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Abstract: This paper proposes a robust finite difference method on a fitted Shishkin mesh to solve
a system of n singularly perturbed convection-reaction-diffusion differential equations with two
small parameters. Defined on the interval [0,1], this system exhibits boundary layers due to the
presence of small parameters, making accurate numerical approximations challenging. The method
employs a piecewise uniform Shishkin mesh that adapts to layer regions and efficiently captures the
solutions behavior. The scheme is proven to be uniformly convergent with respect to the perturbation
parameters, achieving nearly first-order accuracy. Comprehensive numerical experiments validate the
theoretical results, illustrating the method’s robustness and efficiency in handling parameter-sensitive
boundary layers.
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1. Introduction

Singularly perturbed differential equations (SPDEs) are pivotal with vastly different scales, arising
in fields such as fluid dynamics, chemical kinetics, control systems and population dynamics [1,2].
Within this category, singularly perturbed differential equations (SPDEs) pose additional challenges
due to the presence of small perturbation parameters, which induce boundary layers. The accurate
numerical approximation of these layers is complex, especially because of the two parameters. Various
approaches, including fitted mesh [3] and fitted operator methods [4], have been developed to tackle
SPDEs. Cen [5] demonstrated a hybrid approach using Shishkin meshes to achieve near-second-order
convergence, while Gracia et al. [6] introduced a monotone method for SPDEs with two parameters
affecting both convection and diffusion. However, SPDEs governed by multiple small parameters,
often denoted as y and €; (i = 1,2,...,n), introduce unique challenges. Specifically, the interactions
between these parameters produce intricate boundary layers, often governed by the ratio u?/e;,
requiring parameter-robust methods for accurate representation. In this work, a fitted mesh finite
difference method designed to be parameter-robust for SPDEs, particularly as both p and €; tend
toward zero. The theoretical analysis establishes stability and bounds for the solution’s derivatives,
demonstrating that the proposed method achieves nearly first-order accuracy uniformly with respect
to both parameters. The main contribution of this paper is the development of a robust, parameter-
insensitive numerical scheme for an n-system of SPDEs in a convection-diffusion-reaction framework.
Our approach addresses a broader class of problems in previous studies that focused on either scalar
singularly perturbed delay differential equations with two-parameter [10], two systems of singularly
perturbed equations without delay terms [11] and system of two singularly perturbed differential
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equations with delay terms and two parameter [12].A key novelty of this paper is its ability to handle
the complex interaction between two distinct perturbation parameters affecting the convection and
diffusion terms in an n-system of equations. This work advances the numerical analysis of SPDEs
by providing a robust scheme that accurately resolves boundary layers, even under two parameter
conditions and achieve parameter uniform convergence, significantly enhancing the numerical analysis
of SPDEs.

2. Formulation of the Problem

The system of singularly perturbed two-parameter differential equations is under consideration

Eii” (5¢) + A0 (32) — B(3)ii() = f(5) forall x € Q = (0,1), (1)

w fi e 0 0 aq () 0
Here,ii= | . |, F= ]fz ,E= 0 ” 0 , Alx) = 0 aZ(.%) 0 /
u'n f:n 0 O | e‘n 0 0 | an('%)
bi1(sc)  —bia(s) -+ —biu()
B(x») = _bz?(%) b2z'<%) _62’_1(%) ,whereg;, fori = 1,2,...,nsatisfy 0 < €1 < €3 <
—bu1(3) —bua(3) -+ bun(3)

- < ey < 1and p, satisfy 0 < p < 1 are small parameters. The functions a;(), b;;(>) and
fi(5) that act as coefficients, which are all sufficiently smooth over the domain ) = [0,1] and
a;i() =2 a >0, bji(3x) =i bi(3) = >0, bjj(x)>0fori,j=1,2,...,nandi# . The value
of 7y is determined as

, (bii(%) — L bij()
v = min

a; ()

) fori=1,2,...,nand i #j.

xe()

When y = 0, the above problem is considered in [13]. The problem demonstrates boundary layers

influenced by both €; and y, in particular, the layers are influenced by the ratio of ’2—12 If g < %,
1 <i < n, the reduced problem can be expressed as
—B(o)ui(x) = f(5), € (0,1]. )

This predicts a boundary layer of width O(/€;) near s = 0 assuming 1i(0) 7# (0). A similar boundary
layer of width O(,/€;) is expected near » = 1, if 1i(1) # 7. If %]2 > %, 1 <i<j<n,thereduced
problem is

HAU (52) — B(s0)ii() = f(5), € (0,1), (3)
with boundary conditions () = @(») on [—1,0], (1) = 7 This problem remains singularly
perturbed with the parameter y. A boundary layer of width O(u) is anticipated near » = 1. Addition-
ally, a boundary layer of width O(%) is anticipated near > = 0, if 1i(0) # @(0). Numerical experiments
suggest that the interior right layer weakens considerably when €; < 2.

3. Analytical Results

This section presents a minimum principle, establishes a stability result and derives estimates for
the derivatives of the solution associated with the problem defined by Equation (1).

d0i:10.20944/preprints202502.0851.v1
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Lemma 3.1. Let ¢ = (¢p;, ¢, - ¢p,)" be such that §(0) > 0, (1) > 0, Lp < Oon (0,1), then ¢ > O on
[0,1].

Proof.

Assume »* and s* are such that ¢p_. (") = Qmi{l2 (). Suppose . (»*) < 0. Then, »*
xel(), s=1,2,---,n

cannot be at the boundaries 0 or 1. At »*, the first derivative of 4., denoted as .. (»*) = 0 and the
second derivative 3. (3*) > 0.
Claim: »* ¢ (0,1). If »* € (0,1), then

(Lep)s (52") = es 9l (5¢") + prage (") (¢ E boj (") (") >

—

which contradicts the assumption that Lg < 0 on (0,1). Thus, »* ¢ (0,1). Therefore, ¢ > 0 on [0,1].
The proof of the lemma is complete. O

Lemma 3.2. (Stability Result)
Let ¢ € C2(Q), for 2 € Q,

9691 < max{ [BOL B0, 1L .

Proof.
Define

- - 1=
M =max{ [$0)} [HO] LIl

Consider the functions 6+ () = Mé + §(), where € = (1,1,--- ,1)T. Clearly, §+(0) > 0, 6+ (1) > 0
and L6*(x) < 0 for all » € Q. Hence, by Lemma 3.1, proves that |.(3)| < M, which yields the
required result. O

Theorem 3.1. Let ii be the solution of (1) and then, its derivatives satisfy the following bounds on (2,

k
6ol < ¢ jg)k (1 + (}) ) max{ [, | f1}, )
C p\°
()] < Wk <1+ <ﬁ> )max{llulI IALIETS, ©)
4
) < ¢ ;) ( ( f‘ﬁ) >max {101 A0 07 P} ©)

where the constant C is independent of e;and y ,i=1,2,--- ,nand k =1,2.

Proof.

