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*  Correspondence: pengzhengyuan@ncnu.edu.cn

Abstract

Compositional world models represent complex environments through modular combinations of

programmatic experts. Their core assumption—that the modeled system passively accepts predictions—
breaks down in social settings where predictions alter the system itself. This paper proposes a mathe-
matical framework extending compositional world models to reflexive environments, introducing the

Reflexive Composition Operator (RCO). The framework addresses settings where model deployment

changes the modeled system through feedback loops. We define the Reflexive Successor Measure

(RSM), establish fixed-point existence under Lipschitz contraction (Banach) and monotone lattice

conditions (Knaster-Tarski), and analyze how reflexivity affects uncertainty through an information-
theoretic decomposition separating the informational effect of conditioning from the causal effect of

intervention. A two-state bank-run MDP demonstrates that the information topology induced by

sequential deployment depends on composition order under the Hierarchical Sealing Protocol, and

we provide a full parametric sensitivity analysis showing the composition gap is structurally stable

across a broad parameter regime. Multi-agent particle-world simulations with performative dynamics

provide empirical validation, accompanied by nonparametric statistical tests, ablation studies, and

a formal equilibrium-detection algorithm. A real-world validation framework using central-bank
communication data is also proposed, with a two-tier architecture separating fully public data (FRED,
CME FedWatch) from commercial sentiment layers (RavenPack), and a simulated calibration confirm-
ing the predicted order effect. We further establish that the RCWM framework reduces exactly to

performative prediction in the single-expert degenerate case. Finally, the Predictive Humility Principle

is reformulated as a rate-distortion optimization problem, grounded in information geometry with a

rigorous second-order variational justification.

Keywords: compositional world models; reflexivity; performative prediction; successor measure;
fixed-point theory; predictive humility; rate-distortion theory

1. Introduction

World models learn environmental dynamics to support prediction and planning. Recent work has
focused on compositionality: PoE-World [22] represents environments as products of programmatic
experts, while Jumpy World Models [6,25] capture multi-timescale dynamics through geometric
horizon models [7,9]. These approaches share a critical assumption—the system does not respond
to the predictions made about it. In financial markets, central banking, and social movements, this
assumption fails.

Reflexivity as a concept spans multiple disciplines. Soros [23] introduced it for financial bubbles;
Giddens [8] developed structuration theory; Luhmann [13] studied self-referential social systems;
von Foerster [26] pioneered second-order cybernetics. The Lucas Critique [14] demonstrated that
econometric models fail when policy changes because agents’ expectations alter the dynamics being
modeled. Perdomo et al. [21] formalized model-induced distribution shifts as performative prediction;
Mandal et al. [15] extended this to performative reinforcement learning. Our work focuses on multi-
expert composition and the algebraic implications of sequential deployment, a setting not captured by
existing performative prediction or performative RL frameworks.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Contributions.
This paper makes the following contributions (see Figure 1):
(i) The Reflexive Successor Measure (RSM) with prediction-dependent transitions, extending the
classical successor measure to reflexive environments.
(ii) A magma-theoretic composition operator capturing order-sensitive information flow, with formal

algebraic axioms, a rigorous characterization of associativity under linearity, and a constructive
demonstration of non-associativity under the Hierarchical Sealing Protocol.

(iii) Dual fixed-point guarantees: a Banach contraction theorem under Lipschitz response and a
Knaster-Tarski theorem under monotone lattice conditions, together yielding a sharp phase
boundary between unique and multiple equilibria.

(iv) An information-theoretic decomposition of uncertainty into informational gain and causal pertur-
bation, grounded in Pearl’s do-calculus.

(v) A constructive bank-run model demonstrating order-sensitive composition under the Hierarchi-
cal Sealing Protocol, accompanied by a structural sensitivity analysis proving the composition
gap is robust to parameter perturbation.

(vi) Multi-agent particle-world simulations with nonparametric statistical validation, ablation studies,
a formal equilibrium-detection algorithm, and a real-world validation framework using
central-bank communication data with a two-tier empirical architecture.

(vii) A reduction theorem proving that RCWM degenerates exactly to performative prediction in the
single-expert case, clarifying the relationship to prior work.

(viii)  The Predictive Humility Principle, reformulated as a rate-distortion optimization problem with
a rigorous second-order variational foundation.

Standard WM: Reflexivity Reflexive WM:

: . Prediction-D dent
Passive Environment EehComHELE e

: Transitions
1

Algebra ! Theory

¥
Magma (&,9):
Hierarchical Seal-
ing Protocol Compositign

Key Results:
Fixed-Point, Info-
Decomp, Humility

Non-associative under HSP: Bank-run MDP shows left
vs. right association yields 0.36 vs. 0.90 run probability.

Figure 1. Overview of the Reflexive Compositional World Model (RCWM) framework. Left: standard world
models assume a passive environment. Right: reflexive world models incorporate prediction-dependent transi-
tions via the response function R,. Bottom left: the composition magma (&, ¢) is generally non-associative under
the Hierarchical Sealing Protocol, as demonstrated by the bank-run MDP where left and right associations yield
different run probabilities (0.36 vs. 0.90). Bottom right: key theoretical results established in this paper.

2. Preliminaries
2.1. Markov Decision Processes and Successor Measure

AnMDPis M = (S, A,P,v) where P : § x A — A(S) is the transition kernel and y € [0,1) the
discount factor.

Definition 1 (Successor Measure [9]). For a policy 1t and initial state-action (s, a),

mg(x|S/a):(1—7);7k1’r(5k€X|50=S,A0=ﬂ,7f)- ©)
=0
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The (1 — ) factor normalizes the geometric weights. This satisfies the Bellman equation m(- | s,a) =
(1 =7)d5() + 7Eg, 4 [m3(- | ', AT)].

2.2. First-Order vs. Second-Order Reflexivity

In first-order reflexivity, transitions depend on predictions but not on beliefs about the predic-
tor: P(s' | s,a;P) with P = M(s). Second-order reflexivity includes beliefs about the predictor:
P(s' | s,a;P,B) where B = Belief(System, M). This paper develops first-order reflexivity, which
captures a broad class of social and economic systems where agents react to published forecasts,
policy announcements, or aggregated predictions. Second-order reflexivity, which involves strategic
manipulation of the predictor, is an important extension left for future work.

Connection to the Lucas Critique.

The Lucas Critique asserts that policy evaluation requires modeling how agents’ expectations
respond to policy regime changes. Performative prediction [21] and performative RL [15] formalize
this in the language of statistical learning: the deployed model h induces a distribution D(h) over
data, and the standard risk minimization objective R(h) = E,_p)[¢(h, z)] must account for the map
h — D(h). Our framework extends this to sequential multi-expert settings, where the composition
structure itself becomes a policy variable.

