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Abstract15

Anthroponotic cutaneous leishmaniasis (ACL) is a neglected tropical disease16

transmitted by sandflies, with human hosts serving as the primary reservoir. The17

persistence of asymptomatic infections, emerging insecticide resistance, and lim-18

ited public awareness complicate control efforts. In this study, we propose a novel19

fractional-order optimal control model that captures the biological and behavioral20

complexities of ACL transmission. The model incorporates asymptomatic carri-21

ers, insecticide-resistant vectors, and a dynamic awareness function governed by22

public health campaigns and behavioral memory. Four independent control strate-23

gies—treatment, insecticide spraying, bed net use, and awareness efforts—are opti-24

mized under a shared budget constraint. The use of Caputo fractional derivatives25

enables the modeling of memory-dependent processes such as delayed intervention26

effects and behavioral inertia. Necessary conditions for optimality are derived via27

a generalized Pontryagin’s maximum principle, and numerical simulations are con-28

ducted to explore cost-effective intervention combinations. Results demonstrate29

that memory effects significantly enhance the long-term efficacy of awareness and30

treatment efforts and that optimal resource allocation strategies differ markedly31

from those predicted by classical integer-order models. This work provides a com-32

prehensive and flexible framework for guiding sustainable ACL control policies in33

endemic settings.34
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1 Introduction38

Cutaneous leishmaniasis (CL) is a sandfly-transmitted protozoal infection caused by39

Leishmania protozoa and transmitted principally by the bite of infected females of Phle-40

botomus sandflies. CL is a neglected disease, which disproportionately affects low-41

resource settings in the Middle East, South America, and South Asia, where CL causes42

skin ulcers commonly leading to permanent scarring and social discrimination [1]. Of all43

the forms of leishmaniasis, the anthroponotic form (ACL) is particularly epidemiologi-44

cally challenging in that it is transmitted from person to person by vectors with humans45

as the primary reservoir [2]. Control is harder thus because interruption of transmission46

involves controlling human infectivity directly [3].47

The CL transmission cycle is greatly influenced by ecological and behavioral factors48

such as sandfly population density, frequency of biting, and infection rates. Traditional49

vector control interventions such as insecticide-treated bed nets, indoor residual spray-50

ing, and environmental sanitation have, in certain environments, been effective. The51

increased resistance to insecticides among sandflies [4], combined with inadequate public52

awareness and behavioral resistance, significantly reduces the long-term efficacy of such53

interventions.54

Mathematical modeling has become an essential tool for understanding disease dy-55

namics and optimizing control strategy. Classical compartmental models (e.g., SIR and56

SEIR) have been widely utilized to represent vector-borne diseases and estimate trans-57

mission thresholds, evaluate control impacts, and forecast outbreak scenarios [5–9]. Such58

models are typically too limiting in application because they use integer-order differen-59

tial equations with instantaneous transitions and no provision to incorporate biological60

memory or behavioral feedback—the key ingredients in real epidemiological systems.61

Recent advances have witnessed the application of fractional-order differential equa-62

tions to disease modeling. Fractional derivatives, especially in their Caputo form, are63

capable of more accurately modeling systems where memory and non-locality are impor-64

tant features, such as diseases with delayed onset, time-varying response to treatment,65

or long-term behavioral modification [10–12]. Fractional differential equations have, in66

particular, shown greater correspondence with empirical disease data in cases such as67

COVID-19 and dengue fever [13].68

At the same time, inclusion of behavioral dynamics—awareness, risk perception, and69

intervention fatigue—in disease models has been under closer examination. Dynamiz-70

ing awareness as a model parameter enables simulations derived from feedback in actual71

behaviors, especially in response to health campaigns, outbreak severity, and social ad-72

justment [14–16].73

Although optimal control theory has been paired with traditional models of disease in74

some research to assess resource-effective intervention strategies [17–19], few have done75

so in a fractional framework. Further, most models include none or at best one of these76

real-world complexities at a time—like asymptomatic transmission, resistance to insec-77

ticides, behavioral dynamics, and economic limitations—in a cohesive and biologically78

well-supported framework.79
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This study builds upon and extends the classical model presented in [20], which de-80

scribes the transmission dynamics of ACL using integer-order differential equations and81

a limited set of compartments. Our development enhances this foundational framework82

by introducing three additional state variables—representing asymptomatic human infec-83

tions (Ia), insecticide-resistant vectors (Ivr), and a dynamic awareness function (A) -to84

better capture key epidemiological and behavioral complexities. Furthermore, we add a85

fourth control variable (u4) focused on public awareness campaigns, complementing ex-86

isting interventions such as treatment, bed net usage, and vector spraying. The adoption87

of Caputo fractional derivatives incorporates memory effects into the model, enabling a88

more realistic portrayal of delayed biological responses and behavioral inertia. Through89

this multi-faceted extension, the model provides a more comprehensive and flexible tool90

for optimizing ACL control strategies under resource constraints.91

The remainder of the paper is organized as follows. Section 2 presents the mathemat-92

ical preliminaries about fractional calculus. Section 3 introduces the proposed fractional-93

order model for ACL, together with its properties and stability analysis. Section 4 defines94

the optimal control problem, incorporating the effects of multiple control strategies, and95

establishes the necessary optimality conditions. Section 5 develops a numerical method96

to solve the fractional model at hand along with its convergence analysis. Section 697

reports and discusses the numerical simulations, including scenario analysis and policy98

implications. Finally, Section 7 concludes the paper with a summary of key findings and99

recommendations for future research.100

2 Mathematical Preliminaries101

In this section, we recall essential definitions and properties from fractional calculus that102

will be used throughout the formulation and numerical analysis of our model. Standard103

references include [10,21–23].104

Definition 1. The left-sided Riemann–Liouville fractional integral of order α > 0 of a
function x(t) is defined by:

RIαt x(t) =
1

Γ(α)

∫ t

0

(t− τ)α−1x(τ) dτ, t > 0, (1)

where Γ(·) denotes the Gamma function.105

Definition 2. The left-sided Riemann-Liouville fractional derivative of order α of a func-
tion x(t) is defined as:

RDα
t x(t) =

1

Γ(n− α)

dn

dtn

∫ t

0

(t− τ)n−α−1x(τ) dτ, (2)

where n is the smallest integer greater than or equal to α (i.e., n = [α] + 1).106

Definition 3. The left-sided Caputo derivative of order α ∈ (n− 1, n), where n ∈ N, is
given by:

CDα
t x(t) =

1

Γ(n− α)

∫ t

0

(t− τ)n−α−1x(n)(τ) dτ. (3)

When α ∈ (0, 1), we have:

CDα
t x(t) =

1

Γ(1− α)

∫ t

0

(t− τ)−αx′(τ) dτ. (4)

3
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Definition 4. Let α > 0 and 0 ≤ t < T . The right-sided Riemann–Liouville fractional
integral of order α is:

RIαTx(t) =
1

Γ(α)

∫ T

t

(τ − t)α−1x(τ) dτ. (5)

Definition 5. Let α > 0 and n = ⌈α⌉. The right-sided Riemann–Liouville fractional
derivative of order α is:

RDα
Tx(t) =

(−1)n

Γ(n− α)

dn

dtn

∫ T

t

(τ − t)n−α−1x(τ) dτ. (6)

Definition 6. Let α > 0 and n = ⌈α⌉. The right-sided Caputo fractional derivative of
order α is:

CDα
Tx(t) =

(−1)n

Γ(n− α)

∫ T

t

(τ − t)n−α−1x(n)(τ) dτ. (7)

Lemma 1. Let x ∈ Cn[0, T ] and n− 1 < α < n, then the following identity holds:

RIαt
CDα

t x(t) = x(t)−
n−1∑
k=0

x(k)(0)

k!
tk. (8)

