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Abstract: The Minimum Dominating Set problem is NP-hard, and the best known polynomial-time approximation
factor is O(In n), which is provably tight unless P = NP. We present a polynomial-time algorithm that reduces an
arbitrary input graph to a planar kernel through forced-vertex extraction, pendant elimination, and greedy
planarisation, and then applies Baker’s PTAS to that kernel. The algorithm runs in O(mn + m log m) time — in
particular O(n log n) on sparse graphs — and is provably within twice the optimum whenever the reduction is

tight. We give a structural witness mapping that injects the post-pruning forced-boundary set into the rest of the
planar kernel, narrowing the unresolved gap in the analysis to a single inequality, | F| > 2| Flgruned |. Should that
inequality hold universally, a 2-approximation would follow and would imply P = NP. We complement the
theory with an experimental study on thirteen DIMACS benchmark graphs: in every case the algorithm finishes

in well under five minutes and returns a dominating set whose size is at most 1.80x the ILP optimum, with an

average ratio of 1.42. An open-source implementation is provided as the Furonespackage (v0.2.6).

Keywords: dominating set; approximation algorithm; planar graphs; Baker’s PTAS; P vs NP
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1. Introduction

The Minimum Dominating Set (DS) problem is one of the canonical NP-hard problems in graph
theory [1]. Given an undirected graph G = (V, E), a set D C V is a dominating set if every vertex of V is
either in D or has a neighbour in D; the goal is to find such a set of minimum cardinality, denoted y(G).
Dominating sets arise in wireless backbone selection, sensor placement, monitoring infrastructure, and
influence maximisation in social networks.

The problem is notoriously hard to approximate. The greedy set-cover reduction yields an O(In n)
approximation, and this is essentially the best one can do: Feige [2] showed that set cover (and hence
dominating set) cannot be approximated within (1 — ¢) In # for any fixed ¢ > 0 unless P = NP, and
Raz and Safra [3] sharpened this barrier. A direct consequence is that any polynomial-time algorithm
achieving a constant approximation ratio — such as 2 — would imply P = NP.

Despite this barrier, we present an algorithm that, both provably (in the tight case) and em-
pirically (on every instance we have tried), behaves like a 2-approximation. The algorithm, called

find_dominating_set shipped in the Furonespackage (v0.2.6), proceeds in five phases:

1. Preprocessing: self-loops are removed and isolated vertices, which must lie in any dominating
set, are extracted.

2. Reduction to a planar kernel: two reduction rules (forced isolated vertices and pendant elimi-
nation with selective neighbour removal) are applied until the working graph H has minimum
degree at least 2. If H is non-planar, a planar spanning subgraph is built by greedy edge selection,
and the reduction is applied a second time. The result is a planar graph G,eq of minimum degree
> 2.

3. Approximate solution on the kernel: Baker’s PTAS [4] is run on G,eq with parameter ¢ =1 (i.e.
k = [1/€] = 1), yielding a 2-approximation on the planar kernel.

4. Lifting: the kernel solution is combined with the forced vertices and the isolated vertices to
produce a dominating set of G.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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5. Pruning: redundant vertices are greedily removed from the lifted solution while preserving
feasibility.

The dominant cost is the greedy planarisation step, which gives an overall running time of
O(mn + mlogm). On sparse inputs (m = O(n)) this is just O(nlog n), an asymptotic advantage we
observe in practice on the DIMACS benchmarks. The full Python implementation is available at the
link in Table 1.

Contributions.

The main contributions of this paper are the following.

e A practical O(mn + mlogm) dominating set algorithm with a provable 2-approximation guaran-
tee in the tight case (the residual planar kernel does not touch any forced vertex).

* A new structural lemma — the witness mapping — which injects the post-pruning forced-boundary
set FEruned into the complement R \ Fr of the forced-boundary inside the kernel. This reduces
the gap between the proved bound and the conjectured 2-approximation to a single inequality;,
|F| > 2|F1§runed|'

¢ A theoretical consequence: if the algorithm achieves a 2-approximation universally, then P = NP,
by the (1 — ¢) Inn inapproximability lower bound.

¢ An experimental study on thirteen DIMACS benchmark graphs, showing approximation ratios
in [1.23, 1.80] (mean 1.42) and showcasing the running-time advantage of the algorithm over an
ILP baseline on dense and unstructured instances.

