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Abstract: We propose a new class of solutions to classic partial differential equations using the class of
indescribable numbers.
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1. Indescribable Numbers
We now know most numbers cannot be described [1] by any theory but what happens here at

the very boundaries of our thoughts. Can we use these numbers? A number α is called first-order
definable in the language of set theory without parameters if there exists a formula ϕ in the language
of set theory with one free variable such that ϕ(α) holds. However this formulation for definability
cannot be expressed within that set theory. We will say the numbers which cannot be expressed this
way belong to M. How do we talk about numbers that by definition we cannot talk about? How can
we prove theorems about them? What are the applications? In this paper we propose a new method
for solving classic partial differential equations using these numbers.

2. Countable Fourier Series
Fourier introduced the fourier series to solve the heat equation [2]. We now write:

f (x) = a0 +
∞

∑
n=1

(an cos(2π
n
p

x) + bn sin(2π
n
p

x)) (1)

With n ∈ N and P equal to the wavelength. We know well behaved and even some poorly behaved
functions can be rewritten as linear combinations of sines and cosines with different frequencies.

3. Uncountable Fourier Series
Now we want to generalize. We write:

f (x) = a0 + ∑
θ∈M∩(0,2π)

(aθ cos(θx) + bθ sin(θx)) (2)

So now we are indexed by the reals. To do this we have to use the axiom of choice.

4. The Heat Equation
The heat equation in one dimension reads as follows [2]:

ut = kuxx (3)

Where x is the space variable so x ∈ [0, L] where L is the length of the rod. t is the time variable so
t ∈ [0, ∞). We can assume the initial condition:

u(x, 0) = f (x), ∀x ∈ [0, L]
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Where the function f is given and we can have boundary condition:

u(0, t) = 0 = u(L, t), ∀t > 0

We can separate variables to attempt to find a solution to 3 satisfying these conditions. We write:

u(x, t) = X(x)T(t)

T′(t)
kT(t)

=
X′′(x)
X(x)

Since both sides are functions of independent variables we write:

T′(t) = −λkT(t)

And:

X′′(x) = −λX(x)

Suppose λ < 0. Then ∃A, B ∈ R such that:

X(x) = Ae
√
−λx + Be−

√
−λx

Substituting into the boundary conditions we receive that A=B=0. Suppose λ = 0. Then ∃A, B ∈ R
such that X(x) = Ax + B. When we subsitute boundary conditions we conclude an identically zero
result. Suppose λ > 0. Then ∃A, B, C ∈ R such that:

T(t) = Ae−λkt

and

X(x) = B sin(
√

λx) + C cos(
√

λx)

From the boundary conditions we get C = 0. And:

√
λ =

θ

L

Sums of solutions to this equation which satisfy the boundary conditions also satisfy the initial equation.
We write:

u(x, t) = ∑
θ∈M∩(0,2π)

αθ sin(
θ

L
x)e

−θ2kt
L2

Where

αθ =
2
L

∫ L

0
f (x) sin(

θx
L
)dx

5. The Wave Equation
The wave equation in one dimension reads as follows [3]:

utt = c2uxx (4)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 15 April 2025 doi:10.20944/preprints202504.1282.v1

https://doi.org/10.20944/preprints202504.1282.v1


3 of 4

Where x is the space variable so x ∈ [0, L] where L is the length of the rod. t is the time variable so
t ∈ [0, ∞). We can assume the initial condition:

u(x, 0) = f (x), ∀x ∈ [0, L]

ut(x, 0) = g(x), ∀x ∈ [0, L]

Where the function f is given and we can have boundary condition:

u(0, t) = 0 = u(L, t), ∀t > 0

We can separate variables to attempt to find a solution to 4 satisfying these conditions. We write:

u(x, t) = X(x)T(t)

T′′(t)
c2T(t)

=
X′′(x)
X(x)

Since both sides are functions of independent variables we write:

T′′(t) = −λc2T(t)

And:

X′′(x) = −λX(x)

Suppose λ < 0. Then ∃A, B ∈ R such that:

X(x) = Ae
√

λx + Be−
√
−λx

Substituting into the boundary conditions we receive that A=B=0. Suppose λ = 0. Then ∃A, B, C, D ∈
R such that X(x) = Ax + B and T(t) = Ct + D. When we substitute boundary conditions we conclude
an identically zero result. Suppose λ > 0. Then ∃A, B, C, D ∈ R such that:

T(t) = Aec
√

λt + Be−c
√

λt

and

X(x) = C sin(
√

λx) + D cos(
√

λx)

From the boundary conditions we get A = B and D = 0. And:

√
λ =

θ

L

Sums of solutions to this equation which satisfy the boundary conditions also satisfy the initial equation.
We write:

u(x, t) = ∑
θ∈M∩(0,2π)

sin(
θ

L
x)[αθ cos(

cθ

L
t) + βθ sin(

cθ

L
t)]

Where

αθ =
2
L

∫ L

0
f (x) sin(

θx
L
)dx

βθ =
2

cθπ

∫ L

0
g(x) sin(

θx
L
)dx
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6. Conclusions
These systems of solutions cannot be checked for and only exist when we are not actually

attempting to describe them. As soon as we make the attempt to describe them they collapse into the
trivial solution.

References
1. Tsirelson, B. Can each number be specified by a finite text? WikiJournal of Science 2020, 3, 8,

[arXiv:math.HO/1909.11149]. https://doi.org/10.15347/WJS/2020.008.
2. Fourier, J.B.J. Mémoire sur la propagation de la chaleur dans les corps solides, présenté le 21 Décembre 1807

à l’Institut national. In Oeuvres de Fourier; Darboux, G., Ed.; Gauthier-Villars et Fils: Paris, 1890; Vol. 2, pp.
218–219. Originally presented December 21, 1807, https://doi.org/10.1017/CBO9781139568159.009.

3. Evans, L.C. Partial Differential Equations; Vol. 19, Graduate Studies in Mathematics, American Mathematical
Society: Providence, R.I., 2010.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 15 April 2025 doi:10.20944/preprints202504.1282.v1

http://arxiv.org/abs/1909.11149
https://doi.org/10.15347/WJS/2020.008
https://doi.org/10.1017/CBO9781139568159.009
https://doi.org/10.20944/preprints202504.1282.v1

	Indescribable Numbers
	Countable Fourier Series
	Uncountable Fourier Series
	The Heat Equation
	The Wave Equation
	Conclusions
	References