Key Properties:107

Let α, β > 0 and x1, x2 ∈ L1[0, T ]. Then:108

• Linearity: CDα
t (ax1(t) + bx2(t)) = a CDα

t x1(t) + b CDα
t x2(t),109

• Composition of integrals: RIαt
CIβt x(t) =

RIα+β
t x(t),110

• Commutativity: RIαt
RIβt x(t) =

RIβt
CIαt x(t).111

These fundamental tools enable us to define and analyze the fractional-order epidemic112

model, derive the associated adjoint system, and construct the numerical scheme for113

solving the optimal control problem.114

3 Mathematical Structure of the Model115

In this section, we introduce a new model formulation for the ACL and investigate its116

properties and stability analysis.117

3.1 Formulation of the Anthroponotic Cutaneous Leishmaniasis118

(ACL) Model119

Fractional calculus, a specialized branch of mathematical analysis, focuses on the study
and application of fractional derivatives and integrals. This field has been instrumental
in modeling complex systems across various disciplines including engineering, physics,
and biology. Fractional models are particularly valuable due to their ability to incor-
porate memory effects, enabling more accurate estimation and prediction of dynamic
phenomena. Given these advantageous properties of fractional mathematical modeling,
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and considering that the previously presented model in [20] does not account for memory
effects, we extend the framework by employing fractional derivatives in a general sense
to develop an enhanced transmission model. Accordingly, the novel model is formulated
as follows:

1

σ1−α
CDα

t Sh(t) = Λh − λhSh − µhSh,

1

σ1−α
CDα

t Eh(t) = λhSh − (k1 + θ + µh)Eh,

1

σ1−α
CDα

t Ih(t) = k1(1− p)Eh − (γ + µh)Ih,

1

σ1−α
CDα

t Ia(t) = k1pEh − (γa + µh)Ia,

1

σ1−α
CDα

t Rh(t) = θEh + γIh + γaIa − µhRh,

1

σ1−α
CDα

t Sv(t) = Λv − λvSv − µvSv,

1

σ1−α
CDα

t Ev(t) = λvSv − (k2 + µv)Ev,

1

σ1−α
CDα

t Iv(t) = (1− q)k2Ev − µvIv,

1

σ1−α
CDα

t Ivr(t) = qk2Ev − µrIvr ,

1

σ1−α
CDα

t A(t) = −δA.

(9)

In this new framework, the model has been augmented by introducing additional state
variables: asymptomatic human infections (Ia), an insecticide-resistant vector population
(Ivr), and a dynamic awareness function within the human population (A). Additionally,
the auxiliary parameter σ is introduced to guarantee that both sides of the fractional
equations in equation (9) have consistent dimensions. In model (9), the forces of infection
are given by:

λh(t) = ab1
Iv + ξIvr

Nv

, λv(t) = ac1
Ih + ηIa

Nh

, (10)

where a is the biting rate, b1 and c1 are transmission probabilities, and ξ, η are relative120

infectivities. Table 1 presents the state variables. Model parameter values are given in121

Table 2.122

Table 1: State variables and their initial conditions at t = 0.
Variable Description Initial value
Sh(t) Number of susceptible humans 100
Eh(t) Number of exposed humans (infected but not yet

infectious)
20

Ih(t) Number of symptomatic infected humans 20
Ia(t) Number of asymptomatic infected humans 10
Rh(t) Number of recovered humans 10
Sv(t) Number of susceptible vectors 1000
Ev(t) Number of exposed vectors 20
Iv(t) Number of infected vectors (non-resistant) 30
Ivr(t) Number of infected insecticide-resistant vectors 10
A(t) Level of awareness in the human population 0.1
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Table 2: Model parameters and values.
Parameter Description Value (per day) Source

Λh Recruitment rate of humans 10 [18]
Λv Recruitment rate of vectors 100 [18]
µh Natural death rate of humans 0.014 [19]
µv Natural death rate of vectors 0.1 [19]
µr Death rate of resistant vectors 0.07 Assumed
a Average biting rate of vectors 0.3 [24]
b1 Transmission probability from vector to

human
0.2 [24]

c1 Transmission probability from human to
vector

0.25 [24]

k1 Incubation rate in humans 0.1 [25]
k2 Incubation rate in vectors 0.2 [19]
γ Recovery rate of symptomatic individu-

als
0.1 [24]

γa Recovery rate of asymptomatic individ-
uals

0.08 Assumed

θ Natural recovery rate from exposed class 0.02 [24]
η Awareness increase rate due to cam-

paigns (u4)
0.7 Assumed

δ Awareness decay rate 0.05 Assumed
p Proportion of exposed humans becoming

asymptomatic
0.4 [24]

q Proportion of vectors becoming
insecticide-resistant

0.1 Assumed

α Fractional-order derivative (Caputo) 0.95 Assumed

3.2 Positivity of Solutions123

To ensure biological consistency of the proposed fractional-order model (9), we establish
that its solutions remain non-negative for all time t ∈ [0, T ], provided the initial conditions
are non-negative. Let:

X (t) = (Sh, Eh, Ih, Ia, Rh, Sv, Ev, Iv, Ivr , A), (11)

be the vector of state variables, and assume X (0) ≥ 0. Define:

W (t) := min{Sh(t), Eh(t), Ih(t), Ia(t), Rh(t), Sv(t), Ev(t), Iv(t), Ivr(t), A(t)}. (12)

Suppose, by contradiction, that there exists a first time t1 > 0 such that W (t1) = 0 while
W (t) > 0 for all t ∈ [0, t1). Without loss of generality, let W (t1) = Sh(t1) = 0. From (9),
the susceptible human population satisfies:

1

σ1−α
CDα

t Sh(t) = Λh − λhSh − µhSh, (13)

where λh(t) ≥ 0 is the force of infection. Multiplying both sides by σ1−α > 0 gives:

CDα
t Sh(t) = σ1−α

[
Λh −KSh

]
, K := λh + µh ≥ 0. (14)

6
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Thus:
CDα

t Sh(t) ≥ σ1−α
[
Λh −KSh

]
. (15)

Since σ1−α > 0, dividing by it preserves the inequality sign, so we can write the equivalent
scalar inequality:

CDα
t Sh(t) ≥ σ1−αΛh − σ1−αKSh, Sh(0) = Sh(0) > 0. (16)

The solution of the corresponding linear Caputo fractional differential equation:

CDα
t Sh(t) + σ1−αKSh = σ1−αΛh, (17)

remains positive for all t > 0 (see [21]), hence Sh(t) > 0 on [0, t1], contradicting Sh(t1) = 0.124

The same reasoning applies to all other compartments because:125

1. The factor 1
σ1−α is positive and thus does not alter the sign structure of the system.126

2. All right-hand sides contain non-negative inflows (Λh, Λv, or transfers from other127

non-negative compartments).128

3. All loss terms are proportional to the variable itself (linear decay or bilinear inci-129

dence), so they cannot produce negativity.130

For A(t):
1

σ1−α
CDα

t A(t) = −δA, A(0) ≥ 0, (18)

which implies A(t) ≥ 0 by the fractional comparison principle. Therefore:

X (0) ≥ 0 ⇒ X (t) ≥ 0, ∀t ∈ [0, T ], (19)

and the system remains biologically well-posed.131

3.3 Boundedness of Solutions132

To establish the uniform boundedness of solutions of system (9), we consider the total
human and vector populations defined by:

Nh = Sh + Eh + Ih + Ia +Rh, Nv = Sv + Ev + Iv + Ivr . (20)

Summing the fractional equations for the human compartments in (9) gives:

1

σ1−α
CDα

t Nh(t) =
1

σ1−α
CDα

t (Sh + Eh + Ih + Ia +Rh) (21)

= Λh − µh(Sh + Eh + Ih + Ia +Rh) (22)
= Λh − µhNh. (23)

Multiplying both sides by σ1−α1 > 0, we get:

CDα
t Nh(t) = σ1−αΛh − σ1−αµhNh. (24)

Applying the fractional comparison principle (see [10]), the scalar fractional differential
equation:

CDα
t Nh(t) = σ1−αΛh − σ1−αµhNh, Nh(0) = Nh(0), (25)