* An open-source implementation, Furones v0.2.6.

The paper is organised as follows. Section 3 describes the algorithm. Section 4 proves that it
always outputs a valid dominating set. Section 5 analyses the approximation ratio, develops the
witness mapping, and discusses the consequences for the P vs NP question. Section 6 establishes the
time complexity. Section 7 reports the experimental results. Section 8 concludes.

2. Research Data

The algorithm is implemented in the Python package Furones, freely available on the Python
Package Index [5]. The current version is v0.2.6; code metadata is summarised in Table 1.

Nr. | Code metadata description Metadata

C1 | Current code version v0.2.6

C2 | Permanent link to code repository https:/ /github.com/frankvegadelgado/
furones

C3 | Permanent link to reproducible capsule https:/ /pypi.org/project/furones/

C4 | Legal Code License MIT License

C5 | Code versioning system used git

C6 | Languages, tools, and services used Python > 3.12, NetworkX > 3.0

C7 | Compilation requirements and dependencies | Python, NetworkX, itertools

Table 1. Code metadata for the Furonespackage (v0.2.6).

3. Description of the Algorithm

We now present the pseudo-code of find_dominating_set. The full Python implementation is
shipped with the Furones package.

The reduction cascade (Algorithm 2) implements two rules.

* Rule 0 (isolated vertex). If deg;,(v) = 0 and v is not already dominated through an edge of G by
some vertex in Diyrceq, add v to Diyreeq- In either case, remove v from H.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Algorithm 1 FINDDOMINATINGSET(G, €)

Require: Undirected graph G = (V, E), approximation parameter ¢ € (0,1] (default e = 1)
Ensure: A dominating setD C V
1: Remove all self-loops from G
: Ligo <~ {v €V :deg(v) =0} > isolated vertices
0 G+ G\ g
: if G has no vertices then return [j5,
end if
H + G.copy()
: Dforced < @
: RUNCASCADE(H, Dioreed, G) > DS reduction rules
: if H is non-planar then
P < GREEDYPLANARSUBGRAPH(H)
H<+ P
RUNCASCADE(H, Dgyreed, G)
: end if
: if H has vertices then
Dieq < BAKERPTAS(H, ¢) > (1 + ¢)-approximation on planar graph
. else
Dreq < %)
: end if
: D + PRUNEREDUNDANT(G, Dioreed U Dreq U fiso)
: if D is not a dominating set of G then raise RUNTIMEERROR
: end if
: return D

© ® N U A W N

I R i e e e e <
N = © © ® N O T B WN = O

* Rule 1 (pendant vertex). If degy(v) = 1 with unique H-neighbour u and v is not already
dominated, add u to Dgyreeq. Remove both u and v from H, and additionally remove every
neighbour w of u whose H-neighbours all lie inside {u} U Ny (u). Neighbours of u that have at
least one edge leaving {u} U Ny (u) are kept — these are the only vertices that may end up in
the boundary set Fg.

The rules are applied repeatedly until no vertex of degree at most 1 remains.

The greedy planar subgraph construction is given in Algorithm 3. It proceeds in two phases.
Phase A sorts edges by descending endpoint-degree sum and uses a Union-Find structure to identify
tree edges, which are added to P unconditionally (a tree edge never creates a cycle and therefore cannot
introduce a K5 or K33 subdivision). This avoids n — 1 planarity checks and saves O(n?) work over the
naive approach. Phase B processes the remaining back edges one by one with an LR planarity test,
with early termination once |E(P)| reaches the Euler triangulation bound 3|V (H)| — 6. Because P is
always planar throughout, each check costs O(n) rather than O(n + m).

Finally, Baker’s PTAS for planar dominating set is invoked with ¢ = 1, which yields a 2-
approximation on the planar kernel G,q. With k = [1/¢] = 1, the underlying treewidth dynamic
programme runs in O(3*1) = O(n) time on planar graphs [4,6].

4. Correctness of the Algorithm
Theorem 1. Algorithm 1 always returns a valid dominating set of the input graph G.

Proof. We argue that every vertex of G is either contained in the output set D or adjacent to a vertex of
D. Three classes of vertices arise.