3. Reflexive Composition Operators
3.1. Reflexive Successor Measure

Let P = A(S) be the prediction space (probability distributions over S) equipped with the 1-
Wasserstein distance Wy. A response function Ry : S x A x P — A(S) maps state, action, and prediction
to next-state distribution.

Assumption 1 (Lipschitz Response). There exists Lr > 0 such that, for all s, a, Py, Py:
[Ru(s,a, P1) — Ra(s,a,P2)||v < Lg - Wi(Py, P). )

Assumption 1 enables Banach contraction analysis. In Section 9, we discuss its empirical scope: it
holds for smooth social learning models and quantized response equilibria, while threshold models
and regime-switching systems require the Knaster—Tarski regime.

Definition 2 (Reflexive Successor Measure). For policy 7t and fixed prediction P € P, the reflexive successor
measure is

m ™ (X s, P) = (1—9) Y. /*Pr(Sc € X | So = 5,7, P), 3)
k=0

using Ry (s, a, P) at each step. 1t satisfies the reflexive Bellman equation:

W5, P) = (1= 1)) + B sratsa [ 5, P)]. @

The prediction P is treated as a fixed parameter in the kernel R, (-, -, P). The fixed-point analysis
in Section 4 studies the consistency equation P = H(mg’Ref), where IT extracts a prediction from the

SuUcCCessor measure.

3.2. Composition Magma: Formal Structure

We now formalize the algebraic structure of sequential expert composition. Let IT be a set of
policies, R a set of response functions, and Pred a set of prediction rules p : S x A(S) — P mapping
current state and internal belief to published predictions.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Definition 3 (Expert Object). An elementary reflexive expert is a triple E = (71, Ry, p) € IT x R x Pred.
The set of all such experts is denoted E.

Definition 4 (Reflexive Composition). The binary composition operator o : £ x £ — £ is defined as follows.
For X = (mtx, Rx,px) and Y = (7ty, Ry, py), the composite Z = X oY = (77, Rz, pz) acts on state s with

external prediction Py by:

1. X computes its prediction Px = px(s, mZX’Ref( |'s, Pext)).

2. The environment transitions under Rx (-, -, Pext) to intermediate state s':
s’ ~ /A Rx(s,a, Pext) tx(da | s). (5)

3. Y computes its prediction Py = py(s’, m?Y’REf (- | ¢/, Px)) using Py as its prediction input.
4. The environment transitions under Ry (-, -, Px) to state s”:

s~ /ARy(s’, a,Px) y(da | §). (6)

5. The composite output prediction is Pz = Py.
6.  The composite response function Ry is the sequential kernel composition:

Ry (5,4, Poxt)(S) = /S /A Ry(s, @', Px(s, Poxt))(S) 7ty (dd’ | ') Rx(s,a, Pot)(ds'), (7

for all measurable S C S, where Px (s, Pext) denotes the prediction computed in step 1.
7. The composite policy 7tz is the product policy tx X Ty acting sequentially.

Equation (7) makes explicit that the composite response is not merely a functional product but a
Markov kernel composition: the right operand Y acts on the state distribution produced by X under the
external prediction, using X’s published prediction as its reflexive input.

The pair (€, 0) forms a magma. The following axiom formalizes the information-flow structure
for nested composites, motivated by institutional settings where internal sub-modules operate under
information-access constraints.

Axiom 1 (Hierarchical Sealing Protocol (HSP)). Let Fg C o(P) denote the information o-algebra accessible
to expert E € €. Forany X,Y,Z € & and external prediction Pey with induced algebra Foxt = 0 (Pext):

(A)  Sequential Transmission: In X oY, the prediction input to Y is the output prediction of X, i.e.,
{/n = O'(Px) V Fext-

(B)  Hierarchical Sealing: If Y = Y7 ¢ Y, is a sub-composite, then within Y, internal routing follows
Definition 4. However, when Y is embedded as the right operand of X oY, the internal non-entry experts
of Y (i.e., Yy and deeper) receive their prediction inputs from the sub-composite’s external input algebra
.Ff}’ftry , not from the internal output algebra (T(P%‘t). Formally, in X o (Y1 © Y2), the prediction input to

Y, satisfies
t entry
Py, 1L Py | Py, 8)
entry . ) . ~ .
where Py " = Px is the prediction entering the sub-composite.

(C)  Output Dominance: The prediction output by X oY is the prediction output by the rightmost (final)
expert Y, i.e., Pxoy = Py.

Institutional Motivation for HSP.

Consider a central bank (X) publishing a macroeconomic forecast, followed by a commercial bank
(Y1) updating its risk model, which internally relies on a compliance officer (Y2). Under HSP(B), the
compliance officer sees only the central bank’s raw published forecast (the sub-composite’s external

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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input), not the commercial bank’s internally amplified risk assessment. This models regulatory
“Chinese walls” or departmental firewalls where internal sub-modules are constrained by information-
access protocols and cannot directly observe intermediate outputs from sibling modules within the
same sub-composite; they only see the sub-composite’s top-level mandate.

Proposition 1 (Associativity under Linearity). Let Ry(s,a,P) = (1 — )Py + BT(P) with T : P — A(S)
affine and B € [0, 1]. If the prediction rules p are affine and depend only on the measure (not on state), then < is
associative on E.

Proof Sketch. Under the stated conditions, the HSP reduces to standard linear composition because
the prediction input to any expert is an affine function of the external input, independent of whether it
arrives via internal routing or hierarchical sealing. Affine maps compose associatively. [

Observation 1 (Non-Associativity under HSP and Threshold Response). There exist experts X,Y,Z € £
with threshold response functions and state-dependent prediction rules such that, under Axiom 1(B), the
composite operators satisfy (X oY) o Z # X o (Yo Z).

Constructive Verification. We instantiate the bank-run MDP of Section 6 as a strict algebraic coun-
terexample. Let S = {H, R} and predictions p € [0, 1] represent the probability of state R. Define three
experts with trivial policies (predictions only):

e 7 (fundamental): p1 (s, m) = 0.3 for all s, m. Response Ri(s, p) = Js (identity).

e 7y (media): pa(s, p) = min(1,2p). Response Ry (s, p) = J; (identity).

e 3 (regulator): p3(s,p) = p-1p<c +qp - 1> with threshold T = 0.5 and intervention factor
g = 0.4. Response R3(s, p) = A(p)dr + (1 — A(p))dy with A(p) = min(1,1.5p).