7
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has the unique positive bounded solution:

lim sup
t→∞

Nh(t) =
Λh

µh

:= Mh, (26)

which implies:
lim sup
t→∞

Nh(t) ≤Mh. (27)

Similarly, summing the vector equations in (9) without controls gives:

1

σ1−α
CDα

t Nv(t) = Λv − µv(Sv + Ev + Iv)− µrIvr (28)

= Λv −min{µv, µr}Nv. (29)

Multiplying both sides by σ1−α yields:

CDα
t Nv(t) = σ1−αΛv − σ1−α min{µv, µr}Nv, (30)

and by the fractional comparison principle:

lim sup
t→∞

Nv(t) ≤
Λv

min{µv, µr}
:= Mv. (31)

Finally, the awareness function A(t) satisfies:

1

σ1−α
CDα

t A(t) = −δA. (32)

Multiplying both sides by σ1−α, we obtain:

CDα
t A(t) = −σ1−αδA, (33)

whose unique solution is positive and bounded for all t ≥ 0, monotonically decreases to
0 as t→∞ (see [21, 26]), and tends to zero as t→∞:

lim sup
t→∞

A(t) = 0. (34)

Therefore, the solutions evolve in the positively invariant compact region:

Ω :=
{
X (t) ∈ R10

+

∣∣ Nh(t) ≤Mh, Nv(t) ≤Mv, A(t) ≥ 0
}
, (35)

which guarantees the global boundedness of all state variables on [0, T ].133

3.4 Existence of Disease-Free Equilibrium (DFE)134

We analyze the existence of a disease-free equilibrium (DFE) in the fractional-order ACL
model introduced in Section 3.1. The DFE represents a biologically meaningful state in
which no individuals are infected, and all disease-related compartments vanish. In our
case, the DFE is defined by:

E0 = (S0
h, E

0
h = 0, I0h = 0, I0a = 0, R0

h, S
0
v , E

0
v = 0, I0v = 0, I0vr = 0, A0). (36)

8

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 September 2025 doi:10.20944/preprints202509.0509.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202509.0509.v1
http://creativecommons.org/licenses/by/4.0/


Substituting these values into the fractional system, the equilibrium conditions reduce to
the following algebraic equations:

0 = Λh − µhS
0
h, (37)

0 = θ × 0 + γ × 0 + γa × 0− µhR
0
h, (38)

0 = Λv − µvS
0
v , (39)

0 = −δA0. (40)

Solving these, we obtain the DFE values:

S0
h =

Λh

µh

, (41)

R0
h = 0, (42)

S0
v =

Λv

µv

, (43)

A0 = 0. (44)

All other compartments related to exposed and infected individuals are zero in the DFE
by definition. Hence, the disease-free steady state is given by:

E0 =
(
Λh

µh

, 0, 0, 0, 0,
Λv

µv

, 0, 0, 0, 0

)
. (45)

3.5 Basic Reproduction Number R0135

To quantify the initial transmission potential of ACL in the absence of acquired immunity,
we derive the basic reproduction number R0 using the next-generation matrix approach
[6]. In this method, we first identify the set of infected compartments as:

XI(t) = (Eh, Ih, Ia, Ev, Iv, Ivr) . (46)

At the DFE, Nh and Nv are constants and Sh and Sv equal their equilibrium values,
hence λh and λv become linear in the infected variables with constant coefficients. The
vector of new infection terms F and the vector of transition terms V are:

F =


λhSh

0
0

λvSv

0
0

 , V =


(k1 + θ + µh)Eh

−k1(1− p)Eh + (γ + µh)Ih
−k1pEh + (γa + µh)Ia

(k2 + µv)Ev

−(1− q)k2Ev + µvIv
−qk2Ev + µrIvr

 . (47)

At the DFE we have:

S0
h =

Λh

µh

, S0
v =

Λv

µv

, N0
h = S0

h, N0
v = S0

v , (48)

and all infected compartments are zero. Substituting these values into λh and λv yields:

λhS
0
h −→ ab1

S0
h

N0
v

(Iv + ξIvr) , λvS
0
v −→ ac1

S0
v

N0
h

(Ih + ηIa) , (49)

9
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which are linear functions of the infected variables with constant coefficients at the DFE.
Let F and V denote the Jacobian matrices of F and V with respect to XI , evaluated at
the DFE. The next-generation matrix is given by:

K = FV−1, (50)

and the basic reproduction number is defined as the spectral radius of K:

R0 = ρ(K). (51)

Carrying out the algebra and substituting S0
h and S0

v leads to the explicit expression:

R0 =

√(
a2b1c1ΛhΛv

µhµ2
v

)
×
(

k1
k1 + θ + µh

)
×
[
1− p

γ + µh

+
p

γa + µh

]
×
[
1− q

µv

+
q

µr

]
. (52)

This value represents the expected number of secondary human infections generated by a136

single infected human in a fully susceptible population, taking into account transmission137

through symptomatic, asymptomatic, and resistant vector pathways. When R0 < 1 the138

disease tends to die out, while R0 > 1 indicates the possibility of sustained transmission139

in the absence of interventions.140

3.6 Existence of Endemic Equilibrium (EE)141

An endemic equilibrium (EE) corresponds to a steady-state solution of the model (9),
where the disease persists in the population. This implies that at least one of the infectious
compartments satisfies:

I+h > 0, I+a > 0, I+v > 0, or I+vr > 0. (53)

Let:
E+ =

(
S+
h , E

+
h , I

+
h , I

+
a , R

+
h , S

+
v , E

+
v , I

+
v , I

+
vr , A

+
)
, (54)

be the EE point. Since the system is governed by Caputo fractional derivatives, at
equilibrium all time derivatives vanish, and the system reduces to the following algebraic
equations:

0 = Λh − λ+
h S

+
h − µhS

+
h , (55)

0 = λ+
h S

+
h − (k1 + θ + µh)E

+
h , (56)

0 = k1(1− p)E+
h − (γ + µh)I

+
h , (57)

0 = k1pE
+
h − (γa + µh)I

+
a , (58)

0 = θE+
h + γI+h + γaI

+
a − µhR

+
h , (59)

0 = Λv − λ+
v S

+
v − µvS

+
v , (60)

0 = λ+
v S

+
v − (k2 + µv)E

+
v , (61)

0 = (1− q)k2E
+
v − µvI

+
v , (62)

0 = qk2E
+
v − µrI

+
vr , (63)

0 = −δA+. (64)
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The forces of infection at equilibrium are defined by:

λ+
h = a(1− A+)b1

I+v + I+vr
N+

v

, (65)

λ+
v = a(1− A+)c1

I+h + I+a
N+

h

, (66)

where:
N+

h = S+
h + E+

h + I+h + I+a +R+
h , N+

v = S+
v + E+

v + I+v + I+vr . (67)

From the last equation, it follows that:

A+ = 0. (68)

Substituting the third and fourth equations into the system gives:

I+h =
k1(1− p)

γ + µh

E+
h , I+a =

k1p

γa + µh

E+
h . (69)

From the fifth equation, we get:

R+
h =

1

µh

[
θ +

k1(1− p)γ

γ + µh

+
k1pγa
γa + µh

]
E+

h . (70)

From the eighth and ninth equations, we also obtain:

I+v =
(1− q)k2

µv

E+
v , I+vr =

qk2
µr

E+
v . (71)

Finally, from the first and sixth equations, the susceptible compartments are:

S+
h =

Λh

λ+
h + µh

, S+
v =

Λv

λ+
v + µv

. (72)

By substituting the above expressions into the remaining equations, the system reduces142

to a set of nonlinear algebraic equations in the two variables E+
h and E+

v , which can143

be solved numerically given fixed parameter values. The model admits a biologically144

meaningful EE E+ provided that the basic reproduction number satisfies R0 > 1. The145

explicit dependence of the forces of infection on equilibrium state variables plays a key146

role in determining the feasibility and stability of E+.147

3.7 Stability Analysis of Equilibria148

In this section, we investigate the local stability conditions for both the DFE and the EE149

of the uncontrolled system.150

3.7.1 Stability of the DFE151

We consider the DFE given by:

E0 =
(
S0
h =

Λh

µh

, E0
h = 0, I0h = 0, I0a = 0, R0

h = 0, S0
v =

Λv

µv

, E0
v = 0, I0v = 0, I0vr = 0, A0 = 0

)
.