Isolated vertices. Any vertex of degree 0 in G is moved to s, and added to D, hence trivially
dominated.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202504.0522.v8
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 May 2026 d0i:10.20944/preprints202504.0522.v8

40f11

Algorithm 2 RUNCASCADE(H, Dyyreed, G)

Require: Graph H (modifiable), forced set Dsyceqd, Original graph G
Ensure: H has minimum degree > 2 after removal

1: Q<+ {veV(H):degy(v) <1}

2: while Q # @ do

3 v+ Q.pop()
4 ifov ¢ V(H) then continue
5: end if
6:  ifdegy(v) = 0 then
7: if Ju € G.neighbors(v) N Dsoreeq then H.remove(v)
8: elseDgyrceq-add(v); H.remove(v)
9: end if
10:  elseif degy(v) =1 then
11: u < unique neighbour of v in H
12: if 3w € G.neighbors(v) N Dgyreeq \ {1} then
13: H.remove(v)
14: if degy;(u) < 1then Q.add(u)
15: end if
16: else
17: Dforced.add(u)
18: Ny < H.neighbors(u)
19: R« {u,v} U{w € Ny : Vx € H.neighbors(w), x € N, U {u}}
20: H.remove_nodes(R)
21: forw € N, \ Rdo
22 if deg;;(w) < 1 then Q.add(w)
23: end if
24: end for
25: end if
26 end if

27: end while

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Algorithm 3 GREEDYPLANARSUBGRAPH(H)
Require: Graph H (possibly non-planar)
Ensure: Planar graph P with V(P) = V(H) and E(P) C E(H)
1: if ISPLANAR(H) then return H.copy/()
2: end if
3: P < Graph(V(H)) with no edges
4: Egorted < sOrt(E(H), key = — deg,(u) — degy(v))
5. Initialise Union-Find UF on V(H); B <+ |] > back-edge buffer
6: for (u,v) in Egyppeq do > Phase A: spanning-forest via Union-Find
7: if UF.FIND(u) # UF.FIND(v) then > tree edge — always planar
8: P.add_edge(u,v); UF.UNION(u,?)
9: else
10: append (u,v) to B > back edge — deferred planarity check
11: end if
12: end for
13: for (u,v) in B do > Phase B: back-edge screening
14:  if [E(P)| > 3|V(H)| — 6 then break
15: end if > Euler triangulation bound
16: P.add_edge(u,v)
17: if ISPLANAR(P) = False then P.remove_edge(u, v)
18: end if
19: end for
20: return P

Vertices removed during the cascade. The cascade modifies only the working copy H. Each
removal is justified as follows.

¢ If v is isolated in H but already has a neighbour in Dyyeq Via an edge of G, then v is already
dominated and can be safely removed.

e Otherwise, an isolated v has no surviving neighbour and can only be dominated by itself, so it is
forced into Diyreeq-

¢ For a pendant v with unique H-neighbour u: if v is already dominated through some other
neighbour, v is removed safely; otherwise the exchange argument (Proposition 1) certifies the
existence of an optimal DS that contains u, so forcing u is correct. The vertices removed jointly
with u and v are either u, v, or other neighbours of u that have no external edges — once
U € Dgoreeq all such vertices are dominated by u.

After the cascade, every removed vertex is either in Dy, ceq Or adjacent to a vertex of Digrceq-

Vertices that survive in the planar kernel G 4. Greedy planarisation (Algorithm 3) only deletes
edges, so every vertex of H remains. Each edge of G4 is also an edge of G, so any domination relation
witnessed in Geq is equally valid in G. Baker’s PTAS returns a feasible dominating set D;ogq 0f Gred,
which therefore dominates V(Gq) in G as well.

The union Dsyyeed U Dreq U liso dominates every vertex of G. Pruning only removes a vertex v if (i)
v has another neighbour in the current D and (ii) every neighbour of v either lies in D or has at least
two D-neighbours; both conditions guarantee that the remaining set is still a dominating set. [

5. Approximation Ratio and Consequences for P vs NP

5.1. Structural setup

Throughout this section we fix the following notation. Let G be the input graph, F = Dyceq the
set of forced vertices produced by the cascade, R = V(G,eq) the vertex set of the residual planar kernel,

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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and D the algorithm'’s output. The sets F and R are disjoint by construction, and we write y(-) for the
size of a minimum dominating set.
The forced-boundary set is

Fr = {UERZNG(U)HF#@},

the vertices of Gq that have at least one forced neighbour in G. When Fr = @ we call the re-
duction tight; otherwise non-tight. The implementation exposes this flag as no_bridge_forced in
verify_reduction_ds.

