
Article Not peer-reviewed version

Subradiant Decay in 2D and 3D Atomic

Arrays

Nicola Piovella * and Romain Bachelard

Posted Date: 17 November 2025

doi: 10.20944/preprints202511.1160.v1

Keywords: superradiance; subradiance; cooperative emission

Preprints.org is a free multidisciplinary platform providing preprint service

that is dedicated to making early versions of research outputs permanently

available and citable. Preprints posted at Preprints.org appear in Web of

Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0

license, which permit the free download, distribution, and reuse, provided that the author

and preprint are cited in any reuse.

https://sciprofiles.com/profile/1336710
https://sciprofiles.com/profile/4893695
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


Article

Subradiant Decay in 2D and 3D Atomic Arrays
Nicola Piovella 1,* and Romain Bachelard 2

1 Dipartimento di Fisica "Aldo Pontremoli", Università degli Studi di Milano, Via Celoria 16, I-20133 Milano, Italy
2 Departamento de Física, Universidade Federal de São Carlos, Rodovia Washington Luís, km 235 - SP-310, 13565-905 São

Carlos, SP, Brazil
* Correspondence: nicola.piovella@unimi.it

Abstract

Subradiance is a phenomenon where coupled emitters radiate light at a slower rate than independent
ones. While its observation was first reported in disordered cold atom clouds, ordered subwavelength
arrays of emitters have emerged as promising platforms to design highly cooperative optical properties
based on dipolar interactions. In this work we characterize the eigenmodes of 2D and 3D regular
arrays, using a method which can be used for both infinite and very large systems. In particular, we
show how finite-size effects impact the lifetimes of these large arrays. Our results may have interesting
applications for quantum memories and topological effects in ordered atomic arrays.

Keywords: superradiance; subradiance; cooperative emission

1. Introduction
Dicke superradiance corresponds to the enhancement of the radiation rate by N emitters due to

coherence effects [1,2], as opposed to subradiance for which it is inhibited [3,4]. Recently, the subradiant
suppression of radiative decay has spurred strong interest due to its potential applications for quantum
memories [5,6], excitation transfer [7,8] and topological photonics [9]. Many-atom subradiance has
been observed almost ten years ago in disordered clouds of cold atoms, with long lifetimes evidencing
the phenomenon [10].

More recently, ordered sub-wavelength arrays of atoms have emerged as a promising configu-
ration to achieve subradiance, with distinct advantages over disordered ensembles for applications
such as photon storage or photonic gates [11–16]. In these systems, the emitters are regularly arranged
with a spatial period below the atomic transition wavelength, so the dipolar interactions lead to strong
cooperative optical properties.

In this context, infinite lattices offer interesting insights on the scattering properties of these
arrays. The single-excitation eigenmodes of the scattering problem are translationally invariant and
obey Bloch’s theorem. This allows one to define the quasi-momentum k and calculate explicitly the
collective frequency shift and decay rate of each of these modes [15]. Differently, in finite systems these
collective features can only be accessed by numerical diagonalization, leading to severe limitations
on the system size which can be simulated. Furthermore, most studies on subradiance in ordered
systems have focused on one-dimensional (1D) atomic chains [6–8,17–21] and two-dimensional (2D)
arrays [9,13–15,22], with investigations on the three-dimensional configurations lacking [23]. We
note that while the band structure of 2D and 3D arrays have been studied through the density of
states [24–26], the connection between this phenomenon and subradiance has not been yet clarified.

In this work, we investigate the cooperative decay rates of 2D and 3D atomic array, using a
technique where the discrete sums over the emitters is turned into an angular integral. It provides the
cooperative rate for the quasi-modes in infinite arrays [27]. But it is also particular convenient to study
the rates of large size systems, for which the technique provides a good approximation, and numerical
diagonalization are out of reach. Used successfully for 1D systems [27], we show the collective decay
rates of the associated generalized Dicke state (also called generalized Bloch state [28]) can also be
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derived explicitly for 2D and 3D arrays. The work thus opens new perspectives for the study of
cooperative scattering in large, regular atomic systems.

