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Abstract

The steady-state quantum dynamics of a compound sample consisting of a semiconductor double
quantum dot (DQD) system, non-linearly coupled with a leaking superconducting transmission line
resonator, is theoretically investigated. Particularly, the transition frequency of the DQD is taken equal
to the doubled resonator frequency, whereas the inter-dot Coulomb interaction is being considered
weak. As a consequence, the steady-state quantum dynamics of this complex non-linear system exhibits
sudden changes of its features, occuring at a critical DQD-cavity coupling strength, respectively. We
have shown that above the threshold, the electrical current through the double quantum dot follows
the mean photon number into the microwave mode inside the resonator. This might not be the case
anymore below that critical coupling strength. Furthermore, the photon quantum correlations vary
from super-Poissonian to Poissonian photon statistics, i.e. towards single-qubit lasing phenomena at
microwave frequencies.

Keywords: double quantum dot; microwave cavity; inter-dot Coulomb interaction; two-photon
resonance; photon statistics

Dedication to Professor Viktor Dodonov for his 55 Years in Quantum Physics

1. Introduction

The various examples of hybrid circuit quantum electrodynamics (QED) structures exhibit a
variety of quantum effects previously achieved mainly in the quantum optical setups, while presenting
unquestionable advantage in the form of low-size on-chip implementation [1-5]. An emblematic
example is the optical cavity coupling natural atoms and photons, where also lasing phenomena
are accomplished by additionally optically pumping the atom. A successful QED alternative system
playing the role of the active medium that may induce light amplification in the resonant cavity
are the artificial atoms, i.e. semiconducting double quantum dots (DQDs) attached to normal metal
leads assuring the pumping via applied biased voltage [6-9]. The circuit considered is driven by
single-electron tunneling leading to a population inversion in the DQD energy levels such that, in
the resonance condition with the cavity, the electron transport takes place via the emission of energy
quantum into the cavity [10-12]. In consequence, also the excited microwave oscillator in the cavity
may facilitate the current flow in the DQD [13,14].

The advantage of studying DQD-microwave resonator systems is twofold. First of all, the
semiconducting DQDs are perfect candidates for qubits due to their higher degree of tunability and to
the experimentally attainable strong-coupling regime with the electromagnetic cavity demonstrated
in Refs. [15-18]. Secondly, DQDs are very efficient detectors of single itinerant microwave photons,
which is a desirable trait of a quantum system for the realisation of quantum information processing
tasks [19,20]. Needless to say that an electronic interface for the manipulation of the photon statistics
represents a promising environment for the implementation of various applications in nano-device
technology [4,10,21].
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The DQDs coupled to a leaking resonator and immersed in various environments still show
unexplored physics fueling an increasing theoretical interest and further investigations [14,20,22-27].
Also different practical configurations may include weak Coulomb interaction between the charges
[28-32], Kerr nonlinearity and signal driven cavity or DQD [14,33-36]. Thus, numerous theoretical
inquiries demonstrate the control of photon emission via transport properties in the DQD and a variety
of lasing resonances and their signatures in the transport current [28,37-41]. In addition, the Markovian
master equation approach is applied which incorporates the dissipation and decoherence processes
deteriorating the performance of the device due to the interaction with the degrees of freedom of the
electronic and bosonic baths [42,43].

