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Sixfold Discrete Symmetry Explains Dark Matter

Avi Nofech

369 Brintnell Blvd, Edmonton, AB T5Y 0G6, Canada; anofech@gmail.com

Abstract

Using the Pauli algebra version of the Dirac equation we show the existence of its six symmetric
versions whose solutions are referred to as the six sectors of fermion fields. It is shown that the sectors
are distinct, by showing that if a fermion field belongs to two sectors at once then its mass must be
zero. Also shown is the lack electromagnetic interaction between different sectors, since each sector
has its own unique matrix coupling its fermion field to its EM field. Altogether this predicts the ratio
of dark matter to ordinary matter of 5 to 1, which is close to the observed ratio of 5.2 to 1 [1]. In
order to fully justify this prediction, the sixfold discrete symmetry must first of all be extended to
the electroweak sector, then to strong interactions. This article only deals with coupling of fermion
fields to electromagnetic fields. This paper essentially depends on the full equivalence of the Pauli
algebra version of the Dirac equation with its standard version, which is proven in (2.1). The sixfold
symmetry can be seen in the Pauli algebra version of the Dirac equation, but is harder to see in its
standard version.

Keywords: fermion fields; discrete symmetry; mass inversion

1. Introduction, Notation, and the Main Results

1.1. Introduction

The motivation for this article is the sixfold symmetry of fermion fields which is apparent in the
Pauli algebra formulation [2] of the Dirac equation but is hidden in its standard four-component form.
The solutions to the six symmetric versions of the Dirac equation form what is referred to as the six
sectors of fermion fields, and the solutions to six versions of Maxwell’s equations form the six sectors
of the electromagnetic field.

The mathematical reason for the sixfold symmetry are the six representations of the Clifford
algebra Cl; ; into the algebra of two-by-two complex matrices M;(C). The key to this is the table in
Section 6.

The group of discrete symmetries of fermion fields are the automorphisms of the first Pauli group
G1, with inner automorphisms containing the charge conjugation and the mass inversion [2]. The
outer automorphisms are the subgroup of order two with the parity involution, taken direct product
with the permutation group on three letters. (See 9.1).

We construct an operator that calculates the values of the electric and magnetic fields coupled to
the fermion field out of the fermion field spinor, with all quantities taking values in the Pauli algebra
of two by two complex matrices (4.1). The resulting second order wave equation has a coupling matrix
which is unique for each of the six versions, obtained by applying the outer automorphisms of the
Pauli algebra.

The six versions of the Dirac equation have the same scalar equations, which raises a question,
will their solutions be distinct? This question is answered positively in (7) by showing that if a field
belongs to two different sectors then its mass equals zero.

Another naturally arising question is, does there exist any electromagnetic transmission between
different sectors? It is answered in the negative in (4.1). For each of the six sectors, there is a
different coupling matrix connecting its electromagnetic field to its fermion field, thus precluding
electromagnetic signals between different sectors.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.0552.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 September 2025 d0i:10.20944/preprints202509.0552.v1

20f12

1.2. Notation

All quantities considered here are elements of the Pauli algebra of complex 2 x 2 matrices, written
in the basis of Pauli matrices. Only lower indices are used and instead of upper and lower indices the
change of sign of the vector component is indicated by the bar. oy being identity is omitted.

a = ay+a = opap + 0141 + 02a + 0343
a=ag—a=0pdy — 0141 — 04y — 0343
aad = aa = deta

Any element can be written as sum of its scalar component and its vector component. The "bar"
operation switches the sign of the vector component leaving the scalar component unchanged. The
"star" operation is taking the Hermitian conjugate. Their composition "bar-star”, in either order, is an
automorphism of the Pauli algebra, similar to complex conjugation. It is an outer automorphism since
it replaces the determinant of an element with its complex conjugate. The subalgebra H € M;(C)
fixed by the bar-star automorphism is called the subalgebra of real quaternions, and their products
with i are called imaginary quaternions. Their sign is changed by the bar-star operation.

— G . ok .
uvel <« u'=u (iv) =—iv  u+iv =u—iv

It is shown in [2] that the bar-star automorphism is the parity symmetry.

A real quaternion u = ug + u has a real scalar component 1y and imaginary vector component y,
vice versa for imaginary quaternions.