2. Microscopic Modeling of Atomic Arrays
2.1. Coupled Dipole Model

Let us consider N atoms with transition frequency ω0 = ck0 between the ground state |gj⟩ and
the excited state |ej⟩ (j = 1, . . . , N), linewidth Γ0 = k3

0d2
ge/(3πϵ0h̄), where h̄ is the Planck constant,

ϵ0 the vacuum permittivity and dge the electric-dipole transition matrix element. The atoms are at
fixed positions rj and have transition dipole moments dj, with dj = dged̂j. In the Born-Markov
approximation, one can trace out the quantized light fields and obtain the field-mediated dipole-dipole
couplings between the atoms described by an effective Hamiltonian [29]:

H = −h̄
N

∑
j,m=1

d̂∗
j · G(rj − rm) · d̂mσ†

j σm, (1)

where σj = |gj⟩⟨ej| is the lowering operator for atom j. The dyadic Green’s tensor G for the electro-
magnetic field in the 3D free space in vacuum is given by

G(r) =
3Γ0

2
eik0r

k0r

{
I− n̂n̂ + (I− 3n̂n̂)

(
i

k0r
− 1

k2
0r2

)}
, (2)

where I is the identity tensor 3 × 3, r = |r| and n̂ = r/r. The dyadic Green’s tensor (2) can be obtained
from the scalar Green’s function G(r) = exp(ik0r)/(k0r) [30]

G(r) =
3Γ0

2

[
I+ 1

k2
0
∇∇

]
G(r). (3)

If we assume that all transition dipoles point in the same direction, d̂j = d̂, such as in presence of a
strong external field, the interaction term between atoms j and m read

Gjm = d̂∗
j · G(rjm) · d̂m =

3Γ
2

[
1 +

1
k2

0
(d̂ · ∇rjm)

2

]
eik0rjm

k0rjm
, (4)

with rjm = rj − rm and rjm = |rjm|. Note that Gjm has both a real and imaginary part, which describe
the photon exchange between the atoms and their collective emission out of the system, respectively.
Throughout this work we focus our attention on the imaginary part of Gjm, defining

Γjm = Im[Gjm] =
3Γ0

2

[
1 +

1
k2

0
(d̂ · ∇rjm)

2

]
sin(k0rjm)

k0rjm
. (5)

Introducing the angular average

⟨ f (θ0, ϕ0)⟩Ω =
1

4π

∫ 2π

0
dϕ0

∫ π

0
sin θ0 f (θ0, ϕ0)dθ0,

and using the property ⟨e−ix cos θ⟩Ω = (sin x)/x, we can rewrite Γjm as an angular average of the
photon exchange term between the two atoms

Γjm =
3Γ0

2

〈[
1 − (d̂ · k̂0)

2
]
e−ik0·(rj−rm)

〉
Ω

, (6)
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where k0 = k0(sin θ0 cos ϕ0, sin θ0 sin ϕ0, cos θ0) and k̂0 = k0/k0. The remarkable property of Eq. (6) is
that the contribution of the two atoms can now be factorized, which will allow us to calculate explicitly
the collective decay rates, as we will later see.

2.2. Generalized Dicke State

We hereafter consider regular atomic arrays with lattice step d, with atoms at positions
rjx ,jy ,jz = d[(jx − 1)êx + (jy − 1)êy + (jz − 1)êz] with jx = 1, . . . Nx, jy = 1, . . . , Ny and jz = 1, . . . , Nz,
so N = Nx NyNz is the total number of atoms. We then introduce the generalized Dicke states [27], or
generalized Bloch states [28]:

|k⟩ = 1√
N

N

∑
j=1

eik·rj |j⟩. (7)

The single-excitation states are |j⟩ = |g1, . . . , ej, . . . , gN⟩ and k ∈ S , where S is the volume of first
Brillouin zone in the reciprocal lattice, i.e., |kx|, |ky|, |kz| ≤ π/d. It includes the symmetric Dicke
state [1] for k = 0 , as well as the timed-Dicke state introduced in Ref. [31,32] for a driving with
wavevector k = k0. The family {|k⟩} satisfies the completeness relation(

d
2π

)3 ∫
S

d3k|k⟩⟨k| = 1. (8)

For a finite lattice these states are not orthogonal since

⟨k′|k⟩ = sin[(kx − k′x)dNx/2]
sin[(kx − k′x)d/2]

sin[(ky − k′y)dNy/2]

sin[(ky − k′y)d/2]
sin[(kz − k′z)dNz/2]

sin[(kz − k′z)d/2]
ei(k−k′)·rNx ,Ny ,Nz . (9)

nevertheless, in the limit of an infinite lattice the asymptotic property ⟨k′|k⟩ → δ(3)(k − k′) turns the
set {|k⟩} into an orthonormal basis for the single-excitation manifold.

