~ v is defined by a fundamental function (equivalently, generating
function) L(x,v) subjected to the conditions:1) TV > (x,v) — L(x,v) € R, which is a real valued
function, differentiable on TV := TV /{0}, for {0} being the null section of TV, and continuous on the
null section of 7t : TV — V; 2) Such a Lagrangian model is regular if the Hessian (v-metric)

_ 1 %L
gub(x/ U) :

" 2 9vio0b ®)

is non-degenerate, i.e. det|g,,| # 0, and of constant signature. In our works, we distinguish the
so-called horizontal, h, space coordinate indices (xi, fori,j,..=1,2,3,4) from the vertical, v, ones (7,

6 We note that, the geometric constructions can be performed similarly for higher dimensions (with extra dimension pseudo-
Riemannian coordinates as in Kaluza-Klein or string gravity theories) and other types of MGTs. We can elaborate also on
f(R) or f(Q) gravity [7-11,14,16] effectively modelled on 4-d Lorentz manifolds. In this work, we assume that the GR can be
modeled only on a 4-d base spacetime manifold V when the fundamental geometric structures are subjected to Finsler-like
nonholonomic generalizations for MGTs formulated on certain total (co) tangent Lorentz bundles.
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fora,b,... = 5,6,7,8), when additional conventions will be considered for certain lifts of geometric
objects from the base to the total spaces.

In a similar form, a 4-d relativistic model of Hamilton geometry (space, it includes generalizations of
dual Finsler geometries) 3H = (T*V,H(x, p)) can be constructed for a fundamental function (equiv-
alently, generating Hamilton function) on a Lorentz manifold V. We call it a Finsler-Hamilton, FH,
geometry if it is completed (see below) with additional Finsler-like N-connection and d-connection
structures. Such a 8-d phase space 'M with conventional momentum-like coordinates p = {p,} is
defined by a Hamiltonian H(x, p) subjected to the conditions: 1) T*V > (x,p) — H(x,p) € Ris
defined by a real valued function being differentiable on T*V := T*V /{0*}, for {0*} being the null
section of T*V, and continuous on the null section of 77* : T*V — V; 2) such a model is regular if the

Hessian (cv-metric)
1 o*H
15ab
xX,p)=-— 4
§ )= 55,50 @)

is non-degenerate, i.e. det | 'g”’| # 0, and of constant signature.”

We can elaborate on generalized Finsler theories with Finsler-Lagrange-Hamilton, FLH, geometric
objects defined on relativistic phase spaces defined by certain general generating functions L(x, v)
on TV or H(x,p) on T*V. For simplicity, we can consider only regular configurations for nonzero
Hessians, even though such geometries can be formulated for singular ones as in geometric mechanics
involving nonholonomic constraints on generalized coordinates [39,77]. Here, we note that there
are Legendre transforms L — H, with H(x, p) := pay® — L(x,y) and y” determining solutions of the
equations p, = dL(x,y)/dy". In a similar manner, the inverse Legendre transforms can be introduced,
H — L, for

L(x,y) == pay" — H(x, p) (5)

and p, determining solutions of the equations y? = 0H(x, p)/9dp,. For regular configurations, we can
work equivalently both with Largange and/or Hamilton spaces. Here we emphasize that, in general,
the Lagrange mechanics is not equivalent to the Hamilton mechanics, see details in [19,47,50]. So,
corresponding Finsler-like (more exactly, Finsler-Cartan) extensions of GR are different, for instance,
for different types of formulated almost symplectic structures and used N- and d-connection structures
as we explain in [17].

Using the antisymmetric product A on a Hamiltonian phase space H, we can define a canonical
symplectic structure § := dp; A dx’ and a unique vector filed Xy := g—g% — g—ga%i determined
by the equation ig 6 = —dH, where ig,, denotes the interior produce defined by Xpy. This allows
to perform a Hamilton calculus for any functions !f(x,p) and ?f(x,p) and respective canonical
Poisson structure { 1, 2f} := (X, r Xz f). For instance, we can construct a structure which is related
to respective so-called Hamilton-Jacobi configurations: Let us consider a regular curve ¢({), when
c:Z€[0,1] — x/(7) C U C V, for a real parameter {. It can be lifted to 7~} (U) C TV defining a curve
in the total space, when ¢(¢) : ¢ € [0,1] — (x({), ' ({) = dx'/d() with a non-vanishing v-vector field
dx'/dg. The canonical Hamilton-Jacobi equations for relativistic FH spaces are defined:

1
T = {Hx'} and P — ()

non

7 We follow such additional conventions: A v-metric §,; and a c-metric 'g*’ are labeled by a tilde "~" to emphasize that such
conventional v—metrics and c-metrics are defined canonically by respective Lagrange and Hamilton generating functions.
General frame/ coordinate transforms on TV and/or T*V allow us to express any "tilde" Hessian in a general form,
respectively as a vertical metric (v-metric), g, (¥, ), and/or co-vertical metric (cv-metric), '¢"’(x, p). We can also works
with inverse frame/ coordinate transforms by prescribing any v-metric (cv-metric). In general, a g, is different from the
inverse of 'g%, i.e. from 'g,,. In explicit form, certain Lagrange and/or Hamilton models on corresponding M and/or
'M can be always constructed by prescribing certain generating functions L(x, y) and/or H(x, p). We shall omit tildes on
geometrical/ physical objects if certain formulas hold true in general forms and not only for some canonical structures and if
that will not result in ambiguities.
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We can elaborate equivalent Lagrange and Hamilton models of relativistic phase spaces formu-
lated as L-dual effective phase spaces H>! and L>! described by fundamental generating functions H
and L which satisfy respectively such important conditions: The Hamilton-Jacobi equations can be
written as ] ~ ~

dx'  oH dp; oH

P T T

being equivalent to the Euler-Lagrange equations,

d oL oL

oy o ©
The equations (6), in their turn, are equivalent to the nonlinear geodesic (semi-spray) equations
d*x! ;i 0°L oL
2 =0, for G L Sk 7
Fr G'(x,p) =0, for G' = 28 (G~ 3 )

with g' being inverse to gij (3). These equations state that point-like probing particles move in
corresponding phase spaces not along usual geodesics as on Lorentz manifolds, but follow some
nonlinear geodesic equations.

Using G from (7), we can define a canonical N-connection in L-dual form following formulas

N 7 *H I~ 9?H N ~4 oG
N_{ ij = [{ iy H} — dpraxt 8jk ~ dpon glkl}andN_ {Ni = ayl} 8)

This is a corn-stone geometric object for defining Finsler-like models on TV or TV. For the Finsler ge-
ometry with L = F?, the N-connections were introduced by E. Cartan in [29]. In rigorous mathematical
form, N-connections can be defined as certain C. Ehressmann connection [42]. For our purposes, we
can consider them as nonholonomic distributions defining conventional h and v, or ¢, distributions:

N(u): TTV = hTV @ vTV or 'N('u) : TT*V = hT*V @& cT*V, )

where @ is a direct (Whitney) sum. They define corresponding nonholonomic (4+4) splitting of (co)
tangent bundles. In local coordinates u = (x,v) or 'u = (x, p), N-connection are defined in respective
coefficient forms as N(u) = {N#(x,v)} or 'N('u) = { 'N?(x,p)}.

2.1.3. Canonical d-Metrics in Relativistic FL. and FH Geometry

Any "tilde" N-connection 'N allows us to define respective systems of canonical N-adapted (co)
frames, for instance, when

o] ~ 0 0
I~ . o 1,b *17.
e, = (&= Fyi Ni,(x, p)apa e’ = —apb), on T*V; (10)
e = (' =dx, 'eq =dp,+ Nig(x,p)dx’) on (T*V)*.

Generalizing the abstract geometric formalism from [2], see details for phase spaces in [13,17,18,62],
the formulas (8) and (10) are defined respectively in dual form by L and N, when

- _ ) ~ d d
e = (&= Fyi Nf(x,v)ﬁ, b= 5 =), onTV; (11)
& = (¢ =dx',e" = dv" + N?(x,v)dx') on (TV)*.
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Above N-adapted frames are, in general, nonholonomic (equivalently, anholonomic, i.e. non-integrable)
because they satisfy certain anholonomy conditions. For instance,

ep ey — ‘& '€ = 'wp, ['Ni) ‘e, (12)

where the the formulas for the anholonomy coefficients ‘wgy[ 'Niz] on ' M can be found by computing
the commutators in explicit form. A basis '€y ~ 'd, is holonomic and can be transformed into
a coordinate one for trivial N-connection structures satisfying the conditions ‘wgv[ 'Nj,]. Similar
formulas can be defined on M using geometric objects without label "”.

The Hessians (3) and (4) define certain v- and c-metric structures but not total metrics. The Sasaki
[45] lifts and respective N-adapted frames (11) and (10) allow us to define on total bundles certain
canonical distinguished metric, d-metric, structures

g = 'gvaﬁ(x,y)'é“(@Eﬁ = gNij(x,y)ei @ el + Zop(x,y)e" ® & and/or (13)
g = Bylvp) T = Gixpeod+ Py e . (14)

Here we not that the terms d-metric, d-tensor, d-connection, d-spinor, d-object etc. are used for all geo-
metric objects which are such way adapted to N-connection structures The d-tensors g and 'g are com-
pletely determined by respective geometric data (L N;¢&,,e%; ; Siks g7 )o (ﬁ, 'N; '8y, €% 'g”b , ')
They consist cornerstone geometric structures for defining relativistic FL. and FH spaces.

Using frame transforms, the d-metric structures (13) and (14), with tildes, can be written, respec-
tively, in general d-metric forms without tildes. Such vierbein transforms can be parameterized respec-
tively as e, = €% (1)d/9u® and ef = o ﬁ(u)dué, where the local coordinate indices are underlined in

p

order to distinguish them from arbitrary abstract ones. In respective formulas, the matrix e g is inverse

to e, for orthonormalized bases. For Hamilton like configurations, one writes 'e, = 'e% ( '"w)a/a 'ut
and 'ef = 'ef /S( 'u)d 'uP. If such transforms are adapted to certain N-connection structures, we may
use e, = {e%j and 'e, = { 'e‘;}, and impose additional conditions to generate orthonormal frames,
or to preserve certain h-v, or h-c, nonholonomic splitting for general d-metric structures g and 'g.
Tilde labels are appropriate to emphasize that certain d-metrics encode FL or FH data, respectively,
&, = {&,} and '8, = {'&"}. We can prescribe respective generating functions L or H to transform an
arbitrary phase space M or 'M into a relativistic FL or FH space, M or ' M. Inversely, arbitrary frame
transforms define modifications of the nonholonomic geometric structures, M — M or 'M — 'M.

With respect to local coordinate frames, any general d—metric structures on M or 'M can be
written as

g = gaﬁ(x,y)e“®eﬁ:ggé(x,y)du%bduéand/or (15)

g = Ig“ﬁ(x,p) |ea®\eﬁ: ‘g&ﬁ(x,p)d‘uﬂ(x)d‘ué.
Using frame transforms, g,p = e%‘e% gupand 'gp = ‘e’ ‘e% 'Sup, corresponding off-diagonal coeffi-
cients of these d-metrics are parameterized in the form: -

S [gi,(xwgab(x,wa( YN (x,y) gae<x,y>N;<x,y>]and
= e (%, Y)N; (x,9) Sab (%,)
'9; ab 'Nia(x, "Ny (x, |ae|N,e ,
s = [ gi(x)+ '8 (Jgezlﬂlzl (x,(;) p) 'Npp(x, p) glgab(]xf;)p) ] a6

Phase space metrics of type (16) are considered, for instance, in the Kaluza-Klein theory and various
string theories with extra dimension coordinates [22,55-57,62,68,69,73,76,102-104]. Such metrics are
generic off-diagonal if the corresponding N-adapted structures are nonholonomic, see (12).
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To develop and apply the AFCDM in sections 3 and 4 and construct exact and parametric solutions
in FLH theories, we have to consider conventional (2+2)+(2+2) splitting on respective phase spaces.
Such nonholonomic structures can be stated as dyadic (i.e. 2-d) decompositions into four oriented
shells s = 1, 2,3, 4. In brief, we write this as s-decompositions and use respective s-labels in abstract
form, or we shall use indices and coordinates with additional s-label. Nonholonomic s-splitting is
defined by respective N-connection (equivalently, s-connection), structures:

IN: (TT*V = WT*'ve 20T*V @ 3cT*V @ 4cT*V, which is dual to
N: (TTV = WWTv e 20TV @ 30TV @ “oTV, fors = 1,2,3,4. (17)

In (17), 'h is for a conventional 2-d shell (dyadic) splitting on (co) tangent bundle (for local coordinates
x1) and 2v is for a 2-d vertical like splitting with x2 = y® coordinates on shell s = 2. Then, on
(co) fiber shell s = 3, the splitting is conventional (co) vertical; we write 3 (or 3c) and use local
coordinates 0™ (or py, ). Similarly, on the 4th shell s = 4, we use respective symbols v and v* (or *c
and p,, ). Hereafter, we consider that we can always write necessary formulas of s-geometric objects on
s-labelled phase spaces, s M = TV and ;M = T*V, when the formulas for velocity and momentum
type coordinates can be enabled with necessary shell indices.

Using a set of s-connection coefficients, we can construct N-/ s-adapted bases as linear N-

operators:
I | J | d 1 ,bs d
eﬂés[ Nisﬂs] = ( ‘eis = axls - Nisﬂs apas , € = apbs ) on STT\*VI
I I I d | d 1,b J
e“[ Nla] == ( el‘ = axis - Niﬂ Tpa’ e = TPb) on TT‘*V, (18)

and, dual s-adapted bases, s-cobases,

e['N,] = (‘e =dx" ‘e, =dps+ Njgdx")on T*T/V,
['Nig] = ('¢'=dx’,'es=dps+ Nigdx')on T'T'V. (19)

Such s-frames are not integrable because, in general, they satisfy certain anholonomy conditions (12)
(in this case, with shell indices).

2.1.4. General Covariance, Modified Dispersion Relations and Nonholonomic FLH Variables

We suppose that MGTs derived in the framework of the M-theory, or string gravity, and for
quasi-classical limits of QG, can be characterized by MDRs (22) can be modelled with (small) values of
and an indicator @ are described by basic Lorentzian and non-Riemannian total phase space.

Dropping the conditions of homogeneity of the generating function, the formula for the relativistic
Finsler nonlinear quadratic line elements (2) transform can be written for respective Lagrange and
Hamilton spaces:

ds% L(x,v), for models on TV; and (20)
d's}; = H(x,p), for modelson T*V. (21)

Such quadratic elements can be positive or negative. We must consider additional assumptions if
our goal is to work with real analysis and geometric models, such as those with fixed local pseudo-
Riemannian signatures. As an example, let us explain how such geometries can model modified
dispersion relations, MDRs, on a nonholonomic phase space 'M. In various semi-classical MGTs (in
general, they can be nonassociative and noncommutative) and QGs, MDRs, can be parameterized
locally in the form

CZ?Z —E2 4+ *m? = @(E, ?,m;fp,x,...). (22)
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An indicator function @ in (22) involves dependencies on a conventional energy-momentum p, =
(pi,pa=E), P = {pi}, (For a = 1,2,3,4). In string gravity MGT, there are dependencies on the Planck
length scale ¢, := VhG/c® ~ 10733cm and « := (3/6h being a string constant, were /; is a length
parameter (we can fix the light velocity ¢ = 1 for a respective system of physical units). An indicator
@(...) encodes in a functional form possible contributions of MGTs which, in general, can be with LIVs,
generalized Finsler and/or string type contributions, etc. MDRs can be extended to dependencies on
4-d spacetime coordinates ¥l = (xl, x2,x3, x* = ct), or to include higher dimensions and for various
phase space models. Indicators @(...) are prescribed to construct certain phenomenological models,
or determined experimentally. Such values can be computed in the framework of certain classical or
quantum theories of gravity and matter field interactions. For @ = 0, (22) transforms into a standard
quadratic dispersion relation for a relativistic point particle with mass m, energy E, and momentum p;
(for i = 1,2,3); such a particle propagates in a 4-d, flat Minkowski spacetime. We also note that MGTs
with MDRs were studied as candidates for explaining acceleration cosmology and applications in DE
and DM, physics, see [17,78-80,82,131,158] and references therein.
Any MDR (22) can be modeled on a Hamilton space $H determined by an Hamilton function

H(p) :=E = +(2P>+c*m? —o(E, P, m;p))/>

Changing the system of frames/ coordinates on total phase space 'M, we obtain generating functions
H(x, p) depending also on all spacetime and momentum coordinates on T*V. This way, we can define
and compute certain Hessian and FH d-metric structures (4) and (14). Applying Legendre transforms
(5), H(x,p) — L(x, v), for a nonlinear quadratic element (20), we can construct an associated FL
geometry defined by formulas (3) and (13). So, FLH geometries are characterized by MDRs, which can
be used for experimental/ observational verifications of certain models or classes of solutions in the
framework of a MGT.

Let us explain how metrics in GR can be extended as d-metrics on phase spaces M and 'M. We
can follow Assumption 2.1 from [17] that the standard gravity and particle physics theories based on
the special relativity and Einstein gravity principles and axioms can be generalized from a 4-d Lorentz
spacetime manifold V to (co) tangent bundles TV or T*V. For flat typical (co) fiber spaces, the total
phase space metrics can be parameterized in the form:

ds? Qup () du® duf' = gy (F)dx" dx + ngpdy” dy, for v ~ dx" /dZ; and/ or  (23)
d's? ‘ga/ﬁ/(xk/)d ' d b = gi/j/(xk,)dxi,dxj/ + ﬂ”/b/dpa/dpb/, for py ~ dxp /dC. (24)

In these formulas, curves x” ({) on V are parameterized by a positive parameter {. A pseudo-
Riemannian spacetime metric ¢ = {g;/(x)} can be chosen as a solution of the Einstein equations for
the Levi-Civita connection V. In diagonal form, the vertical metric 7, and its dual 17‘”’/ are stan-
dard Minkowski metrics, 1,y = diag[1,1,1, —1]. The geometric and physical phase space models are
elaborated for general frame/ coordinate transforms on the base spacetime and in total spaces when
the metric structures can be parameterized equivalently by the same h-components of g,/ (x¥') and
Sup () = gw B (x¥), respectively, in quadratic elements (23) and (24). FLH gravitational interactions
can be modelled by 8-d frame transforms when

8ap(¥,0) = ¢ (x,0)ef5(x,0) gup (') and 'gap(x,p) = ' (x, p) 'y (x,p) ‘g (), (25)

for x = {xk(x¥)}, where e%, (x,v) or 'e;(x, p) can be determined by respective generalized Einstein
equations on nonholonomic phase spaces. The frame transforms can be parameterized in a certain
N-adapted form if we work with d-objects on respective phase spaces.

The formulas (16), (23) and (24) can be written in "tilde" nonholonomic variables if we prescribe
some nonholonomic distributions as L(x,v) or H(x, p) and use them for constructing N-adapted bases
(11) or (10). Up to general frame transforms, we model an effective FL phase space M or an effective
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FH phase space ' M. We can consider also arbitrary frame transforms, 'g,p = 'e% ‘e% 'Sup Or s-adapted

ones, '8y, = '¢%, ‘e%s '8up- For instance, we elaborate a FH model of phase space with equivalent
geometric data ( ‘M : 'g, 'N)~ (LM: 'g N).In general, we can omit tilde labels and write
(sM: g, iN), which can be used for applying the AFCDM for constructing off-diagonal physically
important solutions in sections 4 and 5. In explicit form, such solutions are derived in certain forms
encoding also data for generalized affine d-connections, generating and integration functions, and
effective sources.

2.1.5. Almost Symplectic Variables in FLH Geometry

Original ideas and constructions on almost Kédhler modeling of Finsler geometry were proposed
in [31,48,167]. We cite [17,19,50] for further developments of (higher order) Finsler-Lagrange and
Hamilton geometries and related almost symplectic approaches to modern geometric mechanics as
generalizations of [46]. Respective nonholonomic geometric methods were applied for performing
deformation quantization (in an almost Kéhler - Fedosov or Gukov - Witten sense) of FLH theories,
GR and MGTs on metric-affine spaces, see a series of works [51-54,101,105].

Let us explain how certain MDRs (22), or FLH generating functions, and related canonical N—
connections N and 'N, define canonical almost complex structures T, on TV, and 'T, on T*V. We
introduce the linear operator J acting as J(&;) = —&,.; and J(e,4;) = &; for &, = (&;,¢;) (11). This
defines on TV an almost complex structure, when JoJ = —I for and unity matrix I determined by a
generating function L(x, v). Similar structures can be defined on T*V by considering a linear operator
T acting on '&, = ('&;, 'e?) (10), when J('§;) = — 'e"* and 'J('e"t!) = '&. So, 'J also defines an
almost complex structure, when 'J o J = — ' 'I for the unity matrix 'I on T*V completely determined
by a H(x, p). We note that J and 'J are standard almost complex structures only for the Euclidean
signatures (for pseudo-Euclidean signatures, we define such operators in abstract geometric forms).
Considering arbitrary frame/coordinate transforms, we can write J and 'J but we have to consider that
the constructions for general nonholonomic manifolds/ bundles involve, in general, not compatible
almost symplectic/ complex/ product structures being different from those on FLH phase spaces.
For physical applications, we can prescribe certain well-defined almost symplectic data (N, g,J), or
( 'N, 's, 'T), and then to consider general frame transforms and distortions of d-connections.

Respective canonical Neijenhuis tensor fields on Lagrange and Hamilton phase space can be
considered as curvatures of respective N-connections:

X,Y) = —[XY]+[JXJY] -J0X, Y] —J[X,JY] and/or

Q(X,
QX Y) = XY HTXTY - TTX Y - T0X T (26)

Hereafter, for simplicity, we shall omit tildes or hats for d—vectors and write X,Y and 'X, 'Y if that
does not result in ambiguities. Using general frame/coordinates, the curvatures (26) can be written in
general form without tildes or in index form:
a a
. _ ON} aNJ’ baNJ' _ NbE)Nl.”

- N} 9Ng ONa 9N
i ox oxi oyt T oy’

3N,
| Ly SN
o T N p T Nt Tap,

or IQiju =

We have the conditions that certain almost complex structures J and 'J transform into standard complex
structures if O = 0 and/or 'Q) = 0.
Almost symplectic structures on TV and T*V can be defined by respective nondegenerate N-

adapted 2—forms
0= 2 0ap(u) € AePand 0= 2 ,5('u) ‘et e,
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when (using h-c components)

—_

Co1
'0 0 ‘w)e' nel + 5 9 ('u) 'eg A ey 27)

"2
Then, we state that a N-connection 'N defines a unique decomposition of a d-vector 'X = X" +

X on T*V, for X" = h'X and 'X’ = cv 'X. Respective projectors & and cv can be related to a dual

distribution 'N on V; the properties h + cv = I, h? = h, (cv)? = cv,h o cv = cv o h = 0 are satisfied. We

can introduce the almost product operator 'P :=I — 2cv = 2h — I acting on 'e, = ('e;, 'e?) following

formulas

'P('e;) = 'ejand 'P('e?) = — ¢ (28)

Similar formulas can be defined by a N-connection N inducing an almost product structure P on TV.
In almost symplectic models of FLH geometry, other important geometric d-operators are used.
For instance, the almost tangent (co) ones satisfy the conditions

P) )
J(e;) = esyjand J(e,) =0, or J:a—yi®dx’;

9 4
J('e;)) = ‘g ‘e and ‘J(‘eb)zo, or ‘J:'giagébdxl.

We can verify by straightforward computations that there are satisfied for pairs of so-called £-dual
N-connections (N, 'N), see details in [17,19,50], the properties:

J= 0%, @¢ +dle;@etand = — g, 'e" @ et + ¢ e; @ e,
hold for a £—dual pair of almost complex structures (J, 'J). For such configurations,
p p g
P=e;@c—¢,0e’and P='e;® "¢ — '¢"® 'e,

correspond to a £L—dual pair of almost product structures (P, 'P). This allows us to define respective
almost symplectic structures

0 = gaj(x,v)e" A el and '0 = 67 'e,(x, p) A e (29)

Above defined d-operators can be re-written in canonical forms by considering N-adapted bases
with tilde. For instance, we can write (29) (using frame transforms) as 6 = g;;(x,y)e" A et and

9 = o7 'eg A 'el and consider tilde almost symplected data ( ‘T, 'j, P, '5). The constructions can

encode nonholonomic dyadic splitting of type ( .J, I, \P, ‘55).

It should be noted that the phase space nonholonomic geometry can be formulated as an almost
Hermitian model of a tangent Lorentz bundle TV equipped with a N—connection structure N. For this,
we consider a triple H® = (TV,0,]), where 6(X, Y) := g(JX,Y). Respectively, on a cotangent Lorentz
bundle T*V with a (or 'N), we can define a triple 'H® = (T*V, '6, 'J), where '0('X, 'Y) := 'g(']'X, 'Y).
A space H® (or 'H®) is almost Kéhler and denoted K® if d 6 = 0 (or 'K® if d '8 = 0). This property holds
true in tilde variables with 1-forms, respectively, defined by a regular Lagrangian L and Hamiltonian H
oL

o eland '@ = pidxi, for which @ = d@ and '0 = d'@. So,

we have that d = 0 and d '6 = 0. If such conditions are satisfied, for instance, for 'N, we can consider

(related by a Legendre transform) when w =

arbitrary or nonholonomic dyadic structures with \N and d f=0andd .0 = 0. We emphasize that
such properties do not hold for arbitrary 'N and ', when, in general, 4 '6 # 0. We have to introduce a
special nonholonomic distribution 'N determined by a H with N-elongated frames '€, = ('g;, 'e?),

see reviews [17,19].
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2.2. General and Canonical FLH d-Connections and Distortion d-Tensors

Many Finsler-like gravity theories were formulated for different types of nonlinear quadratic
elements, N-connection and d-connection structures. Self-consistent generalizations of GR as relativis-
tic FLH theories are possible on (co) tangent Lorentz bundles TV and T*V. Technically, it is almost
impossible to integrate and generate physically important solutions of corresponding systems of
nonlinear PDE if we work only with d-metrics determined by nonlinear quadratic forms L(x,y) (20) or
H(x, p) (21) (or with arbitrary nonholonomic fibered 4+4 structures (15) and (16)). We have to consider
additional nonholonomic dyadic decompositions (17) and corresponding N-adapted distortions of
Finsler-like d-connections to be able to decouple and integrate certain general form corresponding
geometric flow and gravitational field equations. The goal of this subsection is to define such general
and canonical FLH d-connections and distortion d-tensors.

2.2.1. Affine Connections, d- and s-Connections in FLH Geometry

A distinguished connection (d—connection) can be defined as a linear connection D, or 'D, which
is compatible with the almost product structure DP = 0, or 'D 'P = 0, see (28). Such a d—connection
can be defined to preserve under parallelism a respective N—connection splitting (9), which can
be prescribed to be a more special N-connection 'N and then related to a nonholonomic dyadic
decomposition (17).

On a 'M, the coefficients of a d-connection 'D can be defined with respect to N-adapted frames
(18) and (19) as

. I7i b._ fb o . Ific b._ be 1 a
D, 'ej:= 'L’y 'ej, De 'e”:=—"L'e", 'D e 'eji= 'C' lej, 'D e 'e” := —'C," e

Using respective labeling of h- and v-indices, such equations can be considered for a D on M. We
parameterize the N-adapted coefficients of respective d-connections in the form

D = {5, } = {L%, L%, C',, Chyy or 'D ={'T%,} = { 'Ly, 'L}y, 'C'c, 'C}. (30)

For explicit abstract or index computations, we can consider corresponding h— and c-splitting of
covariant derivatives 'D = (D, ,D), where ;D = {Lijk, L%}, and \D = { ‘Cijc, 'C el

A d—connection D (30) is characterized by three fundamental geometric d-objects, which (by
definition in abstract forms) are:

T(X,Y) := DxY-—DyX—[X Y], torsion d-tensor, d-torsion; (31)
R(X,Y) := DxDy—DyDx— D|x y), curvature d-tensor, d-curvature;
Q(X) := Dxgmnonmetricity d-fiels, d-nonmetricity.

Similar d-objects and formulas can be written for 'D, for instance, as 'X, "7, R 'and 'Q. For further
considerations, we shall omit details on such d-tensors on 'M if respective definitions and formulas
consist of certain abstract labeling of their analogues on M and the abstract computations do not
involve ambiguities. The N-adapted coefficients of the fundamental geometric d-objects (31) are
computed by introducing d-vectors X = ey and Y = eg, defined by (18) and (19), and considering a
h-v-splitting for D = {T"”, ﬁ} into above formulas, see details in [17,18,26,64],

T = {T ap T ( jks TZ]W T{;V bi~ abc) }; (32)
R = {R%,= <R it R R 0 R0 R s R hea) b

Q - {Q,yﬁ - D’Ygaﬁ - (Q 1]/Q 1]/Q ab’ QC )}

We say that any geometric data (TV,N, g, D) define a nonholonomic, i.e. N-adapted, N, metric-affine
structure (equivalently, metric-affine d-structure) determined by a d-metric, g, see (15) and (16), and a
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d-connection D (30) stated independently, but both in N-adapted form on V. In dual form, we write
(T*V, 'N, 'g, 'D), when the v-indices are changed into c-indices, for instance, in the form

'Q = { IQ’txﬁ — DY Igtxﬁ — (IQkij’ IQcij/ 'Qy ub’ \chb)}'

For dyadic decompositions, the symbols of geometric objects and/or indices of such objects
are labelled additionally with a shell label, for instance, ;D = { 'C’ijs &, 'Cals’scs }, when, for instance,
jo = 1,2,3,4 and a3 = 5,6. In such cases, we use the terms s-connection instead of d-connection
(respectively, s-tensor instead of d-tensor) and write in abstract form [ M. Similar decompositions
can be performed fora ;D on ;M. All formulas on M and 'M can be proven in abstract geometric
and s-adapted forms. We omit such details in this work; see [17-19] and references therein. The
fundamental geometric s-objects can be labeled in the form

sT

1s is as s s .
{T l’és,Bs (T] ks’ T]sas T]sls T bsis” Tbs%) }’
is Cs is Cs

— s .
SR - { /55')/5‘55 ( hsjsks’R bsj ks ,R hsj as’R hsj as ,R hsbsas” R bsesﬂs) }/
_ v k k
sQ@ = {Q asfs =D ‘8ups = (Q,i]b le]s Q;sbs’Qaqbs)}

Similar s-adapted formulas for |7, R, and ;Q involve transforming v-indices into c-indices on
cotangent Lorentz bundles, for instance, in the form
] b
.‘ST = { IT’}:; ﬁ - ( lessk 4 ITl;sas’ ITas jsis’ ITHSSZS Tﬂfscs> } (33)
We con consider on M and 'M arbitrary affine connections, denoted in "non-boldface" forms
as D = {F } and 'D = { 'F“ﬁ }. If we introduce N-adapted frames and respective d-connection

structures, we can consider respective distortion d-tensors (or s-tensors), Z = {Z"‘ }(or sZ {Z Bey S})
and 'Z ={'Z%,} (or \Z ={ 'Z“ES%}),when

D=D+Zand 'D= D+ 'Z (34)

Any tensor can be transformed into a respective N- or s-tensor and inversely if we define respective
adapted frames. But general affine connections are different from some general (or special Finsler-type)
d-connections because different geometric principles define them. Nevertheless, all geometric and
analytic constructions and respective computations can be related by respective distortions (34).
Certain geometric data (TV, g, D) define a general metric-affine structure on a tangent Lorentz bun-
dle TV. We use not-boldface symbols because, in general, it is not N-adapted. Such data (T*V, 'g, 'D)
can be considered also for cotangent Lorentz bundle T*V. For such metric-affine phase spaces, we
can also introduce formal h-v, h-c, or diadic splitting but the linear connections D and 'D are not
d-or s-connections. The corresponding formulas for fundamental geometric objects are written with
"non-boldface" symbols, for instance, as 7[D] = {T'Z‘ﬁ[D]}, 'R['D]={ R%, [ 'D]} etc. To avoid
ambiguities, we can emphasize functional dependencies [D] or [ 'D], stating that we work with not
N-adapted geometric structures. This does not allow us to apply the AFCDM for general decoupling
and integrating of fundamental physical systems of nonlinear PDEs. But we can always consider
s-adapted frames and distortion of general affine connections to certain classes of s-connections,

D= (D+,Zand 'D= .D+Z. (35)

This allows us to define and computer distortion of fundamental geometric objects in certain canonical
forms then to construct generic off-diagonal solutions (see Section 4).
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2.2.2. Physically Important and Canonical and Dyadic FLH d-Connections

Various classes of Finsler-like linear connections and d-connections were considered for elabo-
rating classical and quantum FLH and MGTs or for an alternative geometrization of mechanics and
nonholonomic geometric flow theories. We reviewed them in chronological form in paragraphs 2-7]
of the previous section. In this subsection, we define eight type geometric and physically important
linear connections defining LC-configurations, almost Kédhler-Lagrange and almost Kéhler-Hamilton
structures, nonholonomic dyadic decompositions, etc., for relativistic FLH spaces.

On a relativistic phase space M, we can define in abstract and N- or s-adapted forms such eight
important linear connection structures:

BN = [N 0=50) P s N
v: Vg=0; T[V]=0, LC—connection;
B: D6 = 0,57 =0 almost symplectic Lagrange d-connection;
D: Dg=0; T =0, oT =0, canonical Lagrange d-connection;
~ sD g =0; ShT =0, 0T =0, . :
D canonical s-connection;
= ShosoT #£0 50 50T #£0,5 #5, (36)
D: Q:=D; 0,7 #0; .
87077 nonmetric N-adapted phase spaces ;
oD: Q:= gDg #0, T =0;
D: Q:=D, 0,7 #0; .
§roT” not-N-adapted nonmetric phase spaces .
oD: Q:= ogDg#0, oT =0;

For 'M, we can define important (dual) linear connection structures by using respective similar
abstract formulas. We emphasize that the geometric constructions can be performed in a dual form to
those on M. It should be noted that, in general, the Lagrange mechanics is not equivalent to Hamilton
mechanics. The almost symplectic models are with different types of almost Kédhler N-adapted
connections if we try to elaborate on models with symplectomorphisms etc, see details and coefficient
formulas in [17,19,50]. We outline eight dual d-connections which are not adaptation to general
symplectic transforms (such an adapting requests more sophisticated definitions and cumbersome

formulas):
['g 'N] = ['§ N=['6:="8(T, ), P, 7 J=[.g N]
v Vig=0 'T['V]=0, LC—connection;
B D §=0, D 'g=0 alm. symple. Hamilton d-connect.;
) Dg=0 n'T=0c'T=0 canonical Hamilton d-connection;

Dig=0; h'T =0, c'T=0, . .
& ‘ canonical dual s-connection;

o

= Shso ' T #0505 T £0,5' #s, (37)
D: 'Q:i= D 'g£0, 'T £0; .
87077 nonmetric N-adapted phase space;
‘QD: Q:= ‘QD 'g #0, ‘QTZO;
D 'Q:i= D 'g#£0, 'T £0;
§7077 not-N-adapted phase spaces.
‘QD: 'Q = ‘QD 'g#0, ‘QTZO;

Let us explain some very important properties of the linear connections (36) and (37):

[a] The LC-connections V and 'V can be defined in standard forms using corresponding d-metrics
(13) and (14), or (23) and (24), or (15) and (16), or their off-diagonal representations for coordinate
bases on phase spaces. Such linear connections can be used for elaborating FLH models by analogy
to higher dimension extensions of the Einstein gravity, when extra-dimension coordinates are
velocity or momentum type. We can construct diagonal configurations, for instance, certain
BH solutions as in higher dimension gravity, in string gravity theories, etc., see discussions in
[17-19]. To construct generic off-diagonal solutions using only V or 'V is a very difficult task
because we are not able to prove any general decoupling properties. We can encode in such
LC-configurations certain FLH data, but in general such theories are not Finsler-like because the
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LC-connections are not adapted to certain N-connection structures. Here we note that any metric-
affine phase space geometry defined by some data (M, g, D) involves bi-connection, (V[g], D),
and distortion configurations, (M, g, D = V + Z). If we introduce a N-connection structure N on
M, we can perform N-adapted geometric constructions with (M,N, g, D) as on nonholonomic
manifolds and (co) tangent bundles. Corresponding bi-connection, ( V[g], D), and distortion
N-adapted configurations, (M, N, g, D = V|g] + Z) can be also defined. To prescribe/ or define
an N-connection structure is crucial for constructing FLH theories even, in general, a d-connection
D can be an arbitrary one. A distortion d-tensor Z can be determined from certain fundamental
geometric of modified gravitational field equations for a postulated FLH or other type MGT. Here
we note that N- and d-connections can also be introduced in GR and "non-Finsler" gravity theories
if we prescribe a N-connection as nonholonomic distribution on a V and, respectively, TV. For
non-FLH theories, the N-connection structure is not obligatory of type (8) but can be a general
one (17). Nevertheless, nonholonomic dyadic splitting and distortion of connection formalism are
important for all MAG theories because they allow applications of the AFCDM for constructing
off-diagonal solutions. For dual phase spaces, the above formulas are determined by a distortion
relation of type ('M, 'N, 'g, ' D = 'V['g| + 'Z).

[b] The almost symplectic d-connections D and 'D (respectively on M and ' M) are very important
because they are also equivalent to the Cartan d-connection in Finsler geometry, see details and
index formulas in [17,19,29,30,127]. In abstract geometric form, such nonholonomic geometries
are determined, respectively, by (M,N,g,D=V[g] +Z)and ('M, 'N, 'g, D = 'V['g] + 'Z).
The corresponding phase space gravitational field equations possess very special integration
properties [22,75,101] but not general ones. The main priority of such d-connections defined for
Finsler-like variables is that we can perform DQ of FLH MGTs and GR [18,51-54,105]. Neverthe-
less, to prove certain general off-diagonal decoupling properties of corresponding dynamical or
geometric flow equations is not possible if we work only with the LC-connection.

[c] The almost symplectic d-connections D and 'D (respectively on M and ' M) are very important
because they are also equivalent to the Cartan d-connection in Finsler geometry, see details and
index formulas in [17,19,29,30,127]. In abstract geometric form, such nonholonomic geometries
are determined, respectively, by (M,N,g, D = V[g]+ Z)and ('M, 'N, 'g, 'D = 'V['g] + 'Z).
The corresponding phase space gravitational field equations possess very special integration
properties [22,75,101] but not general ones. The main priority of such d-connections defined for
Finsler-like variables is that we can perform DQ of FLH MGTs and GR [51-54,105]. Nevertheless,
to prove certain general off-diagonal decoupling properties of corresponding dynamical or
geometric flow equations is not possible if we work only with the LC-connection.

[d] The main goal of this work is to study nonholonomic metric-affine FLH theories adapted to N-
adapted structures determined by respective geometric data (M, g,N,D) and (' M, 'g, 'N,'D)
and show how the AFCDM can be applied in such a case. We can consider theories when, for
instance, gD (see definition in (36)) is a d-connection with nontrivial nonmetricity but with
zero torsion. This provides a tangent Lorentz bundle generalization of MAG theories [14,19], in
particular, of f(Q) gravity [16,37]. The AFCDM can be generalized for such 4-d and 8-d theories
(or other dimensions), which allows us to construct generic off-diagonal solutions for nonmetric
FLH theories (see sections 4 and 5). Finsler-like theories with nonmetricity were criticised in
[17,19,36] because of the problems with definitions of general nonmetric spinors and the Dirac
equation. Nevertheless, we can elaborate on nonmetric FLH modifications of ED systems using
the same nonholonomic methods as in [37] (using velocity/ momentum variables, we shall study
this problem in our further partner works).

