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Collatz Trees:
A Structural Framework for Understanding the 3x+1
Problem

Kazuhito Owada

Independent Researcher; kazu55.owada@gmail.com

Abstract: The Collatz Conjecture remains one of the most enduring unsolved problems in mathematics,
despite being based on an extraordinarily simple rule. Given any natural number 7, the conjecture
posits that repeatedly applying the operation—dividing by 2 if even, or multiplying by 3 and adding 1 if
odd—will eventually result in the number 1. While deceptively straightforward, a general proof has yet
to be found. This paper introduces an entirely new structural perspective on the Collatz Conjecture by
proposing the concept of the "Collatz Tree" as a framework for systematically organizing and visualizing
all natural numbers. Each "branch" in this tree is defined as a geometric sequence beginning with an
odd number and successively multiplied by powers of 2. These branches are connected under specific
rules to form a directed tree. The novelty of this approach lies in treating Collatz operations not merely
as numerical processes but as a structural and reconstructive system with two key properties: (1) every
natural number is uniquely included in the tree, and (2) the tree generated by reverse Collatz operations
starting from 1 is structurally identical to the Collatz Tree. Thus, this paper offers a new framework
for understanding the Collatz Conjecture through structural and visual reasoning, making visible the
underlying patterns and connections among numbers that are otherwise difficult to detect.

Keywords: collatz conjecture; directed tree; geometric sequence; reverse computation; natural numbers

1. Decomposing All Natural Numbers into Geometric Sequences
1.1. Background and Objective

This study presents a new perspective on the Collatz Conjecture by expressing the entirety of natural
numbers as a structure composed of interconnected “branches” and a central “trunk.” Specifically, we
define each branch as a geometric sequence beginning with an odd number, and the trunk as the unique
sequence beginning with 1. Based on this structure, we aim to approach the essence of the Collatz
Conjecture.

1.2. Definitions and Goals

Let the set of natural numbers be denoted by:
N=1{1,2,34,5,...}
We aim to prove that the following set S is equivalent to N:

S={(2a+1)-2"|ab>0}

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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In other words, every natural number 7 can be expressed in the form:
n=2a+1) 20 fora,b >0

1.3. Prime Factorization and Classification

For any natural number 7, its prime factorization can be written as:
n=2"k

where k is an odd number and b > 0 is an integer. This decomposition is unique, and it enables us to
classify natural numbers into an even part (%) and an odd part (k).

1.4. Exhaustion of Odd Numbers

Any odd number k can be written as:
k=2a+1 (a>0)
Hence, all odd numbers can be generated as:
1,357,911, ...

1.5. Exhaustion of Even Parts
For each odd number k, we consider the sequence generated by multiplying it by successive powers
of 2:
e Fork=1:1,2,4,8,16,...
e Fork=3:3,6 12,24, ...
e Fork=5:5,10, 20, 40, ...

Thus, all even numbers are also covered as part of a sequence in the form “odd x power of 2.”

1.6. Construction of Set S
From the Collatz perspective, we generate an infinite sequence for each odd number as follows:
e From1:1,2 4,816, ...
e From3:3, 6,12, 24, ...
e Fromb5:5, 10, 20, 40, ...

Each of these is considered a branch, and collectively, they form a visual representation of all natural
numbers.

Table 1. Odd Number k and Its Multiples by Powers of 2

Oddk | k-2° | k-2! | k-2 | k-2° | k-2* | k-2°
2 4 8 16 32
6 12 24 48 96
10 20 40 80 160
14 28 56 112 | 224
18 36 72 144 | 288

O g 01 W o~
O g3 01 W
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1.7. Proof of Completeness

Let n be any natural number. By prime factorization, it can be written as:
n=2k
where k is an odd number. Since any odd number k can be uniquely written as k = 2a + 1, it follows that:
n=(2a+1)-2"

Hence, all natural numbers belong to some branch, starting from an odd number.
Furthermore, the even numbers are completely covered by sequences derived from odd numbers.
For example:
8 =231 isin the sequence from k = 1

Thus, every even number belongs to some branch.
In conclusion, the set:
S={(2a+1)-2"|a,b>0}

exhaustively covers all natural numbers:
5=N

1.8. Elimination of Redundancy

To ensure uniqueness, we consider whether two different pairs (a,b) and (a’,b") could generate the
same number:
(2a+1)-20 = (24 +1) -2

Assume the contrary. This implies:

2a+1 _ Zb/_ b

24’ +1
However, the left-hand side is a rational number with an odd numerator and denominator, while the
right-hand side is a power of 2. These forms are incompatible unless both sides are equal to 1, which only
happens when a = a’ and b = V'. Thus, no duplication occurs in S.