2.3. Collective Decay Rate

The collective decay rate of mode k is defined as [27]

Γ(k) = −1
h̄

Im⟨k|H|k⟩ = 1
N

N

∑
j=1

N

∑
m=1

Γjmeik·rjm . (10)

Eq. (10) corresponds to the Fourier transform of Γjm only if the lattice is infinite, when modes (7) are
the Bloch states and set {k} is discrete. Nevertheless, treating k as a continuous variable in Eq. (10)
is a good approximation for the mode when N is sufficiently large [15]. We hereafter refer to Γ(k) as
the “continuous spectrum” of the decay rate. We highlight that we are not referring to the discrete
spectrum of the eigenvalues of the system, described by the non-Hermitian Hamiltonian (1), but rather
to the imaginary part of the expectation value of the effective Hamiltonian on the collective state of
Eq. (7), describing the interference among the (single-photon) fields emitted by N atoms. In particular,
in the infinite N limit, Γ(k) is precisely the decay rate of mode k, yet in the finite-N case, the exact rate
must be obtained by diagonalizing the full matrix (1).

Inserting the cross decay term (6) into (10) leads to

Γ(k) =
3Γ0

2N

N

∑
j=1

N

∑
m=1

〈[
1 − (d̂ · k̂0)

2
]
ei(k−k0)·rjm

〉
Ω

=
3Γ0

2N

〈[
1 − (d̂ · k̂0)

2
]
|F(k)|2

〉
Ω

, (11)
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where we have introduced the structure factor

F(k) =
N

∑
j=1

ei(k−k0)·rj . (12)

Using this explicit equation, let us now investigate the decay rates for a 2D square lattice and a 3D
cubic lattice.

3. Two-Dimensional Square Lattice
3.1. General Expression of the Decay Rate

For a 2D atom array in the plane (x, y), with rj = d[(jx − 1)êx + (jy − 1)êy] with jx = 1, . . . Nx

and jy = 1, . . . , Ny, the rate (11) reads

Γ(kx, ky) =
3Γ0

2Nx Ny

〈[
1 − (d̂ · k̂0)

2
]
|F(kx, ky)|2

〉
Ω

, (13)

where the structure factor now factorizes for each direction:

F(kx, ky) =

(
Nx

∑
jx=1

ei(kx−k0 sin θ0 cos ϕ0)d(jx−1)

) Ny

∑
jy=1

ei(ky−k0 sin θ0 sin ϕ0)d(jy−1)

. (14)

Summing over jx and jy, we obtain

|F(kx, ky)|2 =
sin2[(kx − k0 sin θ0 cos ϕ0)dNx/2]

sin2[(kx − k0 sin θ0 cos ϕ0)d/2]
×

sin2[(ky − k0 sin θ0 sin ϕ0)dNy/2]

sin2[(ky − k0 sin θ0 sin ϕ0)d/2]
. (15)

The property
sin2(Nt)

sin2 t
≈ N2

+∞

∑
m=−∞

sinc2[(t − mπ)N] (16)

can then be used, along with the assumption of large Nx and Ny, to write the decay rate as

Γ(kx, ky) =
3Γ0

8π
Nx Ny ∑

(mx ,my)∈Z2

∫ 2π

0
dϕ0

∫ π

0
dθ0 sin θ0

×
[
1 − (d̂x sin θ0 cos ϕ0 + d̂y sin θ0 sin ϕ0 + d̂z cos θ0)

2
]

× sinc2
[(

kx −
2πmx

d
− k0 sin θ0 cos ϕ0

)
dNx

2

]
× sinc2

[(
ky −

2πmy

d
− k0 sin θ0 sin ϕ0

)
dNy

2

]
. (17)

where gα = 2πmα/d, α = x, y, are the components of the reciprocal lattice vector g. Note that
different values of g correspond to different Brillouin zones. In order to perform the integration
over the angles θ0 and ϕ0, we introduce the variables vx = (kx − gx − k0 sin θ0 cos ϕ0)/2 and vy =