Under left association ((7r1 ¢ 712) © 713) with external input pext = 0.3:

7r1 outputs p; = 0.3.
7y receives p; = 0.3 and outputs p, = min(1,0.6) = 0.6.
The composite (711 ¢ 715) outputs pp = 0.6.

Ll

i3 receives pp = 0.6. Since 0.6 > T = 0.5, the regulator intervenes. The run probability is
A(0.6)-g=10.9-04=0.36.

Under right association (711 ¢ (712 ¢ 713)) with the same external input:

1. 7 outputs p; = 0.3.

Consider the sub-composite (71, ¢ 713). By Axiom 1(B), the internal expert 713 receives the sub-
composite’s external input, which is p; = 0.3 (the prediction entering the entry point 715), rather
than 71p’s amplified output 0.6. Since 0.3 < 7, 713 does not intervene; its output is simply its
unmodified input p3 = 0.3.

3. The sub-composite’s output is determined by the rightmost expert’s output rule applied to the
sealed input: pgup (S, Pext) = p3(s, pext) = 0.3 (because 713 does not modify the sealed input).
However, the trajectory through the sub-composite still passes through 71,’s amplification for the
state transition: the media expert 71, amplifies the external input to 0.6 for the purpose of the
transition kernel, but this amplified value is not passed to 773 as its prediction input. Consequently,
the regulator 713 does not trigger, and the run probability remains determined by the unmitigated
response function A(0.6) = 0.90.

The resulting run probabilities are 0.36 (left) and 0.90 (right). The final probability distributions
over § are therefore distinct: djefy = 0.360r + 0.640p versus dyjghy = 0.900g + 0.105. This completes
the verification. [

Observation 1 establishes that non-associativity is an algebraic consequence of the HSP interacting
with non-linear (threshold) response functions. It is not a universal property of all non-linear systems,
but a rigorous demonstration that the HSP—which models institutional information locality—breaks
associativity in the class of threshold-based social systems.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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3.3. Comparison with Performative Frameworks and Reduction Theorem

Table 1 positions our work relative to performative prediction [17,18,21], performative RL [5,15],
and multi-agent performative games [19].

Table 1. Comparison with performative frameworks.

Property Perf. Prediction Perf. RL RCWM (Ours)
Decision setting Supervised learning Single-policy MDP Multi-expert MDP
Compositionality None None Sequential expert chains
Order sensitivity N/A N/A Yes (HSP, Obs. 1)
Fixed-point analysis Stability (contraction) Stability (contraction) Banach + Knaster-Tarski
Uncertainty decomposition = Risk minimization Value maximization  Info + causal separation
Computational complexity O(1) per step O(|S|?) per step O(n - |S|?) for n experts

Relation to Performative Games.

Multi-agent performative games [19] model simultaneous best-response to a published model.
RCWM differs fundamentally: the magma structure (&£, ©) encodes temporal and hierarchical informa-
tion flow, not simultaneous revelation. In game-theoretic terms, performative games are normal-form;
RCWM defines an extensive-form game where the information sets are determined by the com-
position tree. Non-associativity under HSP corresponds to different extensive-form trees yielding
different subgame-perfect equilibria because the information sets of nested players are constrained by
institutional sealing.

Why Magma? Irreducibility Arguments.

We briefly justify why existing mathematical structures cannot substitute for the magma (&, ©).

Remark 1 (Irreducibility of the Magma Structure). (i) Category theory: In any category, morphism
composition is associative by axiom. The HSP explicitly breaks associativity (Observation 1), so RCWM
cannot be embedded into a standard category without either (a) losing the sealing property, or (b)
making the composition tree itself an explicit object, which is precisely the magma structure.

(ii) Extensive-form games: While game trees encode sequential information, their solution concepts (Nash,
SPE) are equilibrium notions defined over strategy profiles. RCWM is an operator-theoretic framework:
it defines a dynamical system via composition, and its solution concept is a fixed point of a transfer
operator. The magma provides the algebraic syntax for building the transfer operator; game theory
provides the semantic interpretation, not the syntax.

(iii) Cascade control: Classical control-theoretic cascades assume global observability and unconstrained
signal flow between controllers. The HSP introduces information locality that violates the centralized-
information assumption of cascade design.

(iv) Structural causal models (SCM): In Pearl’s framework, interventions do(X = x) are defined relative
to a fixed causal graph. RCWM treats the prediction as an intervention that dynamically reconfigures
the transition kernel; under the HSP, the causal graph itself is indexed by the composition tree T and
the associated information algebras { Fg}per. Standard SCM identification assumes the graph is
invariant to the intervention value, whereas in RCWM the graph structure (encoded by which experts
are active and their o-algebra access) changes with the composition order.

Theorem 1 (Reduction to Performative Prediction). Let & = {E} be a singleton expert set with pre-
diction rule pg(s,m) = 0 where 8 = argming E,,,[€(0’,z)], and response function Rg(s,a, P) = D(0)
where D : ® — A(Z) is the performative distribution map. Let the prediction extractor be I1(m) =
argming ., [€(6,2)]. Then the RCWM fixed-point equation P = ®(P) is equivalent to the performative
stability condition

6 = argmin R(6';D(6)) := E, _p)[((6',2)]. )
0'c@
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Proof. In the singleton case, the composition magma collapses to the single expert E. The reflex-
ive successor measure meTE’Ref(- | s,P) induces the distribution D(6) over outcomes because the
response function is precisely the performative map. The prediction extractor IT returns the risk
minimizer over the induced distribution. Hence the fixed-point equation P = TI(¥(P)) becomes
6 = argming E, _p)[€(6',2)], which is exactly the performative stability condition of Perdomo et
al. [21, Definition 2.1]. O

Theorem 1 rigorously establishes that RCWM is a strict generalization: when the expert set
degenerates to a singleton and the response function is the performative map, the framework reduces
exactly to the standard performative prediction setting. The magma structure, the HSP, and the multi-
expert fixed-point analysis are precisely the additional machinery needed for sequential composition.

4. Fixed-Point Existence

Define the composite operator ® : P — P by ®(P) = I1(¥(P)), where ¥(P) maps a prediction P
to the reflexive successor measure myRef (| s, P) under fixed policy 7t, and IT extracts a new prediction.

Assumption 2 (Lipschitz Prediction Extractor). The prediction extractor I1 : A(S) — P is Lipschitz
continuous with constant Ly,.q with respect to the total-variation metric on A(S) and the Wy metric on P. This
holds, for example, when 11 is a projection onto a convex set with strongly convex cost, or when I1 extracts the
mean of a distribution with bounded support.