In this work we analyse the quantum dynamics of a complex system formed of a leaking su-
perconducting transmission line resonator mode coupled with a semiconductor DQD qubit, while
focusing on the two-photon resonance between the cavity mode and the energy separation levels of
the DQD. Additionally, the interdot Coulomb interaction is considered weak, allowing for the simulta-
neous presence of two electrons in DQD, but only one in each dot. Compared to the strong Coulomb
interaction, under the two photon resonance condition covered recently [44,45], in the current study
an additional incoherent electronic tunneling channel is established, contributing to the population of
the DQD and facilitating stronger lasing effects in the resonator as a result. In the framework of open
quantum systems we employ the master equation for this system configuration and deduce the photon
number characteristics and the average electronic current in the asymptotic limit of the steady state.
We have found a critical value for the qubit-cavity coupling strengths such that the mean-number of
the cavity photons substantially enhances or suppresses, and so does the electric current through the
DQD sample. This suggests a convenient conversion mechanism of electric current into a microwave
photon flux, or reciprocally. Furthermore, above threshold the electrical current through the double
quantum dot follows the behaviours of mean photon numbers into the microwave mode inside the
resonator, while this might not be the case below that critical point. Finally, the photon correlations
vary from super-Poissonian to Poissonian photon statistics, that is, towards single-qubit lasing effects
at microwave frequencies.

This paper is organized as follows. In Sec. 2 we describe the analytical approach and the system
of interest, while in Sec. 3 we present the equations of motion characterising the considered system.
Sec. 4 presents and analyses the obtained results. The article concludes with a summary given in Sec. 5.

2. Analytical Approach

We consider a hybrid setup made of a semiconducting DQD qubit which is coupled to an
electromagnetic microwave resonator such as a superconducting transmission line. Furthermore, the
DQD system is pumped incoherently via electron tunneling through the dots, by means of the bias
voltage that is assumed to be high. The Coulomb interaction is considered weak, meaning that the
DQD is described by the following possible states, see e.g. Ref. [28]: the null-electron subspace or the
empty-dot state, i.e. |0), together with the single-electron subspaces, where the electron is localized
either on the left, |L), or the right dot, |R), respectively, as well as the mixed state |LR) denoting the
situation when simultaneously two electrons are localised separately in each of the two quantum dots,
with |o) (o| + [L)(L| + |R)(R| + |[LR)(RL| = 1.

Assuming that the corresponding resonator as well as the DQD interaction with the photon or
electronic environmental reservoirs are weak, in the Born-Markov approximations and low tempera-
tures limit [22,28,44-47], one obtains the following master equation for the reduced density matrix p
describing the qubit plus leaking resonator mode subsystem only, i.e.,

d i
Ep(t) t3 [H,p] = ALp + Arp + Acp, (1)

where the entire Hamiltonian, describing the investigated system, is given by
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Here, see e.g. [22,28],

fe -
H, = jaz—i—hr(a*—i—a ) + hue|m) (m| (3)
is the Hamiltonian of two quantum dots, forming the DQD qubit, with € being their energy separation,
while 7 is the inter-dot tunnelling amplitude, whereas u denotes the inter-dot Coulomb interaction

and |m) = |LR). The Hamiltonian
H, = hw,ata + hgtfz(qu +a) 4)

describes the microwave resonator free energy and qubit-cavity interaction, respectively, with w, and
g being the corresponding resonator frequency and coupling strength. The cavity photon creation

(annihilation) operators, at(a), obey the standard commutation relations: [a,a'] = 1, [a,4] = [at,a'] =
0. On the other side, the qubit operators are defined as follows: o; = |L)(L| — |[R)(R|, o = |L)}(R]
and 0~ = |R)(L|, which obey the commutation relations for su(2) algebra, that is, [c",0 "] = 03 and

[02,0%] = £20F. The damping terms, entering in the right-side part of the master equation (1), are

represented as follows:

r
Ap = *%[SL,SZFP]+H.C.,
r
ARp = —TR[sg,st]+H.c.,
K
Ap = —E[aJr,ap]—l—H.c., (5)

where I'y, T'r and « are the corresponding electron tunneling rates and the cavity decay rate, while
[28]: sp. = |o)(L| + |R)(m| and sg = |o)(R]| — |L)(ml|.
Diagonalizing the first two terms of the Hamiltonian (3), using the transformation

|L) = cos (0/2)]e) —sin(6/2)|g),
IR) =sin (6/2)]e) + cos (60/2)|g), (6)

with cos = €/Q), sinf = 2t/Q and Q) = /€2 + (27)?, one arrives at a Hamiltonian H represented
via new qubit quasispin operators, namely, R,p= [«)(B|, {a, B € 0,¢,g,m}, satisfying the commutation
relations: [Ryp, Rprar|=0pp Ruar-0ura R, that is,

H = hQR./2+ hwea'a+ hulm)(m| + hg(cosOR;
— sinf(Reg + Rge)) (a+a'), @)

with R; = |e) (e|] — |g) (g| being the inversion operator.