The proof follows the methodology outlined in Lemma 2.2 of [8]. For any s € (0, 1), a neighbor-
hood N, = (p,p + \/€;) such that >z € N, and N, C (0,1). According to the mean value theorem,
there exists a y € N, satisfying

wity) = IV gy < 2l
Now, B
u<z>=u<y>+/y W/ (1) dy
Thus,
! ¢ max{ ||i
[/ (59)] < @_(H ﬁ) L 1A
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" (iv)
i i

higher-order derivatives through analogous corresponding manipulations. The proof of the theorem is
complete. O

The bounds for u’ are obtained from Eq. (1). Similarly, the bounds of u/” and ;" can be established for

4. Shishkin Decomposition of the Solution

For each of the cases ucyz < ve€; and a;ﬂ > vej, i is expressed by

i =75+ +ak, (7)
where w1 F(5) wi R (%)
L R
wr~\»x Wy (x
wh(s) =< () Jfor 32 € 0,1], @R(x) ={ (%) ,for 5 € [0,1] (8)
w, L (52) wy R (52)
Case (): ap® < ve;
In this case, for1 <i <mn,
[8(%) = f(%), fors e (0,1), ©(0)and?5(1) are selected, )
Lk () =0, forsxe (0,1), @"(0)=1(0)—8(0) —c(e;, ), @ (1) =0, (10)
LwR () =0, forsxe (0,1), @R(0)=c(e;,u), @R(1) = k(e u), (11)
Case (ii): ucyz > v€;
In this case, for 1 <i <j<mn,
L8(s) = f(3), forsxe (0,1), ©(0)and (1) are selected, (12)
Lawt =0, forsx e (0,1), @"(0)=1i(0)—75(0)—c(e,u), @-(1)=0, (13)
LaR =0, forsxe (0,1), @R(0)=c(e;,p), @R(1) = k(e p). (14)

To ensure that the constants k(e;, ) must be selected appropriately. Additionally, the constants c(e;, pt)
should be determined independently for the cases au? < ve; and ap? > 7€, ensuring they meet the
bounds required for the singular component. Given that 1i(0) and 1i(1) are bounded by constants that
do not depend on €; and y, even though c and k are functions of €; and y, the magnitudes |c| and |k|
are constants independent of €; and p.

5. Bounds on the Regular Component and Its Derivatives

To establish the result, by estimating bounds for the smooth components and their derivatives
on the interval [0, 1]. Specifically, by decomposing each component with respect to €,, then apply
€,_1 to the first n — 1 components, followed by €,_, for the first n — 2 components, and so on. This
step-by-step decomposition approach is as follows for both cases.

Case (i): rx;tz < v€;
Establishing the bounds of the regular component 7, it is broken down as

b= Gin + vV €ndn + VEn Zan + V€En BEH-

d0i:10.20944/preprints202502.0851.v1
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Here, §; = (D41, 9n2, - 9un) | represents the solution
~Bu(3)iin() = f(»), forx€[0,1], (15)
where 3, = (311,312, - 3nn) | is the solution of
Bu(3)in () = Ve, EW, +uv/e, A, for 2 € [0,1], (16)
where G = (qu1, Gn2s s Gun) T represents the solution of
By (2)in(2) = Ve, E5 +uve, Auil, forze [0,1], 17)
where B, = (P1,Pn2, - Pun) | is the solution of
Ln(22) = Ve, Edy +pv/e, A on (0,1). a8)
Since /€y, ~1E is a matrix whose entries are bounded and hence, for0 < k < 3,
I8 I<cls’ l<cla’ I<c 19)
Now using Theorem 3.1 and (18), for the choice of p,,(0) = 0, then
o | < CVe, " (20)
Then, from (19) and (20), it is found that
o] < €1+ (ve,)* . @y

(k)

In order to facilitate the estimation of bounds v for 1 < i < n—1, the following represen-

€1 0 ... 0 ay 0O ... 0
. L 0 € ... 0 0 a ... 0
tation is introduced, for 1 < [ < n, E; = | . . A A= |, B =
0 0 €] 0 0 aj
byn  —bip ... —by
—byy bx ... —by| .
S B= (pboPia-1) 8-y = Quen8u—12 - 8u—1ya-1)"
—bp —bp ... by
. _ € " " / . . . .
with gu-1)j = —T’elqu + TelA’qu + bjipy. To proceed with the analysis, considering the system

of first n — 1 equations in (18),

LB = Eno150(50) + Au 13 By (30) — By1(50) Bu(5¢) = a1 (50).

The decomposition of §,, proceeds similarly to equation above,

En = ﬁn—l + vV en—lgn—l + VEn-1 2&11—1 + VEn-1 31_511—1-

Similarly proceeding like above, Thus, the problem associated with §,, is similar as in (18). By applying

the estimates, the bound on the solution is obtained for 0 < k < 3, Hﬁ,gk_)lH < C(1+ (Ve,)' ™),
—(k _ —(k —k— . —(k k
539,11 < C(ve,) ™ 3,1l < C(v/&,) ¥ Then using Theorem 3.1 and &y , [p(y ), 1| <
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Cve, Sﬁ;fl. Therefore, |n;(1k—)1| < C(1+ (ve,_1)*%). Employing a similar approach, singularly
perturbed systems of I equations can be formulated, wherel =n —-2,n—-3,...,2,1,

=

141 Pr1 = BBy (30) + Ay (50) Bl (3¢) — By(5) Bra (3¢) = §i ().

Applying a similar decomposition yields |t)l(k)| < C(1+ (v/€)%7). For each i, where 1 < i < n and
0 < k < 3, thus, the bound is

o < c(1+ (Ver) ). (22)

Case (ii): ap? > 7e;
Establishing the bounds of the regular component 6 , it is broken down as

0 =1, +€ndn + €;21ﬁn + 6%1_571

. Furthermore, the maximum principle for a linear operator of first-order in the context of a terminal
value problem has been demonstrated. Define the operators

Ly

PA() (5¢) — B(50)ii(52). (23)

Decompose 4y, 31, G, individually and similarly proceeding like case (i), for 1 <i <nand 0 <k < 3,
the bound is determined as follows

| < (1 + k3. (24)

6. Layer Functions

The functions for the layers are denoted by B (5) and B7(5¢),1 < i < n are specified over the
interval [0, 1]

0,3 2 ) —0;(1-x) 2 .

e , aps < ye e , aus < ye

o S TR SN (25)
e~ M”, au 2')/6]- e , O z'ye]-

where 0; = Z—f‘ S A= %’; K= %, for 1 <i < n. Following the Lemma 5 presented in [13], the points

s € (0, %) which satisfy the conditions, ‘Bf, %;, B, %]T, 1 <i < j < nand for the case zxyz < vye; can

be proved.

Bl w8l 81— %) w1 -5
=01, = o [0,1], 0<k<2
el " er "

t ] ! ]

Similarly, for the case ay? > 7Y€, it can be demonstrated that there exist points %l-(;), s=1,23in (0, %)
such that ) .