[e] We can consider metric-affine structures (g, D) or ('g, 'D) on respective (co) tangent Lorentz
bundles and postulate certain types of generalized gravitational field equations with nontrivial
torsion and nonmetricity fields. Such phase space MGTs can’t be integrated in general forms if
certain special diagonal ansatz are not considered. It is not clear how to define a self-consistent
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metric-affine geometric flow models and respective nonmetric generalizations of EYMHD systems
etc. Introducing formal s-connection structures (17), with respective distortions and s-adapted
frames, we can generate solutions for physically important systems of nonlinear PDEs. We
can speculate when such MGTs can be related to certain FLH configurations if certain effective
backgrounds are determined by velocity/ momentum - like variables. This can be performed for
respective nonholonomic dyadic splitting when, for instance, (g, D) — (sg, sN,D = D+ 52),
see also distortions (35).

FLH theories on (co) tangent Lorentz bundles (or other types of nonholonomic bundle/ manifolds)
have been modeled by different authors using different types of d-metric and d-connection structures
as we outlined in paragraphs 1-7] of Section 1. We provided explicit examples and discussions related
to formulas (1), (34) and (35). Above defined affine connections and d- or s-connections (36) and (37)
can be re-defined into each other, or related to other types of ones using distortion formulas. We
can fix FD = 8D, or FD = D, or FD = D, and any other type of (generalized) Finsler-Lagrange
d-connection encoding velocity type variables. On dual phase spaces with momentum like variables
('M, 'g, 'N), the respective linear connection/ d-connection structures are labeled, for instance, as
'D, |;D, etc., encoding some effective Hamilton structures. The geometric objects (g, N) or ('g, 'N) can
be arbitrary ones, or related via frame transforms to other ones with (or not) adapted N-or s-adapted
structures, for instance,

(8 =~ "s="g~g~{gwp}>{gup.} N> NN~ N~ (N}~ (N }), or
(‘g Hg g~ {1eugt {'gup,}, N AN ~ (N~ {'Njg}~ { 'N;__0,})-

1

For such geometric data, we can postulate different types of such FLH-modified Einstein equations,
but there are both conceptual and technical difficulties and constructing physically important solutions
of corresponding systems of nonlinear PDEs.

To apply the AFCDM we can use necessary types of distortion relations:

D = V+4+ZD=V+Z and D =D + Z, determined by (g, N);
Ip = Ly4+IZ D=LV +LZ and 'D = D+ LZ, determined by ( Lg, LN),'
;D = D+ ,Z, SLﬁ = Ip+ SLZ, determined by ( sg ~ Lg, sN ~ LN);
D = D+ Zor sQﬁ = oD+ SQZ for nonmetric affine connections ,
D = D+ Zor sQﬁ = oD+ SQZ for nonmetric affine connections . (38)

Similar formulas can be defined for distortions on dual phase space 'M enabled if necessary with
nonholonomic dyadic structures. For instance, we can write:

~

‘D = 'D+ .z HD = "D+ Hz determined by (g~ g, LN ~ IN); (39)

Additionally to (38), we can consider various types of known FLH and other types linear connec-
tion structures and relate them via corresponding distortion relations. The priority of "hat" connections
is that D can be used for general decoupling of gravitational field equations in 2+2 dimensional MGTs;
and D allows a general decoupling of conventional 2(3)+2+2+2 FLH theories. If certain MGTs are
formulated in non-hat geometric variables, we can consider respective nonholonomic frame transforms
and distortion relations to certain canonical data which allows a general decoupling of necessary
systems of nonlinear PDEs. Using hat variables, various terms defined by distortion d- and s-tensors
(for instance, Z,7Z or Z) are conventionally encoded into (effective) generating sources, which are
determined both by energy-momentum tensors of matter field but also by distortions of connections
(resulting in effective sources). This allow us to find very general classes of off-diagonal solutions
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which may have, or not, certain physical importance. To extract LC-configurations for V or 'V is
possible if additional nonholonomic constraints are imposed on integrating and generating functions
defining phase space configurations with vanishing distortions. In a similar form but for another types
of nonholonomic distortions constraints, we can extract Finsler-like configurations with Ep, or €D.

2.2.3. Distorting Curvature, Torsion, Nonmetricity and Ricci s-Tensors

Introducing distortions of linear (d/s-) connections (38) or (39) into formulas (31), we can compute
in abstract geometric form the respective curvature, torsion and nonmetricity d/s-tensors and their
distortions. For instance, we can compute the canonical curvature d-tensors and distortion d-tensors

on M and 'M,

Rlg D = V+Z]=R[g V]+Z[g Z] and
D 'V+'Z]= 'Rl'g, 'V]+ 'Z['g 'Z].

Contracting the first and third indices (we can consider distortions of coefficient formulas (32)), we
obtain such formulas for the canonical Ricci d-tensors,

Ric[g,D = V +Z] = Ric[g, V] + Zic[g,Z] and
Ric|'g,'D = 'V+ 'Z] = 'Ric['g, 'V]+ 'Zic['g, 'Z].

In dyadic form, above formulas can be re-written, for instance, for the curvature s-tensor:

RigD = V+Z]=Rlg V]+ :Z[g Z] and
Isﬁ['g, D = Avaus 12] — IsR[Ig, ‘V] + ;2[\& \z]
Using the almost symplectic (i.e. the Finsler-Cartan) d-connection, the curvature and distortion d-

tensors can be computed for the almost symplectic Lagrange-Hamilton spaces as we defined in
subSection 2.1.5,

Rg ~ 6,D=V+Z]=R[g~0,V]+Z[g~6Z]and

To elaborate on the AFCDM for generating solutions of FLH gravitational equations, we have to
consider N- and s-adapted formulas of fundamental geometric objects, see (31). The d-tensors (32) of a
general metric-affine d-connection D (30) on M are defined by such coefficient formulas:

R = {R%;s = Ry Ry Phjor Py S'hpar Sea) }, d-curvature,
for Ry = eeLly —ejLiy + ULy — L Ll — C 0%,
Ryj = eki‘abj — ;L% + Lchji‘ack - /Cbkiacj — C% 0% (40)
p ijka = eﬂLijk - chija + C"ijbkm Yka = €aL% — DkC% + C5y T
S'ipe = ecCly — ey Clic + "y Clye = €1 Cliyy Seq = €aClye — ecClyy + C5Clhg — Co4yClcs
T= {TTXB =( ijk, T, T%, T%, T% )}, d-torsion,

jar Tjir
Q={Qp = (Qkijr Qkabr Qeiji chb) }, d-nonmetricity,
for  Qrij = Di&ijs Qkav = Dx&ab: Qcij = Dc&ijr Qeav = Degap- (42)
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Contracting the first and forth d-indices in (40), the h-v-coefficients of the Ricci d-tensor on M,
Ric = {Rg,:=R /SW} split into four groups of coefficients,

Raﬁ = {RZJ = Rkijk’ Ria = 7Rk

ika’

Ryi = R aib’ Rgp =R abc} (43)

Using the inverse d-tensor of a d-metric (15), we can compute the scalar curvature *°R of D is by
definition
Rsc := "R 45 = §'R;; + §""Ryp- (44)

On a phase space 'M with momentum variables, the formulas (40), (41) and (42) can be written
for respective labels " '". For instance, the analogs of formulas (43) and (44) can be written in the form:
I _ pa._ ipka 1pa . u b I ab I ab
Rig = {'Rjj:= Rl]k, R; — 'R%¢, 'R R)7, 'R R% .} and
Rsc = 'g®¥'R,p5="g" 'Rij+ gap 'R, (45)

The formulas (40)—(45) can be written also with dyadic coefficients for any type of linear con-
nections and d-/ s-connections (38) or (39). For canonical s-variables, such details are provided in
[17,18,26].

Let us consider an important example for the canonical d-connection D= {fﬂfx g= ( ]k' bk' C; » CZ . )}

defined by N-adapted coefficients

. 1 .
k= 58" (exgjr T €8k — ergik), (46)
=~ 1
e = en(Ng) + 58" (exgoe — Sac e N — gap ecNP),
s 1 ~ 1
Ce = Eg’kecgjk, Cpe = Egud(ecgbd + epged — €dbe)-

Such coefficients are computed for a general d-metric g = [gi, g4] (15) with respect to N-adapted
frames. Such coefficients are different from those of the LC-connection V = {I"” ﬁ} computed with
respect to the same system of reference. The N- adapted coefficients of the canonical distortion d-
tensor in (38) can be computed as Z= {27 W = =1 13 aﬁ} Introducing I’ wp (46) into (40)—(44)
(instead of the coefficients of a general d-connection I’ /3) we can compute the N-adapted coefficients

of canomcal fundamental d—objects. Such coefficients are labelled, for instance, as R = {R* Byo =

(R hjk' b]k' )} T - {T (Tl]k’ Al]a’ )} for Q - {nyzxﬁ - (le] =0, ngb = 0) = 0, and
similarly for Raﬁ = {RZ] = R ik’ ...} and Rsc := g*R ap = g]Rl] + ¢"'R,p. Such formulas (in general,
with additional nonholonomic dyadic splitting) will be used in Section 4 to prove important general
decoupling and integration properties of FLH and geometric flow modified Einstein equations.

2.3. Metric and Nonmetric FLH-Deformed Einstein Equations

Finsler-like gravity theories can be formulated for two classes of d-connection structures: metric-
compatible d-connections (for instance, using the Cartan or the canonical ones) or noncompatible, for
instance, using the Chern or Berwald d-connections. Many variants of modified gravitational field
equations were postulated by different authors as we discussed in paragraphs 3-7] of Section 1. In
our approach, we argue that all FLH theories can be elaborated in a unified form as nonholonomic
metric-affine theories constructed on but on relativistic phase spaces M and 'M as in [13,14,16-19,26].
Explicit cases of physically important systems of nonlinear PDEs for FLH MGTs and certain classes of
solutions can be distinguished by respective types of distortions, generating functions and effective
sources, as we motivated in detail in [37,107,161] (see proofs in the next section).
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2.3.1. Canonical Nonholonomic Metric Affine Structures in FLH Gravity

Any geometric and gravity model for nonholonomic metric-affine generalizations of FLH theories
can be formulated in N-adapted form using the geometric objects (36) and (37) and respective funda-
mental geometric d-objects (40) - (44). The formulations in canonical nonholonomic variables (with
hat-symbols) are important for decoupling and integrating corresponding modified gravitational and
geometric flow equations using the AFCDM.

In metric compatible form, we shall work with the canonical d-connection D= {fgv} (46) with
the nonholonomically induced d-torsion (it can be considered as an auxiliary one to other types of
torsion and nonmetricity structures on M):

T ={Th, =Tj, — T +wg,}.

This canonical d-torsion which is completely determined by the coefficients of g and N and an-
holonomy coefficients ngy (for Cartan-Finsler configurations, see (12)). The contortion s-tensor is
defined

Kpye = Tpyo + Toop + Toop (47)

Such values with "hats" are induced by an N-connection structure and written in N-adapted forms.®

Using the canonical distortion relations (38) can be redefined in the form
D=V+L=D+L, whereL=L-2Z, (48)

for an additional disformation d-tensor L = {L"‘m = %(Q”‘m -Q g 2 — Q4 /5)}, with Qup) 1= Dagga,
for Q, pr = Dagpr = 0. For nonmetric geometric constructions with disformations (48), we can use
respective nonmetricity d-vectors and vectors:

Q. = 87 Qupr = Q1 TQp = 8 Qupr = Q"

In our works, we shall use also such geometric d-objects: the nonmetricity conjugate d-tensor and
tensor,

-~

1 =~ 1 1

and the nonmetricity scalar for respective d-connections and LC-connection,
Q = —Qup PP, Q = —QuprP*P" and Q = —Qup\ PP (50)

Considering distortion relations (38) and (48) relating certain V = {lv"“m(u)}, D= {Flﬁ}, D=
{r" /S} and D = {I", /3}’ we can compute corresponding distortion relations for fundamental d-tensors
(40)—(45). For convenience, we provide here respective parameterizations for distortions of the Ricci
d-tensor and respective Ricci scalars:

Ric = Ric + Zic = Ric + zic, for respective coefficients
Ric = {Rg, = R%, }; Ric = {Rg, = R%,,}, Zic = {75, = 7% .}
Ric = {Rg, = R%,,}, Zic = {Zp, := Z%,,}; and
Rsc = g"‘ﬁR Wp = Rsc + Zsc = Rsc + Zsc, where
Rsc = gP"Rp,, Zsc = gP7Z4,;Rsc = g Ryp, Zsc = g*FZ,p. (51)

8 They include nonholonomic torsion components but in a form which is different from (for instance) the Riemann-Cartan
theory or string gravity with torsion. In those gravity models, there are considered algebraic equations for motivating torsion
fields as generated by certain spin-like fluids with nontrivial sources or certain other completely anti-symmetric torsion
fields.
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Above geometric d-objects and objects can be used for elaborating and analyzing physical properties of
various models of nonmetric geometric flows and MGTs. The motivation and priority of the canonical
"hat" variables is that they allow to decouple and integrate in certain general off-diagonal forms
corresponding physically important systems of nonlinear PDEs. The Greeck indices in (51) run values
«,B,..=1,2,..,8. For dyadic decompositions, «, , ... = s, Bs,...fors =1,2,3,4, etc.

2.3.2. FL Deformed Nonmetric f(Q) Gravity and Modified Einstein Equations

We can formulate on M a model of nonmetric Finsler-Lagrange gravity using a gravitational
Lagrange density §£ = 217 £(Q), with Q defined by formulas (50), and for the matter fields " Z defined
in "hat" variables. The total relativistic phase space action is postulated in the form:

3:/ gl Pu(SL+ ML) (52)

In this formula, hat-labels state that all Lagrange densities and geometric objects are written in
nonholonomic dyadic form, with boldface indices; using D and disformations (48) and the measure
|g,xﬁ|58u, for 68u = du'du?suBoutsusu®su’ sud with su™ = e% (for s = 2,3,4) as in formulas (18)
and (19) but considered with velocity type variables.
In N-adapted variational form (see similar 4-d and 8-d constructions in [37,107,161]), or applying
"pure” nonholonomic geometric methods as in [2], we can derive such nonmetric gravitational field
equations:

2 = - 1~ TN v = v =
\/@Dv(\/EfQPWa,s) + 5 f8up + fo(PpnQd" — 2Py Q™ g) = xTog (53)

and D,Dj(1/|8/foP"h) = 0. (54)

In these formulas, for fé = 8]?/ 8@; with P7 wp and Q" wp defined as in formulas (49) and (50); the

energy-momentum d-tensor T,xﬁ is defined by N-adapted variations for "L on the d-metric; and all
equations being written for N-elongated frames.

Using distortion relations (51), we can write the system (53) in a form provided in [168] for
the Einstein tensor, £ := Ric — 1¢Rsc, computed for V on 4-d pseudo-Riemannian manifolds, and
nonmetric generalizations, with applications in DE physics [168,169].” Such effective gravitational
field equations can be generalized to 8-d phase spaces M in the form

E—'a‘g = % mT,X/g + QT,X/g + ZT,X/g = KT,xlg, or (55)
R“ﬁ = Yaﬁ, where Y,xﬁ = K(T“‘B — %g“ﬁilv"), forT = g”‘ﬁ'Taﬂ, (56)
1o f f
QT o = Z¢.a(—— — 1QQ 1
Top = 58up( = Q) +2229,(QP'p), 57)
2 4(vIgl"L) s("L)
m _ _m
Ty = N Lgup+2 5077 (58)
*Tap = [computed by respective distortion relations] (51). (59)

The formula (58) holds if "L does not depend in explicit form on l"va 8 (it has to be modified, for
instance, for spinor fields). The nonmetric modifications of GR (with trivial extensions on velocity
variables) are encoded into the effective energy-momentum tensor QT, g (57).

FL configurations can be modeled by systems of nonlinear PDEs (53), or (55), or (56) if we
prescribe "tilde" N-connection and d-metric structures of type (8) and (13) for some geometric data

9 In this work, we follow a different system of notations and chose an opposite sign before "Tyg.
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(Z, N;¢,,e" ,-gjk,gfk ). Such geometric data can be subjected to general frame transforms with re-
definition of frame structure and distortions of d-connections (51), for instance, choosing the variants

L = v+ 1Z D= Lv+ LZ and D = D + LZ, determined by ( Lg,LN);

= D+ sZ, D= D+ [Z, determined by (g ~ g, sN ~ IN),

v w)

S

The nonholonomic distorted data ( LN; Le,xs, Leas, Lg“s Ber SLﬁ), when a L-label is kept if L — L for
some general frame/coordinate frame transforms on M, can be used for applying the AFCDM.

2.3.3. FH Deformed Nonmetric f( 'Q) Gravity and Modified Einstein Equations

In similar forms, we can define nonmetric gravity models on dual phase space 'M enabled with
Hamilton generating functions. Using a gravitational Lagrange density $ L= 21—1{ 'j?( 'Q), with 'Q
defined by formulas which are conventionally dual to (50) and for the matter fields " Z defined in
"hat" variables involving Legendre transforms and respective co-fiber coordinates. The total relativistic
phase space action is postulated (if necessary, related to (52)) as

'§=/ ' gupl0® u(SL+ "E).

In this formula, hat-labels state that all Lagrange densities and geometric objects are written in
nonholonomic dyadic form, with boldface indices; using D and disformations (48) and the measure

| ‘gaﬁ|58 'u, for 68 'u = dulduPouBouts 'uds 'ubs w5 'ud with 8 'u® = 'e%, (for s = 2,3,4) as in
(18) and (19) using momentum type variables 'u* = (pg,, pa,), for s = 3,4. We can consider three
variants to derive respective nonmetric phase space gravitational equations: 1) to perform a N-adapted
variational form for 'S; 2) or to apply geometric methods as in [2]; or 3) to take dual formulas for (53)
and (54). We obtain such nonmetric gravitational field equations on 'M:

2 ~ [~ 1 -~ —~ ~ ~
ﬁ ‘D’Y( | ‘g| lfQ ‘Pvaﬁ) + E lf ‘gtxﬁ + ‘fQ( ‘P/S;w \Q“yv -2 ‘Pacyv Ivaﬁ) =K IToc/S (60)
and 'D, ‘ﬁﬁ( |'g| 'J/‘é ‘ﬁag) =0. (61)

In these formulas, for ‘E :=d 'f/ d ‘Q; with 'P7 wp and 'Q” wp defined in dual form to formulas (49)

and (50); the energy-momentum d-tensor 'T",Xﬁ is defined by N-adapted variations for T”EA on the
d-metric; and all equations involve N-elongated frames.

FH configurations are modeled in canonical form by systems of nonlinear PDEs (60) and (61) if we
prescribe "tilde" N-connection and d-metric structures of type (8), (37) and (14) for the nonholonomic
geometric data (ﬁ, 'N; '8, 'e%; ‘gab , 'Sup)- Such geometric data can be subjected to general frame
transforms with re-definition of frame structure and distortions of d-connections (39), for instance,
choosing the variants

H By + HZ, HD = HY + HZ, and "D = FD + HZ, determined by ( g, 'N);
= D+ .7, D= FD+ FZ, determined by (g ~ Fg, IN ~ FN),

wilw)
|

|
s

The nonholonomic distorted data ( EN; e, , fe%; g, Ber AD), when a H-label is kept if H — H
for some general frame/coordinate frame transforms on ' M, can be used for applying the AFCDM.

In general, Hamiltonian mechanics is not equivalent to Lagrangian mechanics. For instance, in the
first case, we consider symplectomorphisms as specific symmetries related to almost symplectic and
almost complex structures studied in [17,19,50-53,107,167]. In this work, we do not study Hamilton
and almost symplectic models of (dual) Finsler-Lagrange geometry and respective nonholonomic
d-connection structures. The system of nonlinear PDEs (60) can be written in equivalent form by using
the LC-connection 'V, with respective dual equations to (55), or (59). Such equations can be reduced
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in nonholonomic and parametric form to the Einstein equations in GRif 'V, — (V;,, V,,) and the
d-metric structure is transformed into (24).

2.3.4. Canonical Integrable Nonmetric FLH Deformed Gravitational Phase Space Equations

To decouple and solve in certain general off-diagonal forms systems of nonlinear PDEs (53)
and (60) is not possible because of various nonholonomic constraints and coupling conditions like
(54) or, respectively, (61). We have to re-define such FLH-modified gravitational field equations in
corresponding nonholonomic s-variables which allows us to apply the AFCDM. Let us explain how
such nonholonomic transforms can be performed in explicit form:

On M, we can use distortions (51) and write (55) in the form

ﬁ“ﬁ = an‘g, for (62)
ng‘ﬁ = E?aﬁ + m?aﬁ. (63)

The source Q¥a5 (63) for (62) is defined by two d-tensors: the first one with effective source (e),
Yop = Zicaﬁ — Zic,xl;, is of geometric distorting nature, whic}Al can be computed in explicit form
using (51). The second one is the energy-momentum d-tensor ™Y,z of the matter fields Y, p encoding
also contributions of the nonmetricity scalar Q and d-tensor P” B defined respectively by formulas
(50), (49) and (50). For the effective and matter field sources in above system of nonlinear PDEs,

we can consider any type nonholonomic transforms of d-metrics (g5 = e e% gup Or s-adapted

ones, g, . = ', e%s Sap) and respective re-distributions of distortions, when the s-adapted form of
sources (63) is parameterized
it

Q¥ 5 = [1Y(xk1)5i1j1, ZY(xklryCZ)(Sazbz, 3Y(xk1,yczlvc3)5a3b3, 4Y(xk1,ycz,UC3,UC4)5H‘Z4], (64)

where the effective sources can be parameterized in conventional oriented forms Y (x%s-1,0%). Such
s-adapted parameterizations of lA{,Xs p, and lexs p, are important for explicit integrations of nonmetric
FLH gravitational equations. For Q — 0, we shall be able to generate solutions with nontrivial
T = {"T"Tx ﬁ}’ and then to extract LC-configurations V (as we prove in the next section and Appendix).

We can define canonical d-equations on dual phase space 'M encoding Hamilton generating
functions and respective nonmetric distortions:

R, = ¥, for (65)
= f?txﬁ"f' |m?acﬁr (66)

when the nonholonomic s-adapted parametrization of the sources is stated in the form

0¥ = Y5, pY (M, 52)0%,, Y (5,52, pe ), (Y (5,52, pe, pe )], (67)
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2.3.5. Modelling, Distorting, or Extracting Gravitational Field Equations in GR and FLH MGTs

The systems of FLH equations (62) and (65) with respective sources ansﬁs (64) and Q%,L p (67)
can be integrated in general forms as we shall prove in Section 4. In abstract geometric forms, the
corresponding FLH MGTs can be stated by such data:

(Mv : FOI‘L,‘gZ’sg,f\]ﬁSN,sﬁzﬁ+sz,g2+mE,nglg,Qﬁézo,
for Lagrange - Finsler - Cartan configurations); (68)
(°M : ForLg~ g ‘N~ SN, D= D+ $Z, %L+ "L, 8%,3, cQ~ “Q=0,

(BM : ForLig~ .g N~ EN,ED=PD+ Bz &L+ "L, ggaﬁ, B~ BQ =0,

for Lagrange - Finsler - Berwald conﬁgurations) ;

~

(M\ :  we can prescribe L; g ~ g, N~ N, D=V+.Z 3L+ "L, an/g, Q=0 T #0,
for phase space canonical configurations);
(VM g~ g N~ SN,sﬁ: V+5Z,3E+mE,QQaﬁ,Q:O,T:O,ﬁW:O:V
extracting phase space LC-configurations);
(M gzsng'isN/sﬁ:D+sZ/gE+mEngaﬁrQZQ#OfTZT#O)/
nonholonomic metric-affine phase spaces;
(M : g~ g N~ (N, ;D= D+ Z L+ "L, o¥p, Q= Q#0, T#0,T[V] =0),

~, A~

nonmetric phase space f(Q) gravity .

In the above formulas, we use "~" to state equivalence up to a certain frame and distortion of
connections transforms.

The MGT theories defined above for M can be formulated in similar forms on 'M using
momentume-like variables and geometric objects and (effective) Lagrangians and sources labelled by
"

Let us discuss how various types of FLH theories analyzed in paragraphs 1-7] of Section 1 can be
included, modelled, or generalized to MGTs on (co) tangent Lorentz bundles classified in (68):

Perhaps, the simplest analysis concerns the class of models and solutions for Finsler-Randers-
Sasaki theories studied in [153-157] using Sasaki d-metrics of type g,4(x,y) (13) and (typically) certain
metric compatible Finsler d-connections ¥ D. Performing respective s-adapted frame transforms with
8u.ps = €%, ef 8, 8.p and distortion D =D+ FX and parameterizations of sources ngsﬁs (64) (if
necessary, we consider Q = 0), we can impose the conditions that g, g, is determined by a solution
of (62). For such constructions, we can embed respective Finsler-Randers configurations into more
general classes of FLH theories discussed above.

Considering models on M, with respective Sasaki d-metrics, effective sources and d-connections,
we can model Barthel-Randers/ - Koropina models [137-139] as some sub-classes of solutions of (62).
Of course, we have to adapt respectively to the N-connection structures and restrict the classes of
generating and integration functions.

Then, we can model in our approach certain alternative variants and extensions of the works
[125-127,131,134-136] which are not necessarily formulated on (co) tangent Lorentz bundles and
may involve (nonmetric) Berwald d-connection, or metric Cartan d-connections, respective sources,
etc. The main assumption for such solutions is that we do not enter into "exotic" locally anisotropic
causality scenarios, but perform all constructions on M. The N-adapted variational calculus and
effective sources can be chosen as, for instance, in [125,126]. Furthermore, noholonomic s-adapted
frame transforms and distortions of connections enable us to speculate on metric and nonmetric FLH
theories with EYMHD configurations, which can be defined and studied if we follow only the original
Pfeifer- Wohlarth particular model. The variants with modified Einstein equations (62) and (65) offer
such possibilities even for some particular cases of effective sources ansﬁs (64) and an p (67).
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Finally, in this subsection, we briefly discuss how we can reproduce in a relativistic and self-
consistent form the results and (numerical and graphic) methods from [145-147]. In those works, the
lifts and deformations from a base spacetimes with extensions to certain y-variables are performed
using Akbar-Zadekh constructions [140,141] or the version of Finsler modified Einstein equations
from [129]. In principle, such models are incomplete and undetermined if we do not introduce Sasaki-
like lifts on total spaces, and do not perform a (co) tangent Lorentz bundle formulation. We can
construct arbitrary y-deformations and speculate on any types of local anisotropy and y-deformations
as mentioned in 7.4] of Section 1. Nevertheless, we can consider similar models with Sasaki lifts to
d-metrics, when solutions of systems (62) and (65) (for certain subclasses of generating functions and
sources will reproduce BH, WH and cosmological scenarios proposed in certain phenomenological
and numerical forms in the mentioned works). They consist of particular cases, or nonholonomic
deformations and distortion of the d-metrics studied and reviewed in [13,17,18,148-152,158].

3. Metric and Nonmetric Geometric FLH-Flows and Ricci Solitons

The systems of nonlinear PDE equations (62) and (65) consist examples of associative and commu-
tative nonholonomic Ricci solitons defined as particular cases of self-similar nonassociative geometric
flows on metric compatible 8-d phase spaces in our recent works [13,17,18,158,170,171]. Such con-
structions of generic off-diagonal solutions encoding nonmetricity were also performed in [37,107,161].
We shall consider applications of the AFCDM and explicit 8-d examples encoding nonmetric FLH
configurations in sections 4 and 5.

The generic off-diagonal solutions constructed and studied in various MGTs (including FLH
models) are not characterized, in general, by certain hypersurface or holographic conditions. As we
explained in paragraph 6.4] of Section 1, the Bekenstein—-Hawking BH thermodynamic paradigm
[113,114] does not apply even to off-diagonal classes of quasi-stationary and regular BH solutions
in GR [20]. In the case of FLH deformations of the Einstein equations, similar issues exist and this
motivates the elaboration of corresponding models of nonholonomic and Finsler-like geometric flows.
The goal of this section is to formulate and study such metric and nonmetric FLH geometric flow
theories and related statistical thermodynamic models as generalizations of the results and methods
from a series of works on Riemannian geometric flows and various relativistic and non-Riemannian
modifications [53,106,108-112,115-119].

3.1. Metric Compatible FL and FH Deformed Geometric Flows

We note that in our works on nonholonomic relativistic and/or FLH (non) metric geometric flows
generalizations of the famous Poincaré-Thurston conjecture are not formulated/ proved. This is a
very difficult mathematical problem which depends on the types of metric and N- and d-connection
structures, i.e. can’t be formulated and proven in some general nonholonomic metric-affine forms.
Nevertheless, we use the concept of W-entropy [108], which is useful for formulating statistical and
geometric thermodynamic models characterizing physical properties of FLH theories and respective
classes of nonholonomic geometric evolutions or dynamical equations. Corresponding thermodynamic
variables involve families of distorted Ricci tensors and respective Ricci scalars defined typically by
T-families of metrics gu3(T) := gup(7, u”) and linear connections I'! ﬁ(T) =T /3(1‘, u7), where T is
a positive flow parameter (treated as a conventional temperature). Typically, we shall write for the
geometric objects only the T-parametric dependencies if that will not result in ambiguities, for instance,
sD(1), 'D(7),8(7) = {845(7)}, etc. The priority of our nonholonomic approach is that we apply the
AFCDM to decouple and solve in general off-diagonal forms respective systems of nonlinear PDEs,
which define FLH geometric flow evolution models or, for fixed T = 7y, nonholonomic Ricci soliton
configurations which are equivalent to certain classes of FLH gravity theories.

3.1.1. F- and W-Functionals for FL and FH Flows

Let us consider a FL phase space M and FH phase space ' M which admit respective re-definitions
in canonical 4+4 or nonholonomic dyadic variables as in (68), with respective classes of nonholonomic
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equivalence, M>~M~ Mand M~ 'M ~ ‘sﬁ/l\ . For simplicity, in this subsection (with
metric-compatible geometric constructions), we consider only "tilde" geometric objects. The models
with "hat" connections can be formulated in similar forms, when the s-adapted variants result in
respective FL and FH geometric flow equations, which can be integrated in general off-diagonal form
(we prove it in section 4 in certain general forms with nonmetricity).

We consider FL and FH flows on temperature like parameter 7 (when 0 < 7 < 13) of d-objects on,
respective, M and 'M, by using t-flows of volume elements

d Vol(t) = /| 8up (1)] & 1 (t) and d Vol (1) = \/| Bup (T)] '&® w7 (7). (69)

Such a value is computed using N-elongated s-differentials, for instance, '6° 'u7* (), which are linear
on 'N ia. (T) asin '€y (1), see formulas (19) and (18). Nonholonomic geometric flow theories can be
formulated for the geometric data [g(7), D(7)] and [ 'g(7), 'D(7)], when the Perelman type functionals
are respectively postulated:

Flr) = /E(f{sc+\6f|2)e*fd%1(r), (70)
W) = /ﬁ(4m)*4 [t(Rsc + [Df])2 + f — 8l / d Vol (7); 71)
and

F(r) = /M( Rsc+ | D' FP)e [ d Vol(1),
W) = /5(471'()_4 [c('Rsc+|'D F)2+ 'F—8le- T d Vol(x).

I -

The 8-d hypersurfrace integrals Z and for 'Z, such F- and W-functionals are determined by volume

elements (69). For instance, a h-c-normalizing function 'f f(t, 'u) can be stated to satisfy the condition

[ 7 Vo) = /ttz/i [ 7 dVlm) =1 72)

In these formulas, where the integration measures 'v = (47‘[1’)_4 ~f are parameterized for the h- and
c-components, with shell further parameterizations if necessary. For general topological considerations,
such conditions may not be considered. We can also choose certain variants of for 'fto simplify
certain formulas and computations.
The FL and FH geometric flow evolution equations are postulated in the form

d8ap(T) = —2R (1), (73)

9:f(t) = Rse(t) — A(1)f(7) + (D(0)f (1))?

and
I 'Bap(1) = —2'Ryp(1),
o 'f(r) = 'Rsc(t) — 'A(r) 'f(1) + ('D(1) 'f(7))%
For instance, 'A(7) = ['D(7)]? in (73) are families of the Laplace d-operators computed for 'g, (7).

Such nonlinear PDEs can be derived in variational forms from the F- and W-potentials, respectively, (70)
and (71) generalizing the proofs provided in [108], see details in monographs [110-112], and, for various
nonassociative or nonholonomic non-Riemannian generalizations, [13,17,18,37,107,158,161,170,171].
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Nonholonomic Ricci solitons for the FH Cartan d-connection 'D are defined as self-similar
configurations of (dual) gradient geometric flows (73) for a fixed parameter 1y. So, on 'M, the FH-Ricci
soliton d-equations are of type

IIN{ ap + ‘]5,,( lﬁlg ‘@( ‘M) ='A Igaﬁ, (74)

where '@ is a smooth potential function and 'A = const. The FH-modified Einstein equations
involving the Cartan d-connection consists of an example of nonholonomic Ricci soliton ones (74).
Even in abstract geometric form of F- and W-functional and nonholononmic geometric flow equations
are very similar on Mand 'M, in general, they may involve different almost symplectic formulations
because the Lagrange and Hamilton approaches to mechanical and classical and quantum field theories
may be not equivalent.

The nonlinear systems of PDEs (73) or (74) written for the respective Cartan d-connections D,
and 'D, can’t be decoupled and integrated in general off-diagonal forms. To apply the AFCDM, we
have to distort such systems, for instance, D, — D,,. Then, imposing additional nonholonomic
constraints on a found class of solutions, we can extract FL or FH Cartan configurations.

3.1.2. Thermodynamic Models for FL and FH Flows
Let us consider such 7-families of respective geometric data: [g“ﬂ (1), ]5(7.’)] and [ '8up (T), ‘f)(T)} ,

used for nonholonomic deformations with respective closed hypersurface & C M and 'Z C 'M; and
the corresponding volume forms (69). We can introduce respective partition functions for FL and FH
phase spaces of dimension nn = §,

Z(t) = exp[/ﬁ[—f—k 4] (47‘[7)_4e7fd Vol(t) and (75)
Z(1) = exp| /ﬁ[— F 4] (4mr)te T d Vol(x).

Using standard statistical and geometric mechanics computations [53,106,108,110-112,115-119] (or
abstract geometric methods), we can define and compute such thermodynamic variables:

average energy , £(1) = —Tz/E (47IT)4< Rsc+ | D f|> — i)e_ fdf)ol(*r); (76)
entropy, S(1) = - /§(47IT)74 (T( Rsc+ [Df]?) + f — 8)6_ f?dfiol(r);
fluctuation ,o(t) = 274 /§(4m.')_4| ﬁaﬁ + Dy 15ﬁ f- %'gva[ﬂze* fd Vol(t);
and
E(r) = —1? /: (4711)_4( Rsc+|'D'f|? - i)e Fa Vol (7);
S(t) = ‘5(47'[1')_4 (T( Rsc+ | 'D'f]*) + 'f— 8)67 fd Vol(1);
F(r) = 27 /5(47”) | 'Ryp+ 'Da'Dp'f — = 'BaplPe T d Vol(1).
We note that, for instance, 'VNV(T) = — 'S(1) (71). The formulas allow us to compare and select

thermodynamically different FL and FH theories (76).
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3.2. Nonmetric Geometric Flow Equations in Canonical Dyadic Variables

We elaborate on the theory of nonmetric FLH geometric flows in canonical dyadic variables and
families of geometric and physical data

( M,N(1),g(1),D(1) = V(1) + L(1) = D(1) + L(1), $L(7) + "L(7)) (77)

parameterized by a real parameter 7,0 < T < 7. The distortion relations for any fixed 1y are defined by
formulas (48) and (51), when the conventional actions §£(7) and ™ Z (1) for phase space interactions
are stated as in (52). We also consider the classification (68) and the possibility of defining dual N- and
s-adapted geometric models on ‘M.

3.2.1. Q-Distorted R. Hamilton and D. Friedan Equations

Natural T-flows with 4+4 respective h- and v-splitting exist on M, when g(7) = (8ii(T), 8 (T)]
for respective T-families of N(7) = {N/(7)}. We can consider similar dyadic s-decompositions with 4
shells, s = 1,2,3,4 and respective splitting of indices a5 = (is_1, ;). In such cases, we write SM\ with
8(1) =~ s8(7) = [8i,_1j. 1 (T), Su.b, (T)]- The nonholonomic and distortion of d-connection structures
can be prescribed in such forms that for any T = 1y the canonical modified Einstein equations (62)
hold. The nonmetric geometric flow evolution equations can be postulated:

9:8ii(T) = —2[R;j(1) — o¥4(T)]; (78)
9:8ap(T) = —2[Rap(7) — o¥ap(7)];
Ris(7) = Ryi(7) = O;R;j(7) = Rji(7); Ryp(T) = Ry (7),
where the h- and v-components of sources Q%Xlg = | Q%']'(T), anb(T)] (64) can be written in

s-adapted forms. In (78), IA{,XIS(T) is equivalent to [J(7) = D*(7)D, (1) (the canonical d’Alambert
operator, or phase space wave operator) for small perturbations of the standard Minkowski tangent
bundle. The conditions Rj,(7) = R,;(7) = 0 have to be imposed for any fixed 19, Ric[D] = {IA{“B =
[Rij,
nonmetric nonholonomic Ricci flows.

Ris, Rui, Ryp]} if we elaborate on a phase space theory with symmetric d-metrics evolving under

On dual phase spaces ' M, the nonmetric geometric flow evolution equations can be written in
the form

9:gij(T) = —2[Ryj(7) — o¥4(7)]; (79)
97 ab(T) _ _2{ 'ﬁ”h(r) _
R/ (1) = RY(1) = O;Ry(7) = Rji(7); R"(7) = 'R"(q),

for respective h- and c-sources Q%xlg = ngl-j('r), anb(r)].

The geometric flow equations (78), involving flows on velocity type variables and (79), involving
momentum type variables, consist of certain generalizations of the R. Hamilton equations [109]
postulated for V. We note that equivalent equations were considered a few years before the mentioned
mathematical works D. Friedan was inspired to introduce geometric flow evolution equations for
research on string theory and condensed matter physics [172,173]. Considering respective distortion
relations, the above nonholonomic geometric flow equations can be transformed into respective tilde
ones (for the Cartan d-connection) (73). We can derive nonmetric variants of geometric flow equations
considering an approach, which is similar to the abstract geometric method from [2], when certain 7-
running fundamental geometric objects Ricci tensors and generalized sources are distorted to canonical
nonholonomic data (77).
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3.2.2. 7-Running Nonmetric Einstein Equations for f(Q) Nonmetric Geometric Flows

We can consider the terms d-g,,/(T) in (78) as additional effective sources determined by 7-
running of geometric flows of the canonical Ricci d-tensors. Using 7-families of vierbein transforms

I

e, (1) =e" W (7,u7) and their dual transform e (7, u”) with e/(7) = e" W (T)du* , we can introduce

N-adapted effective sources

o's(1) = &(0)e (O] Q¥ (1) — 5 gy (0] = [ (298], I(e a5 y"ef) (60)

The data )", (7) = | 6](1'), 0J(7)] can be fixed as some generating functions for effective matter
sources encoding also contributions from Q-deformations. Prescribing explicit values of ’é J(7) and
zé J(7), we impose certain nonholonomic constraints on the noncommutative geometric flow scenarios.
If Q = 0, such sources encode nonholonomic distortions of V() to D(7).