Under Assumption 1, the reflexive Bellman operator is a contraction in the space of probability
measures:

Lemma 1 (Reflexive Contraction). Under Assumption 1, for any Py, P> € ‘P and any state s,

L
() () = ¥ (P2) () < 7= Wh (P Py) (10)
Proof. Fix P;, P,. Let 7p denote the reflexive Bellman operator for fixed prediction P:

(7}3”’1)( ‘ S) = (1 - 7)55(') + ,YEKZNTL’(S),S’NR‘X(S,!I,P) [m( | S,)]'

For any two measures m, m’, standard arguments show || Tpm — Tpm'||py < 7y||jm — m'||1y, so Tpis a
contraction with factor 7 in the total-variation metric.
Now consider the difference between operators. For any s and measurable A,

|<7§’1m)(A | S) - (ﬂ?zm)(A | 5)|
= 7‘/,4 /S m(A | s")[Ra(s,a,P) — Ra(s,a,Py)](ds')(da | 5)

S ,)/,/_A ||Rl¥(sialpl) - Rtx(slﬂ,PZ)HTvn(da | S)

< YLrRWi(Py, Py),

where the lgst line uses Assumption 1. Hence || 7p,m — Tp,m|ty < yLrWi(Py, P2) uniformly in m.
‘ Let m,((l) be the k-th iterate of 7p, starting from m(()l) = m(()z) = Js. By the contraction property,
m,((z) — ¥(P;)(s) in total variation. We have:

mY =Py < [ To,mY, = Tom® ey + [ To,m, = To,m® 1y

1 2
< 7||m;(<_)1 - m,((_)l lTv + YLRWi (P, P2).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202606.1203.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 June 2026 d0i:10.20944/preprints202606.1203.v1

8 of 20

Unrolling this recursion yields ||m]((1) - ml(f) v < YLrWi(Py, P2) Z;‘:_& 9. Taking k — oo gives the
result. O

Theorem 2 (Banach Fixed Point). Under Assumptions 1 and 2, if

YLr
Lpred . 1— v <1, (11)

then ® is a strict contraction on (P, Wy) and admits a unique fixed point P* = ®(P*).

Proof. By Lemma 1, ¥ is Lipschitz with constant %. Since II is Lipschitz with constant Lpyeq

by Assumption 2, their composition ® = Il o ¥ is Lipschitz with constant Lpeq - % < 1. The
space (P, W) is a complete metric space (compact subsets of R? with Wasserstein metric). Banach’s

fixed-point theorem applies directly. [

Lemma 2 (Sufficient Conditions for Monotonicity). Let S be finite and totally ordered. Suppose:

(i) For all (s, a), the response function Ry(s,a, ) is monotone with respect to the first-order stochastic
dominance (FOSD) order < on A(S): i.e., P X P, = Ry(s,a,P1) = Ra(s,a, D).
(ii) The prediction extractor I1 : A(S) — P is monotone with respect to < (e.g., Il extracts the mean,

median, or any increasing quantile of the distribution).

Then the composite operator ® = I1o ¥ is monotone on (P, <X).

Proof. Monotonicity of R, implies that the reflexive transition kernel preserves FOSD. Since the
Bellman operator is a convex combination of such kernels (with non-negative weights ), the reflexive
successor measure ¥ (P) is monotone in P. Composing with monotone IT preserves monotonicity. []

Domain examples.

In the bank-run MDP (Section 6), A(p) = min(1,1.5p) is monotone increasing in p, so higher
predicted run probabilities induce higher actual run probabilities in the FOSD order (strategic comple-
mentarity). In Brock-Durlauf social learning [2], the quantal response equilibrium is FOSD-monotone
when the utility of conformity is increasing in the expected action of others. Thus, Lemma 2 applies
directly to the motivating domains of this paper.

Theorem 3 (Knaster-Tarski). Let S be finite and let ‘P be equipped with the first-order stochastic dominance
(FOSD) partial order <. If ® is monotone (ie., P} < P, = ®(P;) = ®(P,)), then the fixed-point set
Fix(®) = {P € P : ®(P) = P} is a non-empty complete lattice with least and greatest fixed points, denoted
P;[(‘lin and P;;aX'

Proof. The space (P, <) is a complete lattice for finite S because the set of probability distributions
over a finite set, ordered by FOSD, has suprema and infima given by statewise cumulative distribution
bounds. Specifically, for distributions P,Q over § = {sy,...,s,} withs; < --- <'s,, P < Q iff
Yi<k P(si) < Yi<xQ(s;) for all k. The supremum is given by the pointwise minimal cumulative
distribution that dominates all candidates, and the infimum by the pointwise maximal cumulative
distribution below all candidates. Since ® is monotone by hypothesis, the Knaster-Tarski fixed-point
theorem [11,24] directly applies: the set of fixed points is a non-empty complete lattice. [

Corollary 1 (Phase Boundary). When Lg < ;%p;, the Banach condition (11) holds and a unique stable fixed
point exists. When the condition is violated but ® remains monotone (by Lemma 2), multiple equilibria may
coexist. These regimes are interpretable as “confidence” (unique equilibrium) vs. “panic” (multiple self-fulfilling
equilibria).
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Scope of the Lipschitz Assumption.

Assumption 1 holds in several canonical economic models: smooth social learning [1], quan-
tal response equilibria with smooth perturbations [16], and linearized DSGE models under rational
expectations. It fails in threshold models (e.g., Brock-Durlauf discrete choice with strategic comple-
mentarities [2]), bank-run models with liquidity thresholds [4], and regime-switching systems. In these
cases, Theorem 3 applies provided the response is monotone, which is typically satisfied by strategic
complementarity (Lemma 2).

5. Reflexivity and Uncertainty

Publishing a prediction has two effects: it provides information (reducing uncertainty) and it
intervenes on the system (possibly increasing or decreasing uncertainty). We separate these rigorously
using Pearl’s do-calculus.

Let Hi,j(P) be the trajectory entropy under prediction P. A standard chain rule gives:

H(Stuture | Spresent) = H(Stuture | Spresent, P) + I(Stuture; P | Spresent)-

We define two counterfactual distributions:

° Pp

does not affect dynamics.
o PP the reflexive trajectory distribution under prediction P, where the prediction intervenes on

nys: the non-reflexive (physical) trajectory distribution, where the prediction is observed but

the transition kernel via do(P) in Pearl’s notation.

Proposition 2 (Reflexive Entropy Decomposition). Let Pyyys be the non-reflexive trajectory distribution and
PrIZf the reflexive distribution under prediction P. Then:

H(PrIZf) = H(Pphys) - Ginfo(P) + Acausal(P)/ (12)

where
Ginfo(P) = I(Sfuturer'P | Spresent) >0

is the informational gain from conditioning on the prediction, and

do(P bs(P
Acausal (P) = H(Pre;( )) - H(PfefS( ))
is the causal perturbation, with do(P) denoting Pearl’s intervention (the prediction actively modifies the
transition kernel) and obs(P) denoting passive observation. The sign of Acqysar(P) is indeterminate a priori.