(ky − gy − k0 sin θ0 sin ϕ0)/2, which leads to

Γ(kx, ky) =
3Γ0

πk2
0

Nx Ny ∑
mx ,my

∫
dvx

∫
dvy

sinc2(vxdNx)sinc2(vydNy)√
1 − C2(vx, vy)

×
{

1 −
[

d̂xCx(vx) + d̂yCy(vy) + d̂z

√
1 − C2(vx, vy)

]2
}

. (18)
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We have here defined

Cx(vx) = (kx − gx − 2vx)/k0, (19)

Cy(vy) = (ky − gy − 2vy)/k0, (20)

so that C2(vx, vy) = C2
x(vx) + C2

y(vy) < 1. The final expression forthe rate then depends on the lattice
size, (Nx, Ny), and we first discuss the case of an infinite 2D system.

3.2. Infinite Square Array

In the limit Nx, Ny → ∞, using the property sinc2(vx,ydNx,y) → (π/dNx,y)δ(vx,y) in the rate
expression (18) leads to

Γ(kx, ky) =
3Γ0π

(k0d)2 ∑
mx ,my

1√
1 − C2(0, 0)

(
1 −

[
d̂xCx(0) + d̂yCy(0) + d̂z

√
1 − C2(0, 0)

]2
)

,

(21)

with the condition C2(0, 0) < 1, i.e., (kx − gx)2 + (ky − gy)2 < k2
0: Each term of the sums in Eq. (21) is

different from zero inside a circle of radius k0 and center in g. This allows us to recover the result of
Ref. [15] for parallel polarization, with the dipoles oriented in the array plane (d̂z = 0):

Γ∥(k) =
3Γ0π

(k0d)2 ∑
g

k2
0 − [d̂ · (k − g)]2√

k2
0 − |k − g|2

, (22)

as well as for perpendicular polarization, with the dipoles orthogonal to the 2D array plane (d̂x = d̂y =

0):

Γ⊥(k) =
3Γ0π

(k0d)2 ∑
g

|k − g|2√
k2

0 − |k − g|2
, (23)

with g = (gx, gy) the reciprocal array vector introduced previously. Figure 1 shows Γ(kx, ky)/Γ0 as a
function of kxd and kyd for d = λ0/5 and d = λ0 (λ0 = 2π/k0 is the atomic transition wavelength),
and for dipoles oriented along the x-axis. The black areas correspond to dark states, with Γ(kx, ky) = 0:
They have a suppressed emission, akin to subradiant modes, yet reaching Γ(kx, ky) = 0 in this infinite-
size limit. Note that for d < λ0/2 only the terms gx = 0 and gy = 0 contribute to the sums in Eq. (21),
while for λ0/2 < d < λ0, the terms gx = ±2π/d and my = ±2π/d also contribute.

0

5

10

15

20

kxd

kyd Γ/Γ0(a)

1

2

3

4

kxd

kyd (b) Γ/Γ0

Figure 1. Collective decay rate Γ/Γ0 in the k = (kxd, kyd) plane for the infinite array with (a) d = λ0/5 and (b)
d = λ0, and dipoles oriented along the x-axis.

3.3. Finite Square Array

The collective decay rates for a finite square are obtained from integral (17), for finite Nx and
Ny. A particular case is that of the mode (kx, ky) = (0, 0), which can be addressed, for example, using
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a laser with wave vector perpendicular to the atomic plane, as done in Ref. [22]. Figure 2 shows
Γ(0, 0)/Γ0 as a function of the normalized step k0d, for a square array of N × N = 10 × 10 atoms, with
dipole polarization d̂ = (0, 0, 1) for panel (a) and d̂ = (1, 0, 0) for panel (b).

The dashed red lines are the solution for an infinite lattice, see Eq. (21), and we observe that they
provide a good estimate of the decay rates, apart from the strongly superradiant or subradiant ones. In
particular, the rate of the symmetric mode goes to Γ(0, 0) = N2Γ0 for a vanishing step k0d → 0 (out of
scale in the figure): This corresponds to the superradiant case in the subwavelength regime, which
scales as the number of particles [1].