In the following we assume that the semiconductor DQD exchanges energy with the resonator
mode when its generalized frequency () is equal approximately to the doubled value of the cavity
frequency w;. Then in the interaction picture, given by the unitary operator U(t) = exp(iHyt/h) with
Hy = hQR, /2 + hw,ata, we will arrive at a time-dependent Hamiltonian, H f(t), oscillating fastly in
time. Its contribution to the established quantum dynamics can be obtained via the relation:

A= —%Hf(t) [ athg), (8)

when ¢ < wy, see e.g. [48,49]. As a result, the master equation (1) transforms as:
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d i -
ap(t) + 7 [H, P] = —Tc[Roe + Rom, (Reo + ng)P]
— T [Rog Rem, (Rgo Rme)P]
- 1—‘RS[R + ng ( oe + Rgm)P]
— T'ge Rgo Rine, ( Rem)P]
- ;[(f ap]+ H.c., )
where
H = hweRee —hwgRge + héata 4 hu|m) (m| + hBR.a’a
+ 1g(a™Rge + Rega?). (10)

Here we = B/2 — ws, wg = B/2+ ws, B = 2¢°Qsin® 0/ (02 — w?), ws = g*(O? cos? 0 — w?) / [w, (O —
w?)], 8 = w, —Q/2and § = g>Qsin 20/ 2w, (Q — wy)]. The corresponding rates are:

I, = Trcos?(0/2)/2, Trs=Trsin?(0/2)/2,
Tre = Tgrcos?(0/2)/2, Tgrs =Tgsin®(0/2)/2.

Notice that the master equation (9) was obtained under the secular approximation, i.e., we have
considered that QO +u > I'; /.

In the following Section we shall make use of Eq. (9) in order to obtain the corresponding equations
of motion describing the quantum dynamics of the combined resonator-DQD subsystem.

3. The Equations of Motion

Using the master equation (9), one can obtain the following exact system of equations of motion
describing the entire sample incorporating a semiconductor DQD qubit coupled respectively in two-
photon resonance to the cavity boson-mode, i.e.,

PO = 1 4 orp, P 4 2rp PV — ke (nP”
- (n+ 1)P15+)1)

BY = —igh® — (T + ch)P(l) +2r Py
+ 2rp.p? — K(nP —(n+1)P ;5+)1)

P = —rgp? +or, Y 42 PP — x(nP?
— ()PP,

B = —igP{ —2(Tp+Tgs) P +2r P
+ 2TrP — k(P — (n+1)PY)),

P = i((3+2n)p—26) Py —2ig(n +1)(n +2)
x (B = Byy) = (TR (el
— (+DPY),

B = i(3+2m)p - 20) P — (U400 P — x(np))
~ (n+1PY),
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PO = i((1—2m)p+26)PY) —2ign(n —1)(P - P,

— =P —x(nP® — (n+1)P, + 2P,
B = i((1-2m)p+20) P = (L= )P —x(np)

— (n+ 1P, + 2P0y,
B = —i((1+2n)p—26)PY Zzgn n+1)(P,521 PY)

— 1P® —x(np® - (+1) n+l -pY),
PP = —i((1+2m)p- 2(5) P — TP — e (np}”

— (n+1)PY%, +PY). (1)