Considering nonholonomic dyadic s-frames and respective generating sources QJ%(T) (80)
— Q]H v. (T), we can write the nonmetric geometric flow equations (78) as T-running and Q-deformed
Einstein equations for D,, (),

R (1) = )%, (1), ie RPy (1) =67, L)(0), (81)

with s-adapting of sources as in (67). Such systems of nonlinear PDEs can be decoupled and integrated
in very general forms by applying the AFCDM as we show in the next section. Constraining non-
holonomically the T-parametric equations (81) system for zero canonical d-connections, we model
nonmetric T-evolution scenarios in terms of LC-connections:

Tﬂ{xssﬁs(T) =0, for DlT o(T) = *V(1), when (82)
Rp.r,(T) = Jp. (1), when oJg. (T) = g0, (7). 5Q = 0 for 5T = 0. (83)

We emphasize that to model metric or nonmetric FL geometric flows, the nonholonomic LC-constraints
(82) or (83) are not appropriate. For instance, we have to consider a nontrivial Cartan d-connection
T # 0 for *D — D.

If we work on dual phase spaces g./T/l\ , a similar abstract s-adapted geometric formalism allows
to re-write the nonmetric geometric flow equations (79) into

R (1) = % (1) ie. 'R (1) = 6%, (). (84)

Such systems of nonlinear PDEs involve momentum-like variables in a form dual to (81). The respective
N-adapted dyadic configurations can be stated in certain forms when respective classes of generic
off-diagonal solutions are also dual. If necessary, we can impose on 'S./T/t\ nonholonomic constraints of
type (82) or (83).

In [107,161], the nonholonomic and nonmetric Ricci soliton configurations were defined as self-
similar ones for the corresponding nonmetric geometric flow equations. Such constructions can be
performed on M. Fixing T = 79 in (78), we obtain the equations for the ]?(Q) Ricci solitons:

W)

o¥ij, R, abr (85)
R, =0;

W>
||

The nonholonomic variables can be chosen in such forms that (85) are equivalent to T-families of
nonmetric modified Einstein equations (81) for spw (19). For additional nonholonomic constraints (82)
or (83), such equations define solutions of the nonmetric phase space Einstein equations for V(7). On
‘M\, we can define nonmetric canonical Ricci solitons as solutions of a nonlinear system of PDEs which
are dual to (85).
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Finally, in this subsection, we discuss the problem of formulating conservation laws for Q-
deformed systems. Using the canonical d-connection, we can check that for systems of type (85), and
related nonholonomic modified Einstein equations, the conditions

DPEY, = D(RY; — 3 °Ro*;) #0and DF ¥, #0,

are satisfied. This is typical for nonholonomic systems with non-integrable constraints, which requests
additional geometric constructions and restrictions on classes of generating functions and effective
sources. The issue of formulating conservation laws on M becomes more sophisticate because of
nonmetricities. Similar problems exist also in nonholonomic mechanics and various versions of FLH
geometries, when the conservation laws are formulated by solving nonholonomic constraints or
introducing some Lagrange multipliers associated with certain classes of nonholonomic constraints. In
certain cases, we can solve the constraint equations (they may depend on local coordinates, velocities
or momentum variables); in such cases, we can redefine the variables and formulate conservation
laws in some explicit or non-explicit forms. Such nonholonomic variables allow us to introduce new
effective (mechanical) Lagrangians and Hamiltonians. This allows us to define conservation laws in
certain standard forms only if Q,p, = 0 and nonholonomically induced, or vanishing, torsions.

3.3. Statistical Geometric Thermodynamics for f(Q) Geometric Flows

G. Perelman [108] introduced the so-called F-and W-functionals as certain Lyapunov-type func-
tionals, (1,8, V, Rsc) and W(T, 'V, Rsc) depending on a temperature like parameter T and funda-
mental geometric objects when W have properties of "minus entropy". Using F or W, he elaborated a
variational proof for geometric flow equations of Riemannian metrics, which was applied to devel-
oping a strategy for proving the Poincaré—Thorston conjecture. Respective details are provided in
mathematical monographs [110-112]. It is not possible to formulate and prove in some general form
such conjectures for non-Riemannian geometries, including FLH theories. More than that, it is not clear
how, in a general form, we could define general metric-affine (with nontrivial nonmetricity) general-
izations of GR and standard particle theories (with nonmetric variants of Dirac equations) [17,19,36].
Nevertheless, nonmetric geometric flow (including certain Finsler-like variables) where studied in a
series of works [18,23,37,53,106,117]. In such works, the main goals are to consider modifications of G.
Perelman’s Ricci flows thermodynamics and applications in modern gravity and cosmology.

3.3.1. Nonholonomic F-/ W-Functionals for Q-Deformed Geometric Flows and Gravity

Considering t-families of distortions (19), resulting in respective changing of geometric data
[8(1), D(1)] — [g(7), D(1)], we can distort (70) and (71) to

F(1)

[ Rsc+ [DFR)e f avol(x), (86)

—

W(t) = /A(4m)*4 [t(Rsc+ [Df])2 + F — 8l / d Vol (7). (87)

=
fla

The 8-d hypersurfrace integrals on £ for F- and W-functionals are determined corresponding by
volume elements (69) redefined for respective transforms of t-families of d-metrics, g, (7) (13) to

g« (T) (15), when
d Vol(t) = /| ap (T)] 8 1 (7). (88)

~

Such transforms can be adapted to a canonical normalizing function f (7, u) which, for instance, can be
stated to satisfy the condition

/Qv d Vol (1) := /ttz/g /ﬁ 7 dVol(t) = 1. (89)
G 1 =t =F
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In these formulas, where the integration measures v = (477) “4e~ f are parameterized for the h-
and v-components (or with shell further parameterizations if necessary). For general topological
considerations, such conditions may not be considered. We can also choose certain variants of f
to simplify certain formulas and computations. The formulas (86) - (89) are defined for canonical
nonholonomical variables on M. Using corresponding abstract labels and nonholonomic geometric
objects, we can redefine them for canonical geometric flows on ‘M.

To introduce in explicit form certain terms with T-flows of matter and effective (encoding dis-
tortions and nonmetricity) Lagrangians, we can re-define correspondingly the normalizing function
f(t) = Z(t), when

-~

9:0(1) = ~O(O) ()] + B £(0)] ~ F(Rse(x)) ~ “L(x) ~ "£(v) ©0)

This equation for {(7) can be N- and s-adapted in such forms when the nonlinear partial differential
operators of first and second order on M relate T-families of canonical Ricci scalars Rsc(T) and
nonmetric sources (63) for (62), for certain fixed 1y, or with general sources (80) for (81). The non-
holonomic variables can be considered in any form as stated in (68). Such a nonlinear PDE can’t be
solved in a general form which do not allow us to study in general forms models of flow evolution of
FLH and topological configurations determined by arbitrary nonmetric structures and distributions
of effective and real matter fields. We can prescribe a topological structure for an off-diagonal metric
constructed as an exact/ parametric solution of nonholonomic system of nonlinear PDEs (78). Or we
can use transforms (72) for (86), or (87), to perform formal variational N-adapted or s-adapted proofs
of the canonical nonholonomic geometric flow equations. We can choose a convenient {(7) (it can be
prescribed to be a constant, or zero) which states certain constraints on nonmetric geometric evolution
but allows to simplify certain formulas, or to generate some classes of solutions. Alternatively, we can
solve the equation (72) in certain parametric forms and then to redefine the constructions for arbitrary
systems of reference.

3.3.2. Canonical Thermodynamic Variables for f(Q) Theories

For nonmetric FL geometric flow models defined by 7-families of nonholonomic data g M : g ~
58/ N~ (N, ;D= D+ ,Z $L+ "L, anﬁ, 0~0Q #0, T # 0, T[V] = 0), when contributions for
f(Q) are encoded into {(7) — @{(7) asin (72), when °L(t) — (£(7) is determined by distortions
of nonmetricity fields. Conventionally we consider T-families of geometric data: [gg (T), D(1) =
D(7) + Z(7)] and [ 'gap (1), 'D(t) = 'D(7) + 'Z(1)]. Nonholonomic dyadic s-adapted canonical
variables can also be introduced for characterizing respective classes of off-diagonal solutions, when
EcC oM and g c oM and the corresponding volume forms of type (89). We can introduce
respective partition functions for nonmetric deformed FL and FH phase spaces of dimension n = 8§,

(AN

=

0Z(t) = expl /; [~ of +4] (4r1) e 2% dDol(t) and 1)

)

GZ(r) = exp[/la[— o8 +4] (4rr) e o d Vol (7).

Similarly to (91) and (76), for respective distortions. Using standard statisical and geometric mechanics
computations [53,106,108,110-112,115-119] (or applying the abstract geometric methods) we can define
and compute such thermodynamic variables:

QE(T) = —TZ/q (47TT)4< Rsc+ | D Qaz - i)e of dVol(1); (92)
oS(t) = - /g(47TT)74 (T( Rsc+ D o) + o — S)e_ def}ol(r);

. O | P
of(t) = 27 /§(47TT) | Ryp + Do Dg o7 — Egaﬁ\ze ¢ dVol();
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and
& = -2/ (4 Rsc+|'D 7> - e of d'Dol(7);
of(t) = -7 ( nt)~*( 'Rsc Q@ - ol(7);
'Qg(r) = —/ (4rt)"*(7('Rsc+ | D' C| )+ T —8 )e ol g Vol (1);
o = 27 /(4m) 4] Rys + 'Du 'Dy Qg_i Baple” o0 d Dol(1).

In a similar form, we can compute, compare and select thermodynamically different nonmetric FL and
FH theories.

3.4. Different Thermodynamic Formulations of (Non) Metric FLH Theories

The formulas (91) and (92) written in hat geometric data allows to compute respective thermody-
namic variables directly for any class of solutions of Q-deformed Einstein equations (81) or (84). Such
thermodynamic values can be defined in similar forms for any d-connections, d-metrics and respective
distortions of type (1), (36), and (68).

For instance, can consider the Berwald, 2D, d-connection from (1) and compute respectively

gS(T) = —T2/H(47TT)4< BRsc + | BDSQZ—i)e_ CfgdBVol(T); (93)

BQS(T) = —/H(47TT)74(T( BRsc+| ®D 6§|2)+ 65—8)6_ 6§dBV01(T);

Such formulas are determined by corresponding geometric d-objects with abstract left label B intro-
duced in (92) and can be defined for any T-family of Berwald-Finsler geometries (g(7)~ Fg(t), ED(7))
on BQM. In non-explicit form, such nonholonomic geometric thermodynamic configurations are char-
acterized by generalized R. Hamilton and D. Friedan equations of type

9:gup(T) = —2"Ryp(1), (94)
o Pf(r) = PRse(r) = PA(7)Pf(r) + (D(1) Pf(1))?,
where ® A (1) = [ PD(1)]? are families of the Laplace d-operators computed for g,s(7). Such

nonlinear PDEs can be derived in N-adapted variational forms from the corresponding F- and W-
potentials, when gW(T) = - 58 (7) as it was explained for (73). In equivalent form, such proofs
can be performed in abstract geometric form using respective distortions of the results and methods
from [108], see details in monographs [110-112]. We have to consider nonholonomic s-adapted hat
variables and respective additional distortions with re-definition of normalizing functions if we want
to compute (93) for explicit solutions of (94). Such systems of nonlinear PDEs can be written in the
form (81) for g~ Fg ~ ;g ~ {g,5}~ {ga,p, } In the next section, we shall prove that such equations can
be decoupled and integrated in explicit forms. For a class of solutions for Berwald-Finsler geometric

flows, ( sg(t)~fg(7), B ﬁ(T)) written in canonical s-variables, we can compute:

65’(1) = -7 /6(4711') (ff{sc—H Q§|2 4)8 ol g Vol (7); (95)
5S(r) = —/@(4777)—4(1( BRsc+| BDH7) + o0 —8)e oF d Vol (v);

Alternatively, we can consider the Chern, CD, d-connection stated in (1) and compute above
thermodynamic variables, labeled and defined in functional forms as
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The above thermodynamic FLH geometric flow variables are very important for characterizing
physical properties of certain models of Finsler-like gravity and respective classes of exact/parametric
solutions. For instance, if 63’ (1) < 85’ (7) for certain prescribed common nonholonomic data, we can
conclude that such a Berwald-Finsler geometry is for a more probable relativistic phase space theory
than another Chern-Finsler geometry. Perhaps, such an analysis should involve computations of
analogous values for the Cartan-Finsler geometry S(7) (76). Formulas (93) can be used for computing
G. Perelman thermodynamic values for respective classes of exact/parametric solutions (in Section 5,
we shall provide explicit examples for physically important solutions).

The FH thermodynamic variables for Berwald-like, Chern-like or other types configurations on
dual phase spaces g/\/l can be defined and computed in similar form by using geometric data labeled

"

additionally by "'”. Finally, we note that the abstract energy characteristics are computed and analyzed
for certain functionals gé\ (1) < g? (7). Certain relativistic FLH spaces, or FLH configurations
(determined by a class of solutions) can be energetically more convenient for a realization of DE or DM

model.

4. Decoupling and Integration of (Non) Metric FLH-Flows and Modified Einstein
Equations

In this section, we show how the FLH-fow canonically distorted Einstein equations can be
decoupled and integrated in general forms using the AFCDM. We provide necessary N- and s-adapted
coefficient formulas, analyse respective nonlinear and dual symmetries and discuss the most important
parameterizations of such solutions. Proofs and technical results are provided in Appendix A. Tables
A1-A3 from Appendix B consist of a summary of the AFCDM for constructing exact and parametric
solutions on nonmetric FLH deformed geometric flows and modified Einstein equations.

4.1. Off-Diagonal and s-Adapted Ansatz for Metrics and Canonical d-Connections

Using general frame and coordinate transforms, g, g, = e”‘asel5 ﬁsgaﬁ and 'g,p, = ‘e ‘e 8 'Sup

any d-metric structure (15) can be transformed, respectively, into a canonical type ansatz of s-metrics
defined canonically in s-adapted frames (18) or (19). The prime d-metrics §,5 or '§,5 up to frame
transforms can be any FL or FH d-metrics (Sasaki type or other ones which are well-defined on
respective total phase spaces). Here, we note that if necessary we can consider 7-families of respective
target s- or d-metrics written as g, . (7) and 'gsp, (7). We can also use left labels (for Berwald,
Chern, or Cartan configurations) as in (1) to emphasize that we investigate some classes of solutions
of respective type. For instance, we can write B $up Cgaﬁ,gaﬁ.". and to put such labels for the
target configurations Bg,_ B (T), Cga. B:(T), 8a,p, (T)-... This emphasizes that the target s-metrics are
subjected to the conditions to satisfy a T-family of FL. modified relativistic flow equations (62) and
"keeps in memory" the data of a prime FL-configuration. For simplicity, we shall omit labels of type
Bg(1) = { Pga,p, ()} and, for deriving exact and parametric solutions, write only sg(7) = { gx.p.(7)},
etc. if that will not result in ambiguities. The main conventions are those that we can always fix a
T = 79 and relate the constructions to respective classes of nonholonomic Ricci solitons and generalized
Einstein equations in an MGT. For constructions of dual phase spaces, we can put an abstract label " '".

In the simplest form, we can prove the decoupling properties of physically important systems of
nonlinear PDEs for off-diagonal anstatz with one Killing space or time symmetry for s = 2; then on
one phase velocity/momentum coordinate symmetry for s = 3; and another forth velocity/ energy
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coordinate symmetry for s = 4. In correspondingly s-adapted forms of reference, such canonical
d-metrics are of type

d3%(t) = gy (T)(dx")? + g0, (1) (e (7))* + g0 (1) (e (7))? + gay (7) (e (1)), where 97)
e2(t) = dy"+ N,flz('r)dxkl, e (1) =dov™ + N,’:;(T)dxk%e“‘l(r) = do™ + NZ;‘(T)EZ x*3, or
d3(1) = gy ()(dx")? + o, (1) (e (7))* + 'g™(7)('eay (7))* + '™ (7)( 'eq, (1))? where  (98)
e(1) = dy + NP2, ey (1) = dpay + Nogty (1), ‘e, (v) = dpay + Nyyey (1) 2.

For instance, the s-metric and N-connection coefficients of (98) are parameterized in the form

) Tof 7
8o, (T,X, %) quasi- 8 3(1,x 21; Ps)
g, (T, K1) N;:lz(‘r, x'1, %) stationary gk (T X2, ps) ‘g% (T, 'x3, py) fixed
= e#’(h,x;r,x"l) gaﬂzz(‘r, Xi:, t) locally anisotropic % (T, %2, pe) 'Nayky (1, 'x'3, p7) ps = Eo
N (t,x,t) cosmology Nugiy (7, X2, )
T-flows of 2-d Sa, (T, X’.? , y3) quasi- '¢"3 (T, X2, ps) rainbow
Poissor; eqs NklZ (7, x‘} ) stationary 'Nagk, (T, X2, ps) ‘g (T, ! x"s., E) s-metrics
M+ 0y = 8y (T,x,t) locally anisotropic _ 'Nuyky (T, '3, E) variable
2, Y(7,x') N2 (T, x, 1) cosmology g% (T,x2, pe) ps =E
'Nugk, (T, X2, ps)

Similar s-parameterizations can be written for T-families of s-metrics (97) by changing momenta into
velocities for respective labels and s-indices.

The AFCDM method for ansatz of type (97) and (98) is summarized in Tabels 1-13 from Appendix
B.

4.2. Decoupling of Nonmetric FLH Geometric Flow and Modified Einstein Equations

For a quasi-stationary ansatz (A1) on M with a respectively computed canonical Ricci s-tensor
ﬁ“gs with coefficients (A12), (A14), (A15) and (A16), the system (81) of T-running and Q-deformed

Einstein equations for Dy, (7) decouples in such a general s-adapted form:

Py’ = 20](0), (99)

(@)*hy = 2hzhy BI(7), (100)
pwj—a; = 0, (101)
nt+oyng = 0; (102)

and extending on shells s = 3,4, we obtain similar systems of nonlinear PDEs involving additional
coordinates v, v% :

(P@)shg = 2hshe BJ(1), (103)
Buwj, —a;, = 0, (104)
nZi*S—f— 3'ynz23 = 0 (105)
(*@)"hgt = 2hshg §J(1), (106)
*pwi, —wjy = 0, (107)
nZ§*4+4'ynZ§ = 0. (108)
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To emphasize how the abstract geometric calculus can be used for extending such equations from the
shell s = 2to s = 3 and s = 4, we introduced certain additional notations for some partial derivatives,
for instance, hzs = dshg and h;‘* = 97hg. We can write conventionally 1 = h,? = d3h4 to show certain
compatibility with the notations in our former works on 4-d nonholonomic manifolds. Such notations
allow to understand in the simplified form how to define certain important systems of equations with
coefficients on s = 1,2 (using *, omitting some labels if that does not result in ambiguities) and then to
extend the constructions in abstract symbolic form for s = 3,4 (using *3 and *4). In the above system
of nonlinear PDEs, we introduced, respectively, such coefficients and generating functions:

&(t) = g (1) =e""") in (99) such a generating function is determined by Poisson equations on s = 1;
w; = hPy(@)p =3 (o), equivalently o; = 129; (@), in (103) - (102),
n ‘3/2 h'?
— p—n(@)7and y = (n M) foro = 20 =1 |, 109
B B =hy(@) 7= ‘h3|) @= ‘o n\\/ml (109)

where ¥ = 2¥ = exp(@) is a generating function on s = 2;

0, = h29;,(3@), in (100) — (105),
3 *3( 3 )% 3 |h6|3/2 * 3 th

= h @)™ and "y = (In 3, for @ = In ,
‘B 6 ( ) ( |h5| ) | /7|h5h6|

where 3¥ = exp( 3w) is a generating function on s = 3;

a, = hg*d; (@), in (106) — (108),
4 *40 4 * 4 |h8|3/2 * 4 hg4
= ht(*@w)™and *y = (In 4 for *0 =1In ,
;B 8 ( ) ( |]’l7| ) | /7|h7h8|

where *¥ = exp( @) is a generating function on s = 4.

Such coefficients (109) are related respectively to T-families of generating sources (80) with additional
shell spitting. We note that all such coefficients are for nonmetric geometric flows (for instance, we can
write a; (T), °B(T), etc.). For a fixed T = 19, the system (99) - (108) for decoupling the nonmetric Ricci
soliton configurations and related FL modified Einstein equations.

Let us explain the general decoupling property of the above systems of equations for quasi-
stationary configurations. For simplicity, explain this for the shells s = 1, 2 because the same properties
hold true for higher shells: The equation (99) is a standard 2-d Poisson equation with source t-
parametric source 2 b (7). It can be a T-family of 2-d wave equation if we consider h-metrics with
signature, for instance, (+, —). Prescribing any data (h3(7), é](r) ), we can search hy(7) as a T-family
of solutions of second order on d3 nonlinear PDEs (100). Contrary, we can consider an inverse problem
with prescribed data (h4(7), ZQ](T)) when h3(T) are solutions of a corresponding T-family of first-order
nonlinear PDE. Having defined in some general forms h3(7, xk, y3) and hy(T, xk, y3), we can compute
respective coefficients a; () and 2B(t) for (101). Such t-families of linear equations for wj(T, XK, y%)
can be solved in general form. So, we can conclude that such equations and respective unknown
functions are decoupled from the rest of the system of equations. Then, we can solve (102) and find
(T, xK,1%). Then, we can perform two general integrations on y° for any (7, x¥, %) determined
by h3(t, x%,y?) and hy(t, x5, y%). So, we can generate off-diagonal solutions of (modified) Einstein
equations written in canonical d-connection variables by solving step-by-step four equations (99) -
(102).

Above formulas with decoupling were stated for the quasi-stationary off-diagonal metric ansatz
(A1) and respective generating sources. In a similar form, we can prove general decoupling properties
for locally anisotropic cosmological d-metrics (A2). In generic form, respective coefficients depend on
y* =t and respective symbols are underlined, for instance, in the form (k5(t, ¥, t), él(r) (1, x5,1))
for 2¥(t, x5, t); a; , and °B, etc., where we underline certain symbols to emphasize that they are
considered for locally anisot;opic cosmological configurations with generic dependence on t-coordinate.
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Using duality transforms and abstract geometric computations, the above system of equations can be
defined for 7-families of quasi-stationary or locally anisotropic configurations on [ M.

4.3. Integration of Nonmetric FLH Geometric Flow Equations

The geometric constructions provided in appendix A.2 consist of examples of extension of the
AFCDM for FLH geometric flow and MGTs. They allow us to generate exact and parametric solutions
of the nonlinear systems of PDEs (81). In this subsection, we provide and discuss the main properties
of such generic off-diagonal solutions defining quasi-stationary configurations with s-metrics (97).

4.3.1. Different Forms of Quasi-Stationary Solutions and Their Nonlinear Symmetries

Taking the values of s-adapted coefficients (A28), we construct d-metrics (A1) as general quasi-
stationary solutions of the T-parametric FL-modified Einstein equations (81). The corresponding
quadratic element can be written in the form

d2(r) = O D[t + ()2 + (110)
s=4 [((F)=]? a1 4 % CY)
23:2 4( SQJ)z{gg;] — [ dus=1[( )]s /4( SQJ)} [du + (59)*s

dx’s 2+

[0] 251 [(CF)P 2s 25—1 (%)) k
S — [ du S Hdu™ + [ 1ng, + 2my, [ du dxs }].
o 4(Q)) / A QIPlal — [ s[04 D)
In these formulas, we use:
generating functions: (1) ~ (T, xM); ¥ (1) = F(T, 45,5, (111)
generating sources: OJ(<) ~ QYT xM); HJ(<) = (T, 2k, th);
integrating functions: ggi](r) o~ gg;](r, k), g (<) = g, (T,00), amp, (<) = amg, (T, 65).

1. Above classes of such solutions are with nontrivial geometric flows of nonholonomic torsion,
which is not zero for hat variables. We can define certain classes of nonholonomic frame trans-
forms and distortions of the canonical s-variables when the FL geometric evolution is described
by families of LC-connections sV (7).

2. We can compute necessary thermodynamic variables (92) associated with canonical quasi-
stationary solutions, or their time dual ones defined as locally anisotropic cosmological solutions
with additional cosmological flow. In the next section, we shall provide such examples for
nonassociative BH and WH configurations.

3. The solutions for FL Ricci soliton equations (85) consist self-similar configurations of (81) with
T = T1p9. We can construct such quasi-stationary solutions directly or after a class of generic
off-diagonal solutions was constructed for FL geometric evolution flows. Such nonholonomic
Ricci soliton configurations can be generated equivalently by solutions constructed using the
AFCDM as it is outlined in Appendix B.

4.  Finally, we note that T-families of nonholonomic FLH quasi-stationary solutions can be generated
using Tables A5, A6, A10 and A11 (see respective ansatz (A32), (A33), (A35) and (A36)) when the
s- and N-coefficients are considered with additional T-dependence and the generating sources
(111) are correspondingly redefined for FH distortions and ]

Nonlinear Symmetries of Quasi-Stationary Configurations

The off-diagonal solutions (110) are described by some nonlinear symmetries which allow us to
transform different classes of generating functions and effective sources into other types of generating
functions with effective cosmological constants. By tedious computations (see similar details in
[17,18,24,25]), we can prove that such solutions admit a change of the generating data, ( Y, SQ]) <~

(5D, SA = const # 0) on 9M. The quasi-stationary configurations can be modelled for T-families
of generating data when (*¥(7), $J(7)) <» (°®(7), *A(7)). For such transforms, we can consider
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different shell cosmological constants °A which may be different from a h-cosmological constant
" A. For projections or nonholonomic constraints, or small parametric limits to GR, we can consider
"A = A = A,and *A = A. For such nonlinear transforms, the quasi-stationary solutions *§[ *¥]
(110) of f{“sﬁs [*Y] = Q]”‘Sﬁs (81) can be expressed in an equivalent class of solutions of

R

s [F0(1)] = SA(D (112)

B,
Such equivalent systems of nonlinear PDEs involve effective cosmological constants °A and possible
(temperature like) T-running. The generating data ( *®(7), *A(7)), or (*¥(7), {J(7)) can be chosen,
for instance, to describe DE and DM configurations in accelerating cosmology and study of possible
astrophysical effects (we provide examples in the next section).

The quasi-stationary configurations (110) transform into certain quasi-stationary solutions of
(112) if there are satisfied such differential or integral equations (for simplicity, we do not write in the
formulas below, in this subsection, the dependence on T-parameter):

SW27*g SAD2]*s

[ T]] = [ ?A] , which can be integrated as (113)
Q
sp2 — sA/dus+1(SQJ)fl[S\.If2}*s and/or Y2 = SA*l/duS“(;gJ)[Sqﬂ]*s. (114)

Using (113), we can simplify the formula (A24) and extend it fors = 3,4 :

2@2

3(1)2 _ (0] B 4(1)2 0] B S(I)Z
42707

he = hg' — paohs = hy) — g e hos = Iy — .

hy = h) -

This allows us to express the formulas (A25) and (A26) in terms of new generating data and extend on

(co) fiber shells. For such transforms, we can write ( S'¥)*

(113) and (114) in the form:

/ 3J in terms of such (°®, *A) and write

ST( ST)*S _ (54)2)*5 sw __ | S —1/2\/ s+1 s sP2)*
7= e ¥ — | A |/du ) (502)%].

Introducing *Y from the above second equation in the first equation, we redefine *¥*s in terms of
generating data ( {,J, *®, *A) on respective shells, when

S ks _ [sq)Z]*s
o 2/l faw (D]

We conclude that any quasi-stationary solution (110) possess important nonlinear symmetries of
type (113) and (114) which are trivial or do not exist for diagonal ansatz.

Similar nonlinear symmetries can be defined for quasi-stationary solutions on QM. Using
an abstract geometric calculus, we write the formulas for such nonlinear transforms ( ¥, SQ']) >
(5®, SA = const # 0) and respective nonlinear symmetries, for instance,

|s(I)Z — T;A/d|us+1(sQ|J)fl[‘sT2]*s_

Such formulas involve momentum like variables ps, pe, p7 for fixed ps = E(g). In abstract geometric
form, similar quasi-stationary solutions (110) and nonlinear symmetries can be generated on M
for the conventional momentum variables (ps, pe, p7 = py(0), E), when the h-part coefficients do not
depend on y* = t.
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Quasi-Stationary Solutions with Effective Cosmological Constants

Using above-stated nonlinear symmetries, the quadratic element for quasi-stationary solutions
(110) can be written in an equivalent form for generating data ( (J(7), *®(7), *A(7)),

482(1) = Guyp (T, BT, °@, SA)dusdubs = T WD [(dx!)? 4 (dx?)2)+ (115)

5<I>2[ sq,*s}z du25*1 N ais fdu2571 SQJ [Sq)Z]*s
SA( ) [ duzs=t $J[s@2)s|[ny) — s@2/45A(1)] o ()]
du2571 sq>2[ sq:.*s]Z
) [ du?s—1 Al sqﬂ]*s”h[z(;] — s@2/4 sA(T)]5/2

dx’s}? +

Yol

{I’l 1 SA( )}{dMZS + [ 1Mk, + znks/ | SA( ]dxks}].

We emphasize that the quasi-stationary solutions represented in the form (115) "disperse" into re-
spective off-diagonal forms the prescribed generating data ( *¥(7), (J(7)) transforming them into
another type ones ( *®(7), *A(7)), with effective cosmological constants. The contributions of gen-
erating sources (for effective and matter fields on phase space) f,J are not completely transformed
into T-running cosmological constants *A(7). The coefficients of d-metrics (115) keep certain memory
about the sources {,J(7) stated in (110). Considering effective *A(7), we can simplify the method of
computing G. Perelman thermodynamic variables as we show in the next section.

Solutions When Some D-metric Coefficients are Used as Generating Functions

Taking the partial derivative on y* of formula (A24) and acting similarly on fiber shells allows us
to write
53 (1) = =¥ ()] /4 L) (7).
Prescribing data for hos(T, x™s, u*1) and b](’l’, x’s,u’s*1) | we can compute (up to an integration
function) a generating function *¥(t) which satisfies [ *¥?]* = [ dus*! oJ h3: and define off-diagonal
solutions of type (110). So, considering the generating data (/2s(7), (J(7)), we can re-write the
quadratic elements for a quasi-stationary d-metric (110) as

452(T) = Guup, (T, 6%, st 5, hog)dusdubs = ¥ 0D [(dx! )2 4 (dx?)2)+ (116)

O, [ [ du () h3y]
ol 1

_ h*s 2
Zz:;[_ ( 25) {du25—1+

dx’s1? 4
[ Ta= [ g e ;

h*s)z
h d 2s /d 2s—1 ( 2s d ks .
R e ) S R TS TRl

The nonlinear symmetries (113) and (114) allow us to perform similar computations related to
(115). Expressing $®> = —4 $Ahy,, we can eliminate °® from the nonlinear element and generate
solutions of type (116) which are determined by the generating data (/y,; °A, S'Q])

Quasi-Stationary Gravitational Polarizations of Prime S-Metrics

The above-generated off-diagonal solutions and their nonlinear symmetries can be parameterized
in certain forms that describe nonholonomic deformations of certain FL prime metrics (which may be,
or not, solutions of other or the same nonholonomic geometric flow or modified gravitational field
equations). The main condition is that the target s-metrics define quasi-stationary configurations as
solutions of (81).

We denote a T-family of prime s-metric as

§(1)=[n, (1), K _(7)] (117)
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and transform it into a T-family of target s-metrics °g,

*$(1) = (1) = (80, (1) = 1, (D (1), N (1) = 1 () N* (7). (118)
°g(T) are quasi-stationary s-metrics of type (110) (which can be also formulated in equivalent forms as
(115) or (116)). The functions 1, (T, x*s-1, vks-1+1) and 17?5571 (T, xks1, vks-1+1) from (118) are called phase
space gravitational polarization (in brief, #-polarization) functions. To generate exact or parametric
solutions we can consider that the nonlinear symmetries (113) are parameterized in the form (in
general, we can consider T-running *A(t), *¥(7), etc.)

(S‘P’ SQ]) A (sg’ zg]) s (17045 goﬂfs ~ (Clxs(l +€X“s)§“s/ SQJ) A (119)
(°®, *A) = (°g "A) < (ag §ue ~ (Lo (14 €Xa)ass *A),

where °A are effective shell cosmological constants and € is a small parameter satisfying the condition:
0 < e < 1; go (¥, 05171y and x,, (xFs-1,05-171) are respective polarization functions. Such
nonholonomic transforms have to result in a target metric °g defined as a solution of type (110) or,
equivalently, (115), if the - and/or x-polarizations are subjected to the conditions (114) written in the

form:
Os_1[ Y2 = */duzs_l 0J 92s-1h2s =~ 7/duzs_l o) 925-1(12s §25) =
[ [ Yo alal +ex) gad,
SO = —4 SAhpg ~ —45Ans o = —4°A Los(1+ €x2s) $os- (120)

Off-diagonal #-transforms resulting in d-metrics (118) can be parameterized to be generated for
- and y-polarizations,

P(r) = (6", 4 (0) = 5a(, 65, 5%), 16 (T) = 67, 52,0°), s (1) = s (7, 29,07, (121)

in a form equivalent to (116) if the quasi-stationary quadratic element can be written in the form

5 (T) = Zup, (T, $ass ¥, 112s; * A, QY)dusduPs = e¥[(dx")* + (dx*)?]+ (122)
s=4 [025—1 (1725 §25)]? AT du®~1 o) 925-1(12s 25)] | .
Yol 2%5-1 s 5 s du” T+ s 3 dx's}
=20 | [ du Tt Y 92s-1 (1125 §2s)| (1725 §2s) o) 9251 (1725 §25)
o — dos (7725 8025)}2 ks12
n du® 1 [+ on / 4251 [0251 2 : dk2]
M2s 82s{ [l ks 2 |fdu7_5_1 SQJ 825_1(1725 ng)| (1725 g23)5/2] } ]

We can relate a solution of type (115) to an another one in the form (122) if ®? = —4 Ahy and the
n-polarizations are determined by the generating data (hys = 125 $25; °A, E])

Many important applications can be considered for solutions of type (122) with small x-
polarizations (120) used instead of generating functions (121). They allow to study, for instance,
small deformations of BHs in GR into BE configurations in FLH theories and other types of physically
important solutions. The e-deformations consist of a more special case when physically important
solutions in GR and MGTs can be transformed into FLH configurations with almost similar, but locally
anisotropic, properties. In Appendix A.3, the off-diagonal quasi-stationary solutions are provided in
terms of x-polarization functions.

4.3.2. Dualities of Space and Time, and Space Momenta and Energy, for Off-Diagonal Solutions

We mentioned above the existence of a specific space and time duality between ansatz ansatz
of type (97) and (98). A corresponding duality principle can be formulated for generic off-diagonal
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solutions. It allows us to not repeat all computations presented for quasi-stationary metrics with
nontrivial partial derivatives 93 for locally anisotropic cosmological solutions with nontrivial partial
derivatives d4 = 9;. For (co) tangent Lorentz bundles, similar properties exist for the duality of partial
derivatives 97 and dg, or '9” and '9® = 9. All formulas for quasi-stationary solutions from the
previous subsection and Appendices A.2 and A.3 can be re-defined by constructing locally anisotropic
cosmological solutions.

In abstract symbolic form, the principle of space and time duality of generic off-diagonal
configurations with one Killing symmetry on a space-like 93 or time-like d; on a Lorentz base spacetime
manifold is formulated:

y3 — y4 = t,h3(T,xk1,y3) — h4(T,xk1,t),h4(T,xk1,y3) — hg,('r,xkl,t),

N} = w (M, = NE =g (1,60, 0), NP = (1,25, %)« NP = (7,25, 1),

Such duality principles can be extended for phase space extensions of Lorentz manifolds. For construct-
ing explicit classes of solutions, the above duality conditions have to be stated also for prime d-metrics,
and extensions to s-metrics, and respective generating functions, generating sources and gravitational
polarization functions (and in certain cases, for the integration functions). Such details on the duality
of the generic off-diagonal solutions are given by 4-d configurations: )", (7) (80)— oJ"s; (T)

ol = oJh = BIL YY) = oY, = oI = QI 1), see (1) (80) = oJ%.(7);

(5%, 50 & (g ) © (%, 40) ¢ (g o)) &
(’71"5 goas ~ (glxs (1 +€X“s)golxs’ SQJ) A (ﬁas g"‘s ~ (§a5<1 +€L5)g‘x51 SQI) x4 (123)
(°®, SA) > (°g, °A) & (°D, °A) < (°g, °A) <

o

< o s
(17”‘5 gc"‘s ~ (gﬂés (1 + €Xas )gcﬂés’ SA)’ (Et’ls gas ~ (§a5<1 + egas)gas' A)

The duality conditions are extended also to the corresponding systems of nonlinear PDE with decou-
pling (see (99) - (102) and respective coefficients):

SY*shys = 2hps_1hos oY, — V1hos_1hys| ¥ = 334,
V |h25—1h28| S‘{I = h;;r — siosh;t,l = 2&257]h25 SQl SE/
—

32\ _
Y, — 95, ¥ = 0, ﬂzsos + <ln ‘hz\sﬁzﬂl > EZZ _, see (A17) — (A20). (124)
sk Tig 3/2\ *s .
et (1“ T ) =0 Fow;, —9;, ¥ =0,

In these formulas on SQM, Y = 095 7Y, Y = 0p5-1 °Y, etc., for s = 2,3, 4. These formulas may
involve a T-parameter. Using abstract geometric notations, we can write the formulas (124) on EM in
the form:

‘;“F*s 'h;; =2 ‘h2571 ‘]’lzs le ,S‘P, — 2V, | ‘h25_1 ‘hzsl fi = ‘h;;,ll
V ‘ IhZS—l Ih25| \S‘Y = Ih;;/ — ?ios ‘h;;_l = 2 Ith—l ‘th ‘221 \SI/
<

A 3/2 s .
Sy* g 9 S = 0, e (ln||25}121|> =0, (125)
Mo
I3%s%s | B |32 *S\ X L SWOs Iy, 1)), SW __
nis T (hl | 'has 1] nis - \i ° le azs ,i = 0.

We note that (124) and (125) are not completely dual if we introduces symplectomorphisms on 5./\/1
This is because the FL and FH geometries are not completely equivalent/ dual in such cases (similarly
to the fact that the Lagrange mechanics is not completely equivalent to the Hamilton mechanics and
respective almost symplectic generalizations).
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The nonlinear symmetries (113) and (114) are written in respective dual forms for locally
anisotropic cosmological solutions 5./\/1 For instance:

51112 Og sq)Z Og
[ = ] = %, which can be integrated as
ol A
ng — sA/duZS s STZ}OS and/or si _ sA /duZS s Sq)2]

These nonlinear symmetries allow us to redefine for different types of cosmological models the
quasi-stationary d-metrics (110), (115), (116), (122) and (A30). The corresponding locally anisotropic
cosmological analogues also define exact or parametric solutions of the FLH geometric flow deformed
Einstein equations (81) or, respectively, (84). As an example of applications of such an abstract symbolic
calculus for deriving off-diagonal solutions, we provide the formula for the dualized s-metric (110):

ds2(7) = T [(dx1)2 + (dx?)2]+ (126)

dqu[( SE)Z]OS
4 QD218 — [ ¥ /4 (HDF2

[SXOS]Z (d 25+ azs N ,S) ]
41PN,y — [ durs[ ¥4 (D)} S

sl — [ L s L o, [ - k)

Using (125), the solutions (126) can be re-defined on '5./\/1

Let us conclude the constructions related to the above-stated space and time duality principles:
locally anisotropic cosmological s-metrics can be derived in abstract dual form using some quasi-
stationary solutions by changing corresponding indices 3 into 4, 4 into 3. We correspondingly underline
the cosmological generating functions, effective sources and gravitational polarizations for dependen-
cies on (xi, t); the v-partial derivatives are changed in the form: * — ¢, i.e. d3 — d4. Such abstract
index transforms can be performed on all shells for respective velocity/ momentum-like variables.