As for subradiance, for perpendicular polarization [panel (a) in Figure 2], the collective decay
rate is close to zero for subwavelength array step, 0 < k0d < 2π (i.e., d < λ0). Differently, for parallel
polarization [panel (b)] the decay rate is less than the single-atom decay one Γ0 only for π < k0d < 2π,
and its value is overall much larger. The origin of this much more efficient suppression of the emission
in the perpendicular polarization channel can be found in the pattern of the dipole radiation, which
is in the atomic plane in that case so the light remains confined in the system, whereas for parallel
polarization the dipole radiation has a substantial component out of the atomic array, thus promoting
stronger leaks of the radiation out of the lattice.

0 2 4 6 8 1 0 1 2 1 40 . 0
0 . 5
1 . 0
1 . 5
2 . 0
2 . 5
3 . 0
3 . 5
4 . 0

Γ(0
,0)

/Γ 0

k 0 d

( b )

0 2 4 6 8 1 0 1 2 1 4
0 . 0
0 . 5
1 . 0
1 . 5
2 . 0
2 . 5
3 . 0
3 . 5
4 . 0

Γ(0
,0)

/Γ 0

k 0 d

( a )

Figure 2. Γ(0, 0)/Γ0 vs k0d for a square N × N lattice with N = 10 and polarization (a) perpendicular to the plane,
d̂ = (0, 0, 1), and (b) within the atomic plane, d̂ = (1, 0, 0). The dashed red lines are the solution for an infinite
lattice, provided by Eq. 21). In the case (a), Γ(0, 0) = 0 when 0 < k0d < π for an infinite lattice.

3.4. Large-N Limit for the Finite Square Array

For a large but finite lattice (1 ≪ Nx, Ny < ∞), and considering modes along the x direction
(ky = 0) and with dipoles perpendicular to the 2D array (d̂ = ẑ), an approximate expression for the
subradiant region of the spectrum Γ(kx, ky) can be derived. Indeed, assuming kx > k0 and d < λ0/2 in
the integral (18) we obtain, for g = 0 and up to terms O(1/N2

x,y) (see Appendix A):

Γ(kx, 0) =
3πΓ0

2(k0d)3
√

kxd

kxd
√

Nx

sin
[

1
2 arctan

(
1
v0

)]
(1 + v2

0)
1/4

− 4
√

2√
Nx

√√√√v0 +
√

1 + v2
0

1 + v2
0

,

(24)

where v0 = (dNx/4kx)(k2
x − k2

0). In the limit dNx ≫ 4kx/(k2
x − k0)

2 (that is, far from the subradiant
boundary |kx| = k0), Eq. (24) can be approximated by

Γ(kx, 0) ≈ 6πΓ0

(k0d)3Nx

kx(2k2
0 − k2

x)

(k2
x − k2

0)
3/2

, (25)
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which is valid for k0 < |kx| <
√

2k0. Hence, in the subradiant region (|kx| > k0) the rate scales as
Γ(kx, 0) ∼ 1/Nx. In the superradiant region |kx| < k0, for large Nx the expression is close to the
solution for an infinite chain (21), which diverges for |kx| = k0. Indeed, for |kx| = k0 and large Nx,
Eq. (24) approximates as Γ(k0, 0) ≈ 3πΓ0

√
Nx/(2k0d)3.

These features are illustrated in Figure 3, where the exact solution of Γ(kx, 0)/Γ0 from Eq. (17)
[continuous blue line] is compared with the approximate solution (24) [dashed red line] as a function
of kxd, in the region 0 < kx < π/d. The dash-dotted black line is the infinite chain solution (21), with
the vertical dotted line marking the value kx = k0.

0 . 0 0 . 5 1 . 0 1 . 5 2 . 0 2 . 5 3 . 0
0 . 0

0 . 5

1 . 0

1 . 5

2 . 0

2 . 5

3 . 0

Γ(k
x,0

)/Γ
0

k x d

Figure 3. Collective decay rate Γ(kx, 0)/Γ0 as a function of kxd, for a square array with d = 0.8λ0 and Nx = 10,
with a polarization orthogonal to the array (d̂ = (0, 0, 1)). Full blue line: exact solution (18); Red dashed line:
approximate solution (24); Dash-dotted line: solution for the infinite chain (21). The vertical dotted line stands for
the value kx = k0.