1.9. Conclusion of Chapter 1

In this chapter, we proposed a new approach to the Collatz Conjecture by decomposing all natural
numbers into branches and a trunk. We proved that:

¢ Every natural number is uniquely included in some branch starting from an odd number.
e All branches are composed of sequences of the form k - 2%, where k is an odd number.

This framework allows for a structural understanding of how natural numbers are distributed and
interconnected.

We also observed that, for any odd number k, the operation 3k + 1 always yields an even number,
which can be decomposed into some existing branch. Hence, all branches are ultimately connected and
converge into the trunk starting from 1.

This structure resembles a tree radiating outward, with no backward paths and no repetition of
numbers. Therefore, the path from any natural number # to 1 is always ensured by following the reverse
of the branching structure.


https://doi.org/10.20944/preprints202504.1491.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 April 2025 d0i:10.20944/preprints202504.1491.v1

40f15

Collatz operations, viewed in this light, are equivalent to descending through a deterministic tree
structure from any n toward 1.

2. The Structure of the Collatz Tree
2.1. Definition of Branches and the Trunk
We define the Collatz Tree as a directed structure composed of a central trunk and multiple branching

sequences.

e Branch: For each odd number k, a branch is defined as a geometric sequence formed by multiplying
k by successive powers of 2. This allows us to visualize how natural numbers spread out as branches.

*  Trunk: The unique sequence beginning from 1, consisting of powers of 2, is considered the trunk.
All other branches eventually merge into this trunk.

Examples:

e Trunk:1—>52—34—-38—>16—---
e  Branches:

- Fromk=33—-6—12—24 —48 — ---.
- Fromk=55—-10—-20—-40—80— ---

Collatz Trunk

00000952 ---.

Collatz Branch

(JG ) ) &) ) Gl =) Ge)
jelololololcIoICh
joololelel2iciel

Figure 1. Collatz tree trunk and branches (Created by the author)

2.2. Branch Connection Rules
Each branch, starting from an odd number k, is connected to the existing tree structure through the

following rule:

1. For each odd number k, compute 3k + 1.
2. Since 3k + 1 is always even, it belongs to some existing branch in the form (24’ + 1) - 2°.


https://doi.org/10.20944/preprints202504.1491.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 April 2025 d0i:10.20944/preprints202504.1491.v1

50f 15

3. Thus, 3k 4 1 becomes the merge point where the current branch connects to another branch or the
trunk.

Since all natural numbers are included in the tree, the resulting value 3k + 1 is guaranteed to exist
within the structure. Therefore, every branch eventually connects to the trunk.
Example:

e  Fork =5, we compute 3 -5+ 1 = 16, which belongs to the trunk sequence 1 —2 — 4 — 8 — 16 —

. Hence, the branch starting at 5 connects to the trunk via 16.

Collatz Trunk

Figure 2. Collatz tree Rules for Connecting Branches (Created by the author)

2.3. Generational Structure of the Collatz Tree

The branches of the Collatz Tree can be categorized into generations based on how they connect to
the trunk or to other branches.

*  First Generation: Branches that directly merge into the trunk. These are the closest to the root and
connect to the trunk via a single 3k + 1 operation.

*  Second Generation: Branches that connect to a first-generation branch. That is, they require two
successive 3k + 1 operations to reach the trunk.

¢  Third Generation and Beyond: These follow recursively, with each generation connecting to the
previous one via a merge point.

This generational structure allows us to trace the hierarchical relationships between branches and

understand how each odd number is positioned within the tree.

2.4. Overall Structure of the Collatz Tree

The Collatz Tree is a directed structure rooted at 1, in which all natural numbers are arranged
according to Collatz operations. The key characteristics of this structure are as follows:

*  Trunk: A unique path starting from 1, consisting of powers of 2.
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*  Branches: Sequences starting from each odd number k, extended by successive multiplications by 2:
k, 2k, 4k, ....

We define the tree formally as a rooted directed tree with root node 1.

Edge Definition
For each node v (a natural number), the edges are defined as:
e Ifviseven: an edge from v to v/2.

e Ifvisoddand v # 1: define the parent node as the smallest k such that (3k + 1) /2" = v for some
integer m > 1.

Thus, edges in the tree always point from a number to its predecessor under the reverse Collatz
operation.

This structure satisfies the properties of a Directed Acyclic Graph (DAG), and more specifically, a
Directed Tree.