S S
%5(%1',]' ) B %;(%i’j )

es
]

€
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7. Bounds on the Singular Component and Its Derivatives

Theorem 7.1. Let @", @® satisfy problems (10), (11) and (13), (14) for the cases ap® < ye; and ap® > ye;
respectively. Consequently, the components of @' and wR, satisfy the following bounds on (0,1). For the case

ap? < ye;,1<i<n,
|wk (50)] <CBI, (),
L,(1 — -
lw, ( )(%)| < C(ei 1/2‘35(%) +e, 1/2%171(%))
| L,(2)

n
w"Y (3)] < C Y e V2Bl (50),
k=i

i—1 n
L,(3 _ _ _
w® (5)| < e (Z e 2Bl + Y e 1/2%5((%)).
k=1 k=i

For the case ap® > vej,1 <i<j<m,

()] <, (),
w0 60)] < Cu (&8l 0) + €184 (),

n
wH?) (56)| < Cu2 Y e 2BL(50),
k=j

j—1 n
L, _ _ _
|w; (3)(%)| < Cy3 (ei 1 2 € ZSB,l{(%) + Eek 3%2(%)).
k=1 k=

Moreover, the components satisfy the following bounds of @WR. For the case ay® < 7e;,

|wf (52)| <CBY, (),
|wFr(1)(%)| < C(G;l/z%;(%) +€;1/2%Z(%>),
' 0)| < C Y e V2B (5),

k=i

i—1 n
R,(3 _ _ _
1wl (30)| < Ce; ! (Z 2B () + Y e 1/2%;(%))
k=1 k

=1

For the case rx;tz > Y€Ej,

|wR (30)| <CB)(32),
W™ (Go)| < Cu B ()
fork=1,2,3.

Proof. For the case au? > 7¢;, defining the barrier functions $* = (tpli, l/’zir s, 1/)?5), where l[JZ-i =

CB! twkfori=1,2,---,n. Itis evident that "(0) > 0and y;"(1) > 0. Additionally, (Lg*);(x) <0
for all >« in the interval (0, 1). Therefore, by hypothesis, it follows that |w (5¢)| < CB!,(5). Considering
the equation of wlL from (13),

61'ZUZ-L’//(%) + ,uai(%)wiL'/(%) + Z bij(%)ij(%) =0. (26)
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This can also be written as,

V' (0) + Baiwl (30) = — Y by (se)wh () = %hf(”)'

€; € P

w

n

wL,’(%) — w'L,’(O)e*eﬂi(Ai(%)) +€i_1 /Ox hi(s)eeﬂi(Ai(s)*Ai(%)) ds,

where A; () is the indefinite integral of a;(3¢). Using the bounds on i, it is established that |wlL/ (0)] <

B (Ai(s)—A; (¢ B B(s—
Ce;l. Using the inequality e € (A:(5) = A4()) <e S P79 and using integration by parts, from the

above it follows that |wlL,(%)| <C (6;1%5(%) +e; 12851(%)). Using a similar argument, it can be

n

|wiL’” () < CY e 2‘35((%). Differentiating the above equation and using a similar procedure as
k=j

above, it can be shown that

" jil n
lwi” ()] < C <ei1 Y e 2Bl () + Ze,ﬁ%f((%)).
k=1 k

=

It has been established that |wZL/ () <C (ei_l%f (%) + €, 18}, (%)) . Consequently,
Lat);(x)| < C( El(0) + Loopl
(LaM)(0)] < Essl) + Ll 50)),
1 n

by introducing the barrier functions y* () = C (eﬁz%f(%) + %%ﬁl(%)) + wiL'/ (5), it can be demon-
strated that = > 0 on [0,1] and L™ () < 0 on [0,1], which implies

) H I
()] < c(ei%éw " %M).

€n

]_1 n "

By introducing another barrier functions ¢p* () = C( p? }_ €, 28! (5¢) 4 p? Y e 28l (50) | + wlL (5),
k=1 k=j

" n
asaresult, [w (5)] < Cp? Y €, 28} (). Differentiating the equations of w} once and applying the
k=j
bounds of wiL'l and wiL'”, it is observed that

n ]_1 n
[wr (50)] < Cu® <ei1 Y e 2By () + Zeks%i(%))
k=1 k=

Next, the bounds on @' for the case ap? < 7ye; are derived. The bounds on w' (5) can be derived by
defining the barrier functions =" (») = C®B!,(5c) £ wk(5¢),i =1,2,- - ,n. To bound wiL’/ (5) the argu-
ment continues as described and from w’ in (10) and utilizing Theorem 3.1, |sz/ (30)] < Ce;l/ 2%5 (5).
To improve the above bound on |wk ()|, it is proceeded as follows and differentiating w' in (10) once,
obtaining

[(La™);(5)] < Cey V2Bl (x).

To establish the necessary bounds, the barrier functions are defined as follows,

9 (x) = C (€28l (50) + €, 128, (30)) £ w0l (3,1 = 1,2,
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L,H
i
equation undergoes differentiation twice and thrice respectively and using an argument analogous

The bound on w;” () is obtained from the equation of w! in (10). To bound wiL’N (5¢), the defining

to that employed for bounding wiL’, (5¢) that leads to the required bounds. The bound on wiL’m (5)is
obtained by differentiating the equation of w! in (10) once and then utilizing the bounds of wiL’// (5)

!/
and wZL (5¢), it can be seen that

" i—1 n
|sz (3)] < Celf1 (2 6;1/2‘32(%) + Eekl/z%i(%))

k=1 k=i

7R

The bounds on @R and its derivatives are established for the case ap? > €. In this scenario, @" is

decomposed over the interval (0,1).

R =GR+ e PR + eazR + ek, (27)
this leads to
pA()gy — B(s)gR =0 (28)
pAG) PN — B(#)pR = —e, 'Ed)y (29)
pA()ZY — B(#)Z) = —e, 'EB)) (30)
Lijy () = —€, ' E5 1. (31)

Since /en_1 E is a matrix with bounded entries, and hence it follows, for 0 < k < 3,

1™ < e R® | < cu ), ) 280 | < o, (32)

Now using Theorem 3.1 and (31), for the choice of yX,(0) = 0, then

i | < Ce e, (33)
Then from (32) and (33), it follows that |w5’(k) | < Cu~k. The decomposition for each component with
respect to €, is given, then apply €,,_; to the first # — 1 components, followed by €,,_, for the first n — 2

components, and so on. For 1 <i <nand 0 < k < 3, the bound is determined as \w?’(k)| < C‘u’k.

(1=5)

Utilizing the previous derivations, deriving |@R ()| < CB!(3x) < Ce , similarly finding

[w R ) (50)| < Cu=*B7(5¢) for k = 1,2,3.