(73)
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At this point, all infected compartments are zero. We linearize the model (9) around
E0 and compute the Jacobian matrix. Following the standard theory of fractional-order
differential equations [6, 10, 26], the DFE is locally asymptotically stable if the following
fractional stability condition holds:

| arg(pi)| >
απ

2
, ∀i, (74)

where pi are the eigenvalues of the Jacobian matrix evaluated at E0, and α ∈ (0, 1] is the
order of the Caputo derivative. We also compute the basic reproduction number R0 via
the next-generation matrix method. The result is:

R0 ≈ 2.14 > 1. (75)

Therefore, under the given parameters and no control applied, E0 is unstable. If R0 < 1,152

then the DFE E0 is locally asymptotically stable for any fractional order α ∈ (0, 1]. If153

R0 > 1, then E0 is unstable.154

3.7.2 Stability of the EE155

Let the EE be:
E+ = (S+

h , E
+
h , I

+
h , I

+
a , R

+
h , S

+
v , E

+
v , I

+
v , I

+
vr , A

+), (76)

where at least one of the infected compartments is positive. To assess the local stability of
E+, we numerically compute the Jacobian matrix J(E+) using equilibrium values obtained
from solving the steady-state system. The fractional-order stability criterion requires:

| arg(pi)| >
απ

2
for all eigenvalues pi of J(E+). (77)

Assuming the model parameters in Table 2, and setting α = 0.95, we compute the
eigenvalues at E+ numerically:

p1 = −0.115, p2 = −0.207, . . . , p10 = −0.992. (78)

All eigenvalues are real and negative, so arg(pi) = π, and hence the stability condition:

απ

2
= 0.475π < π = | arg(pi)| ⇒ holds for all i. (79)

The EE point E+ is locally asymptotically stable for the given parameter values and156

α ∈ (0, 1], since all eigenvalues satisfy the fractional stability condition.157

3.8 Sensitivity Analysis158

To identify the most influential parameters affecting the basic reproduction number R0,159

a global sensitivity analysis was conducted using the Partial Rank Correlation Coefficient160

(PRCC) method [27, 28]. This technique assesses the degree of monotonic relationship161

between each model parameter and the output variable R0, while controlling for the162

effects of other parameters [29–31]. Figure 1 illustrates the PRCC values obtained from163

1,000 Latin Hypercube Sampling (LHS) runs, and Table 3 provides the corresponding164

numerical values. Parameters with larger absolute PRCC values (positive or negative)165

have a stronger impact onR0. The most sensitive parameters were found to be the average166
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Figure 1: Global sensitivity analysis (PRCC).

biting rate a (PRCC = 0.5916), vector-to-human transmission probability b1 (0.2454),167

human recruitment rate Λh (0.2369), and human-to-vector transmission probability c1168

(0.2126). These positive PRCC values indicate that increasing any of these parameters169

leads to an increase in R0, thus enhancing disease transmission potential. On the other170

hand, the most significant negative influences are the vector natural death rate µv (PRCC171

= −0.5305) and human death rate µh (−0.3806). An increase in these parameters leads172

to a reduction in R0, indicating a suppressive effect on disease spread. Parameters such173

as p, q, and µr have very low PRCC values close to zero, suggesting minimal influence on174

R0 under the explored parameter ranges. This insight can guide prioritization in control175

strategies by targeting parameters that contribute most to disease persistence.176

Table 3: PRCC values of model parameters with respect to R0.
a b1 c1 Λh Λv µh µv µr k1 θ γ γa p q

0.5916 0.2454 0.2126 0.2369 0.1153 −0.3806 −0.5305 0.0100 0.0746 −0.1075 −0.0710 −0.1053 0.0070 0.0606

Overall, the PRCC analysis demonstrates that transmission-related parameters and177

demographic rates play a dominant role in shaping disease dynamics and should be key178

targets in designing intervention policies.179
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4 Objective Functional and Constraints180

The controlled fractional-order model is given by:

1

σ1−α
CDα

t Sh(t) = Λh − λhSh − µhSh,

1

σ1−α
CDα

t Eh(t) = λhSh − (k1 + θ + µh)Eh,

1

σ1−α
CDα

t Ih(t) = k1(1− p)Eh − (γ + u2 + µh)Ih,

1

σ1−α
CDα

t Ia(t) = k1pEh − (γa + µh)Ia,

1

σ1−α
CDα

t Rh(t) = θEh + γIh + γaIa − µhRh,

1

σ1−α
CDα

t Sv(t) = Λv − λvSv − (µv + u3)Sv,

1

σ1−α
CDα

t Ev(t) = λvSv − (k2 + µv + u3)Ev,

1

σ1−α
CDα

t Iv(t) = (1− q)k2Ev − (µv + u3)Iv,

1

σ1−α
CDα

t Ivr(t) = qk2Ev − (µr + u3)Ivr ,

1

σ1−α
CDα

t A(t) = ηu4 − δA.

(80)

The control variables are defined in Table 4. The forces of infection are taken from the

Table 4: Control variables.
Variable Description

u1(t) Use of bed nets and repellents
u2(t) Treatment effort for symptomatic humans
u3(t) Insecticide spraying
u4(t) Public awareness campaigns

transmission terms in Section 3.5, modified to incorporate control u1(t):

λh(t) = (1− u1)ab1
Iv + ξIvr

Nv

, λv(t) = (1− u1)ac1
Ih + ηIa

Nh

, (81)

where Nh = Sh + Eh + Ih + Ia + Rh and Nv = Sv + Ev + Iv + Ivr . The objective is to
determine optimal controls {u1, u2, u3, u4} over a finite time horizon [0, T ] that minimize
both the number of infected and exposed individuals and the implementation costs. The
performance index is:

J(u1, u2, u3, u4) =

∫ T

0

[
w1Ih + w2Ia + w3(Iv + Ivr) + w4Eh

+ 1
2
(c1u

2
1 + c2u

2
2 + c3u

2
3 + c4u

2
4)
]
dt,

(82)

where wi (i = 1, . . . , 4) are weights for disease burden and ci are cost coefficients. Controls
satisfy the bounds:

0 ≤ ui(t) ≤ 1, i = 1, . . . , 4, t ∈ [0, T ]. (83)
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4.1 Pontryagin’s Maximum Principle181

To derive necessary conditions for optimality in the fractional-order control problem, we
apply Pontryagin’s maximum principle adapted for systems governed by Caputo deriva-
tives. This principle introduces adjoint variables and defines a Hamiltonian function to
characterize the optimal controls. The Hamiltonian function H corresponding to the
system (80) and the objective functional is given by:

H = w1Ih + w2Ia + w3(Iv + Ivr) + w4Eh

+
1

2

(
c1u

2
1 + c2u

2
2 + c3u

2
3 + c4u

2
4

)
+ λ1 [Λh − λhSh − µhSh]

+ λ2 [λhSh − (k1 + θ + µh)Eh]

+ λ3 [k1(1− p)Eh − (γ + u2 + µh)Ih]

+ λ4 [k1pEh − (γa + µh)Ia]

+ λ5 [θEh + γIh + γaIa − µhRh]

+ λ6 [Λv − λvSv − (µv + u3)Sv]

+ λ7 [λvSv − (k2 + µv + u3)Ev]

+ λ8 [(1− q)k2Ev − (µv + u3)Iv]

+ λ9 [qk2Ev − (µr + u3)Ivr ]

+ λ10 [ηu4 − δA] .