Proof. The decomposition follows from writing H(PL;) = H(Pynys) — [H(Pphys) — H (PObS(P))] +

ref

[H (PdO(P)) —H (PObS(P) )] The first bracketed term is Gj,¢, (P) by the definition of conditional mutual

ref ref
information. The second bracketed term is Aaysar (P) by definition. [

Thus reflexivity can reduce, preserve, or increase entropy depending on the response function
shape. When A ,usa1(P) < 0and |Acausal| > Ginfo, the prediction is self-stabilizing; when Acausal > Ginfor
it is self-destabilizing. This aligns with the causal inference perspective of Pearl [20] and the information-
theoretic framework of Cover and Thomas [3].

6. Order-Sensitive Composition: Bank-Run MDP

We demonstrate non-associativity under the HSP through a bank-run MDP. States: & =
{H (healthy), R (run)}. Base transition: H — H with probability 0.95. Response to prediction p € [0, 1]
of arun: H — R probability increases to A(p) = min(1,1.5p).

Three experts:
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e 7 (fundamental): outputs py = 0.3.

e  mp (media): outputs pp = min(1,2.0 X Pentry)-

* 713 (regulator): intervenes if entry prediction > T = 0.5, reducing run probability by factor g = 0.4
(i.e., run probability becomes A(p) - g).

Under left association ((7r1 ¢ 712) © 713): the media expert amplifies the fundamental signal to 0.6.
The regulator sees 0.6 > 7, intervenes, and the final run probability is A(0.6) - g = 0.9 - 0.4 = 0.36.

Under right association (711 ¢ (712 ¢ 713)): by Axiom 1(B), the sub-composite (7, ¢ 73) is sealed.
The regulator 73 inside the sub-composite receives the sub-composite’s external input, which is 711’s
raw fundamental 0.3, rather than 715’s amplified output 0.6. Consequently, the regulator does not
intervene, and the final run probability is A(0.6) = 0.90. The composition gap is |0.36 — 0.90] = 0.54.

Structural Sensitivity Analysis.

We verify that the composition gap is not a knife-edge artifact. Define the gap function:

A(T,B,q) = | Pr(R | (1 0 7m2) 0 73,7, B,q) — Pr(R | 711 0 (12 0 713); T, B, )

7

where B is the media amplification factor (here p = 2.0). Figure 2 (right) plots A(7) for € {1.5,2.0,2.5}.
The gap persists across T € (0.3,0.6] and is monotone increasing in . For T < 0.3, both associations
trigger intervention, collapsing the gap to zero; for T > 0.6, neither triggers intervention, and the gap
saturates at 0.54. This confirms the composition gap is structurally stable in the intermediate regime
where the regulator’s threshold lies between the raw and amplified signals.

Bank-Run Probability vs. Threshold Structural Stability of Composition Gap
0.0 = = = Left association ((my o my) o m3) = 0.6 : B=15
= = Right association (1, ¢ (m; o 113)) -
b B=2.0
08- et Bpo=0.6 0.5 £=25

o
>

0.7 -

0.6 -

Composition gap A(t, B)
o o
N w

Probability of bank run

o
h

0.4 -

o
1=}

0?1 0;2 0.‘3 0?4 0?5 056 Ot7 0?8 0:1 0?2 013 0.‘4 0?5 056 017 0.‘8
Regulator threshold T Regulator threshold T
Figure 2. Left: Probability of bank run under two association orders as a function of regulator threshold 7, with
media amplification p = 2.0. Right: Composition gap A(T) for f € {1.5,2.0,2.5}. The gap is structurally stable in
the intermediate regime T € (pg, Bpo), confirming that order sensitivity is robust to parameter perturbation.

Comparison with Diamond-Dybvig.

The classic bank-run model [4] features multiple equilibria driven by sunspots and withdrawal
thresholds. Our MDP abstracts this to a two-state setting, but the core insight—that the order of
information arrival and intervention determines the equilibrium selection—is consistent with the
information-cascade literature [12]. The value of our model is not descriptive realism but algebraic
clarity: it isolates the effect of composition order on equilibrium selection under the HSP.

7. Empirical Validation
7.1. Phase Transition and Convergence

Figure 3 visualizes the contraction-lattice boundary derived in Corollary 1. As ¢y — 1 (far-sighted
agents), the critical L drops to zero: even smooth responses can produce non-unique equilibria when
agents place sufficient weight on future periods.

Figure 4 validates Banach iteration empirically. In the contraction regime (left panel), iteration
from any initialization converges to a unique fixed point. In the lattice regime (right panel), pessimistic
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and optimistic initializations converge to distinct limit points, confirming the multiplicity predicted by
Theorem 3. The two limit points correspond to self-fulfilling “panic” and “confidence” regimes.

. Phase Boundary: Contraction vs. Lattice Regime

[ Contraction regime (unique)
Lattice regime (multiple)
= Phase boundary

28] w +
1 1 1

Response Lipschitz constant L R

=
|

0 i I I I
0.0 0.2 0.4 0.6 0.8 1.0

Discount factor gamma

Figure 3. Phase boundary separating unique (contraction) from multiple (lattice) fixed-point regimes. The curve
Lr = (1 =)/ (7Lpred) is sharp: below the curve, Theorem 2 guarantees uniqueness; above the curve, Theorem 3
guarantees a lattice of equilibria. Near v = 1, the contraction regime vanishes, indicating that long-horizon
reflexive systems are prone to equilibrium multiplicity.

Contraction Regime: gamma=0.5, L_R=0.8 Lattice Regime: gamma=0.95, L R=2.0
1.0 -

0.8 -

0.6 -

Prediction P
Prediction P

0.4-

0.2- / 02 -

0.0- 1
. ! ] ] ] ] ] 0.0 . ] ] l ] ] J
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Iteration step Iteration step

Figure 4. Left: Unique fixed point in the contraction regime (y = 0.5, Lg = 0.8). Iteration from 50 random
initializations collapses to a single point. Right: Two limit points in the lattice regime (y = 0.95,Lr = 2.0),
corresponding to pessimistic (red) and optimistic (blue) initializations. The bistability confirms the theoretical
prediction of equilibrium multiplicity.

7.2. Multi-Agent Simulation: Design, Hyperparameters, and Ablation

To move beyond the two-state MDP, we simulate N = 50 agents in [0, 1] with performative
dynamics. Each agent i has position x! and updates via:

= xl (2 — b)) + el +x(p' — 2,
where & is the empirical mean, /1’ is the published population-mean prediction, and e} ~ N(0,1).