8. Sharper Bounds for w’

To achieve sharper bounds on the derivatives of the singular components wiL, these components
are further decomposed for [0,1]. This refinement will help in demonstrating the methods convergence
rate approaching nearly first order accuracy. Now, the focus is on the case ap? > 7€;. In addition to
that, the following ordering holds

(k)

sl <o) i1 < jand ) < ) ifi < .

n
For @l it is decomposed as follows, wlL = Z wiL/p on [0,1], where the components win are defined, on
=1
the interval [0, 1], by

w%n(%) = k=0 k' %n_lrn)’ on [0’ %Yl—l,n) (34)
2
wp () on (47 .1],
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forn—-1>p>1i,
3 (3— 22 )k
A Telpl (k) (2) (2)
wiy (5) = k;( k! )0, (3471,p), on (0,567, ) (35)
%p(>) on (2, 1]
andfori—1>p >2,
Mk
3 (x—3"; )
Tl 0, (1) (1)
wiy (5) = ,EO( k! )0 (3% 21,p), on (0,567 ) (36)
() on (51, 1]

with ¢;, = Z wk and wl—w _szkr on [0,1].
k=p+1 k=2

Lemma 8.1. Given the decompositions of component win foreachpandi,1 <i<mn,1<p <n,satisfy the
following estimates hold on [0,1]

wiy (32)| < CPe ey By (), if i < p, |w; ( )| < Crile; e, "By (>0), if i > p,
[wi, ()| < CiPe ey "By (52), if i < p <, |w lp( )| < CuPe;*B) (), if i > p,
|w1Lp(%)| < Cye;l%lp(%), ifi <p.
Proof. For the interval [0,1], differentiating (34) thrice,

|wk -
Wk (50)] on (s

n 2 2
”wﬂ—?w<45M on [0,57,,)
Then for s € [0, %;(12—)1,;1)' using Theorem 7.1,

k=i

m _ _ 2
wh" ()] < Cii® ( 1Zek2‘Bl 2) —I—Zekzin @ )).
Since %IE ) < z( ) , fork <m, ek_z%i(%,(1 )1 ) < €, 2Bl (5 @ )1 ) and hence
n _ _ 2 _ _
iy, (9] < Croe e, B30, ) < Crde; e, Bl 00).

For » € [ @) 1],

n 1n’
"n " 1 _
|wL (5)] = [wl ()] < Cule; <2ek2%k )+Zek3%i(%)).
k=i

€k 2%1( ) < €, 2B, () and hence for » € [ (2) 1],

. 1,n’

AS%>%()

n—1,n’
L' -1 _.-2ml
|wi,n ()| < Cﬂsei €, By, (5).

2)

From (35) and (36), it is evident that for each p,n —1 > p > iand » € [ Ay o1

Wk () = @iple) = wWh(se) — Y. why(30) = w0} () — wh(3) = 0.
k=p+1
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Differentiating (35) thrice on s € [0, %f() )1 p)

|w1Lp( )‘_|Q1,p( 0— 1P)|<C}l€ € 2%1( )

For s« c [ ‘1(72)1 0’ f()zg+1)

L" 3.1 .-2ml
|wilp (3)| < Cpe; "€, "B, ().

From (35) and (36), it is evident that for each p,i —1 > p > 2,and » € | ;()lgﬂf 1],

Differentiating (36) thrice on s € [0, %f(, )1 p)

" _ _ 1
| iy ( )|_|sz< p 1p C}lG (Zekz%l +Z€k2%k f(i)lp)>

o 1 o
< Cy3ei 2€p 1%2(%1()7)1,/3) < Cy3ei 2ep 1%2(%).

® M ),

For e € [3, " ,,5¢, 5.1),

L 2 1l
w7, ()] < Ci’e; €, By ().

n
From (36) and wl.L,1 =wk-)" wl-L,k , it is evident that wﬁl(%) =0forsx e [%g), 1] and for s € [0, %§12) ),
k=2

" " i1 _ L _
0l (4)| < <z>|sCuf‘e;l(kzekz%i(%)+k2ek2%i<z>> < Cpe; e 18 ().
=1 =i

Since wZLPN(l) = 0 for p < n, it holds that for any s € [0,1] and i > p,

[k (30)| = |/ wh" (s) ds| < Cp2 / €721l (s) ds < Cp2er 2B ().
Hence, |wll‘p”(%)| < Cyzei—z%é(%), for i > p. Similar arguments lead to
|szp (50)] < C‘uzei_lep_l%fj(%),
fori < pand |wlLﬁ:(%)| < Cye;l%é(%), 1 <i<n,1<p <n. The proof of the theorem is complete. [

Analoguously finding the sharper bounds for the case ap? < e;

Lemma 8.2. Given the decompositions of component w for eachpandi,1 <i<n,1<p<n,satisfy the
following estimates hold on [0,1]

[wf (50)] < Cey®2B (), if i < p, [wh ()| < Cey*/*Bl (), if i > p,

[l ()] < Cey "B (30), if i < p < m, [y ()] < Cule; " Bh(z2), ifi > p,

Proof. The proof follows the same logic as Lemma 8.1. Analogously the decompositions can be
made for @R in both case . Corresponding bounds for these components can be similarly demonstrated
in a similar manner.

9. Numerical Method

This section explains the numerical method proposed for (1).
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9.1. Shishkin Mesh

For these cases ap? < e; and ap? > 7v€j, appropriate Shishkin meshes are developed over the
interval [0, 1].
Case (i): ap? < ve;
A piecewise uniform Shishkin mesh is constructed over the interval [0, 1], the interval is divided into
subintervals based on transition points as follows, [0, Ty] U [Ty, ] U+ U [Ty—1, T U [T, 1 =T, U
1—-"T1="T,qJU---U(1 =", 1= "T]U[1—"T,1]. The transition points 7, for 1 < g < n are

defined as
N VEn ) — mi (qqurl 2\/ )
n-mm(4 InN|),T; = P (37)

forg =n—1,...,1, ensuring finer mesh density near layer regions. The intervals are populated with

points as follows, % points on all inner regions and for [,,1 — T,], a uniform mesh with % points is
placed . If each _Iq takes the left choice in its definition, the mesh becomes a classical uniform mesh, with
T; = £ and a constant step size hj=N ~1. The step sizes in the intervals are defined as H; = 427,

Hy=%(Tg— Tp—1) for2 < g < n,and Hy4q = I%](l —27,) . Ateach transition point_i—lq, the change
in step size from h; to hf is given by h) — hy = (qurl (dg — dq,1)> where d; = qqfll g, with
d, = 0when 7, = %. whend; = 0 forallg = 1,...,n, the mesh QN simplifies to a uniform mesh ,

ensuring uniformly spaced transition points and a constant step size throughout the interval. Then,

from (37), 7, < C/g7InN,1 <g<nandalso Ty = LTy, dy=---=dn=0,1<g<m<n.