Properties of the Collatz Tree

1.  Directedness: Each node has a uniquely defined successor (under forward Collatz steps) or prede-
cessor (under reverse steps).

2. Acydlicity: There are no cycles except the trivial loop 1 — 2 — 4 — 1, which does not violate
acyclicity in the tree structure as we fix 1 as the root.

3. Connectivity: Every natural number is connected through a finite path to the root node 1.

4. Uniqueness: Each node appears exactly once in the tree.

Therefore, the Collatz Tree is a well-defined, rooted, directed tree covering all natural numbers.

2.4.1. The Collatz Tree as a Directed Acyclic Graph (DAG)

To examine the structural properties of the Collatz Tree, we define the standard Collatz function as:

n/2, ifn=0 (mod 2)

flm) = 3n+1, ifn=1 (mod 2)

By repeatedly applying this function f, we obtain a sequence of natural numbers. The directed
edges of the graph are defined by the transition n — f(n).

Directedness:

Each natural number 1 has a uniquely determined image f(n). Thus, each node has exactly one
outgoing edge. The graph is therefore directed.

Acyclicity:

There are no known cycles in the Collatz sequence, except for the trivial loop:
1-2—-4-1

Aside from this known finite loop, no other cycle has ever been observed. The function f tends to reduce
the value of n over time, especially when n is even. Therefore, the system is biased toward convergence.

Based on this observation, and the absence of other known cycles, we consider the graph to be
acyclic.
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Conclusion:
Combining the above, the Collatz Tree satisfies the conditions for a directed acyclic graph (DAG):

e  Each edge has a direction.
*  No path forms a closed loop.

Figure 3. The Collatz Tree as a Directed Acyclic Graph (DAG) (Created by the author)

2.4.2. The Collatz Tree as a Directed Tree

Having established that the Collatz Tree is a directed acyclic graph (DAG), we now show that it also
satisfies the properties of a directed tree.

Directedness:

As defined previously, the Collatz function maps each natural number 7 to a unique successor,
and the reverse Collatz operation defines a unique predecessor wherever applicable. Hence, the tree is
directed.

Connectivity:

The Collatz Tree is rooted at 1. Starting from any natural number 7, applying the standard Collatz
operations (forward or backward) eventually leads to 1. This implies that every node is connected to the
root through a unique path. Therefore, the structure is connected.

Uniqueness of Parent Node:
Each node (natural number) in the Collatz Tree has exactly one parent, defined by either:

*  2nif nis the result of halving an even number, or
e (n—1)/3ifn=1 (mod 3) and the result is an odd number.
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Thus, each node has at most one incoming edge, ensuring the tree structure with no ambiguity or
duplication.

Conclusion:

All nodes are connected, and each has exactly one parent (except the root). Therefore, the Collatz
Tree satisfies the definition of a directed rooted tree.

2.4.3. Structural Impossibility of Infinite Growth

The Collatz Tree exhibits important structural properties that rule out the possibility of infinite
growth or divergence within the tree.

Tree Node Uniqueness:

Each natural number appears exactly once in the Collatz Tree. Every node occupies a unique position
in the structure, determined by its path from or to the root.

No New Nodes Beyond the Tree:

For a number to grow infinitely large, the tree would need to accommodate an unbounded sequence
of nodes. However, since the structure is defined as a finite tree rooted at 1, and all nodes are already
placed uniquely within it, there is no space for introducing new nodes without duplication.

Restriction on Infinite Ascension:

Any path that ascends infinitely within the tree would require numbers not already in the tree. Since
all natural numbers are already accounted for, such an infinite path is structurally impossible.

Conclusion:

Due to the uniqueness of each node and the completeness of the tree, infinite growth is not possible
within this structure. Any process starting from a natural number must eventually descend toward the
root, and no path can rise infinitely without violating the tree’s structural constraints.

2.5. Absence of Loops in the Collatz Tree

It is generally difficult to prove the absence of loops directly through forward Collatz operations.
Therefore, we consider the reverse operations and analyze their structure.