The term x(fif — ') captures reflexive attraction to the prediction. The prediction /i’ is generated by a
compositional world model (standard or reflexive).
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Hyperparameter Settings.
Table 2 reports the hyperparameter values and their rationales.
Table 2. Hyperparameters for multi-agent particle-world simulations.
Parameter Symbol Value Rationale
Number of agents N 50 Standard small-medium multi-agent baseline
Learning rate 1 0.05  Ensures stable mean-reversion without oscillation
Noise amplitude o 0.02  Balances exploration against convergence
Reflexive coupling K 0.15  Primary treatment variable; see ablation
Time horizon T 200 Sufficient for burn-in and equilibrium detection
Burn-in steps Ty 100 Discards transient dynamics
Equilibrium tolerance € 0.01  Cluster diameter threshold for convergence
Runs per condition n 100 Statistical power for Wilcoxon test at « = 0.01

Equilibrium Detection Algorithm.

We formalize equilibrium detection as Algorithm 1. After burn-in (100 steps), we cluster the
joint state vector (xi,...,xyN) using k-means with k € {1,2,3} (selected by silhouette score). If the
within-cluster variance is below € = 0.01 for 50 consecutive steps, we classify the run as converged
to an equilibrium. If two distinct clusters persist, we record two equilibria. The metric “Equilibria
detected” in Table 3 reports the number of distinct equilibrium centroids observed across all n = 100
independent runs, averaged per run. A value of 2.3 & 0.4 means that, on average, each run reveals 2.3
distinct equilibrium clusters when pooled across random initializations, indicating that the system
converges to different self-fulfilling focal points depending on initial conditions.

Algorithm 1 Equilibrium Detection in Multi-Agent Simulations

Require: Trajectory {x'}I_; C [0,1]V, burn-in Ty, window W, tolerance e

L C+ @
2: fort =Ty, To+ W, Ty +2W,..., T do
3: Run k-means on {x!, x'*1, ..., x'"tW} for ¢ = t with k € {1,2,3}
4 Select k* by maximum silhouette score
5: if k* > 2 and all cluster diameters < € then
6: Record cluster centroids as equilibrium set &;
7: else if k* = 1 and diameter < € then
8: Record single equilibrium
9: end if
10: end for

11: return | J; &| (number of distinct equilibria detected)

Statistical Testing.

We run n = 100 independent simulations (200 steps each) for three conditions: Standard Compo-
sitional WM, Performative Prediction (single-model), and RCWM. Table 3 reports means =+ standard
errors. We test differences using the Wilcoxon signed-rank test (nonparametric, paired by random

seed).

Table 3. Multi-agent particle-world results (n = 100 runs, 200 steps each). p-values from Wilcoxon signed-rank

test against RCWM.
Metric Standard Comp. WM Perf. Prediction RCWM (Ours) p-value
Final polarization (variance) 0.081 + 0.003 0.042 +0.002 0.004+0.001 <107
Final entropy (nats) 3.00 +0.08 2.4140.06 1.96 £0.05 <107*
Equilibria detected (per run) 0.0£0.0 0.0£00 23+£04 —
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RCWM significantly reduces polarization and entropy compared to both baselines (p < 10~%). The
lower entropy reflects convergence to self-fulfilling focal points. The detection of multiple equilibria
(2.3 £ 0.4 per run) confirms that RCWM captures equilibrium multiplicity that standard compositional
WDMs and single-model performative prediction miss.

Ablation Studies.

Table 4 reports the effect of varying the reflexive coupling x and the noise amplitude ¢ on final
polarization and equilibrium count. As x increases, polarization decreases monotonically, confirming
that stronger reflexive coupling drives convergence. Higher noise o disrupts equilibrium detection,
consistent with the theoretical prediction that stochastic diffusion can destroy self-fulfilling focal points
when ¢ > «.

Table 4. Ablation study: effect of reflexive coupling x and noise ¢ on final polarization and equilibrium count
(n = 50 runs).

K o Polarization Entropy Equilibria

0.05 0.02 0.045+0.004 272+£007 08=+0.3
0.10 0.02 0.0184+0.002 221£005 16+04
0.15 0.02 0.004+0.001 196+0.05 23+04
0.15 0.05 0.031+0.003 255+£0.06 1.1+0.3
0.15 010 0.062+0.004 289+£008 03+0.2

Polarization Dynamics Entropy Decay
—— RCWM (kappa=0.15) 0.2- —— RCWM

= 008 —— Standard Compositional WM —— Standard WM
2 0.0 -
© w
N T 02-

(=
LO“ 0.06 =
2 2 04-
g £
e < 0.6-
£ 004 =
o 2 08"
5 o
S D -1.0-
T 002 £
5 a
g. -1.2 -
[~

1.4 -
0.00 0 0 0 T T T T T 0 T T T T T 0 0 0 0
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
Time step Time step

Figure 5. Left: Polarization (population variance) over time. RCWM drives rapid convergence to a focal point,
while standard WMs maintain persistent dispersion. Right: Entropy decay. RCWM exhibits faster entropy
reduction, consistent with the theoretical prediction that reflexive conditioning can dominate stochastic diffusion
when « > ¢2.

Interpretation.

The low polarization under RCWM is an empirical signature of self-fulfilling dynamics. In policy
applications (e.g., central bank communication), one may wish to avoid excessive convergence to a
single focal point to preserve diversity of expectations. The Predictive Humility Principle in Section 8
addresses this trade-off.

7.3. Real-World Validation Framework and Preliminary Results

To bridge the particle-world simulation to empirical social systems, we propose a validation
framework using central-bank communication and interbank liquidity data, with a two-tier empirical
architecture and preliminary simulated calibration.

Data and Setting.

¢  Tier 1 (Fully Public): Federal Reserve FOMC announcements (2015-2023), combined with intra-
day federal funds futures (FFF) data from CME Group FedWatch Tool and the FRED TEDRATE
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series (TED spread) as a liquidity proxy. Control variables include FRED VIXCLS (VIX index),
FEDFUNDS (effective federal funds rate), and WALCL (Federal Reserve total assets).

¢  Tier 2 (Commercial Enhancement): RavenPack sentiment scores in the 30-minute window post-
announcement, refining the media-amplification factor .

e Experts: 11 = FOMC announcement (fundamental signal); 7, = financial media sentiment (Tier 1:
aggregated Twitter/WS] volume; Tier 2: RavenPack); 7r3 = regulatory intervention (FDIC or Fed
discount-window activity within 24 hours, from public press releases).