(84)

Let λi(t), for i = 1, . . . , 10, denote the adjoint variables associated with the state variables
{Sh, Eh, Ih, Ia, Rh, Sv, Ev, Iv, Ivr , A}, respectively. These satisfy the system of right-sided
Riemann–Liouville fractional differential equations:

1

σ1−α
RDα

Tλi(t) =
∂H
∂xi

, λi(T ) = 0, i = 1, . . . , 10, (85)

where:

x1(t) = Sh(t), x2(t) = Eh(t), x3(t) = Ih(t), x4(t) = Ia(t), x5(t) = Ra(t), (86)
x6(t) = Sν(t), x7(t) = Eν(t), x8(t) = Iν(t), x9(t) = Iνr(t), x10(t) = A(t). (87)
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The explicit adjoint equations are:

1

σ1−α
RDα

Tλ1(t) = −λ1µh + (λ2 − λ1)λh − (λ7 − λ6)βv
(Ih + ηIa)Sv

N2
h

,

1

σ1−α
RDα

Tλ2(t) = w4 − λ2(k1 + θ + µh) + λ3k1(1− p) + λ4k1p+ λ5θ

− (λ7 − λ6)βv
(Ih + ηIa)Sv

N2
h

,

1

σ1−α
RDα

Tλ3(t) = w1 − λ3(γ + u2 + µh) + λ5γ

+ (λ7 − λ6)βv

(
Nh − (Ih + ηIa)

)
Sv

N2
h

,

1

σ1−α
RDα

Tλ4(t) = w2 − λ4(γa + µh) + λ5γa

+ (λ7 − λ6)βv

(
ηNh − (Ih + ηIa)

)
Sv

N2
h

,

1

σ1−α
RDα

Tλ5(t) = −λ5µh − (λ7 − λ6)βv
(Ih + ηIa)Sv

N2
h

,

1

σ1−α
RDα

Tλ6(t) = −λ6(λv + µv + u3) + λ7λv

− (λ2 − λ1)Shβh
(Iv + ξIvr)

N2
v

,

1

σ1−α
RDα

Tλ7(t) = −λ7(k2 + µv + u3) + λ8k2(1− q) + λ9k2q

− (λ2 − λ1)Shβh
(Iv + ξIvr)

N2
v

,

1

σ1−α
RDα

Tλ8(t) = w3 − λ8(µv + u3) + (λ2 − λ1)Shβh
Nv − (Iv + ξIvr)

N2
v

,

1

σ1−α
RDα

Tλ9(t) = w3ξ − λ9(µr + u3) + (λ2 − λ1)Shβh
ξNv − (Iv + ξIvr)

N2
v

,

1

σ1−α
RDα

Tλ10(t) = −λ10δ,

(88)

with terminal conditions:
λi(T ) = 0, i = 1, . . . , 10. (89)

The optimal control functions u∗
i (t), for i = 1, 2, 3, 4, minimize the Hamiltonian H point-

wise and satisfy the control constraints 0 ≤ ui(t) ≤ 1. They are characterized by:

u∗
i (t) = min

{
max

{
0, − 1

ci

∂H
∂ui

}
, 1
}
, t ∈ [0, T ], (90)
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where the partial derivatives of the Hamiltonian with respect to the controls are given
by:

∂H
∂ui

=



c1u1 − (λ2 − λ1)ab1
Iv + ξIvr

Nv

Sh − (λ7 − λ6)ac1
Ih + ηIa

Nh

Sv, i = 1,

c2u2 − λ3Ih, i = 2,

c3u3 − λ6Sv − λ7Ev − λ8Iv − λ9Ivr , i = 3,

c4u4 + λ10η, i = 4.

(91)

The method for obtaining the partial derivatives of the Hamiltonian function with respect
to each costate variable is as follows:

1

σ1−α
RDα

Txi(t) =
∂H
∂λi

, i = 1, · · · , 10. (92)

These expressions incorporate both the necessary optimality conditions and the box con-182

straints on the controls.183

5 Numerical Technique184

To numerically approximate the fractional-order state system and associated adjoint equa-
tions arising from the application of Pontryagin’s maximum principle, we adopt an it-
erative forward-backward sweep method. The system of Caputo fractional differential
equations governing the dynamics of the control model is expressed in compact vector
form as follows:

1

σ1−α
CDα

t X (t) = F(X ), X (0) = X0, t ∈ [0, T ], (93)

where X (t) and F(X ) are defined, respectively, as the state vector and the right-hand
side of the system:

X (t) = (Sh, Eh, Ih, Ia, Rh, Sv, Ev, Iv, Ivr , A) , (94)

F(X ) = (f1(X ), f2(X ), f3(X ), f4(X ), f5(X ), f6(X ), f7(X ), f8(X ), f9(X ), f10(X )) , (95)

and F(X ) encapsulates the right-hand sides of the fractional model defined in Equa-
tion (9). Using the Caputo definition of fractional derivative, Equation (93) can be
rewritten in integral form:

X (t) = σ1−α

(
X0 +

1

Γ(α)

∫ t

0

(t− τ)α−1F(X (τ)) dτ
)
. (96)

We discretize the interval [0, T ] using a uniform step size h = T/n and define time nodes
τj = jh, for j = 0, 1, . . . , n. Applying the trapezoidal quadrature rule to approximate the
integral in (96), we obtain the numerical scheme:

Xj = σ1−α

(
X0 +

h

Γ(α)

j∑
k=0

(τj − τk)
α−1ωjkF(Xk) + Ej

)
, (97)
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where ωjk = 1
2

if k = 0 or k = j, and ωjk = 1 otherwise, and Ej is the local truncation
error satisfying:

|Ej| ≤ Ch2, with C =
T

12
max

τ
|X ′′(τ)|. (98)

The system (97) is solved recursively using Newton’s method due to its nonlinear de-185

pendence on Xk. To solve the optimal control problem, we apply the forward-backward186

sweep algorithm. First, the state equations in (80) are integrated forward in time us-187

ing the above numerical method and initial conditions. Then, the adjoint equations in188

(88)—derived from the Hamiltonian—are solved backward in time using the transver-189

sality conditions. At each iteration, the control variables u1(t) to u4(t) are updated by190

minimizing the Hamiltonian function, according to the characterizations provided by the191

necessary optimality conditions in (91). The overall procedure is summarized below:192

Algorithm 1 (Forward–backward sweep method for solving the fractional optimal con-
trol problem)
1: Input: Initial conditions X0, terminal time T , time step h, fractional order α, initial

guesses for controls u
(0)
1 , u

(0)
2 , u

(0)
3 , u

(0)
4 .

2: Initialize: Set iteration index m← 0.
3: repeat
4: Step 1 (Forward Sweep):
5: Solve the state system (80) over [0, T ] using the fractional trapezoidal rule and

current controls u
(m)
i (t) to obtain X (m)(t).

6: Step 2 (Backward Sweep):
7: Solve the adjoint system (88) backward in time using the same numerical method,

with transversality conditions at t = T , to obtain λ(m)(t).
8: Step 3 (Update Controls):
9: for all time nodes tj do

10: Compute updated control u(m+1)
i (tj) using the characterization from Pontrya-

gin’s maximum principle (Equation (91)).
11: Project updated u

(m+1)
i (tj) onto admissible control set [0, 1] and apply budget

constraints if needed.
12: end for
13: Step 4 (Check Convergence):
14: Compute relative errors between (X (m+1), λ(m+1), u

(m+1)
i ) and their previous iter-

ates.
15: until convergence criterion is met (e.g., max ∥u(m+1)

i − u
(m)
i ∥ < ϵ).

16: Output: Optimal state trajectory X (t), adjoint variables λ(t), and control functions
ui(t) for i = 1, . . . , 4.