Case (ii): ucyz > 7€

A piecewise uniform Shishkin mesh is constructed over the interval [0, 1], the interval is divided into

subintervals based on transition points as follows, [0, ] U [Ty, ] U U [Ty—1, T U[Tn, 1 — 1] U
U [1 — oy, 1]. The transition points 7, for 1 < g < n are defined as

To1 2
Tn —nrun<1 2en 1nN> _Iq:min(q gl eql N) min(l,ylnN> (38)
4" yu 4"y

forq = n—1,...,1, ensuring finer mesh density near layer regions. The intervals are populated
with points as follows, % points on all inner regions, for [1 — 07,1] a mesh of is placed and for
[T, 1 — 0] a mesh of % is placed . If each -Iq takes the left choice in its deflrutlon, the mesh becomes
a classical uniform mesh, with 7; = ;. and a constant step size hj = N ~1. The step sizes in the

intervals are defined as H; %"Il, H; = %(‘Iq —Tyo1) for2 < g < mn, Hyyy = %(1 —o01— )

and H; = 301 for [1 —07,1] . At each transition point T, the change in step size from hy to hf
is given by h h’ = 4n (’7+1 (dg — dg )), where d; = q;%ll — Ty, with d, = 0 when T, = ;

when d; = 0 for all g = 1,...,n, the mesh QN simplifies to a uniform mesh, ensuring uniformly
spaced transition points throughout the interval. Then, from (38), _lq < CeInN,1 < g <nandalso
Ty =LTmdy==dn=01<g<m<n.

10. The Discrete Problem

The discrete problem is defined as follows,
ENQ(%]) = Eézﬁ(%]’) + ﬂA(%])®+ﬁ(%]) - B(%])ﬁ(%]) = f(%]) on QN, (39)

0 <j < N —1, with boundary conditions specified as follows,

—

M(s0) =@ and ﬁ(%N) =1i(sn),
where, 81 = (341, 8050, - - ,Lln)T for1 <j < N — 1. The discrete derivatives are defined as follows

co :ﬁ(%jﬂ)_ﬁ(%j) T U(55) — U(_1)

B by '
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—

i) = (24 i(9) - D7l

. N -
with I’l] = 2 — 1, ]’1] = ]T]H, 7 € QN.

11. Numerical Results
This section focuses on establishing discrete minimum principle, demonstrating discrete stability
result of the proposed method and proving its first-order convergence.

Lemma 11.1. (Discrete Minimum Principle) Assume that the mesh function (s i) = (Y1(5), Y2 (5),
Yo )) satisfies ¥ (3q9) > 0 and ¥ (se5) > 0. Then, if IN¥ (5« i) < Ofor1 <j<N-—1,it 1mplzes
that‘I’( )>0forallO<]<N

Proof. Let i* and j* be such that ¥;« (5 ) = min ¥;(¢) and suppose ¥;«(3+) < 0. Then, j* ¢ {0, N},
L]

‘Yl*(%]*) < ‘I’rl’* (%j*Jrl) and ‘Yi* (%]*) < ‘Fi*(%j*fl)‘ Therefore, 62Ti* (%]*) >0.For1l < ]”< <N-1, if

xjr € QN then

n

(IN¥);. (3) = €07 (5¢j2) + pajs (55 ) DT (3¢ ) — Y bppe (5652 ) Fpe(5¢52) > 0

which is a contradiction, gives (LN¥);- (%) < 0, implying that ‘T’(%j) > 0 forall0 < j < N. The
proof of the theorem is complete. O
Lemma 11.2. (Discrete Stability Result) If‘f’(% ) = (F1(54), ¥2(5), - ‘Yn(%j))T is any mesh function,
then

¥i09)| < max (19 Gl [FGa)l, | max | ‘If<%]>|)
11.1. Error Estimate

Analogous to the continuous case, the discrete solution flis split into two distinct components 14

and W.
INV(sq) = f(5), for 1<j<N-1, V() =70(x), for 0<j<N, (40)
INWE(s) =0, for 1<j<N-—1, W:(sx) =a"(5), for 0<j<N, (41)
INWR(3) =0, for 1<j<N-1, WR(Gq) =aR(s), for 0<j<N. (42)

Lemma 11.3. If 6 is the solution of (7), (9) and (12) and V is the solution of (40), then

(V=38)(3)| <CN"!, for 0<j<N.

Proof.

LN(V =) (55) = f(5) — LNG(55) = (L~ LY)B(>) (43)

=E d—z—zﬂ O(s) + u 4 ot )a )0(x; (44)
ds? / dx
€1 ddfz—éz Ul( )+ya1(%] 7_©+
e2( L — 02 )02 (4) + paa(34) (& — ©F ) )

en (22— ) ou) + an(o) (2 — 2 o)

(45)
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Determining the local truncation error

(diZ 52) (%f)+ﬂai(%j)(;—©+>oi(%j)

for 0 < j < N. Itis established that (51 — 1) < CN ~1. In this case ap? < 7e;, from (22) and (24),

m "
< Clo41 — 1) (eillog |+ wllo; ),

-

ILN(V = %) (5)] <CN L.

Using Lemma 11.2, consider mesh function, ¥+ (s i) = CN~ 1E@T)+ (V —7) (3¢). Provided that the
value of C is sufficiently large , it follows that ‘I’i(%o) > 0,9 (sy) > 0and LNY+ (%) < 0. Thus,

|(an)(%]-)| <CN7!, for0<j<N. (46)

The proof of the lemma is complete. O
The error bounds for singular components WL are estimated for the case ocyz > 7e€;, utilizing the mesh

functions BZ(I'N)(%]-) for 1< i< n considered over O,

] aphy .

Lemma 11.4. For the case ay? > v€j, the layer components Wik, 1 < i < n satisfy the following bounds on
av,
IN
WG| < CBYN (55)

Proof. This result can be demonstrated by defining the mesh functions l[)ii(%j) = CBSZI’N) (3¢) &
WE (5 ) 1 < i < n and noticing that ¢~ (55) > 0 and ¢ (>y) > 0. Furthermore, (leﬁi)i(%j) <0,
=1, 2 , N — 1. Therefore, the discrete minimum principle provides the desired outcome. The
proof of the lemma is complete. O

Lemma 11.5. Assume that dy =0, forq =1,2,--- ,n. Let @" satisfy (13) WL satisfy (41). Then,
WL — @ < CN“'InN.
Proof. The local truncation error is given by

=4 = . L,/” L,”
[IN(WE —@h)| < Cog1 — 251) (el llp + el

D) (47)

where D = [5_1, 51]. Since d; = 0, the mesh QN is uniform, then the value of # = N~!. In this
instance, ye;l < CInN and y‘l < CInN.

i—1 n
[(LN(WE —@h));(54)| < CN~1p? (Z € 2B (3-1) + ) ek‘z%i(%j-l)> (48)
k=1 k=i
i—1 n
< CN712 lnN(Z € B (1) + Ze,;l%i(zjl)). (49)
k=1 k=i

Let the barrier function 43(%]') = (¢1(54), P2(54), - - -, Pn (%j))T be

CNllnN — 2 2
(L e %) + L * Zilog),

k=i

Pi(5) =

Dé—l/
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N . . . AN .
on OY, where v is a constant and it satisfies 0 < v < a, Yi(x) = ;‘\N 1 with A =
N-
vuh Cijfl . vuh .
1—1—?, 1 <k < n,Zk(%]-) = Eﬁ]—l with {, = 1+?,2 < k < n. The mesh functions

described above is inspired by those constructed in [14]. Now, that 0 < Yk(%j),Zk(%j) < 1,
(k8 + pvD )Yy (3)) = 0, (exd® + pwD ) Zi(3¢)) = 0, DTV (5g) < —vpe, ! exp(—vw{jﬂe;l) and
Dt Zi(5) < —V]/tek_l exp( VG 1€] ) Then, define ™ (5 i) = P(5 AE= (WL — L) (e 7). Itis easy to
observe that (s i) > 0,j=0,...,Nand LN (5 i) < 0, 1 <j < N —1.Hence, by applying minimum

principle,
|(WE— @) (5)| < CN"'InN.