3.5. Finite Square Array: Radial Mode Distribution

For an infinite square array with perpendicularly oriented dipoles [d̂ = (0, 0, 1)], the rate Γ(kx, ky)

presents a radial symmetry around (mx, my) = (0, 0) – see Eq .(23). Let us exploit this symmetry, now
for a finite array, with Nx = Ny = N ≫ 1. Substituting kx = k⊥ cos θ, ky = k⊥ sin θ, vxdN = v cos θ′

and vydN = v sin θ′ into Eq. (18), we then use the approximation sinc2(vxdN)sinc2(vydN) ≈ 1/(1 +

v4/4). For a subwavelength step d < λ0/2, it leads to

Γ(k⊥) =
3Γ0

π(k0d)2

∫ ∞

0

v
1 + v4/4

∫ 2π

0

C2(v, θ)√
1 − C2(v, θ)

dθdv, (26)

where C(v, θ) =
√
(k⊥/k0)2 − 4(k⊥/k0)(v/k0dN) cos θ + (2v/k0dN)2.

Figure 4(a) shows the behavior of Γ(k⊥) for d = λ0/4 and different values of N, from a numerical
integration of Eq. (26). If we now introduce v′ = v/N in Eq. (26), it now takes the form

Γ(k⊥) =
3Γ0N2

π(k0d)2

∫ ∞

0

v′

1 + N4v′4/4

∫ 2π

0

C2(v′, θ)√
1 − C2(v′, θ)

dθdv′ (27)

where C(v′, θ) =
√
(k⊥/k0)2 − 4(k⊥/k0)(v′/k0d) cos θ + (2v′/k0d)2 is independent on N. This allows

us to deduce that in the large N limit, Eq. (27) scales as 1/N2. This analysis is confirmed by the
numerical analysis of Eq. (26), shown in Figure 4(b), where the 1/N2 trend is observed already for
N ≥ 10.
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Figure 4. Collective decay rate Γ(k⊥)/Γ0 as a function (a) of k⊥/k0 for a square array and N = 10 (blue line),
N = 50 (red line) and N = 100 (black line), and (b) of N for k⊥/k0 = 1.2 (pink boxes), 1.5 (red triangles) and 2
(black circles); the dashed line in (b) shows the 1/N2 dependence. All simulations realized for d = λ0/4.

4. 3D Cubic Atom Array
Let us now consider a 3D cubic array, with atoms at positions rj = d[(jx − 1)êx + (jy − 1)êy +

(jz − 1)êz] with jx = 1, . . . Nx, jy = 1, . . . , Ny and jz = 1, . . . , Nz. The rate of mode k(kx, ky, kz) (11) now
writes

Γ(k) =
3Γ0

2Nx NyNz

〈[
1 − (d̂ · k̂0)

2
]
|F(k)|2

〉
Ω

, (28)

where

|F(k)|2 =
sin2[(kx − k0 sin θ0 cos ϕ0)dNx/2]

sin2[(kx − k0 sin θ0 cos ϕ0)d/2]
(29)

×
sin2[(ky − k0 sin θ0 sin ϕ0)dNy/2]

sin2[(ky − k0 sin θ0 sin ϕ0)d/2]
× sin2[(kz − k0 cos θ0)dNz/2]

sin2[(kz − k0 cos θ0)d/2]
.

Assuming a large array, Nx, Ny, Nz ≫ 1, and using the same transformation as in Eq. (18) for 2D arrays,
the rate rewrites

Γ(k) =
3Γ0

2πk2
0

Nx NyNz ∑
g

∫
dvx

∫
dvysinc2(vxdNx)sinc2(vydNy)

×
1 −

[
d̂xCx(vx) + d̂yCy(vy) + d̂z

√
1 − C2(vx, vy)

]2

1 −
√

1 − C2(vx, vy)

×
{

sinc2
[(

kz − gz − k0

√
1 − C2(vx, vy)

)
dNz

2

]
+ sinc2

[(
kz − gz + k0

√
1 − C2(vx, vy)

)
dNz

2

]}
(30)

where C2(vx, vy) < 1. Here, g = (2π/d)m is the reciprocal lattice vector, with m = (mx, my, mz) ∈ Z3.