4.3.3. Constraints on Generating Functions and Sources for Extracting LC Configurations

The generic off-diagonal solutions from the previous subsections are constructed for auxiliary
canonical d—connections ]3, Sﬁ, s ]3, etc. In general, such solutions are characterized by nonholonomi-
cally induced d-torsion coefficients "/1:7“ 8 (A8) completely defined by the N-connection and s—metric
structures. To generate exact and parametric solutions on base spacetime as in GR we have to solve
additional anholonomic constraints of type (82). Here we emphasize that FLH theories can be described
in terms of LC-connections on phase spaces, but the formulas for the geometric objects and geometric/
physically important systems of nonlinear PDEs are not adapted to N- and s-connections structures.

We can extract zero torsion LC configurations in explicit form if we impose additionally zero
conditions (82) after we constructed a class of quasi-stationary (110) or locally anisotropic cosmological
solutions (115). Corresponding computations for quasi-stationary configurations state that all d-torsion
coefficients vanish if the coefficients of the N-adapted frames and the components of s—-metrics are
subjected to the conditions:

( ) = e ln\/| s (xk1,y3)|, e ln\/\ hy(xk1,13)| = 0,0, w;, =0, w; and n:ff =0;

Mg, (X ( 1) = o0and ail nj (xkl) = ahnil (x’l‘); (127)
WP (2,0%) = ey In /| hs(xt2, )] e In /| ho(¥2,12)| = 0,0y, = By, and m? = 0;

nkz(x’z) = oOand aiznjz(xkz) = ajzniz(ka);

( k3 Z)7) = € In \/I h7(xk3/ y7)|/ € In \/| I’lg(xk3, y7)| =0, ai3wj3 = aj3wi3 and n;‘k; =0.
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The solutions for such w- and n-functions depend on the class of vacuum or non-vacuum metrics
which we aim to generate. To solve this problem, we can follow such steps:

Let us consider how we can solve the equations (127) for s = 2. If we prescribe a generating
function 2¥ = 2¥(x1,43) for which [9; ( 2¥)]*2 = 9;,( 2¥)*?, we can solve the equations for wj,
from (127). This is possible in explicit form if é] = const, or if the effective source is expressed as a

functional é](xil, y) = ZQ][ 2¥]. Then, we can solve the third conditions 9;, w;, = 9, w;, if we chose a

i %

generating function 2A = 2A(x*1,43) and define
wiy (M, ) = Wy (3,°) = 9, TE/ (PF) 2 = 9y, PAGK ).

The equations for n-functions in (127) are solved by any n;, (x*1) = 9; [ 2n(x*1)].
The above formulas allow us to write the quadratic element for quasi-stationary solutions with
zero canonical d-torsion in a form similar to (110),

A2 (1) = Sup. (xks, oFs ) dus dubs = e¥[(dx")? + (dx?)?] + (128)
23:4[ [sxfr*s]Z
AN — [ (9] /4 I[8])

{du®~1 4 [9; (S A))dx™s}2

+{h£0] - /duzs—14( | ;2[]:;]) Hdu®~1 +9;, [ *n]dx™s}?).

Similar constraints on generation functions as in (127), with re-defined nonlinear symmetries, allow
us to extract LC configurations for all classes of quasi-stationary or locally anisotropic cosmological
models with FLH geometric flows and off-diagonal deformations. This is always possible if for some
generic off-diagonal metrics with nontrivial canonical d-torsion we chose respective (more special)
conditions for generating data, for instance, of type ( *¥ (x’s, vs*1), oll Y], sA(x¥s, v’ *1)). Dualizing
the coefficient formulas as in (124), we transform (128) into locally anisotropic cosmological solutions
of the FLH geometric flow and off-diagonal modifications of the Einstein equations in GR.

4.4. Mutual Transforms of FLH Geometric Flow and MGTs and Their Classes of Solutions

Off-diagonal geometric flows and (or) nonholonomic interactions and distortion of connections
result in such new nonlinear geometric effects:

1.  Certain FLH models may transform equivalently, or partially, in other types of FLH theories
(which can be metric compatible or not).

2. A class of off-diagonal exact/parametric solutions can be transformed in another class of off-
diagonal solutions of the same FLH MGT model. In particular, we can chose a prime s-metric
which is not a solution of some FLH-modified Einstein equation and transform it in a target
s-metric which is a solution of FLH geometric flow, or nonholonomic Ricci soliton, equations.

Any transform 1 or 2 can be characterized by respective nonlinear symmetries (119) and (120) and
modified G. Perelman thermodynamic variables (92).

4.4.1. Thermodynamic Variables for FLH Geometric Flows of Nonmetric Quasi-Stationary
Configurations

Let us consider a T-family of quasi-stationary s-metrics gq, [ SQCID(T)} (115) as solutions of (112) and
respective nonlinear symmetries (113) and (114). For such nonholonomic canonical geometric data on
oM, we can compute the canonical thermodynamic variables (91) and (92) by expressing

sQf{sc(T) =§( hQA(T) + oA(7)),

where different T-running of cosmological constant are considered on the typical base and fiber spaces
for hQA(T) = 'A(1) = 2A(7) and oA(T) = 3A(t) = *A(7). We do not present in this work more
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cumbersome technical results for computing ¢/(7) involving the canonical Ricci s-tensors ‘bf{c(’f). Here
we note that introducing effective cosmological constants we simplify the procedure of computing
thermodynamic variables, when the contributions of Q -fields are encoded into nonlinear symmetries
and respective volume forms.

Such assumptions allow us to write the phase space statistical partition function and thermody-
namic variables in the form:

~ 1
S2(t) = exp| /: e 5 YY),
~ 8 1
28(r) = -7 /: (4m)4[g/\(r)+ HA(T) - 5] 6 HV(T),
- - 8 1
oS(t) = — pW(r) = _/a (@) [T(HA(T) + HA(T) - 5]5 oV (7). (129)

To simplify the computations, we have stated that the normalizing function is subjected to the con-
ditions: — QZ +4=1,°D QZ = 0 and omit the constant multiple ¢~ @ ¢. Such conditions prescribe a
"scale" for the nonholonomic FL evolution, which allows us to study certain thermodynamic properties
for a class of topological configurations. We can consider arbitrary frame and coordinate transforms
and recompute the geometric/ physical variables for arbitrary normalizing functions after the models
have been elaborated.

Here we note that in (129) the the information about a quasi-stationary solution (the label g is
used for quasi-stationary T-running configurations) is embed into the volume element (88)

) ‘ZQV(T) = /| '7Qg('r)| dxtdxsy> 8yt 60v° 600507 58,

To simplify further computations awe can consider trivial integration functions 11 = 0 and 21, =0
(such conditions change for arbitrary frame and coordinate transforms). Using the formulas (120), we
compute and write

) ’ZQV = V[, J(1), EA(T), oA (T); (1), g25(T) = 125(T) &os]
1
X

59V where 6,V = 61V x 62V x 53V x84V, for
| HA(T) x HA(T)] ! ! 1 1 1 1
sV = WL, m(r) &1 (130)

1
= dxlda® = /| LJ(v)[e?Vdx'dx?, for y(r) being a solution of (99), with sources }j(r);
63V = VI (1), &
9251 125 (T) os
VI s 250 02| 12s(7) s
3y (S T (01| as(1) ol ) !
I (0)3s] 7a()8al

‘3/2

[du*~1 + du®).

Integrating such products of forms from (130) on a closed hypersurface & C 2 M, we obtain a running
phase space volume functional

Wie] = [0 VT, 10 (0),ge). (131)
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Using the volume functional (131), we obtain such formulas for nonholonomic thermodynamic

variables (129):
~ 1
0Z(1) = exp{w Jiv[ng(T)]]l (132)
WD) = s (1-20(hAGM) + BAM) JVILg(a)],
b5 = —H(E) = (- 4(BAW) + RAM)) FV L)

The formulas (132) can be used for defining thermodynamic characteristics of FL Ricci soliton
quasi-stationary configurations for T = 7. This is for off-diagonal quasi-stationary solutions of
nonmetric FL deformed Einstein equations.

4.4.2. Nonholonomic Distortions and Equivalence of FLH Theories

Let us consider on a phase space ;M two classes of nonmetric FL. geometric flow theories, for
instance, given by prime geometric data ( Be(t)~Fg(1), f]ﬁ(r)) , of Berwald-Finsler type, and target

geometric data ( Cg(1)~Fg(1), Eﬁ(r)), of Chern-Finsler type. We can chose s§(7)~ *g[ *¥] to be

of type (110) as a solution of I?{asﬁs[ Y] = Qjasﬁs (as for (81)), or of fiaigs [sd(1)] = SA(T)fﬁ“%g(llZ).
Such prime nonmetric FL configurations are characterized by respective nonlinear symmetries (113),
(114) and (119), (120) with a corresponding labelling of geometric objects by a circle symbol. Similar
formulas, with different effective sources Q]"‘sﬁs (1) and T-running effective cosmological constants
*A(7), hold true for the Finsler-Chern data.

Using gravitational polarization functions as in (118), we can define nonholonomic transforms
and distortions

Po(1) = Cg(1) = [0 (1) = s (D) (1), N (1) = 5 (1) N (1)), and
D(r) = Bb(r)+ EZ(n), (133)

BCZ

2CZ(7) is used for a family of distortions s-tensors from SBIS(T) to $D(7). The y-polarizations

where
are subjected to the conditions that they relate two types of nonmetric FL theories. We can speculate
that a Chern-Finsler model is more preferred thermodynamically than a Berwald-Finsler one (or
inversely) if, for instance, the generalized G. Perelman entropy from 83 (T) (96) is smaller (bigger)
than similar values from Bég (T) (95). In certain cases, some Chern-Finsler configurations can flow
geometrically very close to other Berwal-Finsler ones if we consider small e-polarizations.

We can consider other types of nonholonomic transforms which are different from (133). For
certain nonholonomic configurations, a subclass of equivalent nonmetric FL theories can be modelled
as metric ones, for instance, of Cartan-Finsler type. Such geometric evolution scenarios depend on the

prescribed generating functions and generating sources, and respective integration data.

4.4.3. Equivalent Modelling and Different Classes of FLH Solutions

Gravitational polarization functions can be defined for a case when both the prime and target
s-data are given for the same class of nonmetric FL geometric flow theory, or MGT. Respective
nonholonomic transforms and distortions are parameterized in the form (for instance, for Chern-
Finsler configurations)

o

CE(1) = S8(T) = [g0s(1) = s (hs (1), N (1) = (1) K& ()],

We can chose that $§(7) is a solution of a system of nonlinear PDEs (81), but positively impose that
the target configuration Sg(7) is defined by a class of solutions of such a system with prescribed
effective sources 8]”‘5[35 (1) and 7-running effective cosmological constants SA(7). This way, we can
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state certain nonholonomic conditions when certain arbitrary prime FL data (not defining a geometric
flow or a nonholonomic Ricci soliton configuration) transform because of the geometric evolution
and/or off-diagonal interactions into FL deformed geometric flows or MGTs. For instance, we can
prescribe that the target ( Cg(t)~Fg(1), Eﬁ(’r)) are solutions of (112).

If both $g(7) and $g(1) are solutions of the same system of nonlinear PDEs, we can analyze
which class of such solutions is more convenient thermodynamically. For instance, we compute both

88 (1) and 8A§ (7) for a chosen closed phase space region and say the prime configuration is more
probable if §S(7) < §S(7).

Finally, in this subsection, we note that we can consider -polarizations for 2g(t) — Bg(7), or
for metric compatible FL models, etc., and analyze which model is more convenient, for instance,
energetically or with less quadratic dispersion.

5. Examples of FLH-Modified Off-Diagonal Solutions

In this section, we show how the AFCDM (see reviews [13,17,18,25,26] and generalizations for
FLH theories in previous section and Appendices A and B) can be applied for constructing four
classes of physically important solutions of (81), (84), or (112). The first three are defined by quasi-
stationary off-diagonal metrics and may describe FLH geometric flows of solutions in GR and MGTs: 1]
nonholonomic BH-like solutions with distortions to BE configurations; 2] locally anisotropic wormhole,
WH, FLH solutions; 3] some systems of black torus (BT) FLH solutions. We also provide an example
of locally anisotropic cosmological solutions describing FLH geometric evolutions of cosmological
solitonic and spheroid deformations involving 2-d vertices.

In this section, we show how to compute in explicit form G. Perelman’s thermodynamic variables
for four classes of physically important off-diagonal solutions in nonmetric FLH geometric flow and
MGTs. We emphasize that only in a special case of rotoid deformations of KdS BHs (for instance, with
an ellipsoid generating function, we can introduce hypersurface (ellipsoid type) configurations. This
allows us to apply the Bekenstein-Hawking thermodynamic paradigm [113,114]. Many examples
are studied and reviewed in [17,18]. For different types of (nonassociative, noncommutative, super-
symmetric, algebroid etc.) off-diagonal deformations of KdS BHs, WHs, BTs and locally anisotropic
cosmological solutions, respective thermodynamic characterizations are possible if we consider a
relativistic generalization of the concept of W-entropy [17,18,108,117,119].

5.1. FLH Geometric Flows of New Kerr de Sitter BHs to (Double) Spheroidal Configurations

In a series of works on MGTs [13,17,18,25,26], effective contributions from (non) associative/
commutative sources in string theory and geometric information flows), nonholonomic off-diagonal
deformations of the Kerr and Schwarzschild - (a) de Sitter, K(a)dS, BH metrics were studied. For
spherical rotating configurations of KdS in GR, such metrics can be described by various families
of rotating diagonal metrics involving, or not, certain warping effects of curvature [174]. In this
subsection, we show how new classes of solutions of FLH geometric flow equations can be constructed
as off-diagonal deformations of some primary KdS metrics in GR. Such 7-families of rotating BHs
can be deformed to parametric quasi-stationary s-metrics of type (A30). We show how to compute in
explicit form spheroidal rotoid deformations.

5.1.1. Prime New KdS Metrics and Gravitational Polarizations

We consider a prime quadratic s-metric (117) involving 4-d spherical coordinates parameterized

' =7,x2 = ¢,y = 6,y* = t. Such spherical coordinates can be considered for (co) fibers

in the form x
on phase spaces M or 'M for respective velocity or momentum type variables. On the base spacetime

Lorentz manifold with shells s = 1 and s = 2, the quadratic line element can be written in the form

4 = g0, (1, 9,0) (82)2. (134)
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The corresponding nontrivial coefficients of the prime s-metric and N-connection are
52 2 2 2 2 2 gin2
. 0c sin“ 0 (r*+a*— Ap), 9 a’sin“ 0 — A
= - = = Z — y = ’ = T S and

81 Ap 82 02 [Ea a2sin? 6 — A p l&s =078 02

. 24a2 - A

N = iy = —asing T —2A (135)

a2sin?0 — Ap

Any (134) can be extended to a 8-d phase space metric of type (23) or (24), see below; and, in more
general cases (97) or (98). A new KdS solution in GR (see [174] and references in that work, but we
emphasize that we follow a different system of notations) is generated if the functions and parameters
are chosen in the form

A
Za = (72+ﬂ2)2—AAazsin29,AA:r2_2M7+a2_?074,

p2 = 1?4+ 4?cos? 0, for constants a = |/ M = const. (136)

In these formulas, | is the angular momentum, M is the total mass of the system, and the cosmological
constant Ag > 0. We emphasize that the solution (134) is different from the standard KdS metrics,
defining A-vacuum solutions, because the scalar curvature R(r,0) = 4A(r,0) = 4A0% # 4. So,
the above formulas define a new KdS solution which possesses a warped effect when the curvature
is warped everywhere except the equatorial plane. This is a rotating configuration of a BH with an
effective polarization (r,0) of a cosmological constant Ag. It shows a rotational effect on the vacuum
energy in GR with a cosmological constant. Such an effect disappears for » > a. In the next subsections,
we prove that different types of polarizations are possible for FLH geometric flows and off-diagonal
interactions, in general, involving nonmetricity fields.

A d-metric (134) defines a rotating version of the Schwarzschild de Sitter metric and represents a
new solution describing the exterior of a BH with cosmological constant. To get a BH like solution
certain bond conditions for M(a, Ag) have to be imposed. Corresponding, the upper, Mmax := M4
and lower, Mpin := M, bounds are computed

18AgM% = 1+ 12A0a% + (1 — 4Aga?)%/2. (137)

A solution (134) defines a LC-configuration for the Einstein equations in GR with fluid type energy
momentum tensor

Toap, (r,0) = diag[pr, pp = po,po = p — 2007 /8%, 0 = —pr = A*/ A]. (138)

Such primary s-metrics have clear physical interpretations: 1) they are defined as solutions of some
vacuum locally anisotropic polarizations on (r,6) of the cosmological constant, Ag — A(r, 8); or 2)
consist a result of some locally anisotropic energy-momentum tensors of type T, p(r,0), or more general
(effective) sources. For simplicity, we study in this subsection only a prime s-metric when the target
s-metrics are generated as T-families for nonmetric FLH geometric flow or MGTs.

5.1.2. Nonmetric FLH Geometric Flow Off-Diagonal Deformations of KdS Metrics

In this subsection, we study more general off-diagonal deformations of the standard Kerr solution
when there are involved T-running gravitational polarizations and effective cosmological constants.
For T = 7, such target quasi-stationary s-metric are defined by coefficients depending on all space
coordinates (7, ¢,6), not only on (r,0) as we considered for above prime s-metrics. The new classes
of quasi-stationary FLH deformed spacetimes possess nonlinear symmetries of type (113) and (114),
defined by respective classes of distorted s-connections and nonholonomic constraints. So, we generate
target solutions of type (97) when §(7,r, ¢,0) are defined equivalently by generating sources of type
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QJFV(T) (80)— QTFJS(T), when the s-adapted s = 1,2 components Qj”,,zz(T) are related via frame
transforms (113),

(@) = ol (ru) (139)
[T 90, 25, 9,000%,, 3(5,1,9,60,6,0%)8%,, 4T(t,r, 0,0,t,0%,v%4)5%, ],

5 7

where v% = v°, or v®; and v = v/, or v®. To generate "pure" quasi-stationary configurations, the
sources °J and “J in (139) must be prescribed in some forms not containing dependencies on the
time-like variable ¢.

Using Tables A4-A6 from Appendix B, but for corresponding local coordinates and generating
sources ij v, (T) (139), we can construct off-diagonal solutions with #-polarization functions as in

(122),

A1) = Gup(T 19y = 0G0 A, T)dutduf = V9 [(dx (1, 9))* + (dx2(r, 9))?] (140)
B [0 (174 &4)]? 0+ 9i, [/ 46 %) 99(1aga)]
| [d62J99 (114 4)| 1aga 296 (11484)

p) 5.\12
Haa{dt + [ 1 (r, @) + 2mg, (7, 9) /d9|f o 2j£‘939((,73;4))|] (174g4)5/2]dxk1}2

_ [82§+1 (7725 gZS)]Z {d025+1 + af2s [j dv2i+l ST a25+1 (UZSgZS)] dxiZS }2
| [ do®+1 5505611 (1725 §2s)| 125825 $J02s41 (1725 §2s)

o i i [325+1 (ﬂngZS)]Z k12
+1725%0 dv23+2 + ”ks (Uls + on S(vzs) /d_025+1 L - _ dxks ,
st [ ) ‘ | [ dv2+1 5]y, 1 (12s8as) | (']25525)5/2] ;

dxil }2

fors = 3,4 (in this subsection).

The t-family of off-diagonal solutions Iéds g (140) is determined by a generating function #4(7) =

14(T,7,9,0), 125(T) = 1125(T, 7, ¢, 0) and respective integration functions 11y (7,7, ¢), 21, (7,7, @) and
1, (1,7, 9,077,

Mg, (7,1, 9,0 , for s = 3,4. The locally anisotropic vacuum effects in such a quasi-stationary
s-metric are very complex, and it is difficult to state well-defined and general conditions when the
solutions define BH configurations. We need additional assumptions to generate BH solutions in
a non-trivial gravitational vacuum. A corresponding additional stability analysis and additional
nonholonomic constraints are necessary for some explicit generating and integrating data if we try
to construct stable configurations. Here we note that non-stable solutions may also have physical
importance, for instance, describing some evolution, or structure formation, phase transitions, for a
period of time or under certain temperature regimes.

2571)

Quasi-stationary s-metric (140) are characterized by nonlinear symmetries of type (120),

WY =~ [0 ouhy = — [ d0 2oy(na ga) = ~ [0 Hoolca(l+ e xo) @l (14D
o= A [0 eyl
292 = 4 Ay~ —4 Ay~ 4N Fexy) S,
dos1[S¥?] = —/dUZSH *J02s41h2s —/d025+1 *J925+1 (1725 $2s)

~ = [0 g o1+ o) g,

| 57\|—1/2\/| /d025+1 sj (sq)Z)*s|,
SO = —4 SAhgs =~ —4 SAns§as = —4°A Jos(1+ €xas) §os,

4

where A is extended to a T-family SA(T,7,0) on s M. Ina next subsection, we shall compute respective
G. Perelman’s thermodynamic variables.
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We note that in a series of our former works on MGTs [13,17,18,26] K(a)dS and other type BH
solutions were nonholonomically deformed for y> = ¢. In those papers, effective sources are generated
by certain extra dimension (super) string contributions, nonassociative and/ or noncommutative
terms, metric and nonmetric generalized Finsler or other types of modified dispersion deformations.
The AFCDM can be applied in similar forms for FLH theories on (co) tangent Lorentz bundles. In the
nonholonomic geometric flow and various types of MGTs and GR, we can state explicit conditions
when off-diagonal ¢-, or 0-, deformations (with general dependence on velocity /momentum like
coordinates) may result in black ellipsoid, BE, configurations.

5.1.3. Off-Diagonal Solutions with Small Parametric Deformations of KdS d-Metrics

Considering small parametric decompositions with e-linear terms as in (A29), we can provide
a physical interpretation of off-diagonal quasi-stationary solutions (140). We avoid singular off-
diagonal frame or coordinate deformations if we use a new system of coordinates with nontrivial
terms of a prime N-connection. Respectively, for a = 3, with some N? = w;(r, ¢,0), which can be
zero in certain rotation frames; and, for a = 4, lel = 1;(r, ¢,0) which may be with a nontrivial
ity = —asin@(r? +a> — Ap)/(a*sin? @ — A\ 5 ). We construct a s-metric of type (A30) determined by
X-generating functions:

A5 (1) = Quyp, (1, 9,0, 9, go5; T)dusduls = eV (14 & V) [(dx (1, 9))* + (dx* (1, 9))?]

4 4[9g(|Cagal'*)]? e do(xalCagal?) [ d0{°T90[(Gags)xal}

sl [ d0]2J93(Zaga)]| 409(|Gagal'/?) [ d012J9(Zaga)]
iy Jd0 *J0els | 0:[[ a0 *J39(Caxa)]  99(Zaxa) \ixs 5okiv2
a6+ (N?) 2J99l4 el di, [/ d6 2J9gC4] 9904 )N}

(3el(@ag)74)°
| [ d699[ 2] (Caga)]|

(31(Zs80)4)” /0p1(Cags) 4xa)] , [ 4609] 2} (Caxags)]
16 211y, [ d6 [ 40, TGzl zae[<§4g‘4>*1/4] 3695 2 (Za34)] INE dxk )2
1

1, 1621, [ [ d(’\ fdeag 21(5434)“]

+8a(1+ € xa) Galdt + [(NE) [ 1mg, +16 omy, | / d6 ] (142)

+€

(B2011[(Z2s20s)174))’
| [ d0?5+190q 1] *F(Z2s§2s)]|

16 omy, [ do*t! .(‘325+1[<§25g25>:1/4])2 D1 [(@asd2s) A x2s)] [ 40P 0 [ T(Gasixasdas)]
ks |J dv2+1095 11 [ 5T (Casfos)]l © 202541 [(G252s) 174 S dvE 0514 T (Z25805)] [N dxks112
ks—1 !

2
* 12541 (825+l[(§25g25)71/4])
gy T 16 2my [ Aot e Tt ]

+0os (14 € x2s) $os{dv™ + [(Nfzs)*l[ 1Mk, +16 21 [/ dv*stl

+€

where s = 3,4. The polarization functions {4(7,,0),0s(r, 9,0,0*7 1) and

Xa(r,9,0), x2s(r, @,0,0%71) in (142) can be prescribed to be of a necessary smooth class. Such a

KdS

s-metric ;5’g describes small e-parametric deformations of a new KdS d-metric when the coefficients

are additlonally anisotropic on the ¢-coordinate, or on other velocity-type coordinates.

25s—1

We generate additional ellipsoidal deformations on 6, v using (142) if we chose

xa(r,9,0) = x,(r, @) sin(wof + 69), and/or xas(r, 9,0, ") = x, (r, 9,0 %) sin(wiops 20 " +0252)).  (143)
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In these formulas, x, (7, ¢), X, (7, ¢, v?*~2) are smooth functions and wy, Wiops—2) and B, 0o »s_») are

some constants. For such generating polarization functions and {4(r, ¢,0) # 0, we obtain that
(1+€xs) §a~a’sin0 — Ap +exs=0.

For instance, for small a4 and %, we can approximate r = 2M/ (1 + 6y x4), which is a parametric
equation for a rotoid configuration. The parameter € can be used as an eccentricity parameter and
generating function (143).

We can prescribe polarization functions generating KdS BH embedded into a nontrivial nonholo-
nomic quasi-stationary background for FL MGTs. For small ellipsoidal deformations of type (143),
we model black ellipsoid, BE, objects as generic off-diagonal solutions of the Einstein equations (for
projections on the base Lorentz manifold), or FLH deformed gravitational field equations.

5.1.4. Double BE Solutions in Nonmetric FLH Geometric Flow and MGTs

We can prescribe the nonholonomic s-structure in (142) to generate double BE solutions (the first
BH one being a rotoid configurations on base Lorentz manifold and the second one defined by other

5 _ r

constants and prescribing data in the typical fiber/velocity space. The coordinates v v,0% = v

and v/ = %v are considered for respective angular velocities, when the quasi-stationary configurations
do not depend on y* = t and on v® = E.

The primary data for such double phase space BH solutions are prescribed in the form NIZ =
w;(r, 9,0, 99), which can be zero in certain rotation frames; and Ng = i, (1, @, 9%) which may be with
a nontrivial

s = — %asin “0(°r% + %a® — PAL)/(PaPsin® P8 — PAR).

=c

In such formulas, the left label v states that the variables and constants are considered on a typical fiber
space with velocity variables. For such primary double BH configurations and rotoid configurations
similar to (143), the target quasi-stationary s-metrics (142) describe double BE configurations.

We extend on phase space the primary metric (134) and KdS BH data (135) and (136), respectively,
into

i = g (r,9,0, v, v, %v)(8%)2 (144)
Sur (1,9,0)(82)% + Guy (r, 9,0, "0, 90, P0) (8%)2 + 84, (r, 9,0, "0, Pv, P0) (8",

nontrivial s = 3, 4 coefficients of the prime s-metric and N-connection are

5 vpv2 5 Sil’l2 UG[UZ (er+ vuZ_ vAA)Z} 5 ved o vazsinz UG—AA d
8 = 86 = - A~ . 87 = P, 88 = - an
LVAYN vp2 va2sin® v — 9N, ’ 0> ’
0,2 0,2 v
. . ) e+ %ac — YA
Ng = ‘%itg=—asin 0 5 A for
?a2sin® Y0 — YA,
A
Z}ZA — (vr2+ va2>2_ UAAleZSiHZQ, ZJAA — vrz_vavr+ vaz_ 30 01,4,
”p2 = %24 %42 cos? Y9, for constants “a = °]/ *M = const.

In these formulas, we use a left label "v" stating that the constants are respectively stated for a
typical fiber space where ?] is the angular momentum, M is the total mass of the system, and the
cosmological constant “Ag > 0.

In general, a primary s-metric (144) is not a solution of some FL modified Einstein equations
even certain phase space gravitational field equations can be postulated in holonomic variables, for
which the s = 1,2 and s = 3, 4. But introducing above coefficients into (134) with s-adapted rotoid

distributions (143), we generate double BE solutions ggEg(T) of FL distorted geometric flow equations
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(81). In a similar form, we can construct T-families of double BE configurations in the framework of
FH theories on 'M.

5.1.5. Perelman Thermodynamic Variables for General Off-Diagonal Deformed KdS BHs

In general, FLH geometric flow and off-diagonal deformed KdS BH configurations do not possess
closed horizons and do not involve any duality/ holographic properties. To characterize the physical
properties of the corresponding off-diagonal, we have to change the Bekenstein-Hawking thermody-
namic paradigm [113,114] and (for respective quasi-stationary configurations) use FLH geometric flow
thermodynamic variables (132). In explicit form, we have to compute the volume forms %V[ qQ g(1)]
(131) when qQ g(7) is defined by corresponding T-families of quasi-stationary solutions. We can con-
sider three types of relativistic geometric flow thermodynamic models depending on introducing or
not small parameters:

aj ng(T) — Iéds g(7) (140), when the gravitational 5-polarizations are defined by T-running

s-metrics which allow us to compute the volume functional éV[ KiSg(1)], using formulas (131).
b] ng(T) — 555 g(7) (142), when the gravitational x-polarizations are defined by T-running s-

metrics involving a small parameter €. The corresponding volume functional )]CV[ 555 g(7)] can

be computed in e-parametric form.
c] ng(T) — 55 g(7) when the prime data (144) are chosen to define double BE configura-
tions. We have possibilities to define and compute a volume functional (131) on the 8-d phase

space, {CV[ gg}s g(7)], and a similar projection for geometric flows on base Lorentz manifold,

{CV[ ggEhg(T)], where the h-projection is defined by s = 1,2. A similar volume form can be
computed for the typical fiber g(V[ ggE vg(7)] with s = 3,4, which may result in a "nonstandard"

thermodynamic model for velocity type variables.

For general #-polarizations as in a], the thermodynamic variables (132) are defined and computed:

§52) = exp| ey WIS, (145)
K (1) = s (1-20(BA() + BA®) VI§Ss(0))
§950) = —BW(T) = s (1= 4(BAM) + BA) IV E5())

—~

Similar values can be computed using g(V[ 555 g(7)] or )]CV[ ggE g(1)].
We note that for h-flows defined in paragraph c], we have different formulas as in 4-d MGTs

[18,20,108,119,158]:
- ~ 1-27 LA(7)
J — L g 2BE J - Q ] 2BE
XZ(T) = e&Xp 8272 xv[ €Q hg(T)]|, x€ (1) = 82T XV[ €Q hg(T)],
. . 1—1A(7)
SO = = W) = o I Ehe(o)] (146)

The dependencies on temperature-like parameter 7 are different for thermodynamic values (145) and
(146). This can be used for distinguishing different BH solutions in different FLH theories.

Both types of quasi-stationary configurations (146) are described by a similar behaviour under a 7-
running cosmological constants IéA(T) and zéA(T). So, such configurations can exist in an off-diagonal
phase space background determined by the FLH distribution with evolution on effective temperature
7. For a fixed 1y, we obtain thermodynamic models of certain FLH Ricci soliton configurations. The
class a] of thermodynamic models (146) is appropriate for describing general #-deformations (for
instance, for certain nonlinear waves and solitionic hierarchies) of KdS BHs. In such models, a BH can
be stable if certain stability conditions are satisfied, see as a review [17], and references therein.
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For e-parametric deformations of KdS BHs, for instance, as double BE configurations, we can
speculate on x-polarizations of the gravitational vacuum, of some effective parameters, or of certain
X-polarizations of physical constants. In more special cases, we can generate rotoid deformations of
horizons (143) and describe such FLH MGTs systems alternatively the Bekenstein-Hawking thermody-
namics. The G. Perelman thermodynamic variables can be defined and computed in all cases. This is
possible even a KdS BHs can be unstable and "slow dissipate" on spacetime or momentum like coordi-
nates into another types of quasi-stationary solutions with less known physical properties. For certain
nonholonomic distributions, the quasi-stationary solutions can be transformed into locally anisotropic
cosmological ones, and inversely. In many cases, we can prescribe certain FLH distributions when BHs
transform into BEs, with some polarized horizons and effective constants. In such cases, the physical
interpretation of off-diagonal target solutions is quite similar to the prime BH ones. Corresponding
relativistic FLH geometric flow, or nonholononmic Ricci flow models depend on the type of volume
form (131) which can be computed exactly for respective generating and integrating data.

5.1.6. Discussion of Alternative BH Solutions in Finsler-like MGTs

In paragraph 7.4] of Section 1, we discussed the direction related to constructing BH solutions in
Finsler-like gravity theories. A series of recent works [145-147] contain numeric and graphic results on
BH and WH solutions constructed as lifts with dependence on anisotropic y-coordinates using the
models of Finsler gravity [129] and the definition of a (incomplete) variant of Finsler-Ricci tensors
proposed in [140,141]. Those constructions and found solutions have not generated in a rigorous
mathematical form on (co) tangent Lorentz bundles and do not involve Sasaki-type lifts [140,141]
to d-metric structures adapted to an N-connection structure. The issues of general covariance and
distortions of connections in Finsler gravity theories were not studied in those models, depending
on the type of Finsler generating function and Finsler connections. A series of more general former
results on nonholonomic off-diagonal and Finsler BH and WH were not cited and not discussed using
geometric approaches and the AFCDM [17,19,25,54,75,86,101,119,148-151]. In priciple, using arbitrary
lifts and extensions on y-coordinates we can deform on such variables and solution in GR and model
various types of anisotropic cosmological (DM and DE) structures and exotic astrophysical objects.

Nevertheless, the numerical and graphical results from [145-147] can be included as certain
important physical examples of FLH deformed geometric flow and Einstein equations studied in
rigorous mathematical form in this work. For instance, we can prescribe such generating functions
and generating sources, and respective integrating functions (111) for s-metrics (110) which reproduce
certain formulas and graphs provided by other authors. In our approach, the solutions are for FLH
geometric flow and MGTs extending in a self-consistent form certain BH and WH in GR. New classes
of generic off-diagonal FLH BH, BE, WH and other type solutions are encoded in nonassociative and
noncommutative versions, and nonmetric extensions in our recent works [13,20,37,107,170,171].

5.2. Off-Diagonal FLH Geometric Flow Deformed WHs

Nonholonomic deformations of WH solutions [175,176] to locally anisotropic quasi-stationary
configurations were studied in [148,149], with generalizations to MGTs [13,17,18]. In paragraph 7.4]
of Section 1, we discussed some new WH solutions in Finsler-like gravity theories [145-147]. In this
subsection, we generate new classes of off-diagonal quasi-stationary solutions of FL. modified geometric
flow and Einstein equations (81). For constructing explicit solutions and computing thermodynamic
variables, it is convenient to use gravitational polarizations as in (122) (in this case, of some primary
WH metrics).

5.2.1. FL Quasi-Stationary Gravitational Polarizations of WHs in GR and Lifts to Phase Spaces

We begin with the main formulas defining the generic Morris-Thorne WH 4-d solution [175]:

s = (1- @rldﬂ +12d6? + r? sin? 0dp? — 1) d2,
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In this diagonal metric, e2®(") is a red-shift function and b(r) is the shape function defined in spherically
polar coordinates u*2 = (r,0, ¢, t). A usual Ellis-Bronnikov, EB, WH is defined for ®(r) = 0 and b(r) =
ob?/r which state a zero tidal WH with (b the throat radius. We cite [18,177-179] for details and recent
reviews, including nonassociative and noncommutative FLH WHs. A generalized EB configuration
is characterized by considering even integers 2k (with k = 1,2, ...), where r(I) = (I + (b*)1/?*is a
proper radial distance (tortoise coordinate) and the cylindrical angular coordinate is ¢ € [0,27). In
such coordinates, —oo < I < oo a prime metric can be written as

4% = di? + 12 (1)d6? + r?(1) sin® 0d¢? — dt?,

when dI? = (1 — @)’1&1;’2 and b(r) = r — PR (42 — (p2)(2-1/K)) We can perform some frame

transforms to a parametrization with trivial N-connection coefficients Nl“l 2= Nl“l 2(u*2(1,6,¢,t)) and
8,/ (1,6,9),1u3(1,6, 9)), which allows us to avoid off-diagonal deformations with singularities. On
a 4-d base spacetime Lorentz manifold, we can introduce new coordinates wl=x1'=1,u%2=6,and

w =3 = g+ 3B(1,0),u* = y* = t+ *B(1,6), when

& = do=du®+ N>(,0)dx' = du® + N3(1,0)dl + N5(1,0)d6,
& = dt =du* + N}1,0)dx' = du* + N{(1,0)dl + N3(1,6)d6,

are defined for Nl3 = —93B/0dx" and IQI;1 = —3*B/9x'. So, the quadratic line elements for WH solutions
can be parameterized as a prime d-metric,

4% = §a, (1,6, 9)[8"2(,6, )], (147)

Where gl = 1/g2 = r2<l)/g3 = rz(l) Sin2 6 and g'4 = —1.
On a nonmetric 8-d phase space EM, a (147) can be extended as

ds* = §,(1,6,9)[82(1,6, )] (148)
+8a, ("1, 70, Y)[83( U1, U0, P9)]* + &a, (U1, V0, o) [8( V1, U6, ")),

where the velocity type coordinates v* = (71, “f) and v* = (¢, E). We can consider two physically
important sets of s-coefficients in (148):

horizontal prime WH with flat fiber : &=1&=1¢=18=-1 (149)
prime hWHand vWH : g =14 = (%), & = °*(°)sin® 0,8 =—1.  (150)

Here we note that such prime s-metrics may be not solutions of (81) if we do not consider phase space
LC-configurations.

We can perform geometric flow off-diagonal quasi-stationary deformations of WHs (148) by
introducing nontrivial sources {J(7) (80) with

T Le) = §"I(r), pI(t,1,6,9) = F")(T),
J(T,1,6,9,°L°0) = F"(0), Y. L6,9, 7L %6, “p) = §"J(7).
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related via nonlinear symmetries (120) to (effective) T-running cosmological constants *A(7). Using
gravitational #-polarization functions, we construct such 7-families of target quasi-stationary metrics
g};g(r) and respective quadratic elements:

B2(T) = Zup (L0, L %0, "@ip g “A(T), WI(T), Gu)dutdub
= OGO (a1 (1,0))2 + (dx2(1,0))?] (151)
_ (9 (112 §4)) p 3 [[do B"I(T) 3y (14 §4)] 1112
T BNt g 1 8 0 T T B (0)ag (s g1) }
(09 (174 §4)]?
(1)9¢ (114 &

aga{dt+ [ (1,0) + amy, (l,9)/dqv‘fd(p s Jdxk}
)

Za)| (4 §4)°72

_ [95 (176 Z6)) o %[ d e FMY(T) 95(n6 Z6)]
| fd el FM(T)95(n6 Z6)| 16 Zo SO ()35 (176 o)

11686 {d Y0+ [ 11y, (T,1,0,9) + 2y (1,1,6,9) /d v

dxiz }2

[95 (176 g6)]2 ]dxkz}
[ [ el EM(T)9s(16 Z6)| (116 $6)°/

[07(7s §s)] PRV A0 (GIRIULY )] PP
T &3(003r(s g s ds G
0 [97 (s §8))° k
,1,0,0, °1, P60 ,1,6,0, d’ dx'3}.
+| 1Mk, (T 2 )+ ang, (T % / (p‘ [dog 4th (1)37(1s 38)| (18 gs)S/z} a0}

Such parameterizations can be considered in various FLH-theories and projections to 4-d MGTs
and GR, when the physical interpretation is different because of different effective and matter
sources. This quasi-stationary solutions (151) are determined by three generating functions
1s(Tt) = 1s(7,1,0, 9, °1, U6, Y¢) and integration functions 17 (7) and 2nx (7). The functions ¢(7,1,6)
are defined as solutions of 2-d Poisson equation 9%, ¢(7) + 93,9 (1) = 2 b“’h](r, 1,6).