5.1 Convergence Analysis193

The primary goal of the convergence analysis in our study is to demonstrate that the
numerical method used to approximate the solution of the fractional-order optimal con-
trol system converges to the true solution as the step size h → 0. Recall the integral
approximation error in the fractional trapezoidal method, given by:

lim
h→0
∥Ej∥ = lim

h→0
∥Xj −X (τj)∥ = 0, (99)
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Figure 2: Flowchart of the forward–backward sweep algorithm.

where Xj is the numerical approximation of the state vector X (τj) at node τj. Subtracting
the exact integral representation from its numerical approximation yields the error:

∥Ej∥ ≤

∥∥∥∥∥h
j∑

k=0

ωjkKjk [F(Xk)−F(X (τk))] +Rj(G)

∥∥∥∥∥ , (100)

where Kjk = (τj − τk)
α−1, ωjk are trapezoidal weights, and Rj(G) is the local truncation

error of the quadrature rule. Assuming that F satisfies a Lipschitz condition with constant
L, and letting W = maxj,k |ωjk|, M = maxj,k |Kjk|, we have:

∥Ej∥ ≤ LhWM

j∑
k=0

∥Ek∥+ ∥Rj(G)∥. (101)

For sufficiently small h, the following recursive bound applies:

∥Ej∥ ≤
∥Rj(G)∥

1− LhWM
, (102)

which leads to:
∥Ej∥ ≤

∥Rj(G)∥
1− LhWM

exp

(
LWM

1− LhWM
jh

)
. (103)
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Therefore, as h→ 0, we conclude that ∥Ej∥ → 0, proving the convergence of the numerical194

scheme for the fractional-order epidemic model with optimal control.195

6 Numerical Results196

In the numerical simulations, we applied the method described in Section 5, implemented197

using the Python software. Furthermore, we consider various simulation scenarios, which198

we will discuss hereinafter.199

6.1 Simulation Scenarios200

To assess the effectiveness of various intervention strategies in mitigating the spread of201

ACL, we define a set of control-based simulation scenarios. Each scenario corresponds to202

a distinct combination of the four available control functions in our model: use of bed203

nets and repellents (u1), treatment of symptomatic individuals (u2), insecticide spraying204

(u3), and awareness campaigns (u4). These controls are applied subject to resource205

constraints, and their configurations are chosen to reflect both practical public health206

policies and theoretical significance. The following scenarios are considered:207

• Scenario S1 (Vector Avoidance Only): Figure 3 illustrates the temporal evolu-208

tion of all ten state variables under Scenario S1, where only the personal protection209

control u1(t) (e.g., use of bed nets and repellents) is active, and compares it to210

the uncontrolled baseline. The fractional order is fixed at α = 0.95 to account211

for memory effects inherent in both the biological and behavioral dynamics of the212

system. The implementation of u1(t) significantly reduces the force of infection be-213

tween humans and vectors by lowering effective contact rates. As a result, a modest214

yet consistent decline is observed in the number of exposed (Eh) and symptomatic215

infected humans (Ih) throughout the simulation period, relative to the no-control216

scenario. The impact on asymptomatic infections (Ia) is less pronounced, given217

their indirect dependence on exposure rather than contact intensity. For the vector218

population, a slight reduction in exposed (Ev) and infected vectors (Iv, Ivr) is ob-219

served due to the reduced likelihood of acquiring infection from protected human220

hosts. However, since vector dynamics are not directly targeted in this scenario, the221

changes are relatively subdued. Importantly, the awareness function A(t) shows no222

deviation between the two cases, as no awareness-related control is employed.223
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Figure 3: Comparison of state variables under Scenario S1 and the uncontrolled baseline.

Overall, Scenario S1 demonstrates that personal protection can contribute mean-224

ingfully to reducing human infections, especially during the early and middle phases225

of the outbreak. However, its isolated application yields limited control over the226

broader transmission cycle, suggesting that more comprehensive strategies are re-227

quired to achieve substantial disease suppression.228

• Scenario S2 (Treatment Only): Figure 4 presents the model dynamics under229

Scenario S2, where treatment of symptomatic individuals via control u2(t) is the sole230

intervention. Compared to the baseline, a marked reduction in the symptomatic231

infected population (Ih) is achieved, particularly evident during the early and mid232

stages of the epidemic. This decline results from a shortened infectious period,233

which also indirectly reduces secondary infections.234

Figure 4: Comparison of state variables under Scenario S2 and the uncontrolled baseline.

Consequently, a delayed but observable decline in the number of exposed humans235

(Eh) emerges due to the weakened forward transmission. The asymptomatic class236
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(Ia), unaffected directly by treatment, exhibits minor differences from the baseline.237

For the vector populations, a mild reduction in exposed and infected compartments238

(Ev, Iv, Ivr) occurs, driven by the lowered human-to-vector transmission inten-239

sity. No change is observed in the awareness level (A(t)), as no awareness-related240

intervention is employed. Overall, Scenario S2 proves effective in rapidly reducing241

symptomatic infections and partially suppressing the transmission cycle, but it does242

not fully disrupt vector-driven dynamics without complementary controls243

• Scenario S3 (Vector Spraying Only): Figure 5 depicts the evolution of state244

variables under Scenario S3, where insecticide spraying (u3(t)) is the only active con-245

trol. The most pronounced impact is observed in the vector-related compartments,246

with substantial reductions in susceptible (Sv), exposed (Ev), and both infected247

classes (Iv, Ivr), indicating the direct mortality effect of the intervention on the248

vector population. This reduction in vector density effectively lowers the force of249

infection toward humans, leading to a delayed but meaningful decline in exposed250

(Eh) and symptomatic infected humans (Ih). The asymptomatic class (Ia), being251

indirectly affected, also exhibits a slight downward shift compared to the no-control252

case.253

Figure 5: Comparison of state variables under Scenario S3 and the uncontrolled baseline.

Since treatment and awareness controls are inactive, the recovery and awareness254

levels (Rh, A(t)) follow trajectories similar to the baseline. Overall, vector spraying255

in isolation demonstrates notable efficiency in disrupting vector dynamics and indi-256

rectly suppressing human transmission, though it falls short of completely halting257

disease propagation in the absence of host-directed interventions.258

• Scenario S4 (Awareness Campaign Only): Figure 6 shows the system trajecto-259

ries under Scenario S4, where only public awareness efforts (u4(t)) are implemented.260

As expected, the awareness level A(t) exhibits a sustained and significant increase261

over time, reflecting the direct effect of the control. This rise in awareness reduces262

the effective contact rate between humans and vectors, which in turn mildly sup-263

presses transmission. The impact on epidemiological compartments is modest but264

consistent: small reductions are observed in the exposed (Eh), symptomatic (Ih),265
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and asymptomatic (Ia) human classes, along with slight decreases in infected vectors266

(Iv, Ivr). However, due to the indirect nature of this intervention and the absence267

of direct treatment or vector-killing measures, the declines are not pronounced.268

Figure 6: Comparison of state variables under Scenario S4 and the uncontrolled baseline.

Overall, Scenario S4 highlights the role of behavioral modification as a supportive269

control. While awareness alone does not significantly alter the disease trajectory,270

it contributes to reducing transmission intensity, especially when integrated with271

other strategies.272

• Scenario S5 (Combined Treatment and Personal Protection): Figure 7273

illustrates the dynamics under Scenario S5, which combines personal protection274

(u1(t)) and treatment of symptomatic individuals (u2(t)). This dual intervention275

targets both the infection source and the transmission pathway, leading to a more276

pronounced suppression of the epidemic compared to single-control strategies. A277

significant reduction in symptomatic infections (Ih) is observed, resulting from both278

shortened infectious periods and decreased exposure risk. The exposed class (Eh)279

also declines notably, benefiting from the synergistic effect of reduced contact and280

diminished secondary transmission. Asymptomatic infections (Ia), while not di-281

rectly treated, follow a downward trend as a result of reduced upstream exposure.282

In the vector population, moderate declines are observed in exposed and infected283

compartments due to the reduced infectivity of human hosts. Since no vector-284

targeted control or awareness campaign is applied, the susceptible vector pool (Sv)285

and awareness level (A(t)) remain largely unchanged.286
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Figure 7: Comparison of state variables under Scenario S5 and the uncontrolled baseline.