The differential, where d,, stands for %:

= 0ydy + 0101 + 0202 + 0303 (1.1)

= 0'080 — 0'181 — 0'282 — 0'383
Their composition in either order is the d’Alembertian, multiplied by the identity matrix:
90 =90 = [J

The EM four-potential: A = Ao+ A = 0pA¢ + 0141 + 02 Ay + 03A3
Inner and outer products of vector components:

1 1

a-b:= E(ngrbg) anb := E(gb—bz) ab=a-b+aNnb
iy iop  i03
a-b=aiby + azby + azbs anb=|a; a a3

The electric and magnetic fields:

iy 1o i03
E:_aOA_QAO iB=0dANA= 81 82 83
A1 Ay Az

The four-component spinor of the Dirac equation is written using letters rather than indices and
is completed with the second column as follows:

a a b* i
b b —a*

T = el =
c c —d* u
d d c*
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The lower square of the two-column matrix is an element u of the subalgebra of real quaternions H
and is unchanged by the bar-star automorphism. The upper square iv is a product of a real quaternion
with imaginary unit i and its sign is changed by the bar-star automorphism (this can be checked by
direct calculation). Their sum is called the Pauli algebra spinor:

c —d* a b*
u= iv = p=utiv P =u—iv

1.3. The Main Results

a)  Pauli algebra Dirac equation and the inhomogeneous wave equation for our sector, both with
their bar-star conjugates, see Section 5.
b)  The second order wave equation coupling the fermion field to EM field:

(D+ m2 — qzdetA)  (io3) = q(AA + Ad)

where io3 is the coupling matrix, again specifically for our sector.

c) The six symmetric versions of all equations: they are obtained from the six different representa-
tions of the Clifford algebra Cl; ; into the algebra of matrices M, (C). Each of these versions has
its own coupling matrix that connects between the fermion field and the EM field.

d)  The group of discrete symmetries of fermion fields: they correspond to the group of automor-
phisms of the first Pauli group G;, with inner automorphisms being the charge conjugation, the
mass inversion, and their composition, and the outer automorphisms being the group of order
two containing the parity involution taken direct product with the group of permutations on
three letters. (see 9.1)

2. Proof of Equivalence of the Pauli Algebra Version to the Standard Dirac
equation

Proposition 2.1. The standard Dirac equation taken together with its Hermitian conjugate is equivalent to the
Pauli algebra Dirac equation taken together with its bar-star image.

Proof. The original Dirac equation: ~ (i9#D, — m)¥ = 0 is multiplied by —i and is rewritten in
two by two blocks with separate matrices for the differentials and for the EM interaction term. The
left column of the equation below are the four scalar equations of the standard Dirac equation and
the right column are the equations of the Hermitian conjugate Dirac equation, though they appear
in different order. The matrices ic3 appear because without them the right column would have the
opposite sign.

80 d iv AQ —A iv iv
+q [m] +m [iag] —0 @.1)
—d —og| |u A —Ap||u u

(It is useful at this point to rewrite the equation without blocks and check that the four equations in
the left column are those of the Dirac equation and the four equations in the right column are of its
Hermitian conjugate).

We now multiply the equation on the right by io3 and rewrite it as two equations in Pauli algebra,
and also switch the signs in the second equation:

doiv(ios) + du(ios) — q Apiv + qAu — miv =0
dou (ios) + div(ios) — qAou + qAiv+ mu =0
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Next add and subtract the two equations recalling that ¢ = u + iv, §" = u — iv:
oy (io3) + 3y (io3) — q Aoy + qAY + my =0
Y (iv3) — 39" (iv3) — gAY — QAP + myp =0
We obtain the Pauli algebra Dirac equation and its bar-star conjugate:
9y (i3) — qAp + myp’ =0 (22)

0P (io3) — qAY + myp =0

These two equations are transformed one into the other by the bar-star automorphism, because o and
Aarereal. O

3. Obtaining the Maxwell’s Equations From the Pauli algebra Dirac Equations
We apply the differential d to the four-potential A:

0A = (39 +9)(Ag+A) =dgAg+9-A| +09A+0Ag| +9NA=L—E+iB

where the three summands are the scalar Lorentz sum, the electric field and the magnetic field.
Next apply the bar-star conjugate of the differential, whose composition with differential is the
d’Alembertian, and that the current | = [JA: (see Eq. 5.1)