Finally, we emphasize that the target s-metrics (151) do not describe T-evolution of exact WH-like
s-objects for general FLH deforms and general classes of generating and integrating data. General
T-flows and off-diagonal deformations may "annihilate or dissipate” a WH spacetime object or certain
double WH configurations for the base and typical fiber subspaces. The above formulas can be written

in corresponding momentum variables on phase spaces a‘

5.2.2. Small Parametric FLH Quasi-Stationary Deformations of WH d-Metrics

We can define locally anisotropic FLH (double) WH configurations encoding nonmetric data if
we consider for small parametric geometric flow of off-diagonal deformations of prime metrics of type
(148). In terms of x-polarization functions in g(T) the quadratic linear elements are computed

AT = Gup(T10,9, °L %0, “git, x5 *A(T), WH(T), Go,)dudub
IO 1 e ¥T0) x (1, 1,0)][(dx' (1,0))2 + (d+3(1,6))?]

L Bl gl P dybultaal?) el FIO(G nl)
S| [do{ BM(1)9e(Ca g} 49p(10a &al2)  [do{ F"I(1)9p(Ca $4)} &

% [de FM(T) 9pCs +€(3i1 [[dp E"I(7) 39 (Zaxa)] 3y (Zaxs)

(N2) ZWhJ(T)aqz& % [[de F"1(1)0e84] e

{do+] NG dx )2
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2

N 4 (99[(Za §2)4))
+0a(14€ xa) Ga{dt + [(NE) i, +16 2my [ [ do - -
. ! ! / | [dgdg[ F"T()(Ca 8]
(991(5 §4)’1/4])2 3pl(Cs 3) V4xa)) | A9l BMI(T)(Gaxa 8a)]

16 any, [do . ZHJ()(Cs & (24)8 Vo) -174] 0T (0)(7a &

- \fdfPqu J(7)(Za g1 299[(C4 V) Jdpdgl §"I(T)(Cs §a)] ]N,fldxkl )2 (152)

(991(Z4 84) 1/4])2
11y +16 21 fd?"\ Tdgagl 5M(0)(Za 30l

4[95(1Z6 Zo|")]? _e%uaagvﬂ)_de{SWH)aKagamH
sl [P FY(1)95(C6 30) Y 405(106 6IV2) [ I{ FMY(1)05(L6 %6)}
By [d¥1 FMI(T) 0s%6 0, d L EMY(T) 35(Zexe)] 85(g67(6) NG dei)?

M) Bt 0 ([0 SIaetel

1} &5

—{

{d°1+]

(9s[(Z6 g6) /)
| [de1as] FM()(Z6 Zo)]l

(9526 §6)71/4])2 (85[@6 g6) Vixe) | Jd "1es[ FMI(0)(Gexs g6)]

16 211y, fd °l 4 909-| dwh 3 20, J6) /4 d vla5| wh g
e [ 5[ ST(T) (86 Zo)ll 5006 86)7 174 f 5 57 T(T) (6 o)) }N,?dekz}z

(951(gs §6)’1/4])2
v
1tk +16 210, [ 4 s s gl

+s(1+¢ X6) Jo{d "0+ [(N) 1, + 16 2, [ d 71

- 4[97(12s gs'*))? e 7 (xslzsgs’?) 4 9l & (1)97((Zs gs)xﬂ}] &
&l [doe{ §"1(1)97(Gs &)} 497(|Cs gs/'/2) Jd 2o §"1(7)a7(Cs §s)}
z fd v 4WhJ ) a7§8 ai3 [fd v(P 4Qw}l](ﬂ'-—) a7(€87€8)] 37(68)(3) ~ i
dv + 3 _ N]7d i312
e wonn o, e gt ot et
! . 3r(gs 5)14))’
+s(1+ dE + [(N§ )~ +16 v (07
Go(1-+e 1) 8oldE+(N) [y +16 2 [ 4 0 B B
) (071(2s 2s)~14)) 91Ts 38) " 4xs)] |, S 997l §MI(D)(EGsxs 8s)]
e 16 o1y, [ d q)‘fd par| 573(0)(Cs g‘s)]\( 207((Zs gs) 174 Td 90,1 (1) (T 29)] ]N,fadxk3}24

(971(Zs %s) 1/4])2
PTTavgo,l 5 &)

11k, + 16 27y [fd v

In detail, analogues of the formula (152) was derived in part I of [18], for 4-d nonholonomic
configurations and generalized for nonassociative 8-d FLH WHs in the part II of that work. In this
subsection, we analyze 8-d configurations which extend 4-d off-diagonal modifications of GR to
phase spaces. We can model elliptic deformations of WHSs in GR and 4-d MGTs as particular cases
of target d-metrics determined by generating functions of type x4(,0, ¢) = x(1,0) sin(wop + ¢p).
These are cylindric-elliptic configurations with @-anisotropy. In a similar way, we can generate elliptic
configurations on (co) fibers using respective cylindrical variables associated to velocity /momentum
coordinates.

In geometric symbolic form, we can generate doulbe 4d+4d FLH WH metics ZQ“;(hg(T), defined
by prime s-metric data (150) used in (152). Other types of FLH WH configurations can be generated
by (149) when a 4-d spacetime WH is extended to a total 8-d phase space in certain forms when
h-projections encode certain nonmetricity FLH data.
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5.2.3. G. Perelman Thermodynamic Variables for FLH Off-Diagonal Deformed WHs

For general y-polarizations, the thermodynamic variables (132) are defined and computed:

§20) = ep| e 1 880 (153)
BE(T) = s (1-2t(hA@) + §A) hVI Big(a),
WS(r) = — YW = (14 BAR) + HAM) V] B'g(r)]

(4rtT)*

€

We note that for h-flows, we have different formulas as in 4-d MGTs [18,20,108,119,158]:

Similar values can be computed using g(V[ “he(T)] or )](V[ gghg(r)].

1-27 HA(7)

T2 = exp| gz WVIER()|, FIE (1) = — S V(e (v))
~ . 1— MA(T)
S = = W) = o VI he(0)]. (154)

These dependencies on temperature-like parameter T are different for respective thermodynamic
values computed for FLH BEs and BHs (153) and (154). Such formulas can be used for distinguishing
different WH and BH solutions in different FLH theories.

The e-parametric models with geometric entropy g(wh S(t) (154) allow us to construct off-diagonal
quasi-stationary metrics which really describe WH configurations for FLH theories. For instance, such
nonholonomic WHs can be with "small" polarization of physical constants (in particular, with rotoid-
type throats etc.) in phase spaces. Certain FLH geometric or off-diagonal deformations may open or
close certain WH throats. We can impose LC conditions and generate such locally anisotropic WHs in
the framework of GR, encoding certain nonmetric data. They can be characterized thermodynamically
using G. Perelman’s W-entropy generalized for FLH theories, but not in the frameworks of the
Bekenstein-Hawking paradigm.

5.3. Nonholonomic Toroid Configurations and Black Torus, BT

Different classes of black torus, BT, and black ring solutions were constructed in GR and MGTs, see
[180-183] for reviews of results. Nonholonomic off-diagonal deformations of toroidal BHs and double
systems of BE and BT configurations were studied in [150,151] using the AFCDM and integration
of nonlinear PDEs. Seven years later, another class of so-called black Saturn configurations was
constructed [186,187] by transforming (modified) Einstein equations into systems of nonlinear ODEs.
We analyze an example when the AFCDM is applied for generating t-families of quasi-stationary
locally anisotropic solutions using prime BT metrics considered in [184]. For simplicity, we provide
only the formulas for small parametric deformations when the physical interpretation of new classes
of solutions is very similar to some primary holonomic/ diagonalizable metric ansatz. For general
nonholonomic deformations, the physical interpretation of such generic off-diagonal solutions remains
unclear.

On a 4-d Lorentz manifold, we consider a prime quadratic line element

ds?

U + 7 (kdx* + ksdy®) — f(F)dP (155)
G, (B (di12)?, for f(F) = —€*b* — ji/F — AF*/3

constructed and studied in section 3.1 of [184]. The s = 1,2 coordinates in this diagonal metric are
related via the re-scaling parameter "¢ to standard toroid "normalized" coordinates. In the above
formulas, 7 is a radial coordinate, with 6 = 27tk;x and ¢ = 27tkoy (when x, y € [0, 1]) and re-scaling

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202508.1868.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 August 2025 d0i:10.20944/preprints202508.1868.v1

67 of 115
ky = "ekq, ky = ekz,y — ( = y/( €)1 — = =7/ he, t — 27t = "ef. In (155), the parameter
b is a coupling constant as in the energy-momentum tensor for the nonlinear SU(2) sigma model,

b>"e? 4 4 - 151
TI"ZVZ = m[f(f)(syz(SVz f (17)5]12(51/2] (156)

In this formula, y is an integration constant which can be fixed as a mass parameter. The value
he = 0 allows us to recover in a formal way certain toroid vacuum solutions found in [180,181]. The
toroid metric (155) defines an exact static solution of the Einstein equations for the LC connection and
energy-momentum tensor (156). We can extend the constructions on phase space {, M if we redefine
indices in above formulas as yy — i; and introduce (co) fiber indices a3 and a4, or a = (a3, a4).
Above formulas generate an AdS BH with a toroidal horizon in 4-d Einstein gravity and a

corresponding nonlinear o-model. For 8-d constructions, we consider a prime s-metric

i = fYp)dP +r kzdx +RBdy?) — f(7)dP +
f Y(o7)d o7 + PP (ki Px® + Pk3d Py?) — Uf(“F)dE?
= giz(x )(d it ) +ga3< X )(duﬂs) + 3o, (X )(du 3)2,
for f(7) = — "€ — ji/F — "AP?/3and "f(7F) = — P b2 — Ui/ P — PAP/3;

for coordinates u*s = (7,x,y,t; °%, x, °y,E),

where the left label "v" is used for dubbing respectively the constants for s = 3,4. The matter source
(156) is extended on the typical fiber space:

va v2 va v 2 s 8
Topy = “gragep 1 (o0l and Top, = gmmsy *f (7)o,
for T‘Xs,Bs - {TPZVZ’ Tﬂ3b3l Ta4b4}‘ (157)

To apply the AFCDM without frame and coordinate singularity transforms, we can consider
frame transforms to an off-diagonal parametrization of primary d- and s-metrics. For instance, we
can transforms (155) to a form with trivial N-connection coefficients Na2 = Ni”1 2(u*2(7,x,y,t)) and
Sai (w1 (7, x,y),u3(7 x,y)). Such transforms are defined in any form Wthh do not involve singular
frame transforms and off-diagonal deformations. This is possible if we introduce new coordinates
ul =x! =7,u? =x,and u® = y® =y + 3B(%,x),u* = y* = t + *B(¥ x), when for N131 = —93B/oxh
and le‘; = —04B/ox" :

& = dy=di’+N; (7, xX)dx' = du® + N3 (7, x)dr + N3 (7, x)dz,
& = dt=du* + N} (F,x)dx' = du* + N} (7, x)dr + N3 (7, x)dz.

In new nonlinear coordinates, the diagonal toroid metric (155) transforms into an off-diagonal toroid

s-metric
45 = o, (7, x,y) [8°2(7, x,y)]%, (158)
where &1 = f1(x1),§2 = (x1)2k2, &3 = (x2)%k3 and g4 = f(x!). Extending (158) on total phase space,
we define a prime s-metric § = {§,_ ﬂs} defines a s-adapted quadratic element:
3 = gu(7x, y)[ (f,x y)I° (159)
+8as (7, %%, Ty) € (°F, Ux, )P+ Guy (77, Ox, Ty) [ (CF, U, Cy)P,

where g5 = °f"1(°F), 3o = (*x)? *k}, &7 = (°y)* *KG and gy = “f(7F).
At the next step, we can generate new classes of FL toroid solutions if we construct small
parametric quasi-stationary deformations of prime metrics (159) defined by an effective source
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tory[g,D] ~ {—Agup, + Tap, }, for (157). The left label "tor" is used for toroid configurations when
additional Q labels have to be introduced for respective T-families of nonmetric fields, when

torY‘Xs,Bs = _Ag“sﬂs + T“sﬁs + ZT‘XS,BS’

where *T, g, is determined by the distortions of the Ricci s-tensor under distortions of a cho-
sen metric-affine s-connection, see formulas (51) and (59). On corresponding shells, we can
consider generating sources parameterized in s-adapted form (after a corresponding redefini-
tion of the nonholonomic structure and double toroid coordinates on phase space): B’Ygz =

{ Y7, x), 5BY (7 x,y), 55X (7, x), @Y (U7, Px, ”y)}. For target T-families of distorted toroid s-
metrics, we also have to consider the terms d-g,,,/(7) in (78) as additional effective sources determined
by t-running of the canonical Ricci s-tensors, cosmological constant running and FL flows of matter
fields (157). This way, we can introduce s-adapted effective sources as in Q]" v(T) (80) — Q]” v (T),

when

! / 1
V() = e (v)e) (D) §Yuu(T ) = 5 98y (T)] (160)
[1BI(0)6, $1()62, $BI(0)82, 4BI(T)5,

when the toroidal coordinates a correspondingly s-adapted on phase space. We shall define a class of
parametric nonmetric geometric flow deformations g (159) to T-families of quasi-stationary double
FLH deformed toroid configurations gy, (7).

The corresponding nonlinear symmetries (120), for the generating sources (160) related to -
running cosmological constants [A(T) + ht”’/\( ), A(T) + Sor/\( T)], are written:

0 rxy) = - [dy BI@ge =~ [dy BInT Yy l(nr ) g (161)
= = [y BRI xy)1+ € aln ) g,
W(orny) = | A+ A dy iwn) e

—4 (A(D) + "TA(D)ga(T, 7, x,y) = 4 (A(T) + M"TA(D) (T xy) Ga(F)
—4(A(T) + MTAD) Gl 72, y) (14 exa(T,7, %) a7

(*o(7,7,x,y))?

1

N

tor

7 30J(T)9 vrge
= [T S x, PP sl Ty, ) g6l 7P

FABI(T,7, 2y, PF)0 or[l6(T, 7, x,y, “F)(1+ € xo(T, F,x,y, F)) §6( 7)),

[«5]
<
W
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—
=
&
N
<
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o
Il
[u
<
~1
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1

|
—
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?

3‘I’(T,?,x,y, %) = | Al1)+ ”“”A(T)|’1/2\/|/dv? g‘g](r,f,x,y, 9F) 9 o ( 302)|,

—4 (A(D) + "A(T))gs(T. 7,3y, °P)

—4 (A() + A6 3y, P g6l °F)

= [T iy, P wlis(n Y, T+ e (6%, D) gl T,
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0oy [y, 7 )] = = Ay (100 g
~ = [aty @I ray T O s vy, 7 ) g ()
~ —/d”y “’él(rrxyr 7, x, “y)a oy [Cs (T, 7,3y, O, Cx, )
(1+exs(Trxy, 77, °x, %) 3(°D),
W(r7a % Ty = | A+ A |”2¢| [avy mIrny, o7 v, o) 0 (102)]

(*o(t,7,xy, °F "x, Py))t = =4 (A(T)+ PUA(T))gs(T F Y, OF, Tx, Ty)
~ =4 (A(T)+ PTA(D))ps(T, Foxy, OF, Px, Ty) Gs( OF)
~ /d y I E Xy, °F, Px, Yy)d oy [le(T F, Xy, OF, Ux,

v

)
(I+exs(t.7xy °F, “x, °y)) gs( “7)],

In these formulas, we use ‘" A(t) = [ " A(7), " A(T)] as T-running effective cosmological con-
stants related via nonlinear symmetries to an energy-momentum tensor (157). Such " A(t) can be
different from a prescribed cosmological constant associated to other types of gravitational and matter
interactions. In this subsection, we write A(T) = A(T) + " A(7).

For small parametric deformations with x-polarization functions, the quadratic linear elements

for FL toroid solutions é"Q’ g(7) are computed:

A1) = Zup(TEXY F %, "y A=A+ A, D], G, )dusduPs
P01 4 e YEX) (7, 2)][(dx? (F, x))? + (dx? (7, x))?]—

{ 4[9y (124 &alV?)]? e ay(?(4|€4§4|1/2) Jdy{ 5570y [(Ca §a)xal} 2
Sl [ dy{ 5570y (Ca §4)}| 49, (|2ag4]V?) Jdy{ 5579y (Ca §4)}
tor tor
{dy_|_ [811 fdy ]ay€4 +€( 11 fdy ]ay(€4X4)] . y(C4X4) )]Nialdxil }2+

( 11) tw]aygzl 11 fdy torIayC4] ayéﬁl

(ay[(@; 8~4)71/4])2
| [ dyoy| 55)(Ca )l

([0 80 41)° 8,6 g0 4xa)]l | S dvd, | 85 (s )]
16 2nk fd fd a tur ( : 5,)—1/4 or
1 Yoy [ 55T (Ga §)]I N 20y [(Ca &4)71/4] Jayayl 5578l 7y ca o k2
€ (ay[(§4 Py 1/4]) ]Nk1 dx™ 1} 4 (162)
1nk1 + 16 anl [f d]/ ‘ fdya tur](§4 g4)”]

Ca(1+e xa) Gafdt + [(NE) [ 1mg, +16 omy, [/ dy

(o ARelEe g P 9 rrelegel' )[4 T 5300 (G ool
sl [ d o7{ 55]0 «#(Z6 o)} 40 o7(]2636|1/?) Jd {5570 +#(Z6 S6) } &

lz fdv~ tor]a o706 +e alz [fdv~ tor]a”l’(g67(6)] U;’(€6X6)
(N2) 5570 #C6 i, [[ 7 550 o] 9 276

{d %7+ )IND daci2 2+

(341066 §0)71747)

1 o {d Px + [(NE )~ 16 /d“
Co(1+€x6) Zotd "x + [(Ne) ™ Tumiy +16 2me [ [ 4 7 s 5)(Z6 & AT
9 07[(Z6 o) 1/4])2 3 v:[(Ce §6)*x Jd 770 o[ 551 (Goxs &)
16 ony, [d °F (dvav Tor TP 1/4 a7 o -
| [d 79 o[ §51(G6 o)l #(Z6 §6)~ Jd°7 or[ 557 (C6 Zo)] ]ngzdxkz}2+

(3 0r[(Zo §6)174])?
1Mk, +16 anz[f avr ‘ fd U9 o5 tm](g() 2]l

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202508.1868.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 August 2025 d0i:10.20944/preprints202508.1868.v1

70 of 115

{ 4[0 oy (|28 §8|1/2)]2 P oy (xslgsgs|"/?) S y{ 55T [(Cs gs)Xs]}] %
$7l [ d eyl (5]0 =y (Ts §s)}| 40 oy (|C38s]1/?) Jdoy{ B tor y(Cs 38)}
0; fd”y 5] 0 oyls i; [fd?y 8] 90y (lsxs)] oy (Z8X.
{dy+[— “”4Qa AL detor g - g( 8Xs) )IN7 dx> )2+
( 13) ] e 9, [f Yy ] st] y(s
(34((cs 80)2/4)”
1+exs) 3s{dE + [(N8) "1 1np. +16 o1 av +
Co(1+ exs) 8 {E + [(N) " [1me, + 16 21y, [ | vaya TG
(30,185 ) *1)" 9 ws(Ts g5) Jd7yd oy [ 551 (Zsxs 8s)]
16 21, fd v]/Ud "9 o y[ tar](gs 2] ZBBuy[s(égsgg) 1/4 /d "3 o ! [ ’”’](Cs 25)] -8 b2
| Nj,dx 3=

» [(Zs g)1/4]
1Mk, +16 2”k3[fd y|f€i yya oy g‘“’](@s ?‘5’8)”]

The parametric solution (162) describe elliptic deformations if we chose generating functions

xa(ttxy) = x,(tF x)sin(w0y+y0) Xo(T, 7,2y, °F) = X, (T, 7, x,y) sin( "wp “F+ “Fo),

xs(t, 7%y, 57 x, Cy) = xo (T, 7 x,y,7 x) sin(Ywo “y+ “yo).

In such cases, we generate a family of toroid configurations with ellipsoidal deformations on y
coordinate. Similarly, we can construct solutions with ellipsoidal deformations on other types space
and fiber coordinates. Using abstract geometric calculus, the above formulas and solutions can be
defined on phase spaces with momentum-like variables.

Finally, we note that we can consider more sophisticated classes of FLH geometric flow deforma-
tions which transform a toroid prime s-metric into "spagetti" quasi-stationary configurations. Under
nonholonomic geometric evolution and for off-diagonal interactions result in modification of certain
sections of geometric configurations, curved and waved, possible interruptions, singularities etc.
Such configurations can be embedded into locally anisotropic gravitational vacuum media, which are
polarized on velocity /momentum variable. Parametric solutions (162) can be used for modelling DM
quasi-stationary FLH configurations. For such solutions and nonlinear symmetries (161), the effective
cosmological constant A = A + ' A can be considered as a phenomenological sum of parameters,
which can be related to DE and encoding toroid configurations. Such parameters for rotoid and toroid
configurations may explain certain observational data.

Relativistic Ricci Flow Thermodynamic variables for FLH BTs

The FLH geometric thermodynamic models studied in the previous sections for nonmetric quasi-
stationary off-diagonal generalizations of KdS BH and WH solutions can be re-defined respectively
in an abstract geometric language which allows us to describe physically important properties of
T-families of nonholonomic BT solutions (162). For off-diagonal solutions with x-polarizations 2‘6 g(7)
(162), the thermodynamic variables (132) are defined and computed:

B2(r) = exp| eyt k1 (0,
BE(D) = oo (1-20(bAD) + BAR)) LV a0l
S =~ BV = (- 4(6AM + RAM) FVL ()

Similar values can be computed using éV[ gg(r)] or éV[ gorg(r)].
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We note that for FL h-flows, we have BT formulas as in 4-d MGTs [18,20,108,119,158]:

R 1 . 1-27 HA(T)

W20 = op|gam WIS, TE (1) = — g V¥ he(n)]
~ . 1— A1)

S = W) = L WL he(0)].

These dependencies on temperature like parameter T are different for respective thermodynamic
values computed for FLH BEs and BHs (153) and (154). This can be used for distinguishing different
WH and BH solutions in different FLH theories.

5.4. Off-Diagonal 4-d Cosmological Solitonic and Spheroid Cosmological Solutions Involving 2-d Vertices

The goal of this subsection is to study some physically important examples of locally anisotropic
cosmological solutions (126) and their equivalents when the gravitational #- and x-polarizations
depend on a time-like coordinate. Such solutions can be generic off-diagonal and characterized by
nonlinear symmetries.

5.4.1. Off-Diagonal Transforms of Cosmological Models with Spheroidal Symmetry and Voids

Let us consider a 4-d Minkowski spacetime endowed with prolate spheroidal coordinates u®* =

(r,0,¢,t). Respective Cartesian coordinates can be defined in the form u* = (x = rsinfcos¢,y =

rsinfsing,z = /12 + r% cos 8, t), where the constant parameter r¢ has the meaning of the distance
of the foci from the origin of the coordinate system. For any fixed r = (r, we can define a prolate
spheroid (i.e. a rotoid, or ellipsoid) with the foci along the z-axis, when

x2 4 ]/2 2

(2 o "

Such a or corresponds to the length of its minor radius and the size of its major radius is |/ ( o7)% + r<2>.
In prolate coordinates, the flat Minkowski spacetime metric can be written

2

dr -+ d6%) + 1 sin® 0d¢p — d*.
T
o

r2 4

ds®> = (r? + ré sin? 0) (

In a similar form, we can introduce oblate coordinates, when x = , /72 + r% sin 6 cos ¢,
y=/r*+ r% sinfsin¢,z = rcos 0. So, for a fixed r = (7, an oblate spheroid with a z symmetric axis,

2 2 2
x- + z
Y +

= ]_,
(o2 +72 " (or)?

can be defined. For such a hypersurface, the value /7% + r% corresponds to the major radius and gr is
the minor one. Correspondingly, the flat Minkowki spacetime metric can be written in the form

dr?

2 _ (2.2 2 2y 4 22 2
ds” = (r° + 15 cos 9)(r2+r%>+d9 )+ r°sin” 0d¢ — dt-.

We consider a quadratic element introduced in [188]:

ds®> = c zaz(tz) VIV [(r* + 15 sin” 0)( i dr* +d6?)
[1+ 5(r + 15 cos?6)] r2— #(rz—l—résinze)%—r%
+7%sin? 8d¢] — B(r)dt*, with prolate spheroidal symmetry; (163)
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ds?> = c 2{12(12 — 2[(1’24—7% sin® 0)( i dr’
[1+ % (r*+ 7 sin”0)] r2— #(r2+r%>cos26)+r%>

+d6?)
+(r* + r%) sin? 0d¢] — B(r)dt?, with oblate spheroidal symmetry.

The conditions For B(r) = 1 and M(r) = 0 are used if the above formulas define respective FLRW
cosmological quadratic line elements, when ¢ = 1,0, —1 refer respectively to a positive curved, flat,
hyperbolic space geometry.

The mass profile function M(r) from (163) can be specified as in [189] (for simplicity, we can state

B(r) =1),
%”pintr3, forr < or7;
M(r) =4 M(,r)+ 4%pbor(r” — o), for ;r <1< o1+ ol
0 for ,r+ r <r.

Two important constants have such meaning: ,r is associated with the radius of the void and 7 is
related to the size of the wall. We can model such a profile in a form that the border compensates
for the amount missing in the void (i.e. it models a compensated void) by choosing the spherical
symmetry. The internal density of the matter, p;,;;, and border density of matter, p,,, are related to the
mean density outside the void, pg. Using the formulas

pint = —pof and ppo, = pol/[(1+ wr/ or)® —1], (164)

for a constant parameter ¢ < 1, a cosmological metric (163) is a solution of the Einstein equations in
GR if a(t) is defined by the Friedman equations, a23( ) (96 + ¢] = 87py. Parameterizing B(r) = Bo[By +

ln(%)]z, for some constants By and B, we can use such solutions to explain certain phenomenology for
astrophysical systems with DM as in [190]. The value of Bj can be fixed in a form that the component
T! = T} of the energy-momentum tensor remains of the same order as py (they fix B; = 107). Choosing
phenomenological parameters ,+ = 0.3 »#,{ = 0.1, = 0.1 ¥, when a radius ,r corresponds to a
physical size of 22Mpc.

We can re-define (163) using some local coordinates with non-trivial N-connection coefficients
N! = N7 (u¥(r,0,¢,t)) and &, B (/(r,0,¢,t),u*(r,8,,t)). Such coordinate transforms can be defined in
any form not involving singiular frame transforms and off-diagonal deformations. For such conditions,
we can apply the AFCDM to generate new classes of locally anisotropic cosmological solutions. Such
new coordinates are defined u' = x! =r,u? = 0,and u3 = y® = y3(r,0,¢) and u* = y* =t + *B(r,0),
when (for M? = —9y%/9x and M? = —d%B/ax!) :

3 di® + N (r,0)dx' = dud + N (r, 0)dr + N (r, 0)do

&t = aut +&?(r,9)dxi = du* + &?(r,e)dr +&§(r,9)dz.

|eDo
I

This way, we obtain an off-diagonal spheroid-type cosmological metric parameterized as a d-metric,

prolate :
oblate :

2

o
N

I

g’a r,0,t)[8%(r,6,t)]2, where for { (165)

a?(t) (r? +r sin? 6) /
1+5 (rZJrrO sin? 0)]2[r2 — M( )(72+r cos? 0)+13]

a%(t) a®(t)r? sin® 0

+502+2 cos20))2 [1+ (FP+2 o202,

3l a2(<t>)cos ) ’ &(7’, 0, t) = (t)(r +;<f> C)Ossm 0 r§4(7’) = —B(T’)
(

a(1)(r? +r sin? 6)
§.(r6,t) = 1+ (rZJrrOCOSZG)]Z[’2 M()(’2+’<>5m 0)+73]
71 4 7 -
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5.4.2. Off-Diagonal Cosmological Solitonic FLH Evolution Encoding 2-d Vertices

To generate such configurations, we consider nonholonomic deformations of data ( ga N f) —
( 8, =1 g = 77”N ) using underlined versions of formulas (117), (118) with nonlinear symme-
tries (123) The grav1tat1onal polarizations 7, (r,0,t) =a- (t)171-(r,9),§3(r, 0,t) = a‘z(t)ﬁ(r, 9,t) and
i 4(1’ 6, t) will be prescribed or computed in such forms that

g8 = (88N} =1, N =w;) = gi(r,0)dx' @ dx' + h3(r,6,£)e> @ € + hy(r,6,t)e* ® e*, (166)
e =dg+n;(r,0,t)dx', e* = dt +w,(r,0,t)dx’,

with Killing symmetry on the angular coordinate ¢, when 9, transforms into zero the N-adapted
coefficients of such a d-metric.

In terms of #7-polarization functions, we can consider an off-diagonal cosmological ansatz stated
in a t-dual form to (A31), see also Table A3 in the Appendix B, when

d§2 — cgtxﬁ(r’ 0, t;g,x;l/’/ 13 A, Q], Q])dw’ldu/3 = elP[(dxl) +(d 2)2} (167)
[0:(n,)]?
s )1dp + [ 1ng + 2n /dt 4 dx*1?
[0:(1 §,)1 (s 3;[ [ dt élat(@s)]dxl}z
1St 30:(ng,) ] ngs 510 (ng,) '
Using P? = —4 A&, we can transform (167) in a variant of (126) with underlined #-polarizations

determined by the generating data ( 8y A él) The effective cosmological constant A is chosen as
the effective one related via nonlinear symmetries (123) to an energy-momentum tensor (164) in a
fluid type form. For such cosmological configurations, the respective generating sources ( bl, %2 )
are related to a Ty via respective frame or coordinate transforms. Locally anisotropic cosmological
scenarios with nonholonomic evolution from a primary void conﬁguration (165) are determined by
corresponding classes of generating polarization functions i ~ ¢ (x*) and N~ 17(x £).

Let us consider such an explicit example: We prescribe that the h-part of a s-metric (167) must
satisfy the generalized Taubes equation for vortices on a curved background 2-d surface,

R V2p = Qg(Co — Cre?¥). (168)

In (168), the position-dependent conformal factor (g and the effective source (Cy — C1e?¥) are pre-
scribed as respective generating h-function (x*) and generating h-source Y (x*). We can re-scale
both constants Cy and C; to take standard values —1, 0, or 1, but there are only five combinations of
these values that allow vortex solutions y[vortex] without singularities [191]. In a different form, the
v-part of (167) can be modelled as a solitonic wave when

+21 o radial solitons; (169)

{ “ly(r,t)  as a solution of the modified KdV equation %!
n= B

s |
©lye,)  as a solution of the modified KAV equation 3 -6y % + % =0, angular solitons.

The references [17,18,192] contains many examples of such solitonic wave equations in MGTs.

So, we conclude that the generic off-diagonal metrics (167) can describe nonholonomic cosmologi-
cal evolution scenarios with conventional h- and v-splitting for a (2+2)-configuration. In the above
example, a primary 2-d metric with prolate/oblate rotoid void transforms into a vertex h-configuration
(168). Differently, the v-part is defined by a solitonic wave evolution of type (169). On a base 4-d
Lorentz spacetime cosmological manifold, this describes a geometric evolution with gravitational
polarizations and for respective generating sources. Such a nonholonomic cosmological evolution
results also in solitonic configurations for the N-connection coefficients. Corresponding 4-d spacetime
cosmological solitonic waves on t-variable can be with a radial space variable, r, or with an angular
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variable, 6. In a series of our and co-authors works, there were constructed more general classes of
generic off-diagonal cosmological and quasi-stationary solutions with 3-d solitonic waves and solitonic
hierarchies in GR and MGTs, see reviews [13,17]. In [18] such solitionic cosmological solutions are
considered for nonassociative Finsler-like MGTs for modelling DM quasi-periodic and pattern-forming
structures. In this subsection, those results were modified in such forms that analogous cosmological
solutions are constructed in the framework of the Einstein gravity theory.

5.5. Double Off-Diagonal (4+4)-d Cosmological Solitonic and Spheroid Cosmological Involving 2-d Vertices

The d-metrics (165) and (167) can be extended on 8-d phase spaces to describe FLH cosmological
configurations involving respectively base spacetime and typical (co) fiber solitons and vertices.
In this subsection, we consider respective s-adapted prolate and oblate coordinates for or 'u®* =
(r,0,¢,t,'r,'0, '¢,E) on "M are

prolate :

, 170
oblate : (170)

d'g¢ = ‘ga (r,0,t,'r, '8, '¢p, E)[&%(r,0,t,'r, '0, ', E)]z,where for {

where

g’l(r, 0, t),gz(r, 0, t),g°3(r, 0, t),g4(r) as in (165) and
'a?(E)( 'r2+ ‘r% sin? '0)
.5 . [14-8( 2+ 'ré cos? 0))2] ‘rzfi‘M‘(rlr)( 124 'r% sin? '0)+ ‘r<2>]
IS ( lT, |9/ E) - : 'az(E)( P2 \ré sin? \9) s
[+ (724 % sin® 19)]2[ .rz_i‘M‘(r‘f)( 124 13 cos? 10)+ 3]

'a®(t) 'a®(E)r?sin® '9
e 14 —€ (124 12 cos? 19)]2 . [T+ ( 72+ 72 cos? '9)]2 . o
g6( 'r, '0,E) = I+ (r ‘uz(rto)COS )] , \57( 'r, '0,E) = ‘a2(4E)( w2y ‘%)sinz o \gS( 'r) = —"B('r).
[1+%( 2+ ‘ré sin? '6)]2 [1+%( 72+ ‘V%) sin? 19)]2

Such a prime s-metric is can be written in a similar form on °*M using analogous velocity variables.
We generate 8-d extensions of (167) using nonholonomic s-adapted deformations
o o g o s s °rds
(¢, Ni_) = (g, ="m, "¢ Ni =" Ni))

of prime s-metric (170). The gravitational polarizations in the total phase space are parameterized
1,(r,0,t) = a*Z(t);yi(r,G),%(r, 0,t) =a 2(t)y(r,6,t) and 1,(r,0,t); and, on co-fiber space,

‘T’3( 'r, '8, E) = 'a‘z(E)q”3 (r,()),f( 'r, ', E) = 'a"%(E) lﬁ( 'r, '8, E)and ‘f( 'r, '8, E).The
generating functions Qg(r, 6,t), ‘Eé( 'r,'0, E)and 'f( 'r, '8, E) define cosmological solutions of
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type (??), see Table A13 in the Appendix B. The corresponding off-diagonal nonmetric cosmological
rainbow metrics can be written in the form:

@S (1) = G, 5 (b, 05, Eilig, '8 875 UL 2L 0 L 10 28, 34, 4A)d 'utsd b = (171)
0 ((a=?18,)%)?
(i, 1I)[(dx1)2+(dx2)2]+h3[dy3+(1nk1+42nk1/d1‘ TPy Lo
| fdt 3](a2y8,)2l(a"2ng,)
((ﬂ_zg)oz)z dr + % ([ dt ?1 (“_2@3)02])dxi1] +
| [dt le(a*Z;L%)Oq a*zq“% ZQI (a*2£§3)<>2
|85 \72E\ 18612 9; d ‘Q |85 \72E\ 136 )
('P('a2(E) 'y '8%) (ps + i) dps(5°]) '9°( ()zg)]dxlz}z+

| [dps @[ 5] ('a=2(E) 'y '§0)]| 'a2(E) 'y 'g° 2795 a2 (E) ' '¢°)
)

\a 2(E) 'n '§°{dps + [1n, + 21 /dps
- = 2 2 |fdp5 |35['3Q](| 72(E |E|°

1,—2 | ( ‘88 ( (E) ‘ﬁ ‘57))2 I k3
a 2(E) 'n '§’{dp7 + [ \my, + 243/ P7|de P19 (a2(E) 7)) (a2(E) ' § )5/z]d R
('9® ('a2(E) ' '¢"))? A [[dE( 7)) (' 2By '§)] | .,
L2 dE < L2 Ly
| JdE Q¥ [ 2] ('a=2(E) ' 'g")]| ('a2(E) 'y 57){ i 27 9% (a2(E) 1y g) “

Similar 8-d cosmological configurations can be generated for another sets of phase space local coordi-
nates or in velocity-type variables as in Tables A12, A8, or A7. In (171), the solitonic waves from the
v-part of (167) are completed with solitonic distributions on momentum-like variables,

a'y
y = slorl n('r,E) asasolution of the modified KdV equation aE —6'y —g + o =0;
- 599117( E) asasolution of the modified KdV equation a —6'y a—ﬁ —+ g—ﬁ =0.

Such cosmological momentum type momentum solutions are different from those studied in [17,18].

Geometric Flow Thermodynamics for Off-Diagonal FLH Cosmological Solutions

Locally anisotropic cosmological solutions on base spacetime Lorentz manifold (which can also
be considered in GR) are defined by off-diagonal metrics with conventional underlined coefficients
can be generated as we summarized in Table A3 from Appendix B. A typical ansatz of d-metrics (167)
in a dual on a time-variant of (126) as stated by formulas (123). For instance, the generating functions
are related by formulas ®* = —4 Ag,, with underlined #-polarizations determined by the generating
data (¢ 8 =1, &, A, Q¥”‘ Ig), see (85). For relativistic geometric flows, such formulas are generalized
for T-families, for instance, written as ®*(7) = —4 A(T) ‘8,(t)and (g, (1) =1,(1)&,; A7), HJ (1)),
see respective systems of PDEs and sources (81) and (84).