Definition of Collatz Transformations

The standard Collatz function f is defined as:

n/2, if n is even

n g
fn) 3n+1, ifnisodd

The reverse transformation g(n) is defined piecewise as follows:

2n,  (always applicable)

n)=
sn) 17l ifn=1 (mod3)and 3! €N
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Two Types of Computation Units

We model the structure of the reverse Collatz process using two computation units:

e Computation Unit 1 (UNIT 1): Doubles the input. This models the operation g(n) = 2n.
¢  Computation Unit 2 (UNIT 2):

1.  Doubles the input to get 2n.
2. If n—1is divisible by 3, then output (1 — 1)/3 as a secondary branch.

INPUT QUTPUT INPUT QUTPUT
A UNIT 1 B A UNIT 2 B
|:>n g(n) zn:'|> |:>n g(n) 2n:'|>

n—1
3
QUTPUT
C

Figure 4. Collatz tree Execution UNIT (Created by the author)

Each node in the reverse Collatz tree is computed via one of these two unit types, both having only
one input. The possibility of forming a loop would require a secondary input feeding back into itself —
which is structurally impossible under this model.

Why Loops Cannot Occur

To form a loop, the output from one unit must return as input to a previous unit in the same path.
However:

*  Each value is used exactly once in the tree.
*  The input/output mapping of each computation unit is one-to-one and irreversible.
*  Once a number is used as input in the tree, no other unit can reuse it.

For instance, to output 5 via g(n), we would need n = 16. But 16 is already assigned uniquely
within the tree. No alternative path can use it again.
Therefore, the structure eliminates the possibility of loops.

Equation-Based Confirmation

Let k = 2a 4+ 1 (an odd number), and suppose we want to find k such that:
Bk+1=2"-k

Rewriting gives:
(2 —3)-k=1
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This has only one integer solution: b = 2, k = 1.
This confirms that the only loop in the Collatz graph is the trivial cycle:

1-2—4—1

Conclusion

The reverse computation process guarantees that:

e All paths in the tree are uniquely determined.
*  Each node has a single input and known output structure.
*  No loops can occur, except the trivial loop through 1.

This proves the loop-free nature of the Collatz Tree.

2.6. Absence of Loops in the Collatz Tree

It is generally difficult to prove the absence of loops directly through forward Collatz operations.
Therefore, we consider the reverse operations and analyze their structure.

Definition of Collatz Transformations

The standard Collatz function f is defined as:

n/2, if n is even

n) =
fn) 3n+1, ifnisodd

The reverse transformation g(n) is defined piecewise as follows:

2n,  (always applicable)
”51, ifn=1 (mod 3)and % eN

g(n) =

Two Types of Computation Units

We model the structure of the reverse Collatz process using two computation units:
e Computation Unit 1 (UNIT 1): Doubles the input. This models the operation g(n) = 2n.
e  Computation Unit 2 (UNIT 2):

1. Doubles the input to get 2n.
2. If n —1is divisible by 3, then output (n — 1)/3 as a secondary branch.

Each node in the reverse Collatz tree is computed via one of these two unit types, both having only
one input. The possibility of forming a loop would require a secondary input feeding back into itself —
which is structurally impossible under this model.

Why Loops Cannot Occur

To form a loop, the output from one unit must return as input to a previous unit in the same path.
However:

e Each value is used exactly once in the tree.
e The input/output mapping of each computation unit is one-to-one and irreversible.
*  Once a number is used as input in the tree, no other unit can reuse it.
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For instance, to output 5 via g(n), we would need n = 16. But 16 is already assigned uniquely
within the tree. No alternative path can use it again.
Therefore, the structure eliminates the possibility of loops.

Equation-Based Confirmation

Let k = 2a 4 1 (an odd number), and suppose we want to find k such that:
Bk+1=2"-k

Rewriting gives:
(2P —3). k=1

This has only one integer solution: b = 2, k = 1.
This confirms that the only loop in the Collatz graph is the trivial cycle:

1-2—4—1

Conclusion

The reverse computation process guarantees that:

¢  All paths in the tree are uniquely determined.
¢ Each node has a single input and known output structure.
*  No loops can occur, except the trivial loop through 1.

This proves the loop-free nature of the Collatz Tree.

2.7. Equivalence Between the Reverse-Constructed Tree and the Collatz Tree

We now demonstrate that the tree structure generated by reverse Collatz operations starting from 1
is structurally identical to the forward Collatz Tree.

Reverse Collatz Operation g(n)

As previously defined, the reverse Collatz function g(#) is:

2n,  always applicable

n)—=
8n) el ifn=1 (modB)and%EN

By applying g(n) starting from n = 1, we can construct a tree where each node has one or two
children depending on whether the second rule is satisfied.

Programmatic Construction and Observation

We implemented the reverse Collatz tree construction in Python using the rule ¢(#). The resulting
graph matches precisely the structure of the Collatz Tree created via forward operations.

This shows that the reverse process recreates the exact same branches, merge points, and number
distribution.