J = 0A=3(0A) = (3 — 3)(L — E+iB) =
=0dgL — dpE +dpiB—0dL+0J-E+JdANE—id-B—id \AB

The summands in this equation are of four different types and we rewrite the four separate sub-
equations for each type:

real scalar do)L+d-E=0
imaginary scalar 0-iB=0

real vector J+0oE+JdL+IdANIB=0
imaginary vector dyiB+dANE=0

In order to see that these are the four Maxwell’s equations we rewrite them in a more traditional order:

d-E = —9doL

Jd-iB = 0

INE = —0giB
ANB = —J—0pE—oL

The Lorentz sum L appears in the equations because there was no fixing of a gauge. Its time derivative
is minus the charge density. The minus sign before the current in the last equation is because the
wedge product introduces one more copy of i and i> = —1. See also [3].
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4. Second Order Wave Equation Coupling the Fermion and the EM Fields
4.1. Reciprocal Expressions for the spinor and Its Bar-Star Image

The equations 2.2 allow to express §" in terms of ¢ and vice versa express ¢ in terms of . Then
combine to obtain second order equations for both:

., 1 . ;
y = —;(all) (io3) — qA )
1 S =% /. —*
¢ = ——(39"(is) — A7)
Now plug in:
p = % @@y (io3) — qAy) (io3) — qA @y (ic3) — qAy))
7 o= 5 (0(0% o) - qAF)(ies) — a A (3 (i) ~ q4T"))
Simplify:
p = %(*Dlﬁ — qd(Ayp)(io3) — qAd p(io3) + qzdet(A)lP)
V= o (-OF - 2P ies) — q AT (ion) + 4% det(A) ")

Rewriting we have:
(O+m2=- q?deta)p = —q(34
(D +m?2— qzdetA)ﬁ* = —q(04
Multiplying on the right by i3 we have:
Proposition 4.1. Coupling of Fermion and EM Fields

(D +m?— qzdetA) P (io3)

I
e]
>

SO

+ o+

>
N
=

(D—I— m? — qzdetA)E*(iag,) = q(o

Again, these two equations are transformed one into the other by the bar-star automorphism.
Taking into account the placement of brackets in 4.1, the right sides should be understood as

(D—l— m?2— qzdetA)tp (i) = qo(Ay)+ qA(@y) 4.1)
(D+ m?2— qzdetA)w*(i@) = qI(AY) + qAQRY")

5. The Pauli Algebra Lagrangian

The purpose of this section is to rewrite the Lagrangian of quantum electrodynamics in Pauli
algebra form. Then the Lagrangian is rewritten in terms of Clifford algebra Cl; ;. Next we use the six
representations of the Clifford algebra Cl; » into the algebra of two by two complex matrices M (C) so
as to construct the six symmetric forms of the Dirac Lagrangian and of the Dirac equation.

The main difference between the standard QED Lagrangian [4], [5], [6] :

Loep = ¥ (i7" — m)¥ — A FAMY —1pvE,

and the Pauli algebra Lagrangian used here is use of the multiplicative structure of the algebra.
The other difference is that unlike the usual recovering the equations of motion from the La-
grangian using the Euler-Lagrange equations, another procedure is used, namely equating to zero
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the formal derivatives. This results in Pauli algebra Dirac equation [2], and the inhomogeneous wave
equations.
Here is the Pauli algebra version of the QED Lagrangian:

2 = P oylios) —qp Ay +my g+ (34)9A +
+ POy (io3) — qPAT +mPy + (9A)IA
The Lagrangian is intentionally written in two lines because these lines are transformed one into the

other by the bar-star automorphism of the Pauli algebra (see [2]).
The Lagrangian can also be written in terms of the conserved current J:

<z = ¢*a¢(ia3)—%(AI+]'A)+m¢*¢*+ADA
+ @5?*(1‘03)—%(A]'+]A)+m¢¢ +AOA
The reason for this is that 00A = 90A = [0 A and also (see 5.3)
_ 1 o _
q AP +qpAY :E(A]‘FA]"’-]A"F]A)

Recovering the equations of motion is done by equating to zero the formal derivatives of the Lagrangian
with respect to ¢*, P, A, A:

9.2 9.2 3L 3L

w0 oy 0 aa =’ aa
This results in four equations:
oY (io3) —qAyp +myp = 0 (5.1)
9y’ (io3) — gAY +my 0
—J+0A = 0
—J+0O4 = 0

The first two equations are the Pauli algebra Dirac equation [2], and the last two are the inhomogeneous
wave equations [7].

The sign of the d’Alembertian used here is the opposite of the sign in [7].

