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Abstract

This work presents a generalization and extension of previous results by incorporating weighted
integrals and a refined class of second-type (h, m)-convex functions. By utilizing classical inequalities,
such as those of Hölder, Young and the Power mean, we establish new Hermite-Hadamard-type
inequalities. The findings offer a broader and more flexible analytical framework, enhancing existing
results in the literature. Potential applications of the developed inequalities are also explored.

Keywords: weighted integrals; integral inequalities; Hermite-Hadamard-type inequalities; fractional
derivatives

1. Introduction
In [? ], the following definitions were introduced.

Definition 1. Let h : [0, 1] → R be a non-negative function, such that h ̸= 0, and let g : I = [0,+∞) →
[0,+∞). The function g is called (h, m)-convex modified of the first type on I if it satisfies

g(γµ1 + m(1 − γ)µ2) ≤ hs(γ)g(µ1) + m(1 − hs(γ))g(µ2), (1)

for all µ1, µ2 ∈ I and γ ∈ [0, 1], where m ∈ [0, 1] and s ∈ [−1, 1].

Definition 2. Let h : [0, 1] → R be a non-negative function, such that h ̸= 0, and let g : I = [0,+∞) →
[0,+∞). The function g is called (h, m)-convex modified of the second type on I if it satisfies

g(γµ1 + m(1 − γ)µ2) ≤ hs(γ)g(µ1) + m(1 − h(γ))sg(µ2), (2)

for all µ1, µ2 ∈ I and γ ∈ [0, 1], where m ∈ [0, 1] and s ∈ [−1, 1].

Remark 1. Definitions ?? and ?? enable us to define set Ns
h,m[µ1, µ2], where µ1, µ2 ∈ I, as the set of modified

(h, m)-convex functions, for which ψ(µ1) ≥ 0. Here are some convexity classes-special cases described by the
triple (h(γ), m, s):

1. (h(γ), 0, 0), (γ, 0, 1), (γ, 1, 1) and (γ, 0, s) we have, respectively, the increasing starshaped classic convex
on I and s−starshaped functions [? ].

2. (γ, 1, s) s ∈ (0, 1], then ψ is a s−convex (see [? ? ]) and for s ∈ [−1, 1] extended s−convex on I (see [?
]).

3. (γα, m, s) with α ∈ (0, 1], then ψ is a s − (α, m)−convex function on I [? ]. If α = 1, we will have
(s, m)-convex function on I ([? ]), but if m = 1, we get (α, s)−convex function on I [? ? ] and the last, if
s = 1, we will have (α, m)−convex function on I [? ].

4. (h(γ), m, 1), then ψ is a variant of an (h, m)−convex function on I citeOAS2016.
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The weighted integral operators, which underpin our analysis are presented next ([? ? ]).
Adding a particular weight function to the definition of an integral operator is a new and generic

way to define an integral operator and start the process of generalizing a known result. This may be
done as follows:

Definition 3. (see [? ]) Let g ∈ L1[µ1, µ2] and let w : I → R be a continuous, positive function, whose first
derivative is integrable in the interior of I. The weighted fractional integral operators are introduced as follows
(right and left, respectively):

Jw
µ+

1
g(χ) =

∫ χ

µ1

w′
(

µ2 − z
µ2 − µ1

)
g(z) dz, χ > µ1, (3)

Jw
µ−

2
g(χ) =

∫ µ2

χ
w′
(

z − µ1

µ2 − µ1

)
g(z) dz, χ < µ2. (4)

Remark 2. The inclusion of the first derivative of the weight function w arises from the inherent nature of the
problem. Alternatively, the second derivative, or a higher-order derivative, can also be considered.

Remark 3. Examine particular examples of the weight function w′ to better demonstrate the reach of
Definition ??:

(a) Setting w′(z) ≡ 1 recovers the classical Riemann integral.

(b) Choosing w′(z) = zα−1

Γ(α) leads to the Riemann-Liouville fractional integral.

(c) By selecting appropriate weight functions w′, various fractional integral operators can be derived, such as
the k-Riemann-Liouville integrals [? ], right-sided fractional integrals of a function g relative to another
function h on [µ1, µ2] [? ], and integral operators introduced in [? ? ? ? ].

(d) Additional well-known integral operators, fractional or otherwise, can be retrieved as particular cases of the
above formulation. Interested readers may consult [? ? ].

The Caputo-Fabrizio definition’s main basic feature can be explained (cf. [? ]) with 0 < α < 1:(
CF
µ1

Iαg
)
(χ) =

1 − α

M(α)
g(χ) +

α

M(α)

∫ χ

µ1

g(z) dz, (5)

(
CFIα

µ2
g
)
(χ) =

1 − α

M(α)
g(χ) +

α

M(α)

∫ µ2

χ
g(z) dz, (6)

where M(α) is a normalization function, such that M(0) = M(1) = 1.