Equivalence in Structure

The following properties are preserved in both directions:

*  The same numbers appear in the same positions.
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*  Branches bifurcate at identical points.
*  The parent-child relationships are maintained.

Therefore, the reverse-generated tree is structurally identical to the Collatz Tree.

Implication

Because every number in the reverse tree is generated starting from 1 using g(n), it follows that any
natural number 7 has a unique path leading back to 1.

Thus, the statement “every natural number eventually reaches 1 under the Collatz operation” is
equivalent to saying “every number appears in the reverse tree constructed from 1.”

Conclusion

e The tree created from the reverse Collatz function g(n) is the same as the Collatz Tree generated
through forward computation.

e Each number appears once and only once.

*  Therefore, all natural numbers are connected to the root 1 via a unique path.

2.8. Python-Generated Tree Visualizations

The following figures illustrate the Collatz tree generated via Python code:

Figure 5. Collatz tree generated from the program (limit = 250) (created using original Python code)
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Figure 6. Collatz tree generated from the program (limit = 500) (created using original Python code)
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Figure 7. Collatz tree generated from the program (limit = 1000) (created using original Python code)

2.9. Structural Collatz Conjecture (Main Theorem)

Theorem 1 (Structural Collatz Conjecture). Every natural number is included in the directed tree generated by
reverse Collatz operations starting from 1.

Therefore, for any natural number n, repeated application of the Collatz operation leads to 1.

Proof. We have shown the following:

e  Every natural number can be uniquely expressed in the form (2a + 1) - 2°, and is thus part of a
branch starting from an odd number.

*  Applying the operation 3k + 1 (for any odd number k) always yields an even number, which can be
decomposed into the form (24" +1) - 2! and thus belongs to another existing branch. Therefore, all
branches ultimately merge and connect to the trunk (the branch starting from 1).

*  We confirmed that no loops exist in the tree, aside from the trivial cycle1 —2 — 4 — 1.

e The reverse Collatz function g(n) allows us to construct a tree rooted at 1 that includes all natural
numbers. This tree is structurally identical to the Collatz Tree.

Hence, any natural number 7 is connected to 1 through a unique path within this tree structure. Since

the reverse tree reconstructs all natural numbers starting from 1, the forward process must necessarily
lead every n to 1.

|
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The Collatz tree:

* Isadirected acyclic graph (DAG)

*  Has a unique root (1)

* Includes all natural numbers without duplication
e  Matches in both forward and reverse construction

Appendix: Python Code for Collatz Tree Generation

The following Python program generates the Collatz Tree in reverse from the starting value 1. Nodes
are connected using two rules: multiplication by 2 (always valid) and conditional application of the
inverse of the 3n 4 1 operation.

[caption = Collatz Tree Generation in Python] import networkx as nx import matplotlib.pyplot as plt

def generate_tree(limit=250): G = nx.DiGraph() G.add_node(1, level=0) queue = [(1, 0)] # (node,
level) visited = set([1])

while queue: n, level = queue.pop(0)

# Rule 1: Multiply by 2 child1 = 2 * n if child1 <= limit and child1 not in visited: G.add_edge(n,
child1) G.nodes|[child1][level’] = level + 1 queue.append((childl, level + 1)) visited.add(child1)

# Rule 2: Inverse of 3n+1 if n child2 = (n-1) // 3 if child2 > 0 and child2 not in visited: G.add_edge(n,
child2) G.nodes|[child2][level’] = level + 1 queue.append((child2, level + 1)) visited.add(child2)

return G

def draw_tree(G): levels = nx.get_node_attributes(G, 'level’) pos = level_widths =

for node, level in levels.items(): if level not in level_widths: level_widths[level] = [] level_widths[level].append(node)

for level, nodes in level_widths.items(): x_positions = range(-len(nodes) + 1, len(nodes), 2) for x,
node in zip(x_positions, nodes): pos[node] = (x, level)

plt.figure(figsize=(12, 10)) nx.draw(G, pos, with_labels=True, node_size=700, node_color="peru’,
edge_color="black’, font_size=10, font_weight="bold’, alpha=0.8) plt.show()

G = generate_tree(limit=250) draw_tree(G)

This script demonstrates that all natural numbers can be connected back to 1, forming a complete
and loop-free Collatz tree.

Thus, every natural number belongs to this structure and has a guaranteed path to 1.

This provides strong structural support for the Collatz conjecture.

Data Availability Statement: All data supporting the findings of this study are either included within
the manuscript or can be regenerated using the Python code provided in the Appendix. No additional
datasets were used or generated.
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