The differential, the four-potential and the four-current are elements of the Pauli algebra M, (C)
split into scalar and vector parts as follows:

A = Alg,=A"+A A=A"-4A
J = Jlou =1"+] T=1"-]

If u € H then u* = 1, u* = u. For iv the opposite holds (iv)* = —id.
For any ¢ € Mp(C) ¢y = det(¢) L
Both compositions of the differential and its bar are the d’Alembertian: 90 = dd = [J. Hence:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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The Lagrangian is rewritten separating the elements into their scalar and vector parts. This will be
used when writing the representation independent form of the Lagrangian.

L = (00 +0) Y(ios) + mp P+ (99 — ) P (i3) + m P
1

—5L(A% = A) (O + D)+ (10 = ) (A% + 4)] + (42— 4) D (4" + 4)

A% A) (I~ )+ (04 1) (A0~ A)] + (A + A) D (A° - A)

Taking into account that
Y =1 —1i0 P =1i+i0 E*:u—iv Y=u+iv

and the expressions for the current ([8], Proposition 8) which imply:

1 )
Jt = 3 tr(p*oy) J° = q(au+ov)oy | = JFop = iq(iioyo — doju)ox
the Lagrangian is rewritten in quaternionic functions u and v as follows:

%g — (dou + 0900) (i03) — (00 — 09U ) — (5.2)
—qAo(iiu + 9v) + igAy (idoyv — dogu) +
+ApAg —ADA"‘W[(IZM —’('7’0)

Equating to zero the derivatives

results in equations

dgu(io3) — duos — gAu + igAv + mu =0
dgv(ios) + duos — quv —igAu —mv =0

which are equivalent to the first two equations of 5.1, which are the Pauli algebra Dirac equations. This
can be checked by multiplying the second equation by i and then adding and subtracting with the first
equation.

In order to have a representation-independent form of the Lagrangian, the quaternionic functions,
the real u and the imaginary iv, need to be written first in terms of sigma matrices and then in terms of
generators of the Clifford algebra:

¢ —d* co+ic; —do+idy
u= = = coop + idyoq — idgoy + icy03
d c* do + idq co—icq
a b* ap +iaq by — ibq
iv = = = ia10p + booy + byon + agos
b —a* bo+iby —ag+iay

5.1. Proof that the Two Forms of Lagrangian Are the Same

Proposition 5.1. The two sums forming the interaction terms in the Lagrangian are equal:

AP+ AT = (A +AT+TA+]A) 53

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. The probability current J# is calculated out of the real quaternionic and imaginary quaternionic
components of the Pauli algebra spinor 1 as follows:

Jt = w0y (iv) + (iv)*ouu

(Here the components of the conserved current | are understood not as numbers, but as scalar two by
two matrices).

This can be checked by using the two-column completion of ¥ as described in 1.2 and in [2], and
then rewriting the usual formula for the probability current [6] with 2 x 2 blocks iv and u.

We need to calculate separately the scalar and the vector components of the current:

Jo=qlu*u+ (iv)*(iv)]oy ] = Jeor = qlu" oy (iv) + (iv)" opuloy

(Note that both u*u + (iv)*(iv) and u*oy(iv) + (iv)*oyu are real scalars)

To prove 5.3 we calculate separately the left side and the right side. The spinor ¢ = u + iv is
decomposed as sum of a real quaternionic function # and an imaginary quaternionic function iv. We
begin with the left side:

LS. =qp*Ap+qpAy =

q[u + (i0)*](Ao — A) (u+iv) +q [u” — (iv)"](Ag + A) (u — iv) =
=q (1 —i0)(Ag— A) (u+iv)+q (i +i0)(Ag+ A) (u —iv) =

= 2q Ao (i + 9v) 0y — 2ig A (fioyv — dogu) oy =

= 2gAp[u*u + (iv)* (iv)]og — 2 A [u*ox (iv) + (iv)*oyu]oy

(Note that the expressions in square brackets are real scalars)
Now calculate the right side:

RS. = %(A]+AT+TA+]A) -
= 21(Ao— A)(Jo+ 1) + (Ao + A) (o~ D)+
+(Jo—=)(Ag+A)+ (Jo+]) (Ao —A)] =
—2(AgJo—2A-]—2AN]—2] NA) =
=2(AgJo—2A-])

(the last equality because the outer product is anticommutative)
Now use the expressions for the current in (5.4):

R.S. = 2qAp[u*u + (iv)* (iv)]oyg — 2q Ax[u*ox(iv) + (iv)* oyu]oy (5.4)
LS. =RS. O

6. The Clifford Algebra Lagrangian

The Pauli algebra M;(C) is isomorphic to the Clifford algebra Cl; ; so that every element can be
expressed in its three generators:

=1 et=-1 &=-1 (6.1)

The table below defines six matrix representations of Cl; ; into M, (C), of which the first is chosen to
be the standard one.