The system of equations (11) can be easily obtained using the master equation (9), if one first
gets the equations of motion for paﬁ=<oc|p\ B), «,B € {o,e,g,m}, see also Refs. [50,51], and then
writing the corresponding equations for the following variables: p(o) = Poo, p(l) = Pgg/ p(z) = Omm,
0B = pg, p® = B20ge — pega'?, p®) = B20ge + pega'?, pl®) = 02005 — pgei?, p7) = a*2p00 + pget?,
o) = aerggaJr — apgea and o) = a*pgg{f + apgea. The projection on the Fock states |n), i.e. P,gj) =
(n|pW|n), with j € {0,---,9} and n € {0,00}, will lead us to the system of equations (11), where

Generally, to solve the infinite system of equations (11), one truncates it at a certain maximum
value n = 1,4y so that a further increase in its value, i.e. #,,4x, does not modify the obtained results.
As a consequence, the steady-state cavity-mode photon mean number, i.e. (n) = (a'a), is expressed as:

Nmax
(ny =Y n(P¥ + PV + PP + PY), (12)
n=0
with
Nmax
Y (P + PV + PP 4 PPy = 1.
n=0

The current I, through the DQD qubit is proportional to the population in the state |R) and |m), that is,

Iy = [elTR(IR)(R| + |m)(m|) (13)
— Je|Tr Y (cos? (8/2)PV + P 1 sin? (6/2)P),
n=0

where ¢ is the electron charge. In Exp. (13) we have applied the transformation (6) and the secular
approximation.
The corresponding steady-state second-order cavity photon correlation function is defined in the
usual way [52], namely,
< +2a2>

8(2) 0) = e (14)

Nimax

1
= TZ n(n—1)(P\” + PV + P 4 p?).

Note that ¢(2) (0) < 1 means sub-Poissonian, (2 (0) > 1 super-Poissonian, and g(? (0) = 1 Poissonian
photon statistics.

In the following Section we shall describe the photon resonator quantum dynamics, as well as the
steady-state behaviours of the electrical current, based on results obtained from Egs. (11-14).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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4. Results and Discussion

Figure 1(a) shows the steady-state dependence of the mean cavity photon number as a function of
the DQD-resonator coupling strength, near two-photon resonance, i.e. () ~ 2wy, extracted from the
system of equations (11). Particularly, the decay rates were selected within the secular approximation,
that is, smaller than qubit frequency (), in concordance with the valability of the master equation
(9). As a result, we observe a threshold transition when the mean-photon number abruptly changes
from lower to higher values, or conversely, by slightly varying the qubit-resonator coupling strength.
Actually, this behaviour is typical for an externally coherently pumped and leaking cavity mode,
containing a Kerr-like non-linearity [33,34], for instance. Here, however, this behaviour is due to the
unilateral electronic pumping of the DQD sample, i.e. from the left to the right.

T 0.5/
(a) (b)

] =
~ =

2 20 2 0.25
5}

O’ n n L L] O’ I I 1 ]
0.02 0.04 0.06 0.08 0.0 0.04 0.06 0.08
g/wr g/wr

Figure 1. The steady-state behaviour of (a) the cavity mean photon number (1) = (a*a) and (b) the steady-state
dependence of the current I; through the DQD system, as a function of ¢/w,. Here 7/¢ = 0.1, ¢/w, = 1.96,
I1/wy =Tr/wy =0.03,x/w, =7-10"%

On the other side, Figure 1(b) depicts the steady-state current through the DQD qubit, which is
proportional to the populations in the state |R) and |m). It follows the same behaviour as the mean
photon number, compare Figure 1(b) and Figure 1(a). Therefore, measuring the current through the
DQD one can estimate the photon flux leaking out from the cavity mode, or vice versa. Practically, the
described process is a useful tool to convert electric current into microwave photons in DQD-cavity
systems. Moreover, the cavity photons obey the super-Poissonian statistics below the threshold, i.e.
¢@(0) > 2, see Figure (2), which changes to Poissonian photons statistics above the threshold, i.e. to
microwave photon lasing effects where ¢g()(0) = 1. Furthermore, around the threshold, the photon
correlation evidently enhances. Also, g2 (0) does not converge for g/w, = 0, since (1) = 0, so one
should proceed with non-zero values for DQD-cavity coupling strengths in this particular case.