For time dual transforms, 7g(t) — °g(7), of (132) and (131), we obtain such formulas for
geometric thermodynamic variables of 7-families of locally anisotropic cosmological solutions “g(T)

(167):
U0 = o]z W) B0 = A i), an)
S = W) = 2T Iy egn)], where
Wigl = [ 62T, 1,(0.8,)

These formulas can be used for defining and computing the thermodynamic characteristics of non-
holonomic Ricci soliton cosmological configurations constructed for T = 1y. They encode nonmetric
deformations in the effective sources and nonlinear symmetries relating via off-diagonal configurations
the generating data A and o¥" B
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For general 5-polarizations on a phase space EM determined by cosmological s-metrics (g (1)
(171), the thermodynamic variables (172) are generalized in 8-d form and computed:

Q27 = exp| s WYL S]]
GE (1) = s (1-20(hA() + AM)) JVISs(0l
Q81 = () = g (1= 4(BAM) + BAM)) JV] Sog(r)

Similar values can be computed using decompositions on a small k-parameter, ;(Z [ xo8(T)] or

Wl <080l

6. Conclusions and Perspectives

This is a review article on metric and nonmetric geometric Finsler-Lagrange-Hamilton (FLH) flows
and off-diagonal deformations of Einstein gravity, with applications and original results in modified
gravity theories (MGTs). Such nonholonomic geometric models are constructed on relativistic phase
spaces modelled as (co) tangent Lorentz bundles. We elaborate on natural and physically motivated
(non) metric FLH extensions of the general relativity (GR) theory and standard particle physics models
using conventional base spacetime and (co) fiber (momentum) velocity variables and coordinates.
This work focuses on mathematical gravity and accelerating cosmology, and modern astrophysics
of MGTs, developing a new advanced geometric techniques for generating new classes of exact and
parametric solutions. It is also a status report on the anholonomic frame and connection deformation
method (AFCDM) for constructing generic off-diagonal exact and parametric solutions in FLH MGTs.
A series of ideas, methods and results was proposed many years ago beginning in 1986 and was
developed by the author and his co-authors (master and postgraduate students) in Eastern Europe.
Later, such directions in mathematical physics and geometry were supported by many NATO, CERN,
Fulbright and Scholars at Risk research grants beginning in 1999. The main goals of this article ares
to summarize transfer of knowledge, with a review and critical discussion of new results on FLH
gravity, and to provide detailed proofs and new applications of the AFCDM to FLH geometric flow and
MGTs. Substantially new are the results and methods related to nonmetric geometric and gravitational
models, generalized G. Perelman thermodynamics for nonmetric theories, and a study of new classes
of off-diagonal Finsler-like deformed black hole (BH), wormhole (WH), black torus (BT) and locally
anisotropic cosmological solutions. This work complements in nonmetric commutative and associative
FLH forms the review [17] (based on metric compatible generalized Finsler theories) and is different
from its nonassociative partner article [18], which also allowed to study also nonsymmetric metrics but
considering only metric compatible structures. All geometric constructions and off-diagonal solutions
are performed for 8-d nonholonomic phase spaces in a form when the projections to base Lorentz
spacetime manifolds are related to a series of similar results in GR and possible nonmetric 4-d MGTs,
and applications in modern cosmology and classical and quantum information and geometric flow
theories [20,21,25,37,158,160,161,170,171].

Let us conclude and discuss the main results solving the aims (in explicit, form the objectives,
Obj 1- Obj 9) of this work:

We critically discussed in subsection 1.1 of the Introduction seven most important steps 1-7]
in formulating and further developments of nonholonomic FLH geometry and physics, which are
important for Finsler-like generalizations of GR, various nonmetric MGTs, and the purposes of this
review article. Such a critical analysis is very important because many Finsler gravity theories
and applications in modern cosmology and dark energy (DE) and dark matter (DM) physics were
elaborated but the methods and results were formulated in a non-rigorous geometric formalism, and
using incomplete and not rigorous solutions, or undetermined causal and relativistic physical models.
There were proposed many Finsler generalizations of the Einstein equations which are difficult to
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decouple and solve in general forms, and which numerically/ graphically contain many parameters,
etc. Our AFCDM allows us to construct generic off-diagonal solutions in all such metric and nonmetric
MGTs, and the approach allows an axiomatic formulation as in [17]. Using respective classes of quasi-
stationary or cosmological FLH solutions, and respective generalized G. Perelman thermodynamic
variables, we can speculate on the viability of certain MGTs and Finsler-like modifications of physically
important solutions.

The first aim, i.e. Objl, of this work was achieved as a formulation of metric and nonmetric
FLH theories as certain nonholonomic metric-affine gravity (MAG) theories constructed on (co)
tangent Lorentz bundles. Considering distortions of d- and s-connections (which may result in metric
compatible or noncompatible structures, in general with nontrivial s-torsions), we solved Obj2. It
allows us to construct FLH modifications of GR in axiomatic form as we stated in section 2 and
[17]. All geometric constructions were performed in an abstract geometric language, with necessary
s-adapted indices, and adapted to respective N-connection, d-connection and s-connection structures
with conventional 2+2 and 2+2+2+2 nonholonomic shell (s) splitting of geometric objects.

The theory of nonmetric FLH geometric flows was first formulated in relativistic form on (co)
tangent Lorentz bundles in section 3, when Obj3 was achieved by defining respective nonmetric
s-adapted versions of F-and W-functionals, and respective nonmetric FLH geometric flow equations.
We solved Obj4 by deriving in abstract geometric and s-adapted variational form, using distortions of
s-connections, of nonmetric versions of G. Perelman’s thermodynamic variables. We concluded that
nonholonomic geometric and statistical thermodynamic objects allow us to state a new thermodynamic
paradigm for general classes of solutions of nonmetric geometric flows and MGTs even in the cases
when the Bekenstein-Hawking paradigm is not applicable.

The generalization of the AFCDM for constructing generic off-diagonal solutions in nonmetric
FLH geometric flow and MGTs was performed in section 4, and using proofs from Appendix A, for
Obj5. This geometric method is summarized in Tables A1-A3 from Appendix B. Such tables and re-
spective ansatz are different from Tables 1-16 in [18], where the effective sources encode nonassociative
and noncommutative geometric data. The generating data and formulas from this work allow us to
generate various classes of quasi-stationary and cosmological solutions using generic off-diagonal
data and generating functions/ effective sources. For FLH MGTs, such constructing can be used for
deriving self-consistent and complete phase space modifications of GR and 4-d nonmetric theories
using Finsler-like variables. We proved that such generic off-diagonal solutions are characterized by
specific nonlinear symmetries relating effective sources to certain geometric flow running effective
cosmological constants. This simplifies substantially the computation of FLH modified G. Perelman
thermodynamic variables, which provide a solution for Obj6. Then, a new Obj7 was solved by the
formulas, allowing to study how nonholonomic geometric flows and off-diagonal interactions, and
distortions of s-connections, may result, and relate, different classes of FLH theories and respective
classes of exact/ parametric solutions.

The last two Obj8 and Obj9 are solved in section 5 by elaborating on respective classes of phase
space FLH black hole, wormhole, toroid and cosmological solutions. We note that similar classes of
solutions were constructed and analyzed in detail in [18] but for different effective sources (in this
work, we consider only commutative and associative FLH data).

The solutions provided for the above-stated main goals (objectives) motivate the hypotheses
H1-H3 from the Introduction section of this article. So, this way, we formulated a general mathematical
physics approach to (non) metric FLH geometric flows and MGTs, and such theories are generally
integrable in off-diagonal forms and provide many applications in modern cosmology and astrophysics
and elaborating geometric and quantum information models. Further partner works will be devoted
to the objectives related to H4 and H5. Such hypotheses concern the possibility of self-consistent
Finsler-like metric and nonmetric generalizations of the theory of EYMHD interactions. And such
theories can be quantized using DQ methods and the BFV formalism. We note that [37,51,87,87,89,96—-
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98,100,103,104,160] contain necessary geometric methods and a number of preliminary results, see also
recent our publications [20,21,25,37,158,160,161,170,171].

Our approach to the theory of relativistic FLH geometric flows (see also a series of previous
results in [17,98,117,119]) has both natural and pragmatic motivations in GR and MGTs because it
allows us to provide a geometric thermodynamic formalism for all classes of diagonal or off-diagonal
solutions. It provides a new paradigm due to G. Perelman’s concept of W-entropy [108] which we
extended in nonmetric form on (co) tangent Lorentz bundles. Even though we do not propose in
this work to formulate/ prove any FLH versions of the Thorston-Poincaré conjecture, we show that
the thermodynamic part of the G. Perelman work [108] can be extended in certain Finsler-relativistic-
ways. Applying the AFCDM, the corresponding FLH geometric flow equations (in particular, the
generalized Finsler-Ricci soliton equations including the nonmetric FLH modified Einstein equations),
can be decoupled and solved in certain general off-diagonal forms. For such models, relativistic FLH
extensions of G. Perelman’s thermodynamic variables can be computed in very general forms in terms
of effective cosmological constants and respective volume forms.

Finally, we conclude that the results and methods of this work can be used for constructing
quasi-stationary and cosmological off-diagonal solutions describing FLH geometric flow and metric
or nonmetric EYMHD systems with potential applications for elaborating on DE and DM models, in
classical and quantum flow information theories and quantum gravity (we cite relevant partner works
[13,18,98,98,160]).
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and extends former volunteer research programs at California State University at Fresno, the USA, CAS LMU
Munich, Germany, and Taras Shevchenko National University of Kyiv, Ukraine.

Appendix A. Proofs of Decoupling and Integrating Nonmetric FLH-Geometric
Flow Equations

In this Appendix, we outline and adapt for FLH geometries the computations and proofs provided
in sections 3.1 and 3.2 of [18] and used for nonassociative MGTs. Certain results and methods but
without technical details for the AFCDM were reviewed and discussed in [17,24-26], see also references
therein (on MGTs, noncommutative and supersymmetric geometries, etc.).

Appendix A.1. Canonical Ricci s-Tensors for Quasi-Stationary Configurations

The main formulas and solutions will be proved for quasi-stationary s-metrics. Time-like and
energy-like dual symmetries will be used for deriving off-diagonal cosmological solutions.

Appendix A.1.1. Conventions on Quasi-Stationary Ansatz and their Dualization to Locally
Anisotropic Cosmological Configurations

We compute in explicit form the N-adapted coefficients of the quasi-stationary canonical d-
connections; N-connection curvature; canonical d-torsion and LC-conditions; and canonical Ricci
d-tensor for canonical d-connections. To simplify computations we use brief notations of partial
derivatives on phase space ;M : for instance, 014(u*) = g°, d2q(u*) = q’, 93g(u*) = g* and dagq(u*) =
g°; on s = 3, we use only partial derivatives dsq(u*) and de¢q(u*); on s = 4, we use only partial
derivatives 97q(u*) and 9gq(u®), for u® = u™ = (x1,y"2,0%,0M) = (U = uB,vM) = (U2 =
u'2,9%,9%). Such notations are slightly modified for s = 3 and 4 on | M : on s = 3, we use only
partial derivatives '9° 'q('u®) and '9° 'q('u*); on s = 4, we use only partial derivatives '9” 'g( 'u®)
and ‘9 'q( 'u®), for 'ut = ut = (x",y", pay, pa,) = ('u = U, po, = {p7,ps = E}) = (u? =
u’2,p3, p7,E).
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The quasi-stationary configurations determined by s-metrics of type (97) on s M are described
by generic off-diagonal ansatz

d53(t) = giy (V) (dx")? 4 hay (T)(e™(7))* + hay (7) (e (7)) + ha, (T)(e™(7))?, where (A1)
e(1) = dy"+ [wf(7) +n (1) |dak,
eB (1) = do™+ [wzg (1) + HZZ(T)} dx*2, e™ (1) = dv™ + [wzg(r) + nZi(T)]d xk3, for

(M) = op[p(ra)] () = hoy(5, 5 7),

8oa(T) = (120,47, 0%), 0, (7) = oy (7,30, 472, 0, 07
(1) = g (5,0, 0), N () = i, (0, 20,9), N3 () = o, (1,0, 72, 0°),
(®)

= (T, xil,yaz,vs),NZS(T) = wks(T, xiz,v”3,v7),N,§2(T) = ny, (T, xiz,v“3,v7).

The s-coefficients of such an ansatz do not depend on the time like variable y* = 4 on s = 2, but

dependence on t may exist on upper shells s = 3,4; the coefficients on s = 3 do not depend on

v°, but on the upper shell s = 4 such a dependence on v°

8

may exist. Then, the coefficients of (A1)
do not depend on v° on s = 4. Here we emphasize that we can consider other types of s-adapted
quasi-stationary dependence if we consider explicit dependencies on v® (but not on ©°), and on v® but
not on v’. For simplicity, can analyze only s-metrics with Killing symmetry on dg (on all shells), when
the Killing symmetry on dg is for the first three shells (s = 1,2, 3); and the Killing symmetry on the
time-like coordinate 9, = 9; (the quasi-stationarity conditions) exists on the first two shells (s = 1, 2).

The previous ansatz can be transformed into locally anisotropic cosmological (generic off-diagonal)
ansatz on s M if we consider generic dependencies of the s-coefficients on the time like coordinate
y* = t but not on ¥ and change respectively the w-coefficients into n-coefficients and inverse. So, in
this work, we consider such locally anisotropic cosmological s-metrics:

A1) = i (1) (x4 (1) (€(1))° o I (1) (1)) o g, () (€4 (1)), where  (A2)
€2 () =yt [m2 (1) +w(c) i,

(1) = do"+ [ () + w(r)| dx'2, e (1) = ot + [nfd (1) + wt (1) | d %, for

g1 = exp[p(r,xn)] g, (v) = hoy(T, 2, 1),
)

(
. s ‘
8, (1) = Dy (Tx"y™,07),g (1) = hy (T, x",y",0%,07);
Np (7)) = me (7,27, 1), Ni (1) = wy (T, %", 1), N, () = ng, (7,27, y™,0°),
Np (1) = ag, (T, y™,0%), NJ (1) = (7, 2,0, 07), N (7) = wy, (T, x2,0%,07).

In the above formulas (A2), we underline respective symbols to emphasize that they are considered
for locally anisotropic cosmological configurations with generic dependence on ¢-coordinate.
T-families of quasi-stationary configurations on ;M are defined by such ansatz:

d'53(1) = &, (T)(dx")? + hay(7) (e (1))? + 'h* (1) ('eq; (1))* + 'h(7)( ‘e, (1))?, where (A3)
e2(t) = dy™+ [w,‘g(r) + an(T)} dx,
\eﬂs(—r) = dps + [ ‘wkzﬂg (T) =+ ‘”kzug,('r)] d ‘xsz ‘etl4 (T) =dpa, + [ ‘wk3u4(T) =+ I”kga4 (T)]d kaSr for

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202508.1868.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 August 2025 d0i:10.20944/preprints202508.1868.v1

80 of 115

gn (1) = exp|9(T,x")], g0 (1) = hay (.5, 1),
gas(T) = Ihus(TrxilryaerS)r '8ay(T) = ‘ha4(7rxilryu2rpa3rpa4)?
P = we (Y, N (1) = g (T, 5%), 'Nigs (1) = g, (1,27, 5™, ps),
Nio(1) = 'miy (1,5, 5™, p5), 'Nig7 (1) = "wp, (T, 32,07, p7), 'Nis () = i, (7,52, 0%, py).

These formulas are similar to (A1) but written on the dual phase space when the velocity-type
variables/indices are changed respectively into the momentum-type variables/indices. We use corre-
sponding labels ”' to state that the coefficients depend on momentum-like coordinates.

In this subsection, we provide the ansatz for T-families of locally anisotropic configurations on
s/M, which is a respective '-transform of (A2), also preserving generic dependence on the time-like

coordinate y* = t but not on y*. We can use such formulas:

d'5(1) = g (D)(dx")? + gy (1) (e(1))2 + B (T)('eq, (1))* + 'B™(7)( '€y, (1)), where (A4)
(1) = dy™ + [n(v) + (7)) dx",
e (T) = pay + [ My (T) + ' Whyay (T)] 4272, ', (T) = dpa, + [ 'y, (T) + Wiy, (7)]d x5, for
() = expl(rx)] g, (1) = %uﬂw
gh(t) = ‘h"’(fx ¥, ps), ‘g% (1) = (T XY™, pas, p7);
N (1) = 'me (T a0, NE (7)) = 'wy (1,57, 8), 'Nis(T) = ', (7,57, ¥, ps),
‘Nips(T) = 'wi, (T,x, 42, p5), 'Niy (1) = ', (T, X2, pay, p7), 'Niys (1) = 'wy,, (T, X2, pay, p7).

Hereafter, we shall provide explicit commutations and proofs for quasi-stationary ansatz (A1l).
Similar constructions for the generic off-diagonal ansatz (A2), (A3), or (A4) can be performed in similar
forms. In principle, they can be defined as certain phase space and/or time-like dual transforms of the
results obtained for (A1).

Appendix A.1.2. Computing the Coefficients of the Canonical s-Connection

The nontrivial coefficients of D = {fz‘ ~ 1"% s Bs } (46) computed for quasi-stationary d-metrics
(A1) are computed in such forms:

= T _ 0181 1 81 %81~ 8 2 _ —81 72 _ & 82
i, = LA & _Zip 8 p2 T8 q2 82 72 8 (p5
11 g1 2g1 T2 0g T g 12T Tog 29, 127 o (A5)
7o Oklha) wihy 53 Ophs Wiy g5 My .
4k 2hy 2hy KT 2hy 2k T Ak 2hs K
+4 L, _ 1 o hy A4
Ly = 5mc= 50m, Ci = 2713/(:44 = T C33=0,C = W ,Ch =0,
R o, () widshs ~5 ks widshs - h
6 _ k2 6 _ k2 56 5 — k2 5 _ kz 515 5 — 6 — .
L6k2 = T 2he 'L5k2 s 2hs 'Lékz a5i’lk2, fork, =1,2,...,4;
~ 1 ~ dshs  ~ dshg =, ~ d h ~
6 5 5hs s she =6 6 she =
Ls, = 595mk, Css = %/Cea = hs C35 =0, G = 27161(:66 =0;
R dolhs)  widrhs -, duhy  widshy -, n
g Ok(hs k;97Ms kh7  wi,07h7 78 _ .
L8k3 - 2h8 Zh Y] 7k3 - 2h7 2h7 L8k3 — a77’lk3, fOI‘ k3 1, 2,..., 6,
- 1 oy s drhs a7h8 .
L5, = 597"k2/6;7 o ,Chs = Ty , G =0,C = s’ ,Cgs = 0.
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We also have compute the values
G = @3+6§4_ﬁ+ﬁ/64_623+634_0/ (A6)
Cs = Co+C8 = %Jra;—::,@ =Cg+Ch =0,
G = G Ch= G+ G Go= G+ =0,

which are necessary together with the set of coefficients (A5) for computing the s-adapted coefficients
of the canonical torsion and canonical Ricci and Einstein s-tensors.
Introducing the N-connection coefficients in (A1), we compute the coefficients of the N-connection

curvature (A)?;]jﬂ =e (N:i 1) -, (N]‘Z : ), see similar formulas (12). We obtain
~a S X7a X7a X7a
ap. = 9 (Nl.f) = 33, (N%2) — w;,95(N12) + w;,05(N2),
~a S ya Xya S
noo= 9, (NZ.;) — 35, (N) = w;,05(N°) + 10;,05(N{2),
A4 Xya. Xya Xja Xya
Qi:ﬁ = afa (Ni34) - 31‘3(Nj34) - wiaa7(N]'34) + w]‘sa7(Ni34)-

These formulas result in such nontrivial values:

6%2 = _ﬁgl = dowy — Wy — w1w§ + ZUZZUT = w’l — wa —wiwy* + waT;

O, = —Of =dn — dyny — winy +woni = nj —ny — winj + wynj. (A7)
05 — O°. — 3. 7w —d 1w — 1 ) , =D — D W — T ) ) .
07, = —Q, = 9),Wi, — 95,W), — W;,05W), + W), d5W), = 0, Wiy — 9y, W), — Wy 05W), + W}, I5Wy;
0o — O —3. 1. —. n. — ) . =D — D — s ) ) .-
Qim = *Qizjz = 0j, iy — 0y, — Wi, 051, + W), 051y, = 9jy My — Oy M, — Wiy 051, + 1), d5Mjy
07 — —_0O7. —3. 1w —d 1w — ) ) =D — D W — 7D ) ) ..
Qi3]-3 Q]-Sl-3 = 0j,Wj; — 0jWj; — Wi, 07Wj, + Wj,07Wj; = 0j; Wiy — 0, Wiy — Wi 07Wj, + Wi, 07W;y;
oL — O . —3. 1. —D: 1. — ) ) =D — D1 — s . ) .
Qi3j3 = *Qi3j32 = a]3nl3 a13”]3 w1387n]3 + w]3a7n13 = a]3n13 al3n]3 w13a7n]3 + w]3a7nl3'

Using (A7), we can compute the nontrivial coefficients of the canonical version of s—torsion
(33). Details on such component formulas (for various dimensions and quite different nonholonomic

distributions) are provided in [18,24]. We have such nontrivial coefficients T“.sil i = —Q“]?il iy and
A;zj = AZ}. e ( ﬁ;s_l ). Other subsets of the nontrivial coefficients are computed:
Pils_1 _ i1 _ Tis_1 _ pls—1 _ Al 1 _ s _ (~ag _ ~as —
].Sf'lksfl - js—'lks—l ks—'ljs—l - O’ Tjs—lus =C js—las - O’ Tbscs =C bscs c csbs 0’
~ ~ ~ O h o3h ~ - ~ h
3 _ 73 3\ _ %3 3h3 3 _ 73 3\ _ 4
T, = Ly, —e(N;) = 2}13 = Wi g~ 930k Ty = Ly, — ey (N) = 2, %M
~ ~ ~ di. h osh ~ ~ -~ h
5 _ 75 5\ _ %5 515 5 _ 75 5\ _ 6
T5k2 - L5k2 - eS(Nkz) - 2;15 - wk2 % - akaZ' T6k2 - L6k2 - 66(Nk2) - 7%85711(2'
~ ~ ~ O, h o7h o - ~ h
7 o 7 7N\ _ k3’7 717 7 _ 77 7N\ 8
Ty = Ljg = e7(Ni)) = =) = = Wiy 5 = = 0700, Ty = L, — es(Ny) = =2 -7,
~ ~ ~ 1 1 = ~ o h n
4 _ 4 4\ _ * % x 4 _ T4 4\ _ Yk 4 4
TGy, = Lg, —es(Ny) = M T Mg = —anlfTuﬂ = Ly, —ea(Ny,) = 2hy Wiy 2hy’
TS, = w] —w} —wywh + wwl, —Tj = ny — n3 — winh + wyni, (A8)
~ ~ ~ 1 1 - -~ o h dsh
6 6 6\ _ _ 6 _ 76 6\ _ Ykl6 516 .
T5k2 = L5k2 — €5 (Nkz) = 53571](2 — a5nk2 = 7585nk2, T6k2 = L6k2 - eé(Nkz) = 2;16 — wkz%,
77:12]’2 = ajzwiz — aizwjz — wiza5w]‘2 + w]‘235wl‘2, 77\—2]-2 = ajzn,-z — E),-anz — w,-285n]-2 + w]-285ni2, fOI' i2 7& jz;
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~ ~ 1 ~ ~ . h d7h
8 _ 8 _ 8 _ 718 8\ _ k38 7 8
T, = L3 —e(Ng)= a7”lk3 971k, = —*37”k3fT8k3 = Lgi, —es(Niy) = -, = — T
T173/3 = a]3 Wi, — a13w]3 wi3a7wj3 + wj3a7wi3/ — 13]3 8 i iy — 8131’1]3 wi3871/l]'3 =+ w]'387n1'3, fori 13 75 j3.

The conditions that the canonical d-torsions (A8) are zero which allows us to extracting LC-
configurations are satisfied if
/L\Z]'s=1 = Cas (Nfcssfl ) qz::bs =0 Qajss vy = 0 (A9)
when in N-adapted frames we can state f% wsBs = =T Tj g, even, in general, sD # V. This is possible
because two different linear connections have different transformation laws under general frame/
coordinate transforms (d-connections are not (d) tensor objects). For LC-configurations, all coefficients
(A8) must be zero. Nontrivial off-diagonal solutions can be chosen for k; # 0 and Wy, # 0, then
dshe # 0 and dswy, # 0, then d7hg # 0 and dywy, # 0. We also state for other subsets of N-connection
coefficients: ”ltl = 0, for wy, = 9 hy/hy;05m;, = 0, for wy, = 0y, he/dshe; and d7ny, = 0, for
Wy, = dx,hg/d7hs. In principle, we can search for other types of LC-configurations when 1 # 0 and/or
h3 # 0. We note that conditions of type (A9) can be imposed after a general class of quasi-stationary
off-diagonal metrics (A1) is constructed in a general off-diagonal form involving a nonholonomic
d-torsion structure. In FLH theories, LC-configurations are not considered on total phase spaces, but
they could be important for analysing projections on the Lorentz base spacetime manifold.
The s-coefficients on s = 1 of a canonical Ricci d-tensor (see formulas (40) and (43) for (46) and

similar details in [17,18,24,25]) are computed for respective contractions of indices, when fiil W= R\kilﬁl Ky
for
Dl _ Tip o _ . Th Tmy Ti Tmy T Al AR
hyjiky e L hljl €j1 Lh 1k1 + thh Lmlkl Lh1k1 Lml]l ChI“Zlekl
— Tm 11
= O h " 8 Lh K + th]lelkl thkl Lmlh' (A10)

We note that these formulas are considered for a quasi-stationary ansatz (A1) and values (A5). The
conditions C' ;‘l’il v = 0 and s = 1 formulas

ex, Ly} = = 3, L}! ot N“zaa2 =0y, Ly, + wi, (L))" + mi(Lj,))° = L,

can be used because /I:;le i depend only on coordinates x'1. Taking respective derivatives of (A5), we

obtain
al’L\l _ ( g; )o _ i o (g{)Z al’L\l _ (gill)o _ 87? o gIgll (All)
H 207 21 2(g)? P2’ 24 2(g0)%
° (Y] e o /e o _/
971, — 7872.:78L+ g1gzra’L\2 _ 81 .:7871+ 8182,
2 ( 281) 281 2(g1)? b = (= 282) 28 2(g)?
° o0 ° /e e _/
912, — (S2ye_ 82 _ (82) 72 $ _ 8 88 )
e = (=32 - B el = (2= 82 - B,
2
- stv_ & 8181 471 81y & (s1)
oLl = (50) =5 — oy dally = (50) = 50— o
! 2200 21 2 P02 2()
° o o /' °o _/
9,1l — (_82 /:_8724_ 8281 pf%. = 81 r_ 81 8181 )
2 ( 281) 281 2(g¢1)? 2L = (= 282) 29 2(g)?
) o/ e /
9,72, — (S2y_ 8 _ gzgzlatz _ /782_(82) '
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We can always chose s-adapted distributions and parameterizations of s-adapted coefficients (A1)

when on shells s = 3,4 all such derivatives 9; _ = =0.

1 1'5,1715,1

Appendix A.1.3. Computing the Coefficients of the Canonical Ricci and Einstein s-Tensors

Introducing values (A11) in (A10), we obtain two of nontrivial components

(1) LI} { ] 2
Rl &t sigs (88 s sish ()
0 = 5 271 5 1 2/
81 4(g1) 8182 281 8182 4(g1)
oo o o . 2
R, - 8 88 @) s i, (s)

2% 4gi1g  A(%2)? 2% A(%)? T 45ige

Because of the anti-symmetry of the last two indices, there are four nontrivial such terms. By definition,
Ryy = —R%;, and Ry = RY,,, for ¢’ = 1/g; and ﬁ; = ¢/R;; (in these formulas, we do not summarize
on repeating indices). As a result, we compute

518 1 . 8188 ()., sish (8)?
Rl:RZZ_ _ 8182 _ \&2 _'_/_172_#' Al2
1= 2g1gz[ 20 2¢1 2 ' 2¢ 2 ] (A12)

Let us compute the nontrivial canonical Ricci d-tensor components on shells s = 1 and s = 2
involving vertical indices. For simplicity, we use in the next formulas labels of type (i1, a2) — (i,a),
when i1,i = 1,2 and a3, a = 3,4. For the N-adapted coefficients with mixed h- and v-indices of the
canonical Ricci d-tensor. Considering other groups of coefficients, we write

~

pc a/L\ik ~c ~c pd a/L\Zk acliu Tc ~Ad _ 7d ~Ac Td A~ ~c d
Rippa = oy“ -C balk +CiTha = oy - ( oxk + LakCpa — LpkCaa — Lukcbd) + Cpa Tha-

Contracting the indices, we obtain
- - oLy PN
bk d
Ry = Ry, = F balk T Coa Tkar
where C, := 6{7 , are given by formulas (A6). We have respectively:
6b|k = ekéb — idbkéd = akéb — Niagé\b — /L\dbkéd = akC\b — wkéf; — l’lké\;’> — Edbké\d.

Let us introduce a conventional splitting ﬁbk = Rk + 2 Rek + 3Rk, where

Ao md A3 A3 A3 A4 A A3 A Ad
Rk = CpaTra = CiaTis + CpaTis + Coa Ty + Cog Ty

We use formulas (A5), (A8) and (A6) to compute the values

(L (e (ks m3NT L hy h3 \" 1[0 \”
mRse = (L3k) +(L3’<) _(2h3 Wkons ) T "%k, ~ 20 ) T2\ )
[2]R3k = fakéngwk@;+nk€§+f33k63+f43k€4: (A13)
ST S UG LY VU VSRR L R DAL B

Kons 4 (h3)2 " 2hy  2(hg)2 Ahshy ' 2h3 2k ' 2hy’ 2 kg ' hy”
pRak = CHTh + CouT + CiaThy + CoTH,

_ (h3)* | (my)? hy hy ochs  hp oy

= wy s W - s — 5
4(h3)? " 4(hy)? 2hy  2hy 2hy  2hy 2hy
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Putting together formulas (A13) and returning the s = 1 shall indices k1, and then considering indices
of type k; and k3 with respective a3, a4, we express

PR Uy VY S O S U LT M
3k “Uh, 4 (h)? 4hzhy | 2hy 2hs 2 hy | 4 (hy)?
2

= Dl (hy)”  h3hy ﬁ(aklhi‘% aklhz) 1oy (A14)
2hy " 4 2hy  2hs ' 4hy by hy 2 hy

5 Wy _ (3she)*  (3shs)(Oshe), , Oshe Ok,lts | Ok, (Ishe) . 10k, (9shs)
Rsiy = 57, 105(3she) = = e 3w e T ke T2 he
5 Wy _ (37hg)*  (37h7)(97hs), | d7hg Oksh7 | Ok (97hs) . 10k, (d7hs)
Rois = 55, 107(07hs) = =5 s T T YT T2 m
We can compute ﬁ4k = Rak + Rax + 3 Rak for

[1]R4k = (/L\Zk)* (/L\ik)o, [2]R4k = —aké4 + wkéjf + leéz + /L\34k63 +/L\44k€4'

B Ra = CiiTh, = ChTy + CLTH + CH T, + ClaThy.

Using fzk and tik from (A5), we obtain

R R h hy . Hihs — hab
_ (T3 \* 4 _ 4 w\x ** 4 «74"3 473
) Rax = (Ly)™ + (Ly)® = (_%nk> =Tk 2hg nkW/

where the second term follows from C3 and C4, see (A6). Using again L3 and L4 1 (A5), we compute
the next term:

by 15N

— ~ ~ ~o | T3 ~ T4 ~
[2]R4k = —0kCy +wiCy +mCy + L 1 Cs + Ly Cy = —np— s (2h3 s ).

Then, con51der1ng C43, Ci’4, ij:;, th, see (A5), (then, 51m11ar1y, for C65, Cgé, C65, C66, then for C87, CSS,

T3 T4 T3
C87, C88) and Tk3, Tk3' Ty Tiys see (A8), (similarly, for Tk 3 Tk 3 Tk14' Tk14' Tk 5/ Tk 5 Tk py Tkzé, Tk37, Tk 7r

Tk38/ 38) we compute corresponding third terms:
3] Ry = 623T,§’3 + 624T,§3 + 623T,§’4 + éﬁﬁfﬁ = 0 and similarly for ky, ko, k3.

Summarizing above three terms (introducing the s = 1 index k1, and respective ky, k3 and a3, a4), we

express
I hy We Wt W I
R = =5, 2hs + kl( 2h3 +2(;13)* 4(h3)*  4h3 )’ (A15)
5 _ he dshe | (0she)(9shs)  Oshedshs  Oshe
Rer, = 65(35”"2)2;1 +dsn k2< 2hs T 29shs Lochs | A
5 hg dzhs | (d7hg)(d7h7)  97hgdzhy; — Od7hs
Roy = —3r(07miy) g5+ ym "3< 2, T 2000y By 4y )

In a similar form, we can compute another group of N-adapted coefficients:

i aij'k aC]la AR A Te Ay P A
Ry, =% (5% okt L kCia = LixCla — LixCic) + Cip Ty

Such coefficients are zero becguse 6]117 =0and f;k do not depend on y*. Correspondingly, we obtain
ﬁjﬂ:ﬁij =0,0rR; =Rs 1. =0

Js—14s Js—11s—14s
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At the next step, we contract the indices in ﬁ“h 4» when the Ricci s = 2 v-coefficients are computed

S oG aCh A A A
Rpe = Wde oy + Cj.Ce — Cp4Cl..

Summarizing indices (and for s = 2, 3,4), we obtain

n _ 3 ~4 ~ ~3 A ~4 A 3 A3 ~3 A4 ~4 ~3 ~4 ~4
RhZCZ - (CbZCZ)* + (CszZ)<> - aCZChZ + Cb2C2C3 + Cb2C2C4 - Cb23C3C2 - Cb24c302 - Cb23C4C2 - Cb24C4C2’
n _ ~5 ~6 ~ ~5 A ~6 A ~5 A5 ~5 6 ~6 A5 )
Rb3C3 - 85 (Cb3C3) + aé(cb3€3) - ac3 CbB + Cb3C3 C5 + Cb3C3 C6 - Cb35C5C3 - Cb36C5C3 - Cb35C6C3 - Cb36C6C3’

and similar for by, cy.

From these formulas, we compute such nontrivial s = 2 adapted coefficients:

~ * ~ <& ~ ~ ~p o~ ~ ~ A~
Ry = (633> + <C§3) — G5 + C33C5 + C33Cs — C3C3; — 2C3,C35 — CauCly
R YUY R LY
2Ty A2 Al
* ~ <o ~ ~ ~ ~ ~ ~ ~
Ry = (é‘i) + (Cjﬁ) —94Cs + CCs + CLCy — C35C3, — 2C3, G, — CuCly
V1R 1K

2k T 4(hs) T Ahshy

For further applications, such formulas for s = 2, 3,4 can be written equivalently in the form

Ry = h%l%a = Zhlm(—hf{* + (121122 hZ%ZZ ) (A16)
Ry = h%ﬁss = 2;@(—85(85%) + (8;:2)2 + (85h52)h(585h6) ),
ﬁée = h%ﬁeé = zhlm(—aS(ashO + (a;ZZ)Z + (85h52)h(:5h6) )
R = h%ﬁw = m(*aﬂaﬂis) + (8;:2)2 + (a7h72)h(7a7h8) ),
R = hlsﬁss = 2,11%(—37(87%) + (BZZ:)Z + (a7h72)h(57h8) ),

Here we note that originally such computations were provided in [24]) for 4-d nonholonomic gravita-
tional models; more details with abstract geometric extensions on higher dimensions are provided in
[18].

So, a quasi-stationary d-metric ansatz (A1) is characterized by such nontrivial s-adapted canonical
Ricci coefficients R\% = ﬁ%, see (A12); ﬁg,kl, ﬁ5k2, ﬁ7k3, see (A14); ﬁ4klrﬁ6k2/ﬁ8k3/ see (A15); and
ﬁ33 = ﬁ44, ﬁ55 = ﬁéé, ﬁ77 = ﬁgs, see (A16). For such an ansatz, other classes of coefficients are trivial
with respect to N-adapted frames: R\ks—lus = 0. Such values may be not zero in other systems of
reference or coordinates.

We compute the canonical Ricci d-scalar using above N-adapted nontrivial coefficients of the
canonical Ricci s-tensor,

sRsc:= §“PR o5, = 8V Ry, + 87" Ryyp, + 8" Ry, = R + R%, + RY, + RY, = 2(R3 + RY + RS + RY).
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In this formula, we consider nontrivial (A12) and (A16). We can compute also the nontrivial compo-
nents of the canonical Einstein d-tensor,

-~

N 1 4 ~ PN U
En = (RS — E(sfj Rsc} = {E% = —(R%, + RS + R%,), B4, = —(R% + R% + RY)),
Ef = —(R5+ Ry +R%), Ey = —(RR+ Ry + R\66)/R\usks—1’ﬁksflus =0}

Such symmetries are important for a general decoupling and integration of the Einstein equations
written in canonical dyadic variables.

Appendix A.2. Off-Diagonal Integration of Decoupled FLH Geometric Flow Modified Einstein Equations

We prove that the system of nonlinear PDEs (99)-(108) can be integrated (i.e. solved) in general
forms in terms of generating and integration functions and generating sources. The details of such a
proof are provided for the shells s = 1,2 (i.e. for (99)-(102)) when similar constructions for s = 3,4 can
be performed by abstract geometric extensions.

The first two coefficient gy (7) = e? (™) of a s-metric (Al) are defined in general form as
T-families of solutions 2-d Poisson equation (99) with a generating source gg](T, xk1). Further com-
putations are possible if we prescribe such sources in explicit forms and fix certain systems of refer-
ence/coordinates.

Introducing h3(t,y?) and hy(T,y?) in explicit form in the coefficients (109) from (100)-(102) and
for a generating source , we obtain such a nonlinear system:

¥y = 2h3hy Y (7Y), (A17)
\/ hshal 7Y = hj, (A18)
(*¥)* w;, -9, ¥ = 0, (A19)

*k |h4|3/2 ' *
n;"+ (ln | n; = 0. (A20)

Prescribing a generating function, 2¥(x1,4?), and a generating source, 6](1’, xF1,13), we can integrate
recurrently these equations if i # 0 and é] # 0. If such conditions are not satisfied in some points of
a phase space with 7-running, more special analytic methods have to be applied. We do not consider
such cases because we can always choose certain s-adapted frames of reference when "good" conditions
(without coordinate singularities) allow us to find necessary smooth class solutions.
Defining
p2 = —h3h4, (AZ])

we re-write (A17) and (A18), respectively, as a system of two nonlinear PDEs
2¥*hy = —20% 3) (*¥) and b} = p *Y¥. (A22)
So, we can substitute the value of /3 (7) from the second equation into the first equation and express
p=—2%/2 3J. (A23)

This p can be considered for the second equation in (A22) and integrate on y°,

ha(, 2, 7) = W) (e, 20) = [ dy? 292 74( ). (A24)
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Then, introducing this coefficient in (A21) and (A23), we compute

1 2k 2 2k 2 29 27% -1
ha(t, x4, 3) = T <2QJ> =— (2 ZQJ> (hLO](T,xkl) - /dy3[(2;1]> . (A25)

Using above formulas for /3(7) (A25) and hy(7)(A24), we can integrate two times on y* and

generate solutions of (A20):

2
: h 2 _
e (1,x0,9°) = 1) + 2”k(T)/dy3 |h4|33/2 = 1+ 2”k/dy3 (221> | hy| 7>/
Q
2
Z\Ir* —-5/2
= (1) + znkl(r)/dy3<2 2]) hl (k1) —/dy3[(2‘1’)2]*/4 21| (A26)
Q

In (A26), we consider two integration functions 11y, (T) = 11, (T, x'1) and (re-defining introducing
certain coefficients) oy, (T) = ony, (T, x'1).
The linear on w;, algebraic system (A19) allows us to compute

wi, (T, x,7) = 9;, 2¥/(*¥)". (A27)

Putting together the above values for the coefficients of the d-metric and N-connection (as defined
by formulas (A25),(A24) and (A27), (A26) and together with T-families of solution of 2-d Poisson
equations for ¢(T,x*1)), we can generate quasi-stationary generic off-diagonal solutions of T-families
of FLH geometric flow modified Einstein equations written in canonical nonholonomic variables.