Caputo’s Fractional Derivative is well known, given by the expression ([? ]):(
C
0 Dα

χg
)
(χ) =

1
Γ(1 − α)

∫ χ

0
(χ − z)−αg′(z) dz. (7)

The idea comes from replacing the singular kernel (χ − z)−α in the Caputo fractional derivative,
given in formula (??), with the kernel exp

[
− α(χ−z)

1−α

]
.

In the paper [? ], the same authors proposed a more complete study of the operator (??) by
presenting the definition of the adapted fractional integral operator CF

0 Iα
χ, when M(α) = 1.(

CF
0 Iα

χg
)
(χ) =

1
α

∫ χ

0
exp

[
− (1 − α)

α
(χ − z)

]
g(z) dz. (8)

As one can notice, this definition shows a big resemblance to the classical Riemann-Liouville
fractional integral, as given by(

RL
0 Iα

χg
)
(χ) =

1
Γ(α)

∫ χ

0
(χ − z)α−1g(z) dz. (9)
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In this work, we present some variants of the well-known Hermite-Hadamard inequality in the
context of (h, m)-convex functions of the second kind using weighted integral operators. Our results
include several well-known cases from the literature.

Definition 4. Let g ∈ L1[µ1, µ2]. The Riemann–Liouville integrals RLIα
µ+

1
g and RLIα

µ−
2

g of order α > 0 are

defined as:
RLIα

µ+
1

g(χ) =
1

Γ(α)

∫ χ

µ1

(χ − z)α−1g(z) dz,

RLIα
µ−

2
g(χ) =

1
Γ(α)

∫ µ2

χ
(z − χ)α−1g(z) dz,

where Γ(α) is the Gamma function.

2. Generalizations
Theorem 1. Let g : I ⊂ R → R be a differentiable mapping on I◦, µ1, µ2 ∈ I◦ with µ1 < µ2.
Let w : [0, 1] → R be a continuous and positive function with first derivative integrable on (0, 1). Suppose that
g is (h, m)-convex modified of the second type and µ1

m , µ2
m ∈ Dom(g), then it’s true that

g
(

µ1 + µ2

2

)
(w(1)− w(0)) ≤ hs

(
1
2

)
r + 1

µ2 − µ1
Jw

µ+
1

g
(

rµ1 + µ2

r + 1

)
+ m

(
1 − h

(
1
2

))s m(r + 1)
µ2 − µ1

Jw
µ−

2
g
(

rµ2 + µ1

m(r + 1)

)
≤ hs

(
1
2

)[
g(µ1)N1 + mg

(µ2

m

)
N2

]

+ m
(

1 − h
(

1
2

))s
[

g(µ2)N3 + mg
( µ1

m2

)
N4

]
, (10)

where r ∈ N∪ {0}, N1 =
∫ 1

0 w′(γ) hs
(

r+γ
r+1

)
dγ, N2 =

∫ 1
0 w′(γ)

(
1 − h

(
r+γ
r+1

))s
dγ,

N3 =
∫ 1

0 w′(γ) hs
(

r+γ
m(r+1)

)
dγ and N4 =

∫ 1
0 w′(γ)

(
1 − h

(
r+γ

m(r+1)

))s
dγ.

Proof. By means of the (h, m)-convexity of g with γ = 1
2 , we have

g
(

x + y
2

)
≤ hs

(
1
2

)
g(x) + m

(
1 − h

(
1
2

))s
g
( y

m

)
, (11)

for x, y ∈ I.
Substituting x = r+γ

r+1 µ1 +
1−γ
r+1 µ2 and y = r+γ

r+1 µ2 +
1−γ
r+1 µ1 in (??), we get

g
(

µ1 + µ2

2

)
≤ hs

(
1
2

)
g
(

r + γ

r + 1
µ1 +

1 − γ

r + 1
µ2

)
+ m

(
1 − h

(
1
2

))s
g
(

r + γ

m(r + 1)
µ2 +

1 − γ

m(r + 1)
µ1

)
. (12)

Multiplying both sides of (??) by w′(γ) and integrating over [0, 1], we obtain
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g
(

µ1 + µ2

2

)
(w(1)− w(0)) ≤ hs

(
1
2

) ∫ 1

0
w′(γ) g

(
r + γ

r + 1
µ1 +

1 − γ

r + 1
µ2

)
dγ

+ m
(

1 − h
(

1
2

))s ∫ 1

0
w′(γ) g

(
r + γ

m(r + 1)
µ2 +

1 − γ

m(r + 1)
µ1

)
dγ

= hs
(

1
2

)
L1 + m

(
1 − h

(
1
2

))s
L2. (13)

Rewriting the integrals, we find

L1 = −
(

r + 1
µ2 − µ1

) ∫ µ1

rµ1+µ2
r+1

w′
( rµ1+µ2

r+1 − x
µ2−µ1

r+1

)
g(x) dx

=

(
r + 1

µ2 − µ1

)
Jw
µ+

1
g
(

rµ1 + µ2

r + 1

)
. (14)