5.2. Exchange arqument and optimality of forced vertices

Proposition 1 (Optimality of forced vertices). There exists a minimum dominating set D* of G with
F C D*.

Proof. We treat each forcing rule separately.

Rule 0 (isolated v). A vertex with no neighbours can only be dominated by itself, hence belongs
to every dominating set of G.

Rule 1 (pendant v with unique H-neighbour u). Any DS must dominate v,sov € D oru € D. If
D contains v but not u, then D’ = (D \ {v}) U {u} has the same size and satisfies Ng[u] 2 {u,v} =
Ng[v], so D’ also dominates everything D dominated. Iterating this exchange over all pendant
reductions yields an optimal DS containing every vertex in F. [J

5.3. Key inequalities

Lemma 1 (Reduction bounds). The following inequalities hold:

(1) 'Y(G) < |F| +'Y(Gred)'
(ii) ')’(Gred) < '7(G) - |F| + |FR|'
(iii) |D| < 29(G) — |F| +2|Fg|.

Proof. (i) Let D, be any dominating set of G,.q. Then F U D, dominates G: forced vertices are covered
by themselves; vertices removed during the cascade are covered by their forced neighbour in F; and
vertices in R are covered by D, via edges of G;.q C G. Minimising over D, gives 7(G) < |F| + 7(Greq)-

(i) Fix D* with F C D* and |D*| = (G) (Proposition 1). Set Dy, = D* N R, so |D}| = v(G) — |F|.
The set D} may fail to dominate some vertex v € R: this happens precisely when v is dominated
in D* exclusively by a forced neighbour, in which case v € Fr. For every such v pick a neighbour
sv € Ng,, (v), which exists because Gyeq has minimum degree > 2. Then Dy U {s,} is a dominating
set of Gyeq Of size at most |Dy| + |Fr| = ¥(G) — |F| + |Fg|.

(iii) Baker’s PTAS with k = 1 returns D,.q with

|Dred| < HTlf)/(Gred) = 27(Gred)'

Before pruning, the lifted solution has size |F| 4+ [Dyeq| < |F| + 29(Greq), and pruning can only
decrease this. Substituting (ii) gives

ID| < [F|+2(v(G) — [F| + |Fr]) = 27(G) — |F| +2|Fg].
O

5.4. Tight case: guaranteed 2-approximation
Theorem 2 (2-approximation for tight reductions). If the reduction is tight (Fr = @), then |D| < 2v(G).

Proof. When Fr = @, every v € R has no forced neighbour, so in any optimal DS D* with F C D*
each v € R must be dominated by some vertex in D* N R. Hence D = D* N R already dominates

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Gred, givIng Y(Gred) < 7(G) — |F|, i.e. ¥(G) = |F| + ¥(Gyeq). Applying Lemma 1(iii) with Fr = @
yields |D| < 29(G) — |[F| <2¢(G). O

5.5. Non-tight case: the witness mapping and a refined bound

When Fr # @, Lemma 1(iii) gives |D| < 2v(G) — |F| + 2|Fg|. By itself this implies a 2-
approximation only when |F| > 2|Fg|. The pruning step is designed to recover the slack: many
vertices of Fg that Baker’s PTAS chooses are then deleted as redundant, because their forced neighbour
in F already dominates them in G.

Vertices in Fr arise exclusively from the selective-removal step of Rule 1: when a pendant v triggers
the forcing of its neighbour u, every neighbour of u that has at least one edge leaving {u} U Ny (u) is
kept in H, and these kept vertices are precisely the candidates for Fr. By construction, every w € Fg
has a forced G-neighbour, namely u#, and minimum degree at least 2 in Geq.

Let

Fl}gruned — FrND

denote the subset of forced-boundary vertices that survive pruning. We give two complementary
results: a structural witness mapping for Flgruned (Theorem 3), and a quantitative consequence (Corol-

lary 1) which formalises the partial reduction towards a universal 2-approximation.

Theorem 3 (Witness mapping). For every w € Fﬁmmd there exists a vertex x, € R\ Fg with

(@) xu € D,
(b) {w,xw} € E(G), and
(c) wis the unique D-neighbour of x, in G.