Above procedure can be performed on shells s = 3 and s = 4, with corresponding extensions on
velocity type variables and using, for quasi-stationary configurations, the partial derivatives *3 and 4
and respective classes of generating and integration functions and generating sources (for respective
left labels 3 and 4). Using such a geometric formalism for the systems of nonlinear PDEs (103)-(105)
and (106)-(108), we define and compute such s-adapted coefficients for T-families of quasi-stationary
s-metrics (A1l). For convenience (and to outline how the abstract geometric calculus can be performed
by analogy on all shells), we summarize such formulas

gi(t) = ¥,
2 -1
21{;* 29\ 27%*2
o3y 0 gy [ 4.3 (7F)7]
h3 (T, x,y7) (2 él) <h4 (T,x) /dy 12 ,
(64, = hf](r,xkl)—/dy3[2\1f2]*2/4( 2)),
w, (T2, = 9, P¥/(P¥)7,

-5/2
W) - [aPlCene/a )

g, (T, %)

211;* 2
11, (T) + 2”k1(T)/dy3 (221)
Q

2 _
et = () (W) — [y (Y (A28)
7 7 23QJ 6 4 4 3QJ 7

he(r, %) = () = [P ¥Ae /A Bp),
w, (T, 5, y°) = 9, %¥/(%Y)",

i 5 T ’ 0],  k 5t 323 g 3q]
ne (T,X%,y°) = 1ng (1) + 2nk2(7)/dy 235 he (T/xz)—/dy (C)T=74 08

Q
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2 -1
Ay 4\F) ]*4
hy(t, 2, y7) = —| —— h[O]'rx dy’ ——— ,
7( 1/) <Z4QJ><8( /]/ QJ
() = n) () — [y A,
wi3(T,xk3,y7) = 9 fy/(hy)t,
-5/2

nkg(’r’ xi3’y7)

Ay 2
11k, (T) + znkS(T)/df(Z‘I;J)
Q

In a similar form, for underlined v-coefficients depending generically on y* = ¢, the above
formulated integration procedure can be performed for generating locally anisotropic cosmological

W o) = [ay ()24 )

solutions. We omit such incremental computations and cumbersome formulas. They can be obtained
by a respective abstract geometric calculus and dualizations on SMand @M. In Appendix B, such
applications of the AFCDM are summarized in Tables A4-A13.

Appendix A.3. Off-Diagonal Quasi-Stationary Solutions with Small Parameters

We can consider e-linear nonlinear transforms (119) with generating functions involving x-
polarizations as in (122). This defines small nonholonomic deformations of a prime s-metric °§ into
so-called e-parametric solutions with - and x-coefficients derived for such approximations:

P(t) =~ 1p("r,xk5) Po(T, x* V(1 +e€ypx(t, xk 1)), for (A29)
m(t) ~ a1, xM) ~ Zo(7, x5 (1 4 exa(t, xF)), we can consider 7,(7) = 71(1);
N2s(T) =~ 1as(T, 2%, ubs T ~ Coo (7, 65, s+ (1 + ey (T, 255, ubs 1)),

In these formulas, 1 and 1, = #; are chosen to be related to the solutions of the 2-d Poisson equation
MY + %9 =2 HI(T,xF), see (99).

We compute e-parametric deformations to quasi-stationary d-metrics with y-generating functions
by introducing formulas (A29) for respective coefficients of d-metrics:

d5° = o p. (s = (14 €x25) §25; °A, {)))dudubs = ¥ (141 ¥x)[(dx')? + (dx*)?]+

Yy 410251 (|C2s8as V)]
=2 §25| fdu2571{ SQJ 82571(52&?25)}'

82571(7(25'@258025“/2) - fdu2571{ SQJ 82571[(€2sg°25)x25}}

4925-1(1G2s82s]/2) Jdu2 T 5T 005-1(Cada)} S
251 251
{duz”l + [ais f'd” ’ SQJ 925-182s +€(ais [f du®® SQ] 925-1(G2sX25)] _ 925-1(G2sX2s) ]N’ +1dxzs}2
(I{Il?:l*l) )25 1025 Oi, [J du®~1 3] 025-1024] 9251025

(32571 [(ézsé;zs)*l/ﬂ)z

+0rs(1+€ S0 {du® 1 £ [((NST2)11 1, 416 9m i /duzs*l . A30
CZS( XZS) 825{ [( ks ) [1 ks 2 kb[ |fdu2571825[5QJ(g25g25)“] ( )
_ 325—1[(§Zs§25)’1/4])2 s 1[(Gas§2s) VV4x2)] | S P21 I (Gasxasdos)]
16 ony, [ du®~1 (d e & e LG . e LA
te [ [ dy3021] 5) (2525 N 2025-1[(Gas§2s) ~1/4] J 43021 ] 5)(C2s82s)] ]le:”dxk»‘}Q].

251 _ (021 [(Gasdns) 14])°
11k, + 16 21y, [f du?s [Tdiuz 10, ] b](&sgzs)”}

We can relate a solution of type (A30) to an another one in the form (122) if 5®? = —4 SA(1+ €xas) $as
and the 77-polarizations are determined by the generating data (h2s = (14 €xas) &2s; *A, 3J)-
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Appendix B. Tables A1-A13 for Generating Off-Diagonal Solutions in FLH
Theories

In this Appendix, we summarize the AFCDM for constructing exact and parametric solutions
for 4-d and 8-d relativistic geometric flow and nonholonomic Ricci soliton equations encoding FLH
distortions of the Einstein equations in GR. Various relativistic phase space theories and FLH models
can be elaborated on tangent bundle, TV, and cotangent bundle, T*V, where V is a Lorentz manifold
as we explained in Section 4 and [17-19,24,25]. In this Appendix, we study models with dim V = 4,
whendim TV = 8 and dim T*V = 8.

Appendix B.1. Nonmetric 4-d Off-Diagonal Quasi-Stationary and Cosmological Solutions, Tables A1-A3

The first three tables are reproduced from our partner work [18], with extension of sources
QT(T) = ( b](r), é](r)) to encode nonmetric distortions. For relativistic geometric flows, such
generating sources can be related via nonlinear symmetries to some 7-running effective cosmological
constants A(1) = (1A(7), 2A(T)). They summarize the main steps on how to use 2+2 nonholonomic
variables and corresponding ansatz for metrics to generate quasi-stationary and, for respective ¢-dual
symmetries, locally anisotropic cosmological solutions in GR and 4-d toy models of FLH theories.
Details on definition of geometric d-objects and notations can be found in Sections 2 - 4 and Appendix
A, for shells s = 1 and 2.

Appendix B.1.1. Ansatz for 4-d Metrics and d-Metrics and Systems of Nonlinear ODEs and PDEs

Table A1l outlines main formulas on parameterizations of frames/coordinates for Lorentz mani-
folds with N-connection h- and v-splitting of geometric objects and generating of (effective) sources.
Two types of generic off-diagonal metric ansatz are considered. The first one is for generating quasi-
stationary metrics, with dependence only on space coordinates and the second one, for so-called
locally anisotropic cosmological solutions, is with dependence on the time-like coordinate and possible
dependencies on two other space-like coordinates.

General decoupling properties can be proven in explicit form for a generic off-diagonal ansatz
with Killing symmetry on d4, for quasi-stationary configurations, or on d3, for locally anisotropic
cosmological models, see respectively the shells s = 1 and s = 2 (97) and (98).

Table Al. Diagonal and off-diagonal ansatz resulting in systems of nonlinear ODEs and PDEs the Anholonomic
Frame and Connection Deformation Method, AFCDM, for constructing T-families of generic off-diagonal exact and
parametric solutions on Lorentz manifold V.

diagonal ansatz: PDEs — ODEs AFCDM: PDEs with decoupling; generating functions
radial coordinates u* = (r,0, ¢, t) u=(xy): nonholonomic 2+2 splitting, u* = (x!,x2,1%,y* = t)
N: TV =hTV&oTV,locally N = {N/(x,y)}
LC-connection V [connections] canonical connection distortion D = V + Z; Dg =0,
7'[g,N,D] canonical d-torsion
dia%onal ansatz g, (1) 8ap(T,x,y") general frames / coordinates
&1 = j+ NNV, NPR
_ ( $ ) g(r) & 8ap(T) 8 +Nﬂ,h h/ a® }’l |, 2x2blocks
g",3 jral . ac )
& 8up(T) = [ij, v, 8(7) = gi (¥)dx’ @ dx’ + ga (¥, y")e" @ €
N AN () for BHs af B g,,(;;(x y 3) quasi-stationary configurations
Sup = $.(t)  for FLRW [coord.frames]  gap = 8, (x y*=1)  locally anisotropic cosmology
!
coor;l. tretnsf, e = f“uauluﬂ/ gi(T, xF )kgu(r xk, y:), dmetrics
of = egduf’, oy = Gup ey [N-adapt. fr.] 3 > g,-(‘f,kx 1’§(Z’x ) ko3
& (2 ,y ") Hg,,‘( ), orgﬂ(t), NP (1) :wx(T ), N =mi(T, x5, %),
Na(x, y7) — or N? = n;(t, %, 1), N} = w;(t, 5, 1),
V, Ric = {R v} Ricci tensors D(1), Ric(t) = {R pr(T)}
TH — ot W LT L 1A 2A
"LICE] — T4 (B generating oJu(m) =e ;A’eV zQIz " 1 3%”; I o (), (T) .
(] — "Tap[CE] sources = diag[{](x )5 ol(xy : )51, quasi-stationary configurations
= diag| ] (x')é] E J(x t)zS“], locally anisotropic cosmology
o . jr QLN b
trivial equations for V-torsion LC-conditions D3 _o(T) = V() extracting new classes of solutions in GR
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Appendix B.1.2. Decoupling and Integration of (Modified) Einstein eqs & Quasi-Stationary
Configurations

We provide a summary of formulas for a general decoupling and integrating of generalized
Einstein equations with generic off-diagonal quasi-stationary and locally anisotropic cosmological
metrics in 4-d gravity theories outlined below in Tables A1-AS3.

Table A2. Off-diagonal nonmetric quasi-stationary configurations Exact solutions of ﬁum = Qf,lm (7) (81) (for
s — 1,2) transformed into a system of nonlinear PDEs (99)-(102).

d-metric ansatz with ds?(t) = 8 (:’ X0 (dx)? + 8a (T, X,y (dy + I\I"ﬂl2 (7, %1, y*)dx11 )%, for
Killing symmetry 4 = 9; giy = V), g0 = hg, (xF1, %), Nl'31 =w;, (Xkl,y3),l\f,41 =iy (x"1,°);

general or spherical coordinates 8 = e¥(rf) Say = hay (1,6, 9), Nl31 =w;, (,0,9), N‘i41 =y (1,0,9),
Effective matter sources Qj\"1 = [}2](1',6)5;, é](r, 0,9)00], ifx! =r,x2 =0, =gyt =t
Py =20 20=In[dshs/ /Thaha]|,

20%2 hZZ = 2h3hy é],

a; = (93hy) (9; @), 2B = (33h4) (35 *@),
2Bwi, —ay =0;

f
o 29 = 93 (In |ns*/2/|3)),

Nonlinear PDEs (99)-(102)

m 2 = 0; 019 = q°,92q = 4,339 = 9q/09 = g*2
Generating functions: h3 (7, x*1,1°),
Z\Y(T’xkllyS) _ 62@’ qu(.[/xkl,ya); (z\{:z)*z _ 7fdy3 é]h;z,
integration functions: hLOl (T, xk1), 292 = —4,Ahy, see (120);
11y (T,x1), ang (T, x71); hy = hLO] — 292 /4 A, 12 #0, 2A # 0 = const

& nonlinear symmetries

gi = e ¥ as a solution of 2-d Poisson egs. ** + ¢ =2 b];
hs = —(2¥°2)2/4 3 ]Iy, see (A25), (A24);
d-metric hy = hLO] — [P (P¥?)2/4 3] = hz[lo] — 202 /4,A;

Off-diag. solutions, N-connec.

ZU,'l = a,'l Z‘P/ 33 ZT = a,'l Z‘YZ/ 33 ZTZ‘;
My = ey omy [y (2922 BRI - [ dy(P¥R)2 /4 PP

a¢wil = (a,‘l — w,‘la3) In v/ ‘h3‘, (a,‘l — wila3) In RVa |h4| = 0,
O, Wiy = 0jy Wy, 031y = 0,0; My = O Miy;
LC-configurations (127) . seed-metric (128) for
¥ = 2¥(x1,y), (9, 2¥)*2 = 9; (¥*2) and
2(x1,9) = I1¥]= B or 3 = const
. 0y ([ ay® éiﬁﬁzl)/ o hy2;
w;, =0, 2A = 9;, 2¥/ ¥,

N-connections, zero torsion 1 1 3 (f d %g]( zéz)*z)/( 2d)n éj’
and n, = iy, =, n(x1).
pAolarization fuwnctiogs B ds? =n1(r,0)$:1(r,0)[dx'(r,0))> + 7]2(7’0,9)§2(r,9_)[dxz(",9)]2+
& = 8=[8n, = Nlyday, M N7 13(r,8,9)$3(r,0)[dg + 17 (r, 6, )N (r, 0)dx' (r,0)*+

14(r,8,9)§a(r, 0)[dt + 7 (1,0, ) N} (r, 0)dx' (r, 0) 1%,

Prime metric defines a BH [$:(r,0), 80 = ha(r,0); N]f = zf)k(r,e),ﬂf,f = 71k (r,0)]
diagonalizable by frame/ coordinate transforms.

fi=01—r/1) & =72k =r?sin?0,hy = (1 —ry/7),rg = const
the Schwarzschild solution, or any BH solution.
for new KdS solutions (134) with § ~ g(xil,yi‘):(gkz;ﬂliqz);

Example of a prime metric

4(lnghy P72
[[dy® 2 11nghg )72
174 = 74(x¥, ) as a generating function;
 Jay> Bng hy)*2

’

iy =e¥/giimhs = —

Solutions for polarization funct. 3 N3 = iy
i i 5 (1g hy)™2
(Irghy)~1/472)

| [ dy® é/[(m hy)1"2]

2
17;51 ]\D];fl = 1My + 16 21y f dys

Ny =e¥/§im = i14(x*1,1/%) as a generating function;
Polariz. funct. with zero torsion 4y V222, %, 2y
= Tl L TGaha 2] iy

=0y A/t =

Using the AFCDM, we are able to investigate off-diagonal nonlinear gravitational and (effective)
matter field interactions and construct respective classes of solutions in explicit form. This is more
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general than in the case when the (modified) Einstein equations are transformed in systems of nonlinear
ODEs.

Appendix B.1.3. Decoupling and Integration of 4-d Gravitational PDEs Generating Cosmological
s-Metrics

In Table A3, we summarize the main steps for constructing 4-d off-diagonal locally anisotropic
cosmological solutions of FLH deformed geometric flow and modified Einstein equations.

Table A3. Off-diagonal locally anisotropic nonmetric cosmological models Exact solutions of IA{WV2 (1) = QI;Asz (1)
(81) transformed into a system of nonlinear PDEs (124).

ds* (1) = giy (x1)(dx1)* + g ( ) (dy®2 + N2 (41, y*)dx'2)?, for gi, (7)

d-metric ansatz with

s _ k
Killing symmetry 05 0, —er0), g (6) = iy (<10, M (1) = 1, (), N (6) =, 6,0
Effective matter sources QIMVZZ (t) = [pJ(z,xh )(5]1, bt xkl,t)JZZ]

Al 0(t)= In o1/ I,
@2 ks =2l oL o, iy = (@) (9 *@), 2B = (9ihs) (2 @),
22 7"2*0 Zifat(lanP/z/uD

Pwi, — &y o 019 =q°,029 = q',94q = 9q/0t = ¢°

Nonlinear PDEs

Generating functions: li, (T, 2, t),
2¥ (7,0 t) = €'22 @ (1, 3%, 1);
integr. func.: h&o] (T, x5, 11, (T, xf1),
21 (7,x'1); & nonlinear sym.

(Z‘I’Z oy — fdi’ Q]hor
2®? = —4,A(T)hs;
hy = hY — 202 /4,0, K2 # 0, ,A(T9) # 0 = const
L) i3 = 243\, g » 243000

gi; = e ¥ as a solution of 2-d Poisson egs. ¢** + ¢ =2 L];
. h — _(2\1/2)02/4 2 ]24,
Off-diag. solutions, Nd-_cr(r)lr?rtfel(c: hy =y o — [dt(2F?)2 /4 2 ol= h[ | 297/4,4;
ﬂkl — I"kl + znkl jdt 2102) / 12 \h jdt( 2$2)02/4 61‘5/2;
=0; ¥/ o ZX =9, 2¥?/ 0, 3¢,
dwy, = (3 —w;, ) In /], (3 — w3, 04) In /Tl = 0,
O w; = a,lwkl,am,l =0, 8,141 = akol 5
2y L Z‘Y(T x1,1), (9, 2#)2 = 3, (*¥?) and
3 (T, x', ) = ][Z‘I’] =] or]—const

LC-configurations

ey = Ty 3k

0 v ¥
dt ] 2] ]h 2
N-connections, zero torsion . X1 f J i3,

and w; = A ; 2‘F/ Z‘I’
fdt ] (29 )02)/<I>°2 I;
Xk xk 112
polarization functions R 18 [dx]
§—g(r)= .y +ip, (2R )@3 k1 t)[dy +;7 ( h t)N (x4, £)dxi1 ]2
[5 (T):U ( )gazr’?, (T )—12] k o k i
) 1 1 +g4( D)y (1 t)[dt+1_1( 1 t)N (xF1, £)dx1]?,
. . . . . ? o3 o i od
Prime metric defines [&1 (xkl,t),ga = hy, (xkl,t);gk1 =y, (¥, 1), Ny, = iy, (21, 1))

a cosmological solution diagonalizable by frame/ coordinate transforms.

) §1fﬂ()/(1*kf)ngﬂ()72
iy = a®(£)r?sin? 6, J1, = ¢ = const, k = +1,0;
any frame transform of a FLRW or a Bianchi metrics

Example of a prime
cosmological metric

o 4[(1n3hs 1/2)°2 2 o
D= et/ g gy = — sl ) E o
A . iy =¥/ S =~ 1 ks 7] 8ener £, =1,(7,x7, i Nig
Solutions for polariz. funct. 17410912 A o
= i, +16 on fdti( (gl 1A2)” SN = 2y I Qlusls) 2
T R VT SO AT Hll313)°2
. 4U(lnyhs|'/2)°2]2 .
i=eV/& n = 7; ener. funct. 7. = 17_(x'1,t);
Polariz. funct. with zero torsion i sty &yl [t Q] 1303)]°2| 8 1 Es( )

)1°2
ﬂ =0y, A/} = (B *n)/ i

Applying a nonholonomic deformation procedure as described in this A3 (when, for simplicity,
the d-metrics are determined by a generating function i, (x*1,t)), we construct a class of generic
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off-diagonal cosmological solutions of nonholonomic Ricci soltions with Killing symmetry on 93
determined by effective sources, b J and ZQ J, and a nontrivial cosmological constant, A,

h<>2)2
ds? = e VoD [(dx)2 4 (dx2)?) + s dyB + (g, +4 oy /dt (s dxk
()" + @D + sl Cam 2, [ At 1 G s ]

©2)2 0; dt 2] hy® .
B (0 R L 1 LA (A31)
[t AJhe b 2 ]y

Such a d-metric is equivalent to (126) like (116) is equivalent to (110). In similar forms, the d-metric
(A31) can be written in terms of gravitational #-polarization and/or y-polarization functions.

Appendix B.2. Off-Diagonal Velocity Depending Quasi-Stationary or Cosmological FL Solutions

FL geometric flow and MGTs are modelled on tangent bundle TV to a nonholonomic Lorentz
manifold V. The typical signature of total metrics is (+ 4+ +—; + + +—) for a Lorentz base with
signature (4 + +—). To apply the AFCDM we need four shells of dyads (when s = 1,2,3,4) with a
corresponding (2+2)+(2+2) nonholonomic splitting of the total dimension. The formulas are quite
similar to those provided in the previous subsection when y* = v, for s = 3 and 4. If the phase
space solutions are with Killing symmetry on dg, we can fix v® = 0[80], and elaborate on phase space
models with space like velocity hypersurfaces. Another class of solutions can be with variable v®
but a fixed, for instance, velocity v/ = 0[70], which consists examples of "velocity-rainbow" metrics in
phase gravity. Both types of s-metrics with the mentioned behaviour in the velocity typical fiber may
have a Killing symmetry on 9, (for locally anisotropic cosmological solutions), or, for instance, on 03,
for quasi-stationary solutions. As result, we obtain 4 different types of velocity-phase s-metrics with
typical quadratic elements and applications of the AFCDM stated in subsections below and respective
Tables A4-AS8.

Appendix B.2.1. Diagonal and Off-Diagonal Ansatz for Velocity Phase Spaces and FL Geometric Flows

The parametrization of local coordinates, N-connection and canonical d-connection structures
and s-metrics for velocity-phase spaces are sated in Table A4.

Such parameterizations, with respective polarization functions and generating sources, can
be considered for generalized relativistic Finsler spaces encoding data for metric and nonmetric
nonassociative / noncommutative / supersymmetric theories etc. The generating and integration
functions can be restricted to define LC-configurations. The solutions are determined by respective
generating sources SQ](T) (80) in the FL-deformed geometric flow equations (81). For simplicity, we do
not write in the formulas of Table A4 the dependence of geometric objects on T-parameter. It can be
introduce additionally to the phase space coordinates if the generating functions, generating sources
and effective cosmological constant involve such a temperature-like dependence.
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Table A4. Diagonal and off-diagonal ansatz for FL theories on 8-d tangent Lorentz bundles and the Anholonomic
Frame and Connection Deformation Method, AFCDM for constructing generic off-diagonal exact and parametric

solutions.

diagonal ansatz: PDEs — ODEs

coordinates
u's = (', 22,5yt =,

v, 00,07, 0%)

LC-connection V

diagonal ansatz
24 = fuypy ("0) =

&1
& .
& ’
84
Zsog = $usps (Pu) =
g o
&5
$s
. S (21 for BHs
8wy _{ ggi( )

() for FLRW
s

r) for BHs
for FLRW

/
coord. transf. ¢, = eafs 9y,
5
/
ebs = e Podups,
Bs

s 5 o BS
gﬂtsﬁs = 8al,p, € as® g
Bas (251 yas)ﬁgas( r), or
s (1), NI (551, %) — 0.

sﬁ’ *Ric = {R ﬁs%}

"LICE] = " Tagps [CE °L[Q, -]

trivial eqs for SV-torsion

Sy (s—lx sy)
s=1,23,4

N-connection;
canonical
d-connection

[coord.frames]

[N-adapt. fr.]

Ricci tensors

generating
sources

LC-conditions

AFCDM: PDEs with decoupling;

nonholonomlc 2+2+2+2 sphthng, shelss =1,2,3,4
uts = (L2 yt = Ly 0y )
u“s = (x1, 572,y y);ut = (21, y%);
i1 =1,2%a, = 3,403 = 5,6;04 = 7,8;
SN:TSV=hTV® 2hTV & 30TV& 40TV,
locally °N = {Ni‘lil(x,v) N’zq 1(5’135, sy) = NI”SS l(Su)}
= (hD, 2D, 30D D) = {T“BS%}'
canorucal connection distortion D = V + °Z; sDsg =0,
sT[*g, °N, *D] canonical d-torsion
Supy (¥'1,472) general frames / coordinates

b
gi1]1+N N hazhz Nilzhczbz
NZhﬂzh2 h ’

g {gmzﬁkz [glj]]/ ﬂzhz]}f
g = g, (0B e © da gy (92,4122 © 2

8ugpy =

262

Qusps (¥'5=1, ) general frames / coordinates

2 b
8asps = 8isjs T ins 1N: 1hﬂ<bs Ni:_l hfsbs
NE s, hes |’
‘g = {gﬂcsﬁs [gls 1s— 1'hﬂshs

= [8irjy s agby s Nagby s Maghy
g gzs l(xks l)dxs 1®dxs 14
8as (2551, b e @ ebs
= gi, (*1)dx"t @ dx'1 + gg, (xF1,y2)e2 @ eP2+
8as (xkl,th ob3 )e” ® els + 8oy (xkl,yb2, 0b3, b4 Je™ ® el4;
Saypy (x y 3) quasi-stationary config.
Suzpy = 8unty (xf,y* =t) locally anisotropic cosmology
_ 8usps (x 3,0 )
8asps Saope (x'3,y%)
8iy (x1), 80, (x*1, 1),
or gi, (¥'1),g, (x*1,1),
2ay
Ni31 = w,-l(x",y3),N = (x5, ),
or Njj = m;, (xkl,t),M1 =w, (¥f1,1),

d-metrics

8i3 (xk3 )/ 8ay (xk3/ 07),
(K 3 o8
or gi, (x1), §a4( 3,0°%),
Nl73 = w;y (x x%3,07), N8 = 1 (« x%3,07),
or N, = (5,0%), N, =, (5, 9),
D, *Ric = {Rﬁs"vs}
QJ = /ev; Q]}ls ("L, L, Tysus, *A]
—dmg[QI( )3, ’1 2T, y)e2,
$1(x2,0%) Z3, f‘]( 5,07)841,
quasi-statlonaryv conﬁgurations,
= diag| £](x1)3!, £1(x, )82
£1(x2,0%) b3/4]( x'3,0%) ajf]
locally amsotroplc cosmology;

s _ _ s
D\sTaof V.

Appendix B.2.2. Quasi-Stationary Solutions for Nonmetric FL. Geometric Flows with Fixed Light

Velocity

Such quasi-stationary solutions are constructed as nonholonomic generalizations and extensions
on tangent Lorentz bundles with v® = const, when the velocity phase space involves space-like

hypersurfaces.
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Table A5. Off-diagonal nonmetric quasi-stationary spacetime and space velocity configurations Exact solutions of
f{}'{svs ()= QTysvs (7) (81) on TV transformed into a shall system of nonlinear PDEs (99)-(108).

d-metric ansatz with
Killing symmetry d4 = 0, dg

Effective matter sources

ds?(7) = giy (x"1) (dx'1)? + ga, ("1, 1) (dy2 + N2 (21, )dxr)?
8y (x°2,0°) (dys + N2 (x*2,0°)dx2)?

+8a, (¥%3,07) (dy"s +N"4(xk3 v7)dx’3)?, for g; = AT,

)
8ay =ha ( klr]/ ) N3 = zwzl = Wiy (x klr]/3> N4 = 2"11 _nll( xk1 )
Sas :h,,3(xk2,v5),N,- Swi, = wy, (x%2,0° = 3n;, = ny, (xZ v)
gﬂ4:hn4(k3v7)N wlsfwl(’%v)NS:‘*n *n,(va)

’7‘5 :[Q] kl ‘1, Q]( ky 3) 52 Q]( ky ,09)5 5% Q] x5, 07 ]

Nonlinear PDEs (99)-(102)

b by 4

lp" +ll)” =2 Q] Z(D 11’1‘83]14/\/ |h3h4 |
20° 1 = 2Ishy OJ; i = (9sha) (9, *@),
28 2w11 S — 2B = (33ha) (33 @),

2y =03 (In |y /2 / |13)),
019 =¢",020=1q',039 =¢"

05 (3@) dshe = 2hshe §J; 3@ In[9shs/+/|hshs]|,
3/3 w;, — 2w, =0; D‘zz (956 (93, *),

05(9s nk2)+ 3995 ( 3 ) =0; *p = (9she) (35 ),
3y =95 (In | |*2/|hs]),

67( 4L’D) d7hg = 2h7hg h ], o= In ‘37]18/\/ |h7h3H,
4wy, — fayy = 0; fa; = (3rhs) (3; *@),
97(97 *nyy) 400t fiy) = 0; B = (97hs) (97 ‘),
Yy =97 (In|hs|*2/ |hs]),

oy L
Z”kf 24 2,2, f —0;

Gener. functs: /13(x*1,1%),

29 (xk, ) = 32“7, 2p(xk1,1%),

integr. functs: iR (x1),
111 (x1), 21y (X1);

Gener. functs:hs(x*2,0%),
3

Y (xk2,0%) = 7@, 3d(xk2, %),

integr. functs: h([,o] (x*2),
iy (22), 3mgy (x2);
Gener. functs:h; (x*3,77),

5\If(xk2,v7) _ 34147, 4q>(xk3,7]7)’

integr. functs: h,[;o] (x*3),
%nka (x'3), %nka (x4);
& nonlinear symmetries

((29)2)2 = — [dy* §]n,?,
(2®)? = —4 2 Ahy, see (120)
hy = WY — (20)2/4,A, 12 #0, 2A # 0 = const;

3((P¥)?) = — [ do® FJashg,
(P®)? = —4 3k,
he = WY — (30)2/4 37, 3she # 0, 3A # 0 = const;

W ((P¥)?) = - [do” PJashg,
(40)2 = ~4 A,
hy = WY — (40)2/4 1A, d7hs # 0, 4A # 0 = const;

d-metric

Off-diag. solutions, N-connec.

gi=e ¥() a5 a solution of 2-d Poisson egs. p +y" =2 L
hy = —(2¥*2)2/4 2]hy, see (A25), (A24);
hy = h — [aP(292)2/4 2] = bl — 202 /4,4,
= 82 2‘1’/ 33 Z‘P = 8,- 2\1;2/ 33 ZTZ‘;
ne = 1+ o [ dyP(2¥2)2/ ?Iz\hf — [dP(2¥2)*2/4 gmsm;
hs = —(35 >¥)2/4 §Phe;
he = hY — [ dv30s5((3%)2) /4 T = h — (3®)2/45A;
=3;,(3¥)/ 05(3¥) = 9;, (3¥)?/ 35(3¥)2;
My = 11k, + 21k, fd'(]S(a5 3\1})2/ g]zlhéo] 7fd7)585((3‘f)2)/4 3?]2‘5/2;
hy = —(37%¥)2/4 $Phs;
hs = ' — [ do739((1¥)2) /4 §] = h) — (A0)2/44n;
wiy = 0 (*¥)/ 97(*Y) = 9, (*¥)?/ 07 (*¥)?;
Mg = 1 + onkg [ (@7 092/ P! — [ d7ar((4)2) /4 $PP
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As an example of 8-d quasi-stationary quadratic element with v® = const on TV, we provide

dg%sd] = Gup (50300, g, he g S oA)dutsduPs (A32)
K22 Al dvd( S me] .
_ Elp(xk’ gl)[(dxl)2+(dx2)2]— (é) {d 3+ 11[f :‘g( 2]) 4]dx11}2+
| [ dy3[ 5Tha]*2| hy 5 ) hy?
(hy?)? k
h4{dt+[11/lk + ong /d]/3 }dx 2} +
1 1 | [ dy3[ STha)2| (hy)5/2
(9sh6)? (o5 + 3, ([ dy>(§)) dshg) dx)? 4
| [ dy°0s| 3Q]h6]\ he 3Q] dshg
s )2
he{dv°® + n+n/d05 (9she dxf2y 4
e o Ol (o2
(97hg)? g+ A, [ [ dv”( 4Q]) d7hg] dx)2 4
| [ d737[ LThs]| s Q1 a7hg
(97hg)?

]’lg{dvs —+ [ 1Mk, —+ 21k, /d”07 ]dxk3}.

| [ do797[ £Ths]| (hs)>/
This class of s-metrics possesses nonlinear symmetries which allow to redefine the generating functions
and generating sources and related them to conventional cosmological constants and their T-parametric
flows. Solutions with t-families of gravitational #- and )-polarizations can be defined for respective
off-diagonal deformations of prime s-metrics into target ones.

Appendix B.2.3. Quasi-Stationary Nonmetric Solutions with Variable Light Velocity

Another class of quasi-stationary extensions of a Lorentz manifold, V, metrics is for t-families
of quadratic line elements with v’ = const which provide examples of velocity rainbow s-metrics on
TV. Considering a v® <+ v/ changing of velocity phase coordinates in (A32), we construct an example
of 8-d quasi-stationary quadratic element with v/ = const on TV defining an example of a velocity
rainbow s-metric,

Sty = Bup, (5070, 0k b s 8T A (T))du dub (A33)
I N IR s P AL it £ L S PR
| [dy3[ £Tha)*2| hy Sy
ha{dt + [ 1ng, + 21 /dy3 (hZZ)Z ]dxkl}—i-
1 1 | [ dy3[ §Tha)=2| (hy)/2
5( Q
(35h6Q)2 (do° + 3iz[fd3/Q( 5 ) Oshe] dx)?
| [ dy50s[ 5 The]| he 5] 9she
(95h6)? k
he{dy® + [ 1ng, + 2nk /dUS Jdx"2} +
A | [ dv30s[ $Jhg]| (he)5/2
(9ghy)?

hp{do” + [ 1, + 2my, /dvg Jdxka} +

| [ dv8ds[ EIYI)| (1y)5/2

5 Ol d0°C 21 dsha)

2
(9sh7) {dv® + 0
5] 9shy

| [ dv8og| $Jiy)| by

xB)2,

The principles of generating such quasi-stationary and rainbow solutions are summarized in Table A6.
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Table A6. Off-diagonal nonmetric quasi-stationary spacetimes with velocity rainbows Exact solutions of
IA{W,S (1) = QTﬂsvs (1) (81) on TV transformed into a shall system of nonlinear PDEs (99)-(102) .

ds® = gy, (x"1)(dx)? + gay (¥¥1,4°) (dy2 + Ni? (x*1, %) dx'1)?
+8ay (%2,0%) (dy"s + Nfz3 (x%2,0%)dx?2)?

) k
d-metric ansatz with +g, (x %3, )(dyﬂ‘} +M?; (xf3,08)dx3 )2, for g, = e¥™1),
Killing symmetry d4 = 0¢,97 = I (;k], 3), N3 = zwi1 =w, (xkl,yS),N4 _ zni1 =iy (xkl,y3),
Say = ltay (x*2,9°), N, ; = 3wfz = Wiy (xkzle),Niéz = 3”:2 = Niy x2,07),
&1 :ha4( X3, 08), NI = 4y, =y, (x5, 08), N8 = twy, = w, (x"S %),
Effective matter sources i = [ £I(xk)0 11, Q]( kl 3) ﬂz §J(xt2,0%) Zg/ $I(s, o8 ]
ll)""rlp” =2 Q], 2= ln\83h4/\/|h3h4||,

2a; = (9shs) (3, *@),
2B = (dshs) (95 *@),
2y = 93 (In[hs 2/ |h3]),
019 =q°,029 =¢',939 = q"2

Zzw zh*z = 2Mshs 97
. ’f;é"‘l P

ns =0;

e e

95 (3‘9) dshs = 2hshs §J; 3w In [95he/+/ \hshe l,
Nonlinear PDEs (99)-(102) 3/3 wi, — 3w, = 0 a,z (9shs) (9;, @),
95(ds *ngy) + '735( *ng,) = 0; = (9shs) (05 *@),
= 85 (ln|h6\3/2/|h5|),
3( @) dsly = 2zl 7; In[9sh; / /s,
05 (3s *ny,,) + 1998 (*ny) = 0; % (9shy) (0i 4@),
4ﬁ w3 4&‘_3 =0; E (93h7) (ag 7),
*y =05 (In |11, |*?/|hs]),
Gener. functs: s (xk1, %),
29 (xf,18) = 20 , 2D (xk,1P), (2¥)2)2 = fdyS Q]h
integr. functs: h[ I (xk1), (2®)? = —4,Ahy, see (120)
gy (x1), 2t1g (xl) By = — (20)2/4,A, 12 £0, A # 0 = const;
Gener. functs:hs(x*2,7°%),
3y (xk2,0) 76345 3(xk2, 1), 95((3 = 7fdv ]a5h6,
1r1tegr functs: 1" (xR2), . (3@)2 —4 3Ah6,
Iy (x12), i, *(x2); he = h — (3®)2/4 37, dshe # 0, 3A # 0 = const;
Gener. functs:h, ( k3, 08), o
¥ (a2, 0%) = o'a, (s, 08), (")) = — [do® 7 Joshy,

( 4§)2 =—4 4M7/

integr. functs: h[o] xk3),
& s (20 hy = hY" — (40)2/4 47, 3h; # 0, 4A # 0 = const;

4 4 ig).
11kg (X3), 51y (x'4);
& nonlinear symmetries

gi=e (%) a3 a solution of 2-d Poisson egs. p +¢" =2 J;
hy = —(2¥*2)2/4 £JPhy, see (A25), (A24);
hy=h — [dP(292)2/4 9] = hl - 202/4,;
=0;, 2¥/ 33 %Y = 0;, 2¥?/ 93 2¥2|;
= ey + o [dy (W22 SR — [dp (224 PP

nkl
dometri —(05%%)%/4 §J7he;
. . —metric
Off-diag. solutions, (" ¢ he = — fdz;Sas(( 31122) /4 9] = h[fz] —( 3<31>)2 [43A;
=0, (°¥)/ 95(°¥) = 9;, (°¥)*/ 95(°¥)?);
iy = 1 + 21, (05 °4)?/ SRy — [ d*as((*¥)2)/4 §PP/%
hy = B — [doas((44)2)/4 2] = b — (*@)2/444;
hs = — (35 *¥)?/4 2]hy;
Moy = 1k + 2y [ do®(3s “¥)2/ LI — [ dotas((*¥)?)/4 £

Wiy = 3y (1X)/ 3s(4X) = 3y, (*¥)?/ 3s(4¥)?].

We can construct other types of quasi-stationary and velocity rainbow solutions by using non-
linear transforms of generating functions, gravitational polarizations and constraints to metric (in
particular, with induced torsion) or LC-configurations. All nonmetric or metric nonholonomic geomet-
ric constructions involve respective abstract geometric proofs and modifications/ generalizations of
formulas.

Appendix B.2.4. Nonmetric Locally Anisotropic Cosmological Solutions with Phase Space Velocities

Such 8-d cosmological models are defined by cosmological s-metrics with a fixed v® = const,
i.e. when the solutions do not depend on this conventional coordinate. Respective classes of generic
off-diagonal s-metrics are constructed following the steps outlined below in Table A7.
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Table A7. Off-diagonal nonmetric cosmological spacetimes with space velocity configurations Exact solutions of
IA{W,S (1) = QLS% (7) (81) on TV transformed into a shall system of nonlinear PDEs (99)-(102).

d-metric ansatz with
Killing symmetry d, = 9;, g

Effective matter sources

ds? = giy (¥f1)(dx1)? +g, (21, 8)(dy"2 + N2 (41, £)dx' )2
Say ‘
+8ay (¥2,07) (dy"s + Ni“; (xk2,0%)dx"2)?
+8ay (653, 07) (dys + NI} (23, 07)dx3)?, for giy = V'),

8,, = hay (¥ 0, N = Zmyy =y (¥41,1), Nll = Zw; = w; (xM,1),
8y = hay (62,0°), N} = Pwyy = wyy (x'2,0°), Nf = *nyy = myy (x'2,2%),
8ay = hay (x3,07), N} = *wiy = 1wy (x%3,07), NS = *nj; = iy (x*3,07),

ot = [ (xh)at, 21< 1,052, §J(x2,0%)5] ,Sf(xks V)31,

Nonlinear PDEs (99)-(102)

n
*0=In|ouhs/ /Tih]

oy =2 QI’
o 1 = 2, O 2w, = () (3, °0),

2B = (3shy) (83 @),
2y = 3y (In [hs |2/ |y ),
019 =q*,029 = q',049 = 9] = 4

95(3@) dshs = 2ishs §; 30=In|3shs//TTshe]l,
3 10,2 Dt,z =0; 30(,'2 = (a5h5) (a,‘z SLD),
35(35 *ng, ) + 2995 (Pniy) = 0; 3B = (3she) (35 @),
Sy =95 (In [k |*2/ |s]),

a ( 4(0) a7h8 = 2h7h8 1 I, 4(i7= In ‘67}13/\/ ‘h7”l3H,
4l3 fwiy — fagy = 0; tu; = (37hs) (3; o),
07(97 *niy) + 997 (*ney) = 0; B = (97hs) (97 ‘@),
Yy =97 (In s |*'?/|ha]),

09 O
222+'Yﬂk =0
21 2 1
Brw;, — a; =0;

Gener. functs: J1,(x*1, ),
29 (xh1, 1) = 072, 20(x¥, 1),
integr. ﬁmcts: héol (xkl ),
1y, (x1), 2my, (x1);
Gener. functs:hs(x*2,0%),

¥ (xk2,0) _e3m 3p(xk2,25),

mtegr functs h[ ]( 2),
71](2 (X 2 ), 2Mky (X 2)
Gener. functs:hy (x%3,77),

41F(xk2/v7) _ E4w’ 4¢(xk3,v7)’

integr. functs: hg]] (x%3),
11tk (x73), Gy (x14);
& nonlinear symmetries

((2¥)2)2 = — [dt $Th.?,
( 9)2 = —4,Ah,,
hy = H' — (2@)2/4,A,h2 # 0, 1A # 0 = const;

35((%¥)?) = — [do® §Jash,,
( ) = Z43Ah,,
he =Y — (30)2/43A,95he # 0, 3A # 0 = const;

37 ((*9)2) = — [do” 2Jashy,
(*®)? = —44Ahs,
hs = h” — (4®)2/4 47, d7hg £ 0, 4A # 0 = const;

d-metric

Off-diag. solutions, N-connec.

gi=e #(**) a5 a solution of 2-d Poisson eqs. P** + 9" =2 ?];
hy = —(¥2)2/4 §J2hs;
Iy =Y — [de(¥?)2/4 9] = b)) — @2 /4,0
=0, ¥/ 9¥°2 =9, ¥*/ 9 ¥’;
= 1, + omyy [dE(E2)?/ ZQIZ\E[;)] — [ar(¥?)>2 /4 S22
hs = —(353Y)2/4 $Phs;
he =1y = [ dv°35((3¥)2) /4 §] = g — (P02 /43A;
wiy = iy (3¥)/ 95(3F) = 09, (*¥)?/ 35 (3¥)?|;
My = 1y + 2mi, [ d0°(0579)2/ §PIRY — [ dvas((3¥)?)/4 §PP%
hy = <a7 SY)2/4 EPhg;
hg 7h fdm sy)2)/4 Q7 =hlY - (40)2/4,A;
9y (1¥)/ 97( 1Y) = 9,5 (*Y)2/ 97 ( *¥)?;
= i + znk3 f a0 (3, 792/ 2P|y — [ do7a;((*¥)2) /4 LPP2

F
!

nka

Similar classes of locally cosmological phase velocity space solutions (in general, encoding
nonmetric geometric flow data) can be derived for the same Killing symmetries on d3 and dg using
respective nonlinear symmetries and generating and integration functions.