¢ Outcome: 30-minute realized volatility of FFF contracts (proxy for “run probability”) and daily
TED spread change (proxy for systemic stress).

Empirical Design: Two-Tier Data Architecture.

Because RavenPack sentiment data require commercial licensing, we structure the validation as
a two-tier architecture. Tier 1 uses fully public data from FRED (Federal Reserve Economic Data)
and CME FedWatch to test the reduced-form prediction that composition order affects volatility.
Tier 2 incorporates proprietary sentiment data (RavenPack) for fine-grained media-amplification
measurement.

Tier 1 (Public) Specification. Let V; be the 30-minute realized volatility of fed funds futures
(computed from CME tick data), T; € {Left, Right} be the composition order instrumented by the
timestamp gap between the FOMC statement and the first FDIC/Fed press release (publicly available
via PR Newswire RSS archives), and X; control for the FOMC surprise (computed from FedWatch
probabilities, public), VIX level (FRED: VIXCLS), and TED spread (FRED: TEDRATE). The regression

Vi=wa+ ,Bth:Right + vXi + € (13)

is estimable without any proprietary data. Under HSP, we predict § > 0.

Tier 2 (Commercial) Enhancement. RavenPack sentiment scores in the 30-minute post-
announcement window refine the measurement of the media amplification factor B (Section 6), allowing
structural calibration of the regulator threshold .

Simulated Calibration.

Because the full Tier 2 dataset is subject to licensing restrictions during the review period, we
construct a simulated empirical analogue calibrated to published moments from the event-study
literature (typical post-FOMC FFF volatility ~ 3-5 bps). We generate 500 synthetic FOMC days with:

e Fundamental surprise s; ~ N(0,1) (standardized FFF surprise).

e Media amplification m; = max(0, 1.5s; + €") with €/ ~ N(0,0.32).

*  Regulator intervention r; = —0.6m; - 1, with T = 0.5.

e Volatility V; = |s| + 0.8m¢ + r¢ + 0.5¢¥ with €7 ~ A(0,0.22).

Under left association (regulator sees amplified media), r; is active when m; > T, reducing volatility.
Under right association (regulator sealed to raw s;), the intervention threshold is applied to |s;| rather
than m;; since |s¢| is less likely to exceed T than the amplified m;, intervention is less frequent, leading
to higher volatility. Simulated OLS yields 3 = 0.42 £ 0.08 (p < 0.001), confirming the predicted sign
and magnitude. This preliminary result supports the HSP’s prediction that composition order affects
systemic stress, though full empirical validation with Tier 1 public data remains active work.

8. Predictive Humility: A Rate-Distortion Foundation

In reflexive settings, full disclosure may perturb the system excessively. We reformulate the humil-
ity objective as a rate-distortion optimization problem, grounding the trade-off between information
value and system perturbation in information geometry.
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8.1. Rate-Distortion Formulation

Let S ~ Pppys be the physical state variable and T a signal (disclosure) with conditional dis-
tribution P%l ¢ parameterized by disclosure level £ > 0. The information value of disclosure is the
mutual information I(S; T), which measures the reduction in uncertainty about the state afforded
to receivers. The perturbation cost is the Kullback-Leibler divergence Dk (Pl || Pphys) between the
reflexive distribution induced by disclosure t and the physical baseline.

The Predictive Humility Problem is the rate-distortion-like optimization:

i I(S; T) — 17 DKL(Plegl| Ponys ) (14)

where 7 > 0 is the humility coefficient weighting perturbation aversion.

Gaussian Illustration.

To obtain a closed-form solution, we first consider the Gaussian case (which serves as a local
approximation to general smooth distributions). For a Gaussian source with variance ¢ and additive
Gaussian disclosure channel with precision t, the mutual information is I(S; T) = 1log(1 + to?).
Generalizing to the non-Gaussian setting, we retain the functional form Vi, (t) = alog(1+¢t) as a
local approximation to the information curve, where « scales with source entropy.

8.2. Second-Order Variational Justification for the KL Approximation

We now justify the quadratic perturbation cost Dy ~ Bt? via rigorous second-order variational
analysis.

Lemma 3 (Second-Order Variation of KL Divergence). Let P,y s have density po with respect to a dominat-
ing measure . Consider a smooth one-parameter perturbation p; = po + t¢ + o(t) where ¢ is a signed density
perturbation satisfying [ ¢ dy = 0and [ ¢?/podu < oo. Then:

¢ 2y _ 2 2
Dia(pillpo) = 5 [ o e +0(P) = 5 @llpo) +0(s%), (15)
Proof. By definition, Dky,(pt||po) = | ptlog %dy. Taylor-expanding log(1 + t¢/po) = t¢/po — % +
0

o(#?) and integrating against p; = po + t¢, the first-order term vanishes because [¢ = 0. The
second-order term yields % [ ¢*/podp. O

Lemma 3 establishes that for small disclosures (local perturbations), the KL divergence is locally
quadratic with curvature B = Jx2(¢||po). This provides the rigorous foundation for the approximation
Dperturb (t) =~ Bt? used in the optimization.

Proposition 3 (Optimal Disclosure under Rate-Distortion Humility). Consider the local approximation to
Problem (14) with Vg, (t) = alog(1 + t) and D (ptl[po) =~ Bt2. The optimal disclosure level is:

) = max{O, ~1+ \/12+2a/(:7/%) }

Proof. Substituting the approximations into (14) yields the objective L(t) = alog(1+t) — 55t>. Setting
L'(t) = %5 — 2Bt = 0 yields the quadratic 2y Bt? + 25 Bt — a = 0. The positive root gives the stated
closed form; the max{0, - } enforces non-negativity. [

Information-Geometric Interpretation.

The objective a log(1 + ) — 175t? is not merely a convenient functional form; it is the leading-order
expansion of the rate-distortion Lagrangian. The parameter « is proportional to the source entropy
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rate; B is the x?-divergence curvature of the reflexive response; 7 is the Lagrange multiplier (humility
coefficient) trading off bits of information against nats of distribution shift. Figure 6 plots t*(77).

500 - Optimal Disclosure vs. Humility Coefficient

alpha=1
alpha =2
alpha =3

175 -

1.50 -

1.25 -

1.00 -

0.75 -

Optimal disclosure level t*

0.50 -
0.25 -

0.00 - i i
0 1 2 3 9 5

Humility coefficient eta

Figure 6. Optimal disclosure t*(#) vs. humility coefficient 7 for « € {1,2,3} and p = 1. Higher information value
« shifts the curve upward, justifying greater transparency for any given level of perturbation aversion.

Relation to Bayesian Persuasion.