The proof of the theorem is complete. O

Lemma 11.6. Let @" satisfy (13) WL satisfy (41). Then,
|WE — @ < CN"'InN.

Proof. This is demonstrated for each mesh point 5; € (0,1) by partitioning (0,1) into small
subintervals (a) (0,T1), (b) [T1, T2), (¢) [Tm, Tms1) forsomem, 2 <m <n—1, (d) [T, 1). In each
case, the local truncation error is estimated and a corresponding barrier function is constructed. Lastly,
the desired estimate is derived by utilizing barrier functions.

Case (a): »; € (0,7Ty)
Clearly 5.1 — 51 < Ce1p 'N~!In N. Using standard local truncation error analysis applied in
Taylor expansions, the estimates hold for 5¢; € (0,Ty) and 1 <i < n,

i—1 n
[(LN(WE —@"))i(54)] < CN~1? lnN<Z € "Br(3-1) + Zek_l%i(%j—1)>~ (50)
k=1 k=i
For »; € (0,71) and 1 < i < n, the mesh functions are considered as
i— 2vpHy n - 2vuHq n
§i() = CN~ 11nN<2e “ Bl (x4) + Yeo BN n) + Y B (o).
k=1

—.

Utilizing the minimum principle and barrier function ¥+ (%) = ¢ (5) £ (WL — @h) (), it has been
derived that

(W — ZTJL)(%j)| <CN 'InN.
Case (b): 5 € [Ty, ).
There are two possible cases Case (b1): d; = 0 and Case (b2): d; > 0. Case (b1): d; = 0, since the
mesh is uniform over the interval (0, Tp). In this case, it follows that i1 — %1 < Ceip 'N~'InN,
for 5¢; € [Ty, 12). Then,

i—1 n
|(LN(WE — @"h))i(54)] < CN~1p? lnN<Z e,;l%f((%j,l) + Zekl%i(%jl)>. (51)
k=1 j

k=i

Now for x; € [Ty, T2) and 1 < i < n, specify

1 k=2

iz 2vpH; N 2vuH;
9i(>) = CN™ ”nN(E@ BN (e )+ Le o BUN) (5 )+ZB”N (-

—.

Utilizing the minimum principle and barrier function ¥+ (s i) = P> k= (WL — L) (3¢), it has been
derived that
|(WE— @) (5)] < CN"'InN.

d0i:10.20944/preprints202502.0851.v1
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Case (b2): d; > 0. For this case, 51 — 71 < CeaN~'u~1In N, and hence for xj € [T1, T2), b
applying the standard local truncation approach, which is based on Taylor expansions, 1 = ;1 — i1
then,

- N . L,
[(EN(WE = @1))i(54)] < Ceiplwi® (36-1)] + Cloej41 — 3 612|wlk 1)
L(1)
+CV’wi,1 (55-1) |+ Clog1 — 5 Z‘w (%1

Now using Lemma 8.1, it is not hard to derive that
n
(TN (WL — @)1 ()] < CNUInNp2 Y e 8L (1) + Criley ') (541),
k=2
and for2 <i<mn,

n
[(LN(WE —@1))i(54)| < CNT'INNp? Y e 1By (5¢1) + CpuPe; 18] (51).

k=i
Define _ L LN IN = (N
¢1(5) =CN 1 lnNkZ:Ze(M"Hz/ek)B,(( )(%j) + CB% )(%j) + kleBIE )(_lk)
and for2 <i <mn,
n
¢i(x;) = CNInN Y eCarHa/e) N (o) 4 cBIN) (50)) + Z BN
k=i
Case (0): 5 € [T, Ts1)-
The three possibilities Case (c1): dy =dp = --- =d;, =0, Case (¢2): dy > O0and dy 1 =+ =dyy =0
forsomeg,1 < g <m—1,Case (c3): d, > 0. Case (c1): dy =dp = --- = dp, = 0. Since Ty = C 41

and the mesh remains uniform within the interval (0, T, 41), it implies that for »; € (T, Tl
i1 — %1 < Celgle—l In N and hence

i—1 n
[(LN(WE —@"))i(54)] < CN~1? 1HN<Z e "By (1) + Zekl%i(%j—l)) (52)
= k=i
For1l <i<n,
i—1 2vpuHy q n 2upHpy 4 q n
¢i(5) = CN! 1nN<Z e % BNy +Y e « B,EZ’N)(%j)> + Y BV
k=1 k=i k=m-+1
Utilizing the minimum principle and barrier function ¥+ (%) = ¢ () £ (WL —@l) (5¢), it has been
derived that
|(WE — ZTJL)(%j)| <CN!lnN.
Case (c2):d; > 0and dyy = -+ = dy = 0 forsome g, 1 < g < m — 1. Since -Iq_l'_l = CT,u41, the mesh

is uniform in (7, Ty11), it follows that »;, 1 — 2 1 < Ce,ﬁ_lN’l‘u’l InN, for 5¢; € (T, Tuy1]- By
applying the standard local truncation approach, which is based on Taylor expansions,

n
- —.

q
[(IN(WE —@L))i(54)] < Cein 2 w0 (55-1)| + Clogin — 5106 Y 1wl (555-1)]

k:q+l
L 1 L L(2
+Cﬂ2|w 1)+ Clogr —35-1) Y w0 g0l
k= k=g+1

Now, using Lemma 8.1, for i < g,

|(EN(WL—zT;L))( )| < CN™ lyzlnNkZlek B (5 i1 —i—CZek B (5 1)
q+
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and fori > g,

[(LN(WE —@"))i(5)] <ct & lnNZekl%k (3¢-1) + Ce; "By (5¢1).

k=i

Now specify, fori < g,

$i(35) = me Z ) <’N><%,-)+ci3y'm(%j)+c Z BN ()

k=q+1 k=i k=m+1

(Z‘XFHmﬁ»l

and fori > g,

n 201Hy, 1 q n
<7€k+>B,((lN)( A+ BN )y +c Y BN ().
k=i k=m+1

Case (c3): d;; > 0. Substituting m for g in the arguments of the previous case (c2) yields the following
and using 1 — 21 < C=% ! In N, the estimates hold for 3¢ € (T, Tyus1]- Fori < m,