The automorphisms of M;(C) are labelled by their action on the three cyclic subgroups of order
4 of the finite quaternion group Qg. These automorphisms form a group isomorphic to the group of
permutations of three letters, see [9], [10].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Here the finite quaternion group is (including their opposite signs):
Qs = {00, —ioy, —ioy, —ioz} < {1, i, j, k}
This action can be seen in the columns corresponding to the generators
€1, €2, €1€2

The subscripts ijk in the following table show the isomorphism between the outer automorphisms of
Qg and the group of permutations of three letters.

The morphisms between the representations are obtained by combining the inverse of one
representation with another. The automorphism of M;(C) converting the DE 153 into DE 31 for
example will be

-1
$231 © P13

Here is the table for ¢;j : Cljo — My (C):

Pijk €0 €1 €2 e1e; €pe1 €per €pe1€2
P 123 03 —iO’l — i(Tz —i(73 (%) —0 — iO’o
@231 (%] —i0'2 — i(T3 —i(Tl 03 —0 — iO'O
P312 (%) —i0'3 — iUl —i(Tz (%] —03 — iO’O
P213 03 —i0'2 — iUl i(73 — 01 (%) iO’O
P132 (%) —iO’l — i(73 iUz — 03 (%] iO’O
Q31 ot —i03 — i ioq ) o3 o)

The action of the bar-star automorphism and of the bar and of "star" (Hermitian conjugate)
anti-automorphisms on the generators of the Clifford algebra can be seen in the following table:

operation e | €1 €y | e1ex | epeq epe2 | eperer
bar-star | -1 | 1 | 1 1 -1 -1 -1
bar -1 ]-1-1 -1 -1 -1 1
star 1]-1)-1 -1 1 1 -1

Now use (p1_213 to rewrite all the vector expressions in terms of generators of the Clifford algebra,
according to the first line in the table. The o being identity is omitted.

d = —epep 1 +epe;0y +ep 03 (6.2)
A = —eper Al + eper A? +ep A
] = —eper J'+eger J*+eg I

The other elements of the Lagrangian that depends on the representation are ic3 and 03, and according
to the first line of the table, they should be replaced with —e;e; and with ey.

Now one can write the representation-independent Lagrangian, by substituting 6.2 into 5.2. In
this article the substitution is done only for the case of the free Dirac equation .
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If the six representations are applied to all the expressions in the Lagrangian and in the resulting
equations, then the morphisms between representations will transform solutions into solutions. Both
the new Pauli algebra spinors and the corresponding new equations will be different but the underlying
eight equations of the Dirac equation and its Hermitian conjugate will be exactly the same.

This raises the question, will the solutions to the transformed equations be the same as before,
or will they be genuinely different? This question is answered in 7.1. Only the free Dirac equation is
needed there, so here is its representation-independent form:

(80 —epep 01 +epe1 92 + e 83)1,17 + eperen m¢*60 =0 (6.3)

7. The Six Sectors of Fermion Fields Are Distinct

The method used to show this is the mass inversion symmetry, described in [2]. For convenience
this short argument is reproduced here. Given a solution ¥ of the free Dirac equation define ¢’ = ¢os3.
Then multiply this equation, which appears first, on the right by 03, and recall that 03" = —03:

oY = im$*03 oPpos = im$*03(73 ooz = 7im(¢0'3)*(73 alIJl = 71'1’1’1W*0'3

So i’ is also a solution of the Dirac equation but with the mass of opposite sign.

Proposition 7.1. Only massless spinors can be solutions to two versions of the free Dirac equation belonging to
two different sectors.

Proof. These are the six versions of the free Dirac equation obtained by applying the six representations
to the representation-independent free Dirac equation :

123 (g +0101+020) +0303)p —imPo3 = 0 (7.1)
231 (30 + 0201 +030 +1d3)p—imPp o, = 0
312 (9040301 + 0192 +0293) —imP oy 0
213 (09 — 0201 — 0102 +0303)P +imy o3 0
132 (09 — 0101 — 0302 +0203)Y +imP oy 0
321 (99— 0301 — 020 +1d3)P+imPp oy = 0

Suppose that the spinor ¢ is a solution of two different equations, with the same mass. We can always
use the morphisms between representation to make the first of two equations the top line 123. Now
let the second equation be any other except 213 (this case will be dealt with separately). For example
suppose the second equation is 231. Multiply both equations on the right by o3:

123 (dp+ 0101+ 020 +c7383)1p’+im?*a3 =0 (7.2)
231 (dg+ 0201 + 0302 +0’183)l/)/—imw*0'2 =0

So ¢’ is a solution for the first equation with mass —m and for the second with mass m, which is
only possible if the mass is zero. This argument applies to all lines except 213 where we do not have
the anticommutation.