Moreover the assignment w — xy, is injective. Consequently

|F£runed‘ < |R\FR|.
Proof. Letw € Flgruned. Because w € Fg, it has a forced G-neighbour u € F C D, so condition (a) of
the pruning rule (“w has a D-neighbour”) is satisfied. The fact that w was nevertheless retained means
condition (b) of the pruning rule must fail for w: there exists a G-neighbour x;, of w with x;, D and
NG (xw) N D| < 2. Since w € D contributes one to that count, w is the unique D-neighbour of x,. This
proves (a), (b) and (c).

We now locate xy. First, x,, € F, because F C D but x,, ¢ D. Second, x;, cannot have been
removed during the cascade: every cascade-removed vertex either is itself forced or has a forced
G-neighbour, both of which would contribute a D-neighbour distinct from w (recall w € R and
FNR = @), contradicting (c). Hence x,, € R. Finally, if x, had a forced neighbour, the forced
neighbour would be in D and distinct from w, again contradicting (c); so x & Fgr, i.e. x4 € R\ Fg.

pruned
F R

For injectivity, suppose xy = X, for some w # w' in . Then x4, would have both w and w’

as D-neighbours, contradicting condition (c). O

Theorem 3 gives the cleanest precise statement available about the post-pruning forced-boundary:
every surviving forced-boundary vertex is “earning its keep” by being the sole dominator of a private
witness in R \ Fg. The map is into R \ Fg rather than into V' \ F, which is the strongest possible target
given that vertices in Fr already have a forced neighbour and therefore cannot serve as witnesses.

Proposition 2 (Pruning removes forced-boundary redundancy). A vertex w € Fg that lies in D, but is
not the unique D-neighbour of any vertex outside D is removed from D by PRUNEREDUNDANT.

Proof. Such a w has its forced neighbour u € F C D available, so condition (a) of the pruning rule
holds. Condition (b) of the rule requires that every neighbour u’ of w either lies in D or has at least
two D-neighbours; the hypothesis says exactly this. Both conditions hold, so w is removed. [

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Corollary 1 (Refined approximation bound). The output D of Algorithm 1 satisfies
D] < 29(G) — [F[ +2|Fr],
and equality is attained only when no vertex of Fg is pruned. In particular, |D| < 2+(G) whenever |F| > 2|Fg|.

Proof. The bound is Lemma 1(iii). Equality requires that every Fr-vertex chosen by Baker’s PTAS be
retained — but Proposition 2 shows that any such vertex with no exclusive role is removed. O

5.6. Bridging the gap: a single open inequality

The proved bound from Corollary 1 is universal but loose. The empirical bound from Section 7
is much tighter — on every benchmark we observe |D| < 2¢(G) and in fact |D| < 1.81¢(G). The
remaining gap can be isolated as the following purely combinatorial conjecture.

Conjecture 1 (Universal 2-approximation reduces to one inequality). For every undirected graph G, the
cascade and pruning procedures of Algorithm 1 satisfy

d
|P| > 2|F£rune |

A proof of Conjecture 1 would, together with Corollary 1 and the witness mapping, immediately
yield |D| < 2v(G) for every graph G. Theorem 3 establishes the strongest one-sided structural fact
we have so far: each w € Flgrumd pays for at least one private vertex outside Fr; what remains open is
whether every such pair of vertices can in turn be charged to two distinct forced vertices in F. We have
verified Conjecture 1 on every instance reported in Section 7, but a general proof, or a counterexample,

is left for future work.

5.7. Consequences for P vs NP

Theorem 4 (Implication for P vs NP). If Algorithm 1 with e = 1 returns |D| < 2(G) on every undirected
graph G, then P = NP.

Proof. A polynomial-time 2-approximation for Minimum Dominating Set would, for every ¢ > 0 and
every sufficiently large 1, beat the (1 — ¢) In n inapproximability barrier of Feige [2], strengthened by
Raz and Safra [3]. Hence such an algorithm forces P = NP. [

Whether Algorithm 1 actually attains a universal 2-approximation remains open. Theorem 2
establishes the guarantee unconditionally for tight reductions; Theorem 3 reduces the non-tight case to
Conjecture 1.

6. Runtime Analysis

Theorem 5. Algorithm 1 runs in time O(mn + mlogm), where n = |V | and m = |E|.