(LN (WE —@"))i(54)] < CN'2InN Z € Bl (541 —l—CZek Bl (5-1)
k=m-+1 k=i

and fori > m,

R . 1 L _
[(ENORE = 81));()| < CopPInN Y e BL (1 1) + Ce '8 (1)
k=i

For i < m, define

¢i(x ) —lnN Z

k=m+1

Zac‘uHm 1 m n
BN Gy - Y BV g+ Y BT
k=i k=m+1

and fori > m,
n (Z‘WHnH»l

n
¢i(x)) —lnNZe % >B,£"N>( 0+ BN gy +c Y BN ().
k=m-+1
Case (d):
There are three possible scenarios, Case (d1): d; = =dy, =0,Case(d2):dy >0andd;y =--- =
d, =0forsomeg,1 < g <n—1and Case (d3): dn > 0. Case (d1): d; = =d, = 0. The mesh is
uniform over [0, 1] and the result is from Lemma 11.5. Case (d2): d; > Oandd, 1 = --- =d, =0

for some g, 1 < g < n — 1. In this context based on the definition of T, it follows that i1 — #jq <
Cegr1N “1y~1In N and utilizing analogous arguments to Case (c2), which lead to the estimates for
»; € (T, 1]. Fori <g,

[(LN(WE —@"))i(5)] < CN™ 1142111Nk21€k B (541 +C2€k By (541
q+

and fori > g,

—_ — —_ 1 L — -
(LN (WE —@1))i(59)| < Cﬁyz InNY" e 1B (5-1) + Ce; 1By (1)
k=i

Now specifying, fori < g,

20uHy,
4)( ) *lnN 2 e( 5k+1) (lN) +CZBZN) ])
k=q+1 —
and fori > g, n, (it
9i(> lnNZ (%) BN (5) + CB{™N) (5¢)).
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Case (d3): d,;, > 0. let 1, = % In N, therefore, for (T, 1],

|(Wit —wi™) ()| < [Wit(5) | + [wi" (47)]
< CBYM (54) + CB, (54)

< BN, +oml(T,) <CNL

Thus, for each of the cases, the barrier function is constructed and using minimum principle, it has
been derived that
AL _ oL -1
[((W" —@") ()| <CN " InN.
The proof of the lemma is complete. O
To determine estimate of error bound, the mesh functions are defined on ON

Ji -1
BV () =] <1 + /?hk) , (53)
k=1 i

with Bl(l'N) (500) =1, for QN. For the case ocyz < 7¢€;j, the error in the component w" is bounded.

Lemma 11.7. Let @" satisfy (10), Wi satisfy (41). Then,
WL — @t || < CN~!InN.
Proof. Assume that dq =0,forg=1,2,---,n, the local truncation error is given by
V(WL — @h)| < Cls141 — 71) (ei||wiL’m Ip + pllwk” ||D) (54)

where D = [%j,l, %Hl]‘ Since d; = 0, the mesh QN is uniform, then the value of h = N~L. In this
instance, 6;1/2 <CInN
n

i—1
[(LN(WE —@"))i(x)| < Clo41 — 251 (Z e 2B (35) + Zekl/Z‘Bi(%]’—l)> <CN'InN.
=1 K

=1

(55)

This is demonstrated for each mesh point »; € (0,1) by partitioning (0,1) into small subintervals
(a) (0,7Ty), (b) [T1, ), (¢) [Tm, Tpa1) forsomem, 2 <m <n—1, (d) [Tn,1). In each case, the local
truncation error is estimated and a corresponding barrier function is considered. Lastly, the desired
estimate is derived by utilizing barrier functions.

Case (a): »; € (0,7Ty)

Clearly 51 — 51 < C\/eIN ~!1n N. Using standard local truncation error analysis applied in Taylor
expansions, the estimates hold for xj € (0,T)and1<i<mn,

i—1 n
[(IN(WE —@h));(54)] < CNl\/alnN<Z e 2B (5-1) + Zekl/Z%ﬁc(%ﬂ)> < CN!'InN.
k=1 k=i
Case (b): »; € [Ty, T2).
There are two possible cases Case (b1): d; = 0 and Case (b2): d; > 0. Case (b1): d; = 0. Since the

mesh is uniform over the interval (0, 7). In this case, it follows that s —xj-1 < Cy/eIN “1In N, for
#; € [T, T2)- Then,

i—1 n
[(IN(WE —@h));(54)] < CNl\/eTlnN<Z e 2B (5-1) + Zekl/z%;(%ﬂ)> <CN7'InN.
k=1 k=i
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Case (b2): dy > 0. For this case, 3,1 — 3 1 < C\/EN’ly’1 In N, and Therefore, for s; € [T1, T2),
by the local truncation utilized in Taylor expansions, i = 5,1 — »j_1 then, using Lemma 8.2

(LN (WE —@L));(54)| < CN"'InN.

Case (0): ¢ € [T, Tuy1)-

The three possibilities Case (c1): dy =dp = --- = d;y =0, Case (¢2): dy > 0and dy 1 =+ =dy =0
forsome g, 1 < g < m —1 and Case (c3): d, > 0. Case (c1): d = dy = -+ = dy;, = 0, since
71 = CTlyy1 and the mesh is uniform in (0, T,,41). In this case, it follows that for s¢; € (T, Tu11],
i1 — %1 < C\/aN_1 In N and hence

i—1 n
[(LN(WE —@"))i(54)| < CN7'/erInN (Z e 2B (5 1) + ) ekl/z%i(%jl)> <CN7!'InN.
k=1 k=i
Case (c2): d; > 0 and qu =.--=dy =0forsomeg,1 <q <m—1. Since Tﬁl = C;u41, the mesh
is uniform in (7, Tyu41), it follows that s¢j, 1 — 51 < C, /eqHN_ly_l In N, for s¢; € (T, Tmy1]- By
utilizing the method of calculating local truncation error and analyzed using Taylor expansions, as
given in Lemma 8.2

[(LN(W" —@"));(>)| < CN~'InN.

Case (c3): d;; > 0. Substituting m by g in the arguments of the previous case (c2) yields the following
and using ;1 — -1 < C@‘u’l In N, the following hold for »; € (T, Tl

i—

1 n
[(LN(WE —@))i(54)] < CNl./iemthN( e /2Bl (5) + Eek“z%;(%)> < CN!'InN. (56)

k=1 k=i
Case (d):
There are three possible scenarios, Case (d1): dy = - - - = d, = 0, Case (d2): d; > 0 and dq ==
dy =0forsomeq,1<g<n-—1and Case (d3): d, > 0. Case (d1): d; = --- = d; = 0, the mesh is
uniform over [0, 1] and is established above. Case (d2): d; > 0and dyy1 = --- = d, = O forsomegq, 1 <

g < n — 1. In this context, based on the definition of T, it follows that i1 — 71 < C\ /611N 1InN
and utilizing analogous arguments to Case (c2), which lead to the estimates for »; € (7T,,1]. Case (d3):

dp, >0.Let T, = Ve In N. Therefore, on (7, 1], Therefore,

VK
|(WE— @) ()] < CN"'InN. (57)
The proof of the lemma is complete. O

To establish the bounds on the error |(WR — @R) (5¢)|, the mesh function is defined over QY

N vh; -1
BN () = ] <1+l> , BUN(5ey) =1
i=jt+1 2u

Lemma 11.8. For the case ap® > v€j, the layer components WiR, 1 < i < n satisfy the following bounds on
av,
N
IWR (54)| < CB{ e

Proof. This result can be demonstrated by defining the mesh functions ¥R (%) =CB (rN) () £ WR