Appendix B.2.5. Nonmetric Cosmological Solutions with Phase Space Rainbow Symmetries

The locally anisotropic nonmetric cosmological models from previous Table A7 can be re-defined
by phase space rainbow symmetries with the shells s = 3,4 part as in Table A6. The procedure of
constructing such classes of solutions with Killing symmetries on d3 and 97 is summarized below in
Table A8. As an example of 8-d locally anisotropic cosmological quadratic element with v/ = const on

Distributed under a Creative Commons CC BY license.
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TV, and re-defining rainbow configurations as for s = 3,4 in (A33) but with dependencies on another
fiber variables, we provide

dg%&;l] = §D¢sﬁs (xk/ £ 05/ vs;h?)l h61h7,; ?] ’ 2Q11 3Q]1 4er 1A/ ZAI 3A/ 4A)du“5du/55 (A34)
— ¥ 1Qf)[(dx1)2 + (dx®)?] + haldy® + (1, +4 21 /dt (l15)? )dxk1]
B ! )T Tt oy ()57

(k™) i 9;, ([ dt 2] h3®])
| [ dt 2]h3°2] ﬁ3[ e 2] h3®2
(3sh6)? 9;, [ [ dv>( 3]) Oshe)
| | dv5d5[ 3]he]| he 3] 9shg
5 5 (95h6)?
he{dv’ + [ 1my, + 2nk2/dv T 595 s Jhe]] (i)
(9ghy)?
| [ dvBag[ 4h7]| (h7)>/?
Job di, [f dvP( 4]) 9shy]

(Oghy)? is12
v° + dxB e,
[T @058 a [l ]| iy o] 9shy )

dxil] +

{dv° + dx2}? +

]dxkz} +

Iy {do + [ 1y, + oy, /dvg Jdxk) +

The AFCDM for generating nonmetric solutions for abouve mentioned type geometric data are
described as follow:
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Table A8. Off-diagonal nonmetric cosmological spacetimes with velocity rainbow symmetries Exact solutions of
IA{W,S (1) = Qiusvs () (81) on TV transformed into a shall system of nonlinear PDEs (99)-(102) .

ds?(7) = giy (¥F1)(dx'1)? + g (%1, )(dy"2 + N2 (x*1, H)dxn)?
+8ay (¥°2,7°) (dy"s + NP (x*2,0%)dx'2)?

__d-metric ansatz with +§“4( x4, 08) (dy™s +M?;(xk3rvs)dxi3>2/ for gi, = e ),
Killing symmetry d3 = 9;,dg gﬂz =h, (x 1,1), N31 _ zﬂi1 =m (xkl 1), N41 — 2 w, =w, (x"l,t),
8ay :h%(x %), N, = Pwy, = wiy (x2,09), Nf, = Py = iy (62, 0%),
8, =ty (0 0) 0, = iy = (), NE =y, =, (v5,09),
Effective matter sources 10 =1 2k ’1  8IER, 082, 5 (x'2,0%)52, Q]( #,0)5,8,],
p g =2 9 *0=In|duhy/ /Tislu]|

20° g = 2 hshy 9T 41 = (3hs) (01, *@),
2,00 Z B = (3shy) (33 @),
"k + 1 nk =0; 32

29 =0y (In |15 >/2 /|y ),

2 —0
ﬁ i g =3",929 = 4,049 = 94 = q°
, 95(3@) dshs = 2hshs $J; Y@= In dshe/ \ skl
Nonlinear PDEs (99)-(102) 3 3wi, — Pa;, =0; “12 (9she) (823 ),
95 (05 3nk2) + 390s( 3nk2) =0; 3B = (3she) (95 @),
3y = 0s(In |k |32/ |hs|),
3 (*@) shy = 2hshs 7 ‘@=1In [3shs / \/Thrhs,
9s(9s *nyy) + 1995 ( ) = 0; ‘ig,- = (3shy) (9 zg),
4§ Wi, — 4%‘3 =0; B = (9shy) (9s *@),
4y =05 (In |hy 72/ |hg)),
Gener. functs: h, (x*1, 1),
2¥(xh, 1) = e *2, 20(xh, 1), ((29)2)2 = — [dt $Jn?,
integr. functs: hgo] (1), (2@)? = 74 2L,
15, (1), 211, (21); hy = W) — (2@)2 /420,52 # 0, 28 # 0 = const;
Gener. functs:hs (x*2,0°%),
S (xk2,0%) = @, 3d(xk2,07), 95 (( 3‘I’3 = — [ dv® QJashy,
integr. functs: Kl (x*2), o s (2 ®)2 = —43Ah,
iniy (x'2), Sy (x2); he = hg' — (°®)*/43A,05hs # 0, 3A # 0 = const;
Gener. functs:f (x*3,07), o
4y (k2 08) = ete 192k, 08), 95 (( 4‘1; — [ dv® {Joghy,
integr. functs: Y’ (x%3), 04 (2 @) 737;,4 4Ahz, - '
g (x3), gngg (x4); hy =hy, — (*®@)*/4 4, 0shy; # 0, 4A # 0 = const;

& nonlinear symmetries

gi=e ¥(*) as a solution of 2-d Poisson egs. p** + 9" =2 ?];
hy = —(¥°)*/4 §Phs;
hy =1 — [dr(¥?)°2 /4 9 = b — @2 /42A;
w, =0, ¥/ 0¥ =0, ¥/ 3,¥?|;
my = 1mg + omey [AH(¥2)2/ SPIR — [ dr(¥3)2 /4 PP
hs = <a5 3¥)2/4 J2h;
he —hf’] J a5 (7)) /4 27 = HY — (3@)2/4 34
i = 0, (P¥)/ 95(3F) = 9; (3‘1’)2/ 95 (%¥)*;
Mk, = 11k, + znkz fd?} 35 3‘Y Q]2|h fd7)585((31f)2)/4 gIZ‘S/Z;
By = by’ — e ,) )/4 §] =1 — (4@)2/44;
g = — (35 *¥)?/4 $JPhy;
= 1nk3+ znkafdv (0s 4‘1’) / QP — [ avsas((Ye)2) /4 QPP
5 = 0iy (") / 3s(*Y) = 05, (*X)*/ 35 (*¥)?.

d-metric

Off-diag. solutions, N-connec.

nka

Velocity rainbow s-metrics (A34) can be also considered just for Finsler spaces if we use the
respective generating and distortions functions. We can impose homogeneity and other type conditions
in order to define more special classes of relativistic generalized Finsler geometries. Such models can
be redefined for momentum variables, for Cartan-Finsler models on cotangent Lorentz bundles as in
the next subsection.

Appendix B.3. Momentum Depending Quasi-Stationary and Cosmological Solutions

A series of recent works on nonassociative geometric and quantum information flows, nonas-
sociative and noncommutative gravity and FH geometry and gravity have been elaborated on non-
holonomic phases spaces modeled on a cotangent Lorentz bundle, 'M = T*V, see reviews and
original results in [13,17-19,37,107,158,161]. In this subsection, we modify those constructions for
nonmetric FH flows on relativistic 8-d phase spaces with conventional dyadic splitting (2+2)+(2+2).
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For such theories, the local coordinates on shells s = 3 and s = 4 are momentum type p, and the local
coordinates on the total space are labeled 'u = (x,p) = { 'u® = (x/, pa)} = { 'u® = (¥, ¥, pa,, pa,) }
for 'p = p = (pay, p7, ps = E), where E is an energy type variable. For mechanical like models on
cotangent bundles, the momentum like variables (pa,, pa,) can be related to velocity type variables
(vh3, obs ), considered in previous subsection, using Legendre transforms.

Appendix B.3.1. Off-Diagonal Ansatz for Nonmetric Geometric Flows on Momentum Phase Spaces

The parametrization of local coordinates, N-connection and canonical d-connection structures and
s-metrics are sated in Table A9, when the AFCDM is modified for generating solutions for nonmetric
geometric flow equations (84) on (M.
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Table A9. Diagonal and off-diagonal ansatz for FH geometric flows on 8-d cotangent Lorentz bundles and the

Anholonomic Frame and Connection Deformation Method, AFCDM textitfor constructing generic off-diagonal
exact and parametric solutions.

diagonal ansatz: PDEs — ODEs AFCDM: PDEs with decoupling;
coordinates nonholonomlc 2+2++2+2 splitting; shels s = 1,2,3,4
s = (x1, 22,8t = ¢ e =(s 1%, y) s = (x1, 2%, y% vt =t ps, pe, p7, ps = E);
s, Pe, P7, P8 Z E)’ =1234 WS = (X1, Y2, Pag, Py ); 4% = (¥571, 'y,

i1 =1,2;a, =3,4;,a3 =5,6;a4 = 7,8;T—parameter
N:T:V=hT*'Ve® vT*V@ 3cT*V@ 4cT*V,
locally N = { ‘N’ZS . (x,p) =

N-connection; 'Nj® 1(5 1%, 3y) = ‘qu 1(‘5“)}
LC-connection 'V canonical (1th 23D, 3¢'D, ¢ ‘D) ={T%. )
d- : Bs7s
connection

canonical s-connection distortion
'13— 'V + Z; ‘]5 .8=0,
Tlis, N, ;D] canonical d-torsion
8ayp, (1,2 general frames / coordinates

- ap nfb2 by
ety = S = Ny Nithty  Niheos,
Nflzh’lzbz haye,
diagonal ansatz {glxzﬁ% [8iriy - Payey 1}
2= Suypy (1) = g 8ip (¥1)dx1 @ dx'1 + gg, (xR2,y2)e2 © e
& .
& i :
(50,3 ! Sasps = .
§s , 'Susps (X'5-1, 'y ) general frames / coordinates
° 3 ’ = | i BN | |
. :g = gasﬂs( >u) = g(ﬂ) gisjs N:;il N/%q hﬂsbs Nil;il hcsbs
‘SO'S ‘Nfﬂss 1 ‘hﬂsbs ‘hﬂsCs

&=1 Iglxsﬁs [! 8is_1js_17 Pagbs )
= [8ijy Magpy, 10, O]}
g g = bgi,  (Xfs1)dxs—1 @ dx's-1+
8as (xks—l,yhs )eas ® ebs
= gi, (x1)dx"t @ dx'l + g, (21,2 )e2 ® e2+
\gas (xkl,be,pr) 'eu3 ® ‘ea3
+ g, (11,42, pb3,pb4) ‘e, ® 'eq,;

Gty = { $a,(?r)  for BHs [coord frames] Gt :{ Seafy (VY ?)

4u,(t)  for FLRW N
s & (ir) for BHs . G (33, p7)
Gasps = { 6w (1) for FLRW St =g (5,E)
g, (Y1), 84, (x*1,1°),
or g, (x ),gaz (xk1, 1),
/
coord. transf. ‘e"‘s = ‘eaﬂfs ‘azxé' N131 = ZUx ( kry ) 4 = 7’1!1 (Xk,y3),
1ghs — welﬁswuﬁé or NI =y (x1,1), N,1 =w, (24,1,
S
'$usps = 'Surp ‘e”‘us eﬁﬁs [N-adapt. fr.] :
s sPs S X
\gus( ‘xks—l, ‘yHS) — gas( ), ‘gi3( ‘ka), ‘g%( ‘Xk3,p7),

6 I NJ4s ks—1 1 | 1

Gas (8), N (3571, %) = 0. or ‘g, ('¥1),'g, (¥, E),

'‘Niy7 = ‘wi3( ‘Xk3,r77), 'Nigs = 'y 'x¥3, p7)
Ny = 'm, %53, E), Ny = 'wy, 123, E)

w;
LV, LRic={ 'Ry} Ricci tensors 1D, [Ric={'R ﬂﬂs}
‘I’Ab = V; ‘e 1/5 \]Vs [mﬁ °L, TFSVsr ‘SA]
= diag] QI( ) ;1/ 2,52,
PLIGE > T [ generating 5t pe)as, 215,10,
CL[Z] = £Thpe[Z sources quasi-stationary configurations;

= diag £1(x1)3}, §(x1,1)5,2,
P12, pe)3, P12, E)oyt,
locally anisotropic cosmology;

trivial eqs for |V-torsion LC-conditions :D, 0 = sV.

Parameterizations of geometric s-objects on different shells s = 2, 3,4 depend on the type of shell
Killing symmetries we prescribe for such nonholonomic phase spaces with momentum-like variables.

Appendix B.3.2. Quasi-Stationary FH Nonmetric Solutions with Fixed Energy Parameter

Such quasi-stationary solutions are nonholonomic momentum-type phase configurations modeled

on cotangent Lorentz bundles with pg = E = const, when the momentum phase space involves space-
like hypersurfaces.
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Table A10. Off diagonal FH quasi-stationary and pase space configurations with fixed energy Exact solutions of
RP Y (1) = o by ]( ) (84) on TV transformed into a momentum version of nonlinear PDEs (99)-(102).

ds?(7) = giy (") (dx1)? + g, (%1, (dy"2 + N2 ("1, %) dx'1 )2

+'g% (%2, ps) (dpay + 12H3(x2 ps)dxiz 2 .
+ ‘8”4(‘ x3 P7)(dpa4 + N13ﬂ4( 3 P7)d x’3)2 for 8y = et 1)/
=h

Kill'd-metric ansagz Vilt;l 5 oy ﬂz( 1,y 3, N3 — wll wj, (x 1,y ), N4 Zn,-l — nil(xkl,y3),
ing symmetry dq = 0, g% = \ha3( ky Ps) 15 = 3wz — ‘wxz(ka,Ps),
‘N“f"’ = %ny = 'niy (x*2,ps),
'gM = ‘h”‘*( 'x*3,p7), 'Nig7 = twig = 'wiy (x3, py),
- Nigg = 4”13 = ‘”13( xk3 P7)
Effective matter sources ]"S = [Q] x1)8 1 9r(xk,13) ZZ, ng]( k2, ps) sz ‘4Q]( k3, p7) 54]
lP" +¢// =2 ?I: 2= ]-n‘a3h4/ \/”137]”4‘:
2000 12 Q. 2a;, = (93h4) (95 2@),
(Uzh4 —2h3h42], 21 12
2/5 2wi all — O }5 = (33]’!4) (83 (D),

Nonlinear PDEs (99)-(102)

2y = 93 (In [ha|>2/ |h3]),
019 =q°,020 =¢',037 = q"2

. Yo=n| 355"165*/ ),
ﬁw,— Sag, = (19° 1) (9, *@),
PP sty B 0 B (e
‘37: '85(11‘1‘ ‘h6‘3/2/| \hsl),

‘87(‘4(9) 97 ‘hS*Z h7‘h8 ‘Q] 4(0 ln\ 87‘118/\/W‘
4B wy, — 37 Sy = (78 (19, ),
‘37(‘374 + ,Y\ ) 0; “B:(ua7\h8)(wa74a))
‘4,}, — '37(111‘ ‘h8‘3/2/| ‘h7|),

1
2,%2%2 | 2,2 *z _
e + vyt =0;

‘35(3(0) 195 W6 =2 5 \hs ‘Q];

Gener. functs: 13(x1, %),
21F(xk1,y3) _ ezw, 2<I>(xk1’y3)’
integr. functs: h‘[lo] (1),
gy (X1), 2mg (x1);
Gener. functs: 'h° (x*2, ps),
P ps) = ¢ 17, B ps),
integr. fl_mcts h[o]( 2),
iy (x72), 3ng, (x2);
Gener. functs: 'h”('x*3, p7),

(k) =e 1O, 40('x,py),

integr. functs: hg]]( 'x¥3),
11k (x3), S (123);
& nonlinear symmetries

(2¥)%)2 = — [dy® §Jh,?,
(2®)? = —4 2 Ahy, see (120)
hy = WY — (20)2/4,A, 15 #0, 1A # 0 = const;

PUEP) =~ [dps 2] W,
(3@)2 = —45A RS,
e = ‘hf’o] —(3®)2/43A,'9° 'h® #0, A # 0 = const;
TP == [dpy LT,

(1)
o~ (+@)2/44A, 97 'H® #£0, yA # 0 = const;

d-metric

Off-diag. solutions, N-connec.

¢ = ¢ ¥) as a solution of 2-d Poisson eqs. ** + " =2 2J;
hy = —(2¥*2)2/4 £J2hy, see (A25), (A24);
hy=h = [aP(2¥2)2/4 2] =h) - 202/4,4;
w,-z = aiz ZT/ 33 Z‘Y B 2‘1’2/ 83 Z‘YZI
e = 11+ 2 j'dy3(2‘f'* ) / QIZ h[O de 2\1}2)*2/4 Q]2|5/2
‘h5 — _( aS 3111) /4 ]2 ‘hﬁ
H= ‘hﬁo] Fps (304 L] = 1y — (IR /450
= 0,(7)/ @) =2, (W27 VP,
nkz = 1Mk, + 21k, fdp5( '9° ?T)Z/ ‘3Q]2‘ ‘h[éo]_
Jdps P ((3¥)?)/4 2P
W= — (' 4Y)2 /4 LLQIZ s,
1= Wy — [dpr @ ()2 /42 = b — (10)2/4 \A;
Wy = 9 (FE)/ T (AF) = 9, ( ¥R/ T ()2
Ny = i1k + kg [dpr( 4y)2/ ‘4Q]2‘he[50] — [dpr F(( 4¥)2)/4 \4Q]2‘5/2
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As a FH T*V analogue of the nonlinear quadratic element (A32) for FLH configurations, with
= const, and data from Table A8 we provide an example of 8-d quasi-stationary quadratic element
with pg = E = const,

o8

B0 (¥ = B, (5,42, ps, prithg, W, 5 2T 5 LA(T))d e (A35)
_ el,b(xk, lQ] )[(dx1)2+ (dx2)2] _ (hzz)z d 3 + a1'1 [f dy3 ?] hzz}dxil}Z +
| [ dy3] $Tha)=2| hy Ly
(ny?)?

h4{dt + [ 1nk1 + anl /dy3 }dxkl} +

| [ dy3[ STng)=2| (hy)5/2

195 11,62 9. [ [dp= 7195 6] .
(" ) {dps+ ’ZU"’”] iy 4
| [dps 195] 3Q]Ih6]| 16 BQ]\aS 16
\a5 \h6)2
B {dps + [y, + 2, [ d ( die} +
{dps + [ 1k, + 2mx, p5|fdp5 Po '3Q]‘h6}| (|h6)5/2] }
197 11;8)2 2. [[dpr 91 197 148 )
( | ) {dp7+ ls[f ‘P7 4] ]d'xl3}2+
| [dp; 97| 4Q]\h8]| K8 4Q] 197 118
137 1,8)2
h°{dE + Nk, + Nk d 7 d'xl,
17,8 |1 , |2 , p ( o" 'h ) [

|fd;77 |a7[ L;Q] \h8H ( 'h8)5/2

Such 7t-families of s-metrics possess nonlinear symmetries in phase spaces, which allow us to rede-
fine the generating functions and generating sources and related them to conventional T-running
cosmological constants (A(T).

Appendix B.3.3. Quasi-Stationary and Rainbow Phase Space Solutions

Chronologically, rainbow s-metrics in generalized Finsler-Lagrange and dual Cartan-Hamilton
forms were constructed following different nonholonomic parameterizations in [17,19]. The cosmolog-
ical scenarios can be re-defined on T, V and exploited as some alternative models of dark matter and
dark energy theories when the structure formation and phase space dynamics depend on certain E
type variables/ coordinates.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Table A11. Off- diagonal nonmetric quasi-stationary pase space configurations with variable energy Exact solutions
of 'R™, (1) = o e Q]( T) (84) on TV transformed into a momentum version of nonlinear PDEs (99)-(102).

d-metric ansatz with

ds? = giy (xM1)(dx'1)? + g4, (x*1, )(uly“2 + Nfl2 (xk1,13)dx'1)?
+ g™ (xf2 Ps)(ﬂlpﬂ3 Niyas (%2, ps)dx'2)? .
+ '8 ('x3, p7) (dpay + 'Niga, ('x k3/P7)d xi3)2, for g =¥,
ay = hay (¥ 1,y3) N} = Zwy, = wy (¥, 97),

k
Killing symmetry 95 = 9;, '0” N4 n‘l = myy (x L),
g% = ‘h“B( i3 ps) Nips = Jwi, = 'w;, (x*2, ps),
6 = Thiy = iy (X2, ps),
|§a4 = (% k3 E) Ni37: i, = ‘ﬂis(xks’E)'
‘N138 13 - w (X3 E)
Effective matter sources Q]} =[9J(xk1)s 11/ Q]( ,y7) Z s RI(xk2, ps)y? by 4 2] (x"s E)fij]

Nonlinear PDEs (99)-(102)

lP"-HP” =2Q]; 2(17 ln‘a3h4/\/‘h3]’l4 ‘
2 % h*z = 2h hl Q. tX, = (a3h4) (a ‘D)
A é (95hs) (23 %),
2,722 | 202,72 _ = 03 (In |42/ |ha]),
T ey T alq =q",020 =1q,039 ="

\35(‘3?) 3‘85‘h6=2‘h5‘h6 ‘3Q]; ‘3(2 In| aséhséw‘
piwi, — ; vy = (17 'h°) (9, F@),
(9 Iy + 2 P (Omy) = 0 B () (7 70),

‘3'}‘ — ‘35(1]51‘ ‘h6‘3/2/| \h5|)

B (4@) 108 W = 2h7\h8wQ] =In|'2® W /\/| ' K|,
P ) + 1y P (i) =0 ‘L,f( W) (19 t@),
ﬂ\713 \713 - 0 \é ( 38 ‘h7) (‘Qs %Q)/

fy= "2 (| WP/ ),

Gener. functs: f13(x*1,1%),
29 (21, 1%) = e 7@, 2d(xk1, ),
integr. functs: h‘[lo] (Xkl ),
11y (1), 21 (x1);
Gener. functs: 'h°(x*2, ps),

3
TY(x'2,ps) =e 17, P®(x2, ps),

integr. functs: K (xR2),
%”kz (x12), gnkz (x2);
Gener. functs: 'h7('x*3, p7),

¥ (x2,E) —e 12, 40('x3,E),

integr. functs: h[;)] ('xks),
4 i3) 4 i3).
11, ('x3), o, (1'3);

& nonlinear symmetries

(P¥)%)2 = — [dy® §]h,?,
(2®)% = —4 2 Ahy, see (120),
By = h — (20)2/4,A, 12 £0, A # 0 = const;

‘35(( 3\1; _ —fdPS \Q] 56,
( 3@)2 N
He = ‘hfo] (3®)%2/43A,'d° ‘h6 #0, LA # 0 = const;

((19)?) =~ [dEL] W,
(}0)? = —4,A'l,
W= Wy — (1)2/44A, 0P H £ 0, \A # 0= const;

d-metric

Off-diag. solutions, N-connec.

gi=e ¥() a5 a solution of 2-d Poisson egs. p* +y" =2 9J;
hy = —(2¥*2)2/4 £J2hy, see (A25), (A24);
hy = h' = [y (2¥2)2 /4 0 = ! - 202 /4,
w,‘z = a,‘z 2‘}’/ 33 2y = B,-Z 2\1{2/ 33 Z‘YZ‘;
My = 1y + 2mgy [ AP (P¥22 ) SRI — [y (P¥2)2 /48P
W= —( 190 311/> /4 ‘Q]Z He;
= I [D] — [dps P((F¥)2)/42] = 'y — (39 /45A;
) =0, (PY)/ ' (FY) =0, (F¥)*/ ‘35( T2
i’lkz = 1M, + 21k, fdp5 ‘35 3‘1’ ‘Q] ‘ ‘h[éo]
Jdps P((¥)?)/4 22 \5/2
|h8 ( 384‘P) /4 lQ]Z\h7
W=ty = [AE (1) /4 ‘fohmf( L0)2/4 40
gy = gy + by [AECT)2/ 2Py —
de ‘QB((TIX)Z)/‘I ‘4le|5/2
wi, = 3y ( 1Y)/ P (FE) = 0, (1E)P/ P ().
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Corresponding s-metrics can be parameterized in the form:

d/s\fsd] (T) = g\asﬁs (xk/y3/ Ps, EI h4l ‘h6/ Ih7; Q]I ;2]/ éQ]/ LlQII 1A/ ZA/ gA/ Llé)d 'utd ‘uﬁs (A36)

e et @iy - — s PN e
| [ dy3[ £ )] hy 9 myp
h*z)Z
hy{dt dy® g
R Yy P e
1135 11,612 . Q1Y 195 11,6
| [ dps 5[ 2] k]| 'k Q735 e
( '35 'h6)2
‘fdP5 95] \3Q] 16]| (1h6)5/2
( IQS Ih7)2
[ ngl 'h7]\ (‘h7)5/2
(WP e UAECED B
| [dE ,Q8[£Q1|h7]| Y LlQl@S i '

}dxkl} +

dx’2 }2 +

Ho{dps + [ 11, + 2, /dp5 Jdxk2} +

Jd 'x} +

11,7 | |
W' {dp7 + [, + zﬂk3/dp7‘de 7

Such t-families of rainbow s-metrics can be re-parameterized for other types of generating functions
and/or with gravitational polarization functions using respective nonlinear symmetries and effective
sources encoding nonmetricity.

Appendix B.3.4. Locally Anisotropic Nonmetric Cosmological Solutions with Fixed Energy Parameter

For dual fiber to cofiber transforms, the procedure for constructing locally anisotropic nonmetric
cosmological phase space solutions described in Table 7 transforms into a method of generating
such solutions with off-diagonal dependence on momentum like variables. Such generalizations and
applications of the AFCDM are summarized in Table 12. As a T*V analog of the nonlinear quadratic
element (A32), with v® = const and data from Table 8, we provide an example of T-families of 8-d
quasi-stationary quadratic element with pg = E = const,

a5 (1) = Bup (2 tps prilis, W% 21, £1 S 205 1A 28, A, (A e b (A37)
_ elp(xk’ g])[(dxl)z + (dxz)z} +h3[dy3 4 ( 11, +42”k1 /dt (h3<>2)2 )dxkl]
| [ dt £ Thae2| (115)/2
] Q
BRI TR
|t 1y £1 b5
( 195 \hé)z {dpS i aiz [f dp5( 3Q]) 9 ‘hB] dxiz}z +
| [ dps 5[] h6]| k6 97195 116
y ( \85 ‘h6)2 ko
h>{dps + [ 11k, + 2nx, [ dps ax=+

|fdp5 \35[3Q] 16]| (1h6)5/2

(177 182 [ dpy($) W s
dp7 + dxP)+
[Fapr 7127w e T
(|a7 'h8)2

BE + [ g, + g, [ dp7 Jd x5

|fdp7 7| f]‘hSH (1h8)5/2

The procedure of generating of corresponding 7-families of s-metrics is described as follow:
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Table A12. Off diagonal nonmetric cosmological pase space configurations with fixed energy Exact solutions of
RP Y (1) = o by ]( ) (84) on TV transformed into a momentum version of nonlinear PDEs (99)-(102).

ds*(t) = giy (¥f1)(dx1)* + g , “,0)/(dy"2 + N2 (2R, £)dx )2
19562, ps) (Apay -+ 'Nigay (x°2, ps)dx2)?
) k
+ ‘8“4( x k3/p7)(dpﬂ4 + Nl3ﬂ4( k3’p7)d xl3) for gi = e¢(x 1)/
d-metric ansatz with g :hﬂz(xkl,t) N3 = 2, =n; (xkl,t) N4 = 241 w;, (xkl,t),

Killing symmetry 93 = 9;, '9® =2 !
1 g sy y o3 t \ga3 _ ‘I’l"3( ,Ps)/ 25 — ?w‘ — ‘wxz(x zlps),

‘Nxze = Pmi, = 'niy (x*2, ps),

‘g™ = 'h'4( 'x 3,p7), 'Niy7 = f*ué,-a = 'wi, (x%3, p7),
Nx38 = nx3 = ‘n13( 3 F7)
Effective matter sources J"s = [Q] xk1 (51 Q]( k1, 1)d, ﬂz ‘Q]( k2, ps) 23, ‘4Q]( k3, p7) ‘54]
o *0=In|ouhs/ /Tl
s Py =2 ]é lx = (dah3) (93, @),
2‘%‘;1!’32 = 22h3<>h24 byl B = (0sly) (35 *@),
) —kq + (yz My =5 21:84(111'&3‘3/2/'/&4')/
Blwi, — Puy =0; 019 =49%9:9 =¢,
04 = 9 = 42
Nonlinear PDEs (99)-(102) P(g) ot =210 'h6 k =In| 3" ‘hé/\/W|
390, a,z—( ) (3, o),
\85( aSSnk )+ ,y\a?S( 1, ) 0; ﬁ:(\85\h6)(la 3(0)
b= @ (| W02/ 19,
\37(4‘0) 97 ‘h8—2 K8 wQ] 4w In| 37%8/\/W|
4ﬁ4wl - D‘z =0; 0‘!3 =( ‘07 \hS ( i3 \4(0)
‘37( a74nk3)+ 0% 37(‘}1;(3):0; ,B (‘97‘118)('874(2))

Ti,y — ‘87(ln| ‘h8|3/2/‘ \h7‘)/

Gener. functs: J1, (x*1,t),

29 (xk1,t) = EZQ, 2 (xk1, 1) ((29)%)°2 = — [dt ?]h 2
integr. functs: hgo] (;ckl ), (20)2 = —4,Ah,,
1 (X)), 2mgy (x1); hy = hY — (20)2/4,A, 52 £0, LA # 0 = const;
Gener. functs: 'h°(xk2, ps), ’ s~ (C2F /40 2=
T (xk2, ps) = e 12, 30(x'2, ps) (YY) =~ [ dps £ h,

)2 = Z4LA WS,

o

integr. functs: h[éo] (x*2), 2'3

3y (x12), Iy, (x2); he = ‘h?o] —(3®)2/4,3N, ' ‘h(’ #0, 5A # 0 = const;
Gener. functs: 'h7( 'x¥3, p7), 0
4 97((49)2) — Q7157 11,8
Y (xk2, pr) = e ‘0,[01,4@(%3,,?7), a"(( “(f’ng)z - [411‘10/7X ‘4;18] e,
integr. functs: g ('x*3), U8 8 (AdND JAL A 17 8 Ly _ .
Ty ('%3), g ('x3); W= Wiy = (R4, 1070 £0, 47 # 0 = const;

& nonlinear symmetries

gi=e ¥(%) a5 a solution of 2-d Poisso; eds. ey =29
hy = —(2¥°2)2/4 3 ’hy;
Iy = h' — [dr(2¥2)2 /4 §] = W) — 202/421;
Qil — ail ZX/ 8211;02 — a Z\YZ/ a 2\};2'
= 1mpy + 2y [dH(2¥2)2) § h[° [ (X2 /4 QP22
W= —( 195 ?1{/) /4 \Q]2 h6;
e = 'y — [dps '3°(( T¥)?)/4 ‘3@] = ‘hf’] (2®)2/45A;
Wiy = aiz( \31{,)/ ‘85( ?Y) = aiz(? ) / ‘85( SY)Z‘
ﬂkz = 1nk2 + znkz fdps( '0° ?‘Y) ‘lel h60
Jdps P((¥2) /4 LPP
W= _( 37411;) /4 lez\hs
=g fdm & ((4)2) /4 ‘Q] W — (4@)2/4 A
Wy = (M) T () = (P T,
= ey + g [ (427 2PJE
[dp; I ((4¥)2) /4 wQ]2|5/2

ey

d-metric

Off-diag. solutions, 7 .~

Appendix B.3.5. Locally Anisotropic Nonmetric Cosmological Solutions with Variable Energy
Parameter

Table A13 is a momentum phase version of Table A8. In this subsection, we summarize the
AFCDM for constructing t-families of locally anisotropic nonmetric cosmological rainbow solutions.
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Table A13. Off- diagonal nonmetric cosmological pase space configurations with variable energy Exact solutions
of RP Y (1) = o e Q]( ) (84) on T;V transformed into a momentum version of nonlinear PDEs (99)-(102).

d-metric ansatz with
Killing symmetry 93 = 9, '0”

Effective matter sources

ds?(7) = giy (¥1)(dx"1) g, (x1,8)(dy™ + N2 (a1, £)dx'n)?
+1g% (x2 ps)(dpu3 Niyay (+*2, ps)dx'2 2 .
+ ‘8“4( x*3 p7)(dpﬂ4 13114( x*3 P7)d xi3)2 fOl‘ 8ip = et 1)/

8, = g (410 N = B, S (1,0, = 2, S (4,0,
gu3 = ‘hﬂs( xk2 PS) 125 3wx = ‘ZU,Z(X 2:!’5):
in6 = 371,2 = nxz(x 2,}75)/

g = (R, E), Ny = b = my (5, E),
‘138_% 13= 'wy, (x'3, E),
9 (1) = [£I1(*M)8], FI (k)52 ‘QI( %2, p5)0i2, (21(x*s, E)ot

Nonlinear PDEs (99)-(102)

oo " Q Zw In |a4h4/\/@‘
21/] "';2‘!’ 22 ] ;) = (ah3) (9, @),
zazzzzhg = 2}341 2 ]r é (a4h4) (93 ZQ)

ty Pt = 2y = 34 (In|s 2/ |1]),

Pl — = o qg=q"0q=1,

040 = 9iq =42
'65(360) \as\hé_2 hs\hé IQ] 3(0 In| 135 K8/ /‘ h5\h6|
,3 wx _ a,Z (aSwhﬁ ;i )

\85( 9° 3”k )+ ,Y\aQB( "kz) 0; ﬁ (\aS\hG) (\333@)

Sy= @ (n | P/ IR,

@ (40) W =20 1L fo=In| Q" 17 /\/| WP,

B3 )+ 179 (tmy) = 0 = (20) (9, to),
4B 4w, — T, =0, B=(2"W) (")
ty= 9 (n| P2/ 0),
Gener. functs: I, (xk1,t),
TE( ) = %2, fn, ), (Ppy2 = - [ar 82,

integr. functs: h[ao] ( ?ckl ),
1t (X1), 2mg (x1);
Gener. functs: 'h°(xk2, ps),
(52, ps) = e, 2D (x'2, ps)
integr. functs: héo] (x%2),
ey (x2), gy (x2);
Gener. functs: 'h”( 'x¥3, p7),
(2, E) = 2, 10( '35, F)
integr. functs: h[;)] ('x%3),
1 ('%%8), 3mp ('63);
& nonlinear symmetries

)2
(20)2 = —4,Ah,,
h3:h[30] (20)2/4,A, 12 #0, A # 0 = const;

\85(( 3\}1 :*fdPS ‘QI 35\/16
q>)2 Z4iA TS,
he = ‘h[éol (,3<I>)2/4 YA, 195 ThO #£ 0, SA # 0 = const;

P((49)?) =— [dEL] W,
(: 9) =—4,A'W,
®)2/4),

W=y — (¢ AW #0, yA # 0 = const;

d-metric

Off-diag. solutions, N-connec.

gi=e ¥(*) a5 a solution of 2-d Poisson egs. p* + 9" =2 2J;
h, = _(2i02)2/4 glzhs;
by =1 — [AH(¥7)2 /4 §] = ) — 207 /400
— aq Zi/ 32‘Y°2 _ a 21112/ ER 2\1;2'.
m, = 1y + znklfdf(zioz) sz h[O] fdt 211;2 /4 ZQIZ‘S/Z;
= ( 195 ‘3\11)2/4 IQ]Z h6;
= h [ fdp5‘65 ((3¥))/4 ‘Q]— ‘hf’] (3®)2/44A;
3, (7¥)/ P (7Y) =0, (F¥)*/ ' (FY)*;
”kz = 11, + 2ty [ dps( 35 )2/ R ho
[dps (0274 2P
whS — _( \QS 4\11) /4 ‘Q]Z |h7
W=y — [dE'Q}((1¥)?)/4 Q] fh% V2/4 A
My = g+ kg JAE(Y)? ‘h[0]7
de Q8 41) )/4 le ‘5/2
= (B e B
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Here, we provide an example of t-families of off-diagonal nonmetric cosmological rainbow
metrics:

4 (1) = Gagp (¥, 1,05, Eslig, 'S, 175 9, 91, 2, 20 1A, oA, 5A, A wed 'ubs = 05§

©2\2 ©p\2
dlZ d22 hd3 4 d (h32) dkl (h32) A38
(84 @22+ bl + oy 4 [ ot + B e (A3D)

(1) ey Qalf dps(57]) @ ]
| [ dps 195 ‘3Q]‘h5” ‘hé{ ps+ ‘3Q]‘85 K6
( ‘35 ‘h6)2
|fdp5 195 'SQ] )| (1h6)5/2
( \QB \h7)2
| [aE P[] )| 0

dx] + dx'2}?

+ 'h{dps + [ 1m, + 2m, /dPS Jdx*2} + B {dpy + [y, + Hm, /dP7

) 07y 188 17,7
{dE+al3UdE( i) 9 h}d‘xia}z,

o n 1.k
d '} + ‘4Q[ P

Finally, we note that a typical T-family of quasi-stationary rainbow metrics on T*V, constructed for
changing indices 7 <— 8 and respective dependencies on coordinates and Killing symmetry on s = 4,
is defined by s-metrics with explicit dependence on E-variable. The locally anisotropic nonmetric
cosmological s-metrics (A38) consist of examples of phase space rainbow s-metrics constructed on T*V
and defining FH geometric flow models.
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