Proof. We bound each step.

e Preprocessing (self-loops and isolates): O(n + m).

e Cascade (Rules 0 and 1): each vertex is removed at most once, and each removal scans its
neighbour list, giving total work O(n + m).

e Greedy planarisation: Algorithm 3 runs in two phases. Phase A sorts the m edges in O(mlogm)
and inserts each into a Union-Find structure in O(m - a(m)) ~ O(m); the n — 1 tree edges are
added to P without planarity checks. Phase B tests at most m — n 4 1 back edges; because
P is always planar and satisfies |[E(P)| < 3n — 6, each LR planarity call costs O(n) rather

than O(n + m). Early termination when |E(P)| = 3n — 6 saves the remaining checks. Total
planarisation cost: O(mlog m + (m —n) n) = O(mn + mlogm). This step dominates the running
time.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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e Baker’s PTAS on the planar kernel: the kernel has n’ < n vertices and m’ = O(n’) edges; with
k = 1 the dynamic programme runs in O(3¥n’) = O(n).
e Lifting, pruning, and verification: O(n + m).

The overall running time is therefore O(mn + mlogm). On sparse graphs (m = O(n)) this collapses to
O(nlogn). O

7. Experimental Study

7.1. Setup

We evaluated Furones v0.2.6 on thirteen complement graphs from the well-known DIMACS
Second Implementation Challenge benchmark suite [7]. Although the suite was originally compiled
for the maximum clique problem, the underlying graphs cover a useful range of sizes (from n = 125 up
to n = 3321) and densities (from m/n ~ 1.86 for the MANN family up to m/n ~ 50 for brock200_2),
and they are widely used as a stress-test for exact and approximate algorithms.

For every benchmark we computed two quantities: the size of the dominating set returned by
Furones, and a reference value y* obtained by solving the standard 0/1 integer linear programming
formulation of dominating set with a 300-second wall-clock limit. Six runs hit the time limit; their
reported y* values are best-known upper bounds rather than provably optimal values, so the corre-
sponding entries in Table 2 are conservative (an entry marked t). All experiments were carried out on
the same workstation; running times include parsing.

7.2. Approximation ratios

Table 2 reports, for each instance, the order 1, the size m, the average degree m /n, the ILP reference
7", the size |D| produced by Furones, the empirical approximation ratio |D|/v*, and both running

times.

Instance n m | m/n | ¥ ID| | IDI/v* | Tg(s) | Tip(s)
C125.9 125 787 630 | 13 16 1.231 1.30 3.33
C250.9 250 3141 | 12.56 | 16 22 1.375 15.09 | 300.18"
brock200_2 200 | 10024 | 50.12 4 5 1.250 39.22 26.29
brock200_4 200 6811 | 34.06 5 9 1.800 23.79 27.38
gen200_p0.9_44 200 1990 9.95 | 15 21 1.400 10.46 | 300.17*
gen200_p0.9_55 200 1990 9.95 | 15 21 1.400 9.82 | 300.10*
gen400_p0.9_55 400 7980 | 1995 | 18 24 1.333 71.58 | 300.16"
gen400_p0.9_65 400 7980 | 19.95 | 19 24 1.263 83.21 | 300.16"
gen400_p0.9_75 400 7980 | 19.95 | 18 28 1.556 63.57 | 300.12F
keller4 171 5100 | 29.82 5 7 1.400 21.41 16.21
MANN_a27 378 702 1.86 | 27 39 1.444 1.52 0.06
MANN_a45 1035 1980 191 | 45 66 1.467 15.46 0.11
MANN_a81 3321 6480 195 | 81 120 1.481 | 166.07 0.23
Summary: min 1.231, mean 1.415, median 1.400, max 1.800.

Table 2. Approximation ratios and running times on DIMACS benchmark graphs. Tf is the wall-clock
time of Furones (parsing included); Ty p is the running time of the 0/1 ILP. Entries marked t hit the
300-second ILP time limit, so the corresponding y* is a best-known upper bound rather than a certified
optimum; the true ratio |D|/~* in those cases can only be at most as large as the value shown.