) L |

0, ‘ ‘ ‘ B
0.02 0.04 0.06 0.08

glw,

Figure 2. The normalized steady-state second-order photon-photon correlation function g(?)(0) versus the ratio

g/ wy. Other parameters are as in Figure 1.

We proceed further by describing the corresponding quantum dynamics versus the experimentally
controllable DQD energy separation €, while all other parameters are being fixed. The resonator-DQD
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coupling strength g will be selected below or above the threshold, see Figure 1(a) and Figure 1(b),
respectively. Thus, Figure 3(a) depicts the mean cavity photon number in these situations. Particularly,
near resonance condition, i.e. when Q) =~ 2w, one can observe a plateau where the mean cavity photon
number varies not much, while the scaled energy separation €/w; is scanned around the resonance.
Then it drops to zero out of the resonance. Above the threshold, i.e. when g/w; = 0.06, the current
again follows the resonator mean photon number, see Figure 3(b). However, this is not longer the
case below the threshold, that is when ¢/w, = 0.04, compare the insets in Figure 3(a) and Figure 3(b),
respectively. Furthermore, within the plateau region, the photon statistics is a Poissonian one, since
g(z) (0) &~ 1, see Figure (4) above the threshold. On the other side, below the threshold condition, the
photon statistics is highly super-Poissonian, see the inset in Figure (4). So, one has stable single-qubit
lasing effects above the critical value of the cavity-DQD coupling strength, that is, above the threshold.

40’ - 0.5; i
0.4 ]

30} = i 0.022 T
~ = 03¢ J\ ]

£ 20; 13 T 0.02} :
0k ‘ ‘ ] E‘ O'Zf 0.018% \ ‘ ] ]

10 1.9 1.94 198 2.02 1.9 1.94 1.98 2.02
0.1¢ 1
0t ‘ ‘ = 0.0 ‘ ‘ 7]
1.9 1.94 1.98 2.02 1.9 1.94 1.98 202

€/w, €/w,

Figure 3. The steady-state behaviours of (a) the mean cavity photon number (1) = (a'a) and (b) the current I,
through the DQD system, as a function of € /w;. Here T/w; = 0.196 and g/w, = 0.06, while the inset depicts the
case when g/w;, = 0.04, i.e. below the threshold. Other parameters are as in Figure 1.

22F
- 1
& 11 ‘ ‘ ‘
oo 19 194 198 202
O, ‘ ‘ ‘ ]
1.9 1.94 1.98 2.02

€/w,

Figure 4. The normalized steady-state second-order photon-photon correlation function g(?)(0) versus the ratio
€/wy. Other parameters are as in Figure (3).

5. Summary

Summarizing, we have investigated a semiconducting DQD qubit coupled in two-photon res-
onance with a leaking microwave resonator where the pumping of the qubit is achieved via the
environmental electronic reservoirs. Particularly, the inter-dot Coulomb interaction is assumed weak,
while the focus is on calculating the mean photon cavity number, under the secular approximation,
with a corresponding accent on an obtained critical value for the qubit-resonator coupling strength
where the steady-state photon number changes abruptly. Moreover, the corresponding photon statistics
vary from super-Poissonian to Poissonian photon statistics. Also, the electric current through the
DQD system follows the cavity-mode steady-state photon number behaviours, particularly, above the
threshold. This way, one achieves lasing effects in microwave frequency domains, while converting

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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electric current in a photon flux. Respectively, one can estimate the intensity of the photon flux,
generated in the cavity mode, via measuring the electric current, or conversely.
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