For the lines 123 and 213 suppose that m # 0 and consider also their bar-star equations:
p—imyPoy = (7.3)
Y+imy oy

¢ —imyoy
%

¢ +imyo; =

do + 0101+ 0202 + 0303
dy — 0201 — 010y + 0303
dgp — 0101 — 0202 — 0303

0
0
0
do + 0901 + 0102 — 0303 0

~~ Y~~~
e — — —
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Subtracting the first two lines and the last two lines we get
1 T 1 —k ,
5(0'1 +03)(01+0) Y =imy o3 E(Ul +02)(01+02) P = —imyos

Combining we get ﬁ (91 +92)% = ¢ and with a change of coordinates we have an ODE

1 %y
am2a22 V70

with real roots of its characteristic equation. So ¥ is an exponential function and this is incompatible
with it being normalizable. [

8. The Lack of Electromagnetic Interaction Between Different Sectors

We consider the six symmetric versions of the equation (4.1) that links the fermion field to the
electromagnetic field. In the version labeled by the permutation 123 the linking matrix is io3. A look at
the fourth column of the table (6) shows that the representation independent expression is —eje;. Its
values under the six representations are all different, showing a specific coupling within each sector.

There are also the six symmetric versions of Maxwell’s equations, see 3. The operator d which
equals 0101 + 0207 + 0303 under the representation @13 changes under the other representations
according to the table 6. This produces six symmetric, but non-identical copies of Maxwell’s equations.

9. The Group of Discrete Symmetries

Proposition 9.1. The group of discrete symmetries of fermion fields is the group of automorphisms of the
first Pauli group Gy where the abelian normal subgroup of inner automorphisms consists of identity, the
charge conjugation symmetry C, the mass inversion symmetry M and their composition. The group of outer
automorphisms is a direct product of the group of order two generated by the parity symmetry, which is the
bar-star automorphism, and the group of permutations on three letters, generated by permuting the three spatial
derivates with the three sigma matrices.

Proof. The proof consists of identifying the discrete symmetries with elements of the automorphism
group Aut(Gy).

The inner automorphisms of the first Pauli group G; are the conjugations by ¢; which is the
charge conjugation symmetry C, by 03 which is the mass inversion symmetry M, and by their product
iop, which is CM = MC.

(This appears in [2], except it appears as right multiplication by the sigma matrix rather than
conjugation as here).

Rewriting the short exact sequence

1—InnG; — AutG; — OutG; — 1

we have
1—CxC — AutGp — Gy x 55 — 1

where in the outer automorphisms the cyclic group of order two is generated by the parity transfor-
mation "bar-star” and the group of permutations permutes between spatial derivatives and the three
sigma matrices.

The parity transformation inverts the signs of the three spatial derivatives and the three compo-
nents of the vector potential. Recalling that there are two versions of the Pauli algebra Dirac equation
related by the bar-star automorphism, this transformation essentially replaces the spinor ¢ with its
bar-star image " and vice versa. Since the choice between them is arbitrary, there are only six sectors
of fermion fields and not twelve. The group of automorphisms of G; is described in[? ]. O
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10. Conclusions and Open Questions

For the six-fold discrete symmetry to be a candidate to explain dark matter, two issues need to be
addressed: first, show that the six sectors of free fermion fields are genuinely distinct from each other;
and second, show the absence of electromagnetic interaction between different sectors. The first issue
is addressed in (7.1). The second follows from the unique matrix coupling the fermion field to the EM
field in (4.1).

What remains is the important caveat, that the six-fold symmetry must be extended to weak and
strong interactions to be a reasonable explanation. This is not addressed in the present article.

According to [1] the universe consists of approximately 5% ordinary baryonic matter, ~ 26% dark
matter, and ~ 61% dark energy. This gives the ratio of dark matter to ordinary matter of 5.2 : 1 which
is close to 5 : 1, as predicted by the six-fold symmetry.
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