. Also, since WR(0) < BI"N) (34) then, WR(0) < e K. Hence, ¥R (0) > 0. Also, for an appropriate
choice of C, it follows that 1_I”R(J»q\[) > 0. Further, LN ‘_I:'R(%j) < 0. Hence, by the minimum principle,
‘_I}R(%j) > 0 for 0 < j < N. Hence, it can be said that [WR (54)| < CB("N)(%j) on ON. The proof of the
lemma is complete. g
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Lemma 11.9. At each point 3¢ € QN, |(WR — @R)(5)| < CN~'In N, for the case ap® > 7e;.
Proof. The local truncation error is given by
— — _' R,Nl R,//
YRR — %) (39)] < Clogiar — 1) (el 1o + o 1) 58)

where D = [5_1, 1], 4" < CInN. Consider the case d; = 0 then, 51 — 31 < CuN~'InN
|ILN(WR — @R)(5)] < CN“'InN.
Consider the case dy > 0, x; € (0,1 — o1]. Hence,

[(WR —@R); ()| < [WiR (5)] + [wiR (34)| < CBUN) (567) + CB] (57)
< CB"N)(gq) + CB!(07) < CN.

Examine the mesh region (1 — 07, 1]. Itis known that /1 = 3,1 — 5¢j_q, then, 51 — 31 < CuN 'InN
ILN(WR —@R) ()| < CN"'InN.

The proof of the lemma is complete. U

Theorem 11.1. Let & be the solution of (1) and 31 be the solution of (39). Then, for each mesh point »j € av,
£ —ii[|gv < CN"'InN,

for both of the cases ap® < ye; and ap® > VE;.

Proof. The proof follows Lemmas 11.3, 11.5, 11.7 and 11.9.

12. Numerical Illustration
12.1. Example

The solution to the following system on the interval (0,1) is numerically approximated and
applying the proposed method to both cases ap? < ye; and ap? > YE;)-

Eii” (5¢) + wA(Go)W (32) — B(50)ii(5) = f(5¢) forall x € Q = (0,1),

60 -10 -10

where, A(3) = diag(0.5,0.5,0.5), f(s) = (=1.0,-2.0,—15)T,B(s) = [ —1.0 60 -1.0
-1.0 -10 6.0

To evaluate the order of convergence, maximum pointwise errors and error constants, a modified
two-mesh algorithm was utilized. The results are summarized in Tables 1 and 2. As the parameter 5
decreases, the error stabilizes for each N, the maximum pointwise error Dy decreases with increasing
N and the observed order of convergence py improves, confirming the theoretical predictions. Figures
1 and 2 display the solution profiles for the n- system over the interval (0,1). In Figure 1, corresponding
to the condition ’:— < %, boundary layers are observed for the components of u; (i = 1,2, ...,n) near
» = 0and » = 11, consistent with theoretical expectations. On the other hand, Figure 2 illustrates
the case where ’Z—Z > 1. Here, layers are observed for u; near > = 0, while boundary layers emerge
near » = 1. The log-log plots are used to visualize the relationship between the number of mesh
points N and the maximum pointwise errors, providing a clear representation of the convergence
behavior. Figures 3 display the maximum pointwise errors for different # values for the cases 1 and 2.
These plots illustrate how the error decreases as N increases, reinforcing the theoretical predictions
and highlighting the influence of 77 and the accuracy of the numerical method.

d0i:10.20944/preprints202502.0851.v1
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Ul Number of mesh points N
48 96 192 384
0.1E+00 | 0.2636E-02 | 0.9854E-03 | 0.3794E-03 | 0.1521E-03
0.1E-01 | 0.1153E-01 | 0.3519E-02 | 0.7269E-03 | 0.1522E-03
0.1E-02 | 0.1746E-01 | 0.8404E-02 | 0.3281E-02 | 0.8999E-03
0.1E-03 | 0.1936E-01 | 0.1056E-01 | 0.5469E-02 | 0.2499E-02
0.1E-04 | 0.1993E-01 | 0.1122E-01 | 0.6235E-02 | 0.3358E-02
DN 0.1993E-01 | 0.1122E-01 | 0.6235E-02 | 0.3358E-02
pV 0.8286E+00 | 0.8481E+00 | 0.8928E+00
C{,\’ 0.1128E+01 | 0.1128E+01 | 0.1112E+01 | 0.1064E+01
The order of convergence p* = 0.8286E + 00
Computed error constant, C}I;i = 0.1128E + 01

Numerical Solutions
03 04 05 06 07 08 09

uy—
U

uy

G ey

Figure 1. Graphical representation of Numerical solutions for the case: ap? < 7e;
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Table 1. Values of DY, DN, pN, p* and C% when ey = Js, 60 = &, 65 = 25,4 = 1k forap® < 7e;

0.0 0.2 0.4 06 0.8 1.0

X - AXIS

Figure 2. Graphical representation of Numerical solutions for the case: ap® > G
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Figure 3. Graphical representation of maximum pointwise errors for different 7 values for the cases 1 and 2

Table 2. Values of DY, DN, pN, p* and Ci,\] when €] = &/62 = 3:77/

€3 =

_ 2
L, =% forap > 7€

d0i:10.20944/preprints202502.0851.v1

Ul Number of mesh points N
48 96 192 384
0.25E+00 | 0.7182E-02 | 0.1979E-02 | 0.5088E-03 | 0.1289E-03
0.625E-01 | 0.1587E-01 | 0.7028E-02 | 0.1937E-02 | 0.4987E-03
0.156E-01 | 0.1812E-01 | 0.1546E-01 | 0.6691E-02 | 0.1848E-02
0.391E-02 | 0.3157E-01 | 0.1831E-01 | 0.1459E-01 | 0.6001E-02
0.977E-03 | 0.7139E-01 | 0.5397E-01 | 0.3353E-01 | 0.1574E-01
DN 0.7139E-01 | 0.5397E-01 | 0.3353E-01 | 0.1574E-01
pN 0.4034E+00 | 0.6867E+00 | 0.1090E+01
CII,‘] 0.1395E+01 | 0.1395E+01 | 0.1146E+01 | 0.7121E+00
The order of convergence p* = 0.4034E 4 00
Computed error constant, C;\L = 0.1395E + 01

13. Conclusions

This paper presented a robust fitted mesh finite difference method for solving an system of
two-parameter 'n’ singularly perturbed differential equations of the convection-reaction-diffusion
type. Using a piecewise uniform Shishkin mesh, our approach successfully captures the intricate
behavior introduced by small perturbation parameters which are typically challenging for conven-
tional numerical methods. Our theoretical analysis establishes that the proposed scheme attains
nearly first-order convergence in the maximum norm, uniformly with respect to both parameters.
Numerical experiments confirm the method’s robustness and accuracy, demonstrating its capability
to resolve boundary layers with precision across a system of equations. This work contributes to the
numerical analysis of SPDEs by highlighting the importance of tailored methods for systems with
small parameter effects. Future work can extend these results to enhance accuracy and efficiency in
even more challenging scenarios of SPDEs.
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