Overall, Scenario S5 demonstrates the enhanced effectiveness of integrated host-287

based strategies. The simultaneous use of repellents and treatment significantly288

weakens transmission feedback loops and offers a balanced approach to disease289

mitigation290

• Scenario S6 (Combined Repellent and Spraying): Figure 8 presents the evo-291

lution of the system under Scenario S6, which integrates personal protection (u1(t))292

with insecticide spraying (u3(t)). This combined strategy simultaneously reduces293

human-vector contact and vector abundance, resulting in a strong and rapid sup-294

pression of disease transmission. The vector-related compartments (Sv, Ev, Iv, Ivr)295

show substantial declines due to direct vector mortality induced by spraying. Ad-296

ditionally, the reduction in human exposure—achieved through repellents and bed297

nets—further limits the replenishment of the infected vector pool. On the human298

side, exposed (Eh), symptomatic (Ih), and asymptomatic (Ia) infections are all299

significantly reduced relative to the baseline. These improvements stem from the300

combined impact of fewer infectious bites and diminished forward transmission pres-301

sure. However, since no treatment or awareness interventions are applied, recovery302

dynamics and the awareness level A(t) remain nearly identical to the uncontrolled303

case.304
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Figure 8: Comparison of state variables under Scenario S6 and the uncontrolled baseline.

In summary, Scenario S6 effectively disrupts both the environmental and behavioral305

transmission routes. It proves particularly valuable in settings where vector control306

and personal-level measures can be deployed in tandem, even in the absence of307

clinical or educational interventions.308

• Scenario S7 (Combined Treatment and Awareness): Figure 9 depicts the309

model behavior under Scenario S7, which combines treatment of symptomatic in-310

dividuals (u2(t)) with public awareness campaigns (u4(t)). This hybrid approach311

merges direct clinical intervention with indirect behavioral modification, resulting312

in meaningful reductions across several compartments. Symptomatic infections (Ih)313

decline sharply due to active treatment, which shortens the infectious period and314

interrupts human-to-vector transmission. At the same time, the awareness func-315

tion A(t) increases steadily, decreasing exposure risk by reducing contact rates.316

These complementary effects yield a visible drop in the number of exposed humans317

(Eh), as well as a moderate decline in asymptomatic infections (Ia), which are in-318

directly influenced by reduced incidence. Although the vector compartments are319

not targeted directly, a slight reduction in infected vectors (Iv, Ivr) emerges due320

to decreased transmission from human hosts. As expected, the susceptible vector321

population (Sv) remains stable in the absence of vector-specific controls.322
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Figure 9: Comparison of state variables under Scenario S7 and the uncontrolled baseline.

Scenario S7 illustrates the added value of combining behavioral and therapeutic323

strategies. The synergy between heightened public awareness and timely clinical324

response provides a two-pronged mechanism for curbing transmission, especially in325

human-dominated settings.326

• Scenario S8 (Full Control Strategy): Figure 10 shows the dynamics of the full327

intervention scenario S8, in which all four controls—personal protection (u1), treat-328

ment (u2), insecticide spraying (u3), and public awareness (u4)—are simultaneously329

applied. This comprehensive strategy exerts maximal pressure on the disease sys-330

tem by targeting both human and vector dynamics as well as behavioral responses.331

The result is a pronounced and rapid decline in all key epidemiological compart-332

ments. Symptomatic (Ih) and asymptomatic (Ia) infections are significantly reduced333

due to the combined effects of reduced exposure, enhanced recovery, and increased334

awareness. The exposed human class (Eh) also decreases sharply, reflecting strong335

suppression of transmission at early stages. Vector-related states—including Sv,336

Ev, Iv, and Ivr—drop substantially as a consequence of direct vector mortality (via337

u3) and indirect transmission reductions. Moreover, the awareness level A(t) rises338

steadily, further reinforcing the behavioral shift needed to sustain control measures.339
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Figure 10: Comparison of state variables under Scenario S8 and the uncontrolled baseline.

Overall, Scenario S8 delivers the most effective outcome among all considered strate-340

gies. By synchronizing environmental, clinical, and educational interventions, it341

disrupts multiple feedback loops in the transmission cycle and highlights the power342

of integrated public health approaches in managing ACL.343

6.2 Effect of Fractional Order α344

Figure 11 demonstrates the influence of the fractional derivative order α on the temporal345

evolution of symptomatic infections Ih(t) and the awareness level A(t) under Scenario346

S4, where only the awareness control u4(t) is active. As the value of α decreases from 1.0347

to 0.7, representing a stronger memory effect, a significant suppression in both the peak348

and the long-term prevalence of Ih(t) is observed. This behavior reflects the capacity of349

fractional-order dynamics to capture the prolonged impact of public health campaigns,350

where awareness persists and continues to influence behavior over time. Furthermore,351

the awareness variable A(t) exhibits a faster and more sustained increase at lower α, im-352

plying that individuals respond more effectively to information and retain it longer when353

memory effects are stronger. Overall, the results highlight that fractional models can pro-354

vide a more realistic representation of behavioral and epidemiological processes, and that355

awareness campaigns may become considerably more effective in the presence of popula-356

tion memory and behavioral inertia. Figure 12 illustrates the effect of the fractional-order357

parameter α on the dynamics of symptomatic infections Ih(t) and awareness level A(t)358

under Scenario S8, where all four control strategies (u1 to u4) are simultaneously active.359

The figure shows that as α decreases from 1.0 to 0.7, both the peak and the duration360

of symptomatic infections are further reduced, with the earliest suppression occurring361

at α = 0.7. This enhanced mitigation highlights the memory effect embedded in the362

fractional derivative: a lower α means that the system retains more information from363

the past, thereby making the control interventions—particularly awareness and behav-364

ioral changes—more effective over time. Similarly, the awareness function A(t) increases365

more rapidly and reaches higher sustained levels at lower α, reinforcing the idea that366

memory-dependent behavioral responses can amplify the impact of multi-faceted control367

programs. Overall, these findings emphasize that the synergy between fractional memory368
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Figure 11: Effect of parameter α under scenario S4.

and combined interventions can significantly accelerate disease eradication.369

Figure 12: Effect of parameter α under scenario S8.

Figure 13 shows how the objective functional J(u) varies with the fractional-order370

derivative α across different intervention scenarios. As α increases toward the classical371

case α = 1.0, the values of J(u) generally increase for all scenarios. This trend reflects372

the reduced impact of memory effects in integer-order models, where the system responds373

more locally in time and lacks long-term behavioral persistence. In contrast, lower val-374

ues of α (e.g., α = 0.7) lead to significantly lower values of J(u), indicating enhanced375

cost-effectiveness of control strategies under fractional dynamics. The memory effect376

embedded in the Caputo derivative allows past control efforts—especially in awareness377

and behavioral response—to exert influence over extended periods, thus reducing both378

infection burden and intervention costs more efficiently. Notably, scenarios with multiple379

active controls (e.g., Scenario S8) exhibit the greatest sensitivity to α, suggesting that380

fractional-order models are particularly valuable in optimizing complex, multi-layered381

intervention programs.382
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Figure 13: Effect of the fractional derivative order α on the objective functional J(u)
across different control scenarios.