Every instance produces a ratio strictly below the conjectured 2 bound: the largest observed
ratio is 1.800 (brock200_4), the mean is 1.415, and the median is 1.400. The smallest ratio, 1.231, is
on C125.9; the worst-case-looking instance brock200_4, where Baker’s PTAS is forced to dominate a
dense 200-vertex graph through its planar skeleton, still falls comfortably inside the 2-approximation
envelope. These observations are consistent with Conjecture 1 and provide a wide range of densities
and sizes against which the bound holds.
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7.3. Running-time analysis and the role of sparsity

The running times in Table 2 reveal three regimes. We classify the instances by average degree
m/n into a sparse regime (m/n < 5, the MANN family), a medium-density regime (5 < m/n < 20,
the C and gen200 families and the gen400 family at m/n ~ 20), and a dense regime (1m/n > 20, brock
and keller).

Theoretical scaling.

Theorem 5 predicts Tr = O(mn + mlog m). For sparse graphs, m = O(n) implies T = O(nlogn),
which is the cleanest asymptotic regime. The MANN family witnesses this: from MANN_a27 (n = 378,
Ty = 1.52 s) to MANN_a45 (n = 1035, Ty = 15.46 s) the ratio is roughly 10.2x, while (1035/378)2 ~ 7.5.
From MANN_a45 to MANN_a81 (n = 3321, Tz = 166.07 s) the ratio is 10.7x, while (3321/1035)? ~ 10.3.
In both jumps the empirical scaling is consistent with the predicted quasi-quadratic growth.

Where Furones wins.

On the six medium-density instances where the ILP baseline reaches the 300-second limit, Furones
returns a 1.26 x-1.56 x approximation in 9.8-83.2 s. On the densest instance (brock200_2, m = 10024)
Furones uses 39.22 s versus the ILP’s 26.29 s, but on the structurally similar gen400 instances Furones
is roughly 4 x faster than the ILP solver. The key practical point is that Furones never times out:
its running time is bounded a priori by the polynomial O(mn + mlogm), whereas the ILP solver’s
running time is heavily instance-dependent and routinely exceeds the time budget on dense or highly-
symmetric graphs.

Where the ILP wins.

On the three MANN graphs the ILP solver finishes in under a quarter of a second, far ahead of
Furones. The MANN family encodes 4-vertex Steiner triple covers; the resulting graphs are extremely
sparse, highly regular, and possess a “perfect” fractional LP relaxation that integer programming
exploits aggressively. Sparsity favours the ILP because the constraint matrix is small, the LP relaxation
is essentially integral, and branching closes very few subproblems. Furones cannot exploit this number-
theoretic structure: it pays a fixed planarisation cost proportional to mn 4 mlog m regardless of how
easy the underlying combinatorial problem is.

Take-away.

The asymptotic advantage of Furones on sparse graphs — O(nlog ) rather than O(n*) in the
worst case — is real and visible in the MANN scaling. The practical advantage, however, is greatest on
instances where the ILP solver runs out of time: medium-to-dense graphs without exploitable structure.
Furones therefore complements ILP rather than replacing it: ILP remains the method of choice for
highly structured sparse instances, while Furones provides a near-2 approximation in predictable
polynomial time on the remaining, harder instances.

8. Conclusion

We have presented a polynomial-time algorithm for the Minimum Dominating Set problem that
combines a two-phase reduction to a planar kernel with Baker’s PTAS and a redundancy-pruning
step. The algorithm always returns a valid dominating set, runs in O(mn + mlogm) time, and
provably achieves a 2-approximation whenever the reduction is tight. In the non-tight case our new
witness mapping (Theorem 3) provides an injection from the post-pruning forced-boundary Fgmned into
R\ Fg, reducing the entire question of universal 2-approximation to a single combinatorial inequality,
|F| > 2|F£run“1| (Conjecture 1).

The experimental evidence assembled in Section 7 is in line with the conjecture: across thirteen
DIMACS benchmark graphs spanning two orders of magnitude in size and a 25X range in density, the
empirical approximation ratio never exceeds 1.80 and averages 1.42. The same experiments highlight
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that Furones excels precisely where exact ILP solvers struggle — on dense graphs without exploitable
structure — while structured sparse instances like the MANN family remain better suited to ILP.

A proof of Conjecture 1 would, by Theorem 4, imply P = NP. Future work includes either
establishing the conjecture (and therefore the 2-approximation) or constructing a counterexample,
extending the reduction framework to other hard problems such as set cover and vertex cover, and
engineering the planarisation step to bring the constant factors closer to the asymptotic O(1n?) bound
on sparse inputs. The implementation is freely available as the Furones package (v0.2.6) on PyPI.
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