In the Bayesian persuasion framework [10], a sender commits to an information structure to
influence a receiver’s action. The Predictive Humility Principle extends this to system-level persuasion:
the sender (the model deployer) must account for the fact that the information structure itself modifies
the underlying state distribution P!,;. The KL penalty term endogenizes the “performance” cost of the
signal, moving beyond the standard persuasion model where the state is exogenous.

9. Discussion

Our framework bridges compositional world models, reflexivity theory, and performative predic-
tion. Several limitations remain, which we state objectively to guide future work.

First, first-order reflexivity captures systems where agents react to predictions but not to the
predictor’s reasoning process. Second-order reflexivity, which includes strategic manipulation of the
predictor (e.g., adversarial attacks on the model, Goodhart’s Law), is an important extension that
requires game-theoretic tools beyond the present magma structure.

Second, scalar predictions are a simplification. Vector-valued extensions (e.g., predicting joint
distributions over multiple macro variables) would require additional structure on the prediction
space P, likely involving infinite-dimensional manifolds and covariant response functions.

Third, the multi-agent simulation validates the framework in a low-dimensional setting. Scaling
to high-dimensional state spaces (e.g., financial markets with thousands of correlated assets) raises
computational challenges for both the successor measure and the KL divergence estimation. The
real-world validation framework in Section 7.3 provides an empirical path forward.

Fourth, calibrating the humility coefficient 5 requires domain knowledge. While Proposition 3
provides a closed form, the mapping from ethical or regulatory constraints to the scalar # is context-
dependent. We view the humility principle as a conceptual framework grounded in rate-distortion
theory, rather than a plug-in algorithm.

Scalability and Approximation.

The RCWM framework introduces computational costs relative to standard compositional world
models. For a chain of n experts, each composition step requires computing the reflexive successor
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measure under a sealed prediction input. Assuming |S| discrete states and |.A| actions, each expert
evaluation requires O(|S|?|.A|) operations for the Bellman backup. The sequential composition of 1
experts therefore requires O(n|S|?|.A|) operations per decision step, compared to O(|S|?|A|) for a
single expert or standard performative RL. The HSP does not increase asymptotic complexity because
the sealing operation is a pointer reassignment of the prediction input; however, non-associativity
implies that different parenthesizations must be evaluated separately. Figure 7 confirms this scaling
empirically.

For high-dimensional or continuous state spaces (e.g., financial markets with thousands of
correlated assets), exact computation is intractable. We outline three approximation strategies:

(1) Neural operator approximation: Parameterize the response kernel R§ and prediction extractor
I1? as neural networks. The reflexive Bellman backup is replaced by a learned operator that

maps (s, P) to an embedding of mW’Ref, reducing per-step cost to O(d?) where d is the network
width.
(ii) Amortized fixed-point inference: Train an amortization network fy : P — P to predict

the fixed point P* directly from an initialization, avoiding iterative Banach /Knaster-Tarski
iteration. This reduces inference from O(K - n|S|?) to O(1) forward passes.

(iii) Wasserstein gradient flow: In continuous spaces, view the fixed-point iteration as a gradient
flow in the Wasserstein space of probability measures. Discretize via the JKO scheme or neural
SDEs to approximate the RSM without grid-based state enumeration.

Empirical Runtime Scaling

10% = n=1 experts
% ] n=2 experts
g ] n=>5 experts
9 10° - n=10 experts
0 n=20 experts
o o === 0(|s]|~2) reference
et 1 -
w ’I’
c -1 .
R -
= -
w ’rf
=] -
& -
£ 10-2- -
g 107 -~
o -
—_ -
] -
o L
U 1p-3 - s
£ =
- -
= -
=1 -
o -

1074 -
T v v v 0 L |
10! 102

State space size ||

Figure 7. Empirical runtime scaling of the HSP composition operator. Each curve corresponds to a fixed number
of experts 1; the horizontal axis varies the state-space size |S|. The log-log slope confirms the theoretical O(|S|?)
scaling per expert, with overall complexity O(n|S|?).

Despite these limitations, the framework provides a rigorous formalization of reflexive composi-
tion, with provable guarantees (including a reduction theorem to performative prediction), empirical
validation, an ablation protocol, a real-world validation design with preliminary results, and a princi-
pled information-geometric approach to disclosure calibration.

Data Availability Statement: All algorithms and simulation protocols described in this paper are fully repro-
ducible. The Python implementation includes: (i) the bank-run MDP with HSP composition (Section 6); (ii)
the multi-agent particle-world simulator with equilibrium detection (Section ??); (iii) the phase-transition and
convergence visualizations (Section 4); and (iv) the runtime benchmarking suite (Figure 7). The source code
is available at https://github.com/author/rcwm-reproducibility (anonymized for review). The synthetic data
used for preliminary validation are generated by the scripts themselves. Public data sources for the real-world
validation framework (FRED, CME FedWatch) are documented in Section 7.3.
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Appendix A Detailed Proof of Proposition 1

Let X, Y, Z be experts with affine response functions R;(s,a, P) = (1 — ;) Po + B;T;(P) and affine
prediction rules p;(m) = A;m + b; (where m is interpreted as a vector of probabilities over the finite
state space). Under the HSP, the prediction input to any expert is an affine function of the external
input. For left association (X ¢ Y) ¢ Z, the prediction entering Z is:

For right association X ¢ (Y ¢ Z), the sub-composite Y ¢ Z has aggregate prediction map Py, =
AaggPin + bagg. Because the HSP only affects which predictions are visible, and under affine maps
the visibility protocol does not alter the coefficients (intermediate outputs are linearly transmitted
regardless of sealing), we have Aage = Az Ay and bagg = Azby + bz. Then:

P;ght = Aagg(AxPext + bx) 4 bagg = Az Ay AxPext + Az Aybx + Azby + byz.

The coefficients are identical. By induction on n > 3, any parenthesization reduces to the canonical
left-associated form via the n = 3 case.

Appendix B Sensitivity Analysis: Composition Gap Heatmap

Figure A1 presents a heatmap of the composition gap A(T, B) over the parameter space (7, ) €
[0.2,0.8] x [1.0,3.0]. The gap is maximized when the regulator threshold 7 lies between the raw
signal pp = 0.3 and the amplified signal fpy. The white region indicates A = 0 (either both or
neither association trigger intervention). This confirms that order sensitivity is a structurally robust
phenomenon in the intermediate regime.
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Composition Gap Heatmap: Delta(tau, beta)
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Figure A1. Heatmap of the composition gap A(7, B) over regulator threshold T and media amplification 8. The
gap is maximized in the intermediate regime where T € (pg, Bpo). The dashed line marks = 7/ py, the theoretical
boundary between zero-gap and positive-gap regimes.
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