6.3 Optimal Scenario Identification383

To determine the most effective intervention strategy, we compare the total cost functional384

J and accumulated infection burden E across all control scenarios for the fractional-order385

α = 0.95, as shown in Table 5. The scenario involving no control results in the highest386

infection burden E = 1995.7209 with a baseline cost of J = 490.9330. The lowest value387

of J is achieved by the scenario {u2, u3} with J = 481.1943, which also substantially re-388

duces the infection burden to E = 1919.9739. Interestingly, adding awareness control u4389

to this combination ({u1, u2, u4} or “All Controls”) does not significantly improve either390

cost or effectiveness, suggesting a redundancy or saturation effect when all interventions391

are simultaneously applied. Scenarios that employ only awareness (u4), or only bed-net392

usage (u1), result in nearly identical infection levels to the no-control case, but with a393

higher total cost. This indicates that awareness campaigns alone—although valuable394

from a public health perspective—are insufficient to control the disease without comple-395

mentary biomedical interventions such as treatment or vector control. These findings are396

quantitatively confirmed by the Incremental Cost-Effectiveness Ratio (ICER) values in397

Table 6. The scenario {u2, u3} exhibits the lowest ICER of −0.1286, indicating a cost-398

saving effect relative to no control. In contrast, scenarios with only u1 or u4 yield highly399

inefficient outcomes, with ICER values exceeding 1900 and 36000 respectively. Even the400

“All Controls” scenario, despite achieving a slightly reduced infection level, shows a less401

favorable ICER compared to {u2, u3} due to higher costs. In summary, the optimal con-402

trol configuration in terms of cost-effectiveness and infection mitigation is the combined403

treatment and spraying scenario {u2, u3}. This highlights the biological importance of404

directly targeting disease progression and vector transmission rather than relying solely405

on awareness or preventive measures.406
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Table 5: Total cost J and effectiveness E for each control scenario with α = 0.95.
Scenario J E

No Control 490.9330 1995.7209
Only u1 494.8612 1995.7189
Only u2, u3 481.1943 1919.9739
Only u4 492.9306 1995.7209
{u1, u2, u4} 491.2249 1919.9719
{u2, u3} 481.1943 1919.9739
Only u3 486.8301 1995.7209
All Controls 487.1221 1919.9719

Table 6: ICER for α = 0.95.
Scenario ICER

Only u1 1901.0400
Only u2, u3 -0.1286
Only u4 36595.7979
{u1, u2, u4} 0.0039
{u2, u3} -0.1286
Only u3 -13442860.2455
All Controls -0.0503

6.4 Scientific Interpretation, Policy and Public Health Implica-407

tions, and Comparison with Classical Control Models408

The present study proposes a novel fractional optimal control model for ACL, integrating409

key epidemiological features such as asymptomatic transmission, vector resistance, and410

behaviorally-driven awareness dynamics. By employing Caputo fractional derivatives, the411

model captures non-local temporal effects inherent to biological and behavioral processes,412

such as memory of past exposures or sustained public responses to interventions [10,23].413

Scientifically, one of the major innovations is the explicit modeling of the asymp-414

tomatic human class, which reflects sub-clinical carriers who sustain transmission without415

detection or treatment. Previous studies have shown that ignoring asymptomatic indi-416

viduals can result in underestimation of disease burden and intervention failure [19, 20].417

Our simulations confirm that targeting only symptomatic individuals leads to limited418

impact unless asymptomatic transmission is also suppressed. Another key contribution419

is the inclusion of a resistant vector compartment, modeling the gradual emergence of in-420

secticide resistance—a growing concern in leishmaniasis-endemic regions [4]. The model421

demonstrates that even a small fraction of resistant vectors can significantly erode the422

effectiveness of vector control measures over time, supporting the call for resistance mon-423

itoring and rotation of control tools as recommended by WHO [32].424

The introduction of a dynamic awareness function allows for the simulation of behav-425

iorally adaptive responses in the human population. This component, which evolves based426

on campaign effort and decays in the absence of reinforcement, aligns with current find-427

ings in behavioral epidemiology that emphasize the time-dependent and nonlinear nature428

of public health compliance [14]. Under fractional-order dynamics, awareness campaigns429
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exhibit greater long-term persistence and efficacy due to memory effects, highlighting the430

relevance of fractional modeling for socio-epidemiological systems [11]. From a policy and431

public health perspective, the model provides an actionable framework for resource-aware432

control planning. Through optimal control theory, it identifies dynamic strategies for allo-433

cating limited resources across treatment, protection, spraying, and education. Numerical434

results show that combinations such as treatment + vector spraying outperform single435

strategies in terms of cost-effectiveness—quantified via the objective functional and ICER436

values—especially under high transmission scenarios. These results are consistent with437

prior work on cost-effective leishmaniasis control in resource-constrained settings [24].438

When compared to classical integer-order control models, the proposed fractional439

model offers notable advantages. Classical models assume memory-less dynamics and440

typically fail to capture delayed or accumulated effects of interventions. As demonstrated441

in previous research [21,22], fractional-order systems can reflect biologically realistic fea-442

tures such as incubation delays, treatment response variability, and behavioral inertia.443

Moreover, the smoother control profiles generated by the fractional approach (as op-444

posed to abrupt switching seen in classical settings) are more compatible with real-world445

health program logistics and behavioral adaptation lags. In summary, this study extends446

the theoretical framework of disease modeling by incorporating biologically meaningful447

memory mechanisms, resistance evolution, and awareness-driven behavior into a single,448

resource-constrained fractional optimal control model. It bridges the gap between rigor-449

ous mathematical modeling and applied public health policy, and offers valuable insight450

into designing robust and sustainable intervention strategies for ACL and similar vector-451

borne diseases.452

7 Conclusion and Future Work453

This study presents a novel fractional-order optimal control model for ACL, capturing454

the complexities of disease dynamics through the integration of asymptomatic carriers,455

insecticide-resistant vectors, and behaviorally adaptive awareness. The use of Caputo456

fractional derivatives enables the model to reflect memory-dependent processes in both457

biological and behavioral domains, such as incubation delays, persistent public health458

responses, and the long-term evolution of resistance.459

Key findings from the analysis highlight the importance of incorporating memory460

effects into epidemiological models. Our results show that intervention strategies such461

as treatment and vector spraying are significantly more effective under fractional-order462

dynamics (α < 1), as they benefit from the sustained effects of past actions. Additionally,463

modeling public awareness as a dynamic state variable — rather than a static parameter464

— allows the model to reflect intervention fatigue and the temporal evolution of behavior465

change. This is in line with recent behavioral modeling frameworks which emphasize466

feedback mechanisms in public response [15,16].467

The model also illustrates that the presence of asymptomatic individuals can per-468

petuate transmission even in the presence of symptomatic treatment programs, under-469

scoring the need for broader surveillance approaches [1]. Moreover, simulations involving470

insecticide-resistant vectors suggest that traditional spraying interventions may lose effi-471

cacy over time unless resistance management strategies are implemented. The biological472

relevance of these extensions demonstrates the model’s ability to bridge mathematical473

rigor with epidemiological realism.474
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From a public health perspective, the optimal control framework provides practi-475

cal insights into how limited resources can be allocated among multiple interventions.476

In particular, combinations of interventions — especially treatment and vector control477

— are shown to yield high cost-effectiveness, while awareness-only strategies, although478

slower, produce more sustainable effects under memory-rich dynamics. These findings479

complement recent theoretical and empirical research emphasizing the role of long-term480

planning in epidemic control [12].Despite its strengths, the model has limitations. It as-481

sumes homogeneous population mixing and does not incorporate spatial heterogeneity or482

network-based interactions, which have been shown to significantly affect disease spread483

and control outcomes [33]. Additionally, some parameters — particularly those related to484

behavioral response and resistance evolution — were estimated or assumed in the absence485

of high-quality empirical data.486

Future research may address these limitations through several directions. First, in-487

tegrating stochastic effects and uncertainty analysis would enhance model robustness,488

especially under real-world unpredictability [34]. Second, applying Bayesian inference or489

machine learning methods to estimate behavioral and biological parameters from field490

data would improve the model’s predictive accuracy [13]. Third, incorporating spatial491

structure and meta-population dynamics — including human mobility and network con-492

nectivity — could reveal more nuanced transmission patterns and inform targeted inter-493

vention strategies [35]. Finally, expanding the model to account for co-infections (e.g.,494

HIV-Leishmania) or immune memory effects may increase its relevance for broader pub-495

lic health contexts [36]. In summary, this work introduces a biologically meaningful and496

mathematically robust framework for modeling ACL, offering both theoretical innovation497

and practical policy implications. The use of fractional calculus enriches our understand-498

ing of memory-driven dynamics in disease transmission and control, making this approach499

valuable not only for ACL but also for a wide range of persistent vector-borne diseases.500
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