4.1. Infinite 3D Array

In the infinite array limit, Nx, Ny, Nz → ∞, one can use the property sinc2(vαdNα) →
(π/dNα)δ(vα) to simplify rate (30) as

Γ(k) =
3π2Γ0

2πk2
0d3 ∑

g

{
1 −

[
d̂ · (k − g)

]2
}

δ[|k − g| − k0]. (31)
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Each term of the sum in Eq. (31) is thus an infinitely-thin shell of center g and radius k = k0.
We note that in Ref. [15] subradiant modes in infinite 1D and 2D arrays have been described

as "guided", since the associated radiation fields are evanescent in the directions transverse to the
array. In contrast, in 3D arrays the radiation modes are extended over space, in all directions. Thus,
differently from the 1D and 2D cases, the subradiant modes in finite 3D arrays cannot be identified
using the results of the infinite arrays, as it has been possible in 1D and 2D arrays. This has lead to
focusing on the numerical diagonalization of the scattering matrix to determine the eigenvalues in the
finite-N case [15]. In our approach, subradiant modes in a finite 3D array have a finite width around
the surface k = k0, as we will discuss in the next section.

4.2. Decay Rate for Mode Along an Axis of the Finite Cubic Array

Considering a cubic array with a large size, Nx, Ny, Nz ≫ 1, an approximate solution for the decay
rate Γ(kx, ky, kz) can be derived from Eq. (30). In the subradiant region of the spectrum, k > k0 with
g = 0 and considering for instance modes with polarization along the z axis and along the kx one
(k = (kx, 0, 0)), we derive, up to terms O(1/N2

x,y,z) (see Appendix B):

Γ(kx, 0, 0) =
3πΓ0Nx

2(k0d)2 sinc2
(

dNx(kx − k0)

2

)
. (32)

Note that for kx = k0, using that N = Nx NyNz is the total number of atoms in the cubic array with
edges Ly = Nyd and Lz = dNz, the rate rewrites Γ(kx, 0, 0) = 2b0Γ0 where b0 = (3π/4)N/(k2

0LyLz) is
the resonant optical thickness. In contrast, Γ(kx, 0, 0) decreases as 1/Nx when kx moves away from k0,
both inside and outside the shell, toward the dark zone. In Figure 5 the rate Γ(kx, 0, 0)/Γ0 as a function
of kxd shows the very good agreement between the exact expression (28) and the approximate one (32).

0 . 0 0 . 5 1 . 0 1 . 5 2 . 0 2 . 5 3 . 0
0

5

1 0

1 5

2 0

2 5

3 0

3 5

4 0

Γ(k
x,0

,0)
/Γ 0

k x d

Figure 5. Collective decay rate Γ(kx, 0, 0)/Γ0 as a function of kxd for a cubic array with step d = λ0/4 and size
Nx = Ny = Nz = 20, as calculated from the exact expression (28) (full black line) and from the approximated
expression (32) (red dashed line).

In conclusion, for an infinite 3D array subradiance appears almost everywhere, except when
|k − g| = k0. For a finite cubic array, subradiant states are close to those of the infinite array, but with
the sharp surfaces of the spectrum turned into smooth ones, with tails in the dark regions whose
widths decrease as the inverse of the atom number N.
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5. Conclusion
We have thus characterized the decay rates of 2D and 3D atomic arrays, identifying families of

Bloch states with strong subradiance properties. In particular, we have shown that using an integral
representation to deal with the sum over the many emitters allows one to obtain explicit expressions
for the rates, but also to study finite-size effects in different dimensions. With the recent realization of
a subradiant 2D atomic array mirror [22], the development of techniques to study systems too large to
be studied directly by numerical diagonalization is a crucial task.

While the present work addressed the single-excitation regime, the possibility to use two-level
atoms to manipulate multiple-photons states calls for the extension of such methods to the many-body
regime [33–35]. In particular, combining the long lifetimes of subradiant modes with the photon-
photon interactions achieved through dipolar or Rydberg interactions could allow for the creation of
tunable atomic platforms for photon manipulation.
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Appendix A. Approximate Solution Γ(kx, 0)
We can obtain an approximate solution of Γ(kx, ky) of Eq. (18) for a lattice which is finite, yet

assuming Nx, Ny large. To this end, we change the integration variable from vx and vy to v′x = vxdNx

and v′y = vydNy, which leads to:

Γ(kx, ky) =
3Γ0

π(k0d)2 ∑
mx ,my

∫
dv′x

∫
dv′y

sinc2(v′x)sinc2(v′y)√
1 − C2(v′x, v′y)

×
{

1 −
[
d̂xCx(v′x) + d̂yCy(v′y) + d̂z

√
1 − C2(v′x, v′y)

]2
}

(A1)

where Cα(v′α) = (kα − 2πmx/dα − 2v′α/dNα)/k0 and C2 = C2
x(v′x) + C2

y(v′y). In Eq. (A1) the depen-
dence on Nx and Ny is in Cx(v′x) and Cy(v′y), respectively; furthermore, the sinc2(v′x,y) is appreciable
only for |v′x,y| < π. We are looking for an approximate solution for the subradiant region of the
spectrum under the condition that in the integral of Eq. (A1) C2(v′x, v′y) < 1. Let us consider the
spectrum along the kx axis (ky = 0), for dipoles perpendicular to the 2D array (d̂ = (0, 0, 1)). Taking
gx = gy = 0, we obtain, up to terms O(1/N2

x,y):

C2(v′x, v′y) ≈
1
k2

0

[
k2

x −
4kx

dNx
v′x

]
. (A2)

Inserted in Eq. (A1), we obtain the rate

Γ(kx, 0) =
3Γ0

2k0d

√
Nx

kxd

∫ +∞

v0

dv
sinc2(v)√

v − v0

[
k2

x

k2
0
− 4kxv

k2
0dNx

]
, (A3)
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where v0 = (dNx/4kx)(k2
x − k2

0). In the subradiant region, when k0 < |kx| < π/d, using sinc2(v) ≈
1/(1 + v2) the integrals in Eq. (A3) can be solved exactly as

Γ(kx, 0) =
3πΓ0

2(k0d)3

(kxd)3/2√Nx
sin[(1/2) arctan(1/v0)]

4(1 + v2
0)

1/4
− 4

√
kxd
Nx

√√√√v0 +
√

1 + v2
0

2(1 + v2
0)

.

(A4)

Appendix B. Approximate Solution Γ(kx, 0, 0)
An approximate solution of Γ(kx, ky, kz) from Eq. (30) can be obtained for a finite cubic lattice

assuming Nx, Ny, Nz large. In the subradiance region of the spectrum, we consider the spectrum along
the direction kx axis (ky = kz = 0) and for dipoles oriented along the z-axis (d̂ = (0, 0, 1)). Taking
g = 0, Eq. (30) takes the form

Γ(kx, 0, 0) =
3Γ0

πk2
0

Nx NyNz

∫
dvx

∫
dvysinc2(vxdNx)sinc2(vydNy)

×
C2(vx, vy)√

1 − C2(vx, vy)
sinc2

[(
k0

√
1 − C2(vx, vy)

)
dNz/2

]
. (A5)

By changing the integration variables as vxdNx → vx and vydNy → vy, we obtain up to terms
O(1/N2

x,y)

Γ(kx, 0, 0) =
3Γ0Nz

(k0d)2

∫
dvxsinc2(vx)

× V2(vx)

k0

√
k2

0 − V2(vx)
sinc2

[(√
k2

0 − V2(vx)

)
dNz/2

]
, (A6)

where V2(vx) = k2
x − 4kxvx/dNx. Introducing η = (dNx/2)(kx − k0), we can write

k2
0 − V2(vx) =

4k0

dNx
(vx − η)− 4

η2

d2N2
x
+ 8

vxη

d2N2
x
≈ 4k0

dNx
(vx − η)

if we neglect the terms proportional to 1/N2
x . Then we obtain for the rate

Γ(kx, 0, 0) =
3Γ0Nz

2(k0d)2

∫ ∞

η

sinc2(vx)√
(vx − η)/k0dNx

[
1 − 4(vx − η)

k0dNx

]
× sinc2

[(√
k0d(vx − η)N2

z /Nx

)]
dvx. (A7)

Changing the integration variable into t =
√

k0d(vx − η)N2
z /Nx we obtain

Γ(kx, 0, 0) =
3Γ0Nx

(k0d)2

∫ ∞

0
sinc2(t)sinc2

[
η +

Nxt2

k0dN2
z

][
1 − 4t2

(k0d)3N2
z

]
dt. (A8)

If we also neglect the terms (Nxt2/k0dN2
z ) and 4t2/[(k0d)3N2

z ] (large size limit), we obtain

Γ(kx, 0, 0) =
3πΓ0Nx

2(k0d)2 sinc2(η) =
3πΓNx

2(k0d)2 sinc2[dNx(kx − k0)/2)]. (A9)
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