L2 =

(
m(r + 1)
µ2 − µ1

) ∫ µ2
m

rµ2+µ1
m(r+1)

w′

y − rµ2+µ1
m(r+1)

µ2−µ1
m(r+1)

g(y) dy

=

(
m(r + 1)
µ2 − µ1

)
Jw

µ2
m

−g
(

rµ2 + µ1

m(r + 1)

)
. (15)

From (??), (??) and (??), it follows that

g
(

µ1 + µ2

2

)
(w(1)− w(0)) ≤ hs

(
1
2

)
r + 1

µ2 − µ1
Jw

µ+
1

g
(

rµ1 + µ2

r + 1

)
+ m

(
1 − h

(
1
2

))s m(r + 1)
µ2 − µ1

Jw
µ−

2
g
(

rµ2 + µ1

m(r + 1)

)
. (16)

Employing again the (h, m)-convexity of g, we obtain

∫ 1

0
w′(γ) g

(
r + γ

r + 1
µ1 +

1 − γ

r + 1
µ2

)
dγ ≤ g(µ1)N1 + mg

(µ2

m

)
N2. (17)

∫ 1

0
w′(γ) g

(
r + γ

m(r + 1)
µ2 +

1 − γ

m(r + 1)
µ1

)
dγ ≤ g(µ2)N3 + mg

( µ1

m2

)
N4. (18)

By combining (??)–(??), we arrive at (??).

Remark 4. Setting s = m = 1, r = 0, h(z) = z and w′(z) = 1, we recover the classical Hermite-Hadamard
inequality.

Remark 5. Considering s, m, r and h(z) as in Remark ??, but with w′(z) = zα−1

Γ(α) , we obtain the Theorem 2
of [? ].

Remark 6. Letting m = 1, n = 0, h(z) = z and w′(z) = zα−1

Γ(α) , we have
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g
(

µ1+µ2
2

)
Γ(α + 1)

≤ 1
2s(µ2 − µ1)Γ(α)

∫ µ2

µ1

(
µ2 − z

µ2 − µ1

)α−1
g(z) dz

+
1

2s(µ2 − µ1)Γ(α)

∫ b

a

(
z − µ1

µ2 − µ1

)α−1
g(z) dz (19)

≤ 1
2s

[
g(µ1)

(α + s)Γ(α)
+

g(µ2)

Γ(α)

∫ 1

0
zα−1(1 − z)s dz

]

+
1
2s

[
g(µ2)

(α + s)Γ(α)
+

g(µ1)

Γ(α)

∫ 1

0
zα−1(1 − z)s dz

]
.

Utilizing Definition ?? in (??), we find

g
(

µ1+µ2
2

)
Γ(α + 1)

≤ 1
2s(µ2 − µ1)α

[
RLIα

µ+
1

g(µ2) +
RLIα

µ−
2

g(µ1)

]

≤ α

2s−1Γ(α + 1)

(
g(µ1) + g(µ2)

2

)[
1

α + s
+

2
α + s

(
1 − 1

2α+s

)]
. (20)

Multiplying the three terms by 2s−1Γ(α + 1) in (??), we complete (1) of [? ].

Remark 7. Under the same assumptions as before, but with w′(z) = 1, we complete Theorem 2.1 of [? ].

Remark 8. Maintaining the previous assumptions, but considering w′(z) = zα−1

Γ(α) , we derive the Theorem 3
of [? ].

Remark 9. Under the conditions of Remark ??, but with w′(z) = exp(−ςz)
α , where ς = 1−α

α , we retrieve the
Theorem 3.1 of [? ].

Remark 10. Substituting w(z) = zα

α , r = 0, m = s = 1 and h(z) = z in the previous result, it leads to the
following inequality for the Riemann-Liouville fractional integral (it refers to Theorem 2 in [? ]):

g
(

µ1 + µ2

2

)
≤ Γ(α + 1)

2(µ2 − µ1)α

[
RLIα

µ2−g(µ1) +
RLIα

µ1+
g(µ2)

]
≤ g(µ1) + g(µ2)

2
.

Remark 11. Theorem 5 in [? ] (also see Theorem 1 in [? ]), which is based on k-Riemann–Liouville fractional
integrals, can be obtained from Theorem ?? by setting w(z) = z

α
k , r = 0, m = s = 1 and h(z) = z.

The above results form the foundation for deriving other inequalities by using different types of
integral operators, as demonstrated in the following Remark.

Remark 12. We consider s-convex functions, 0 < α < 1, m = 1, h(z) = z, by putting r = 0 in (??), and
choosing w′(z) = 1, we obtain:

2s−1g
(

µ1 + µ2

2

)
≤ 1

µ2 − µ1

∫ µ2

µ1

g(z) dz ≤ g(µ1) + g(µ2)

s + 1
,

taking into account
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1
µ2 − µ1

∫ µ2

µ1

g(z) dz =
M(α)

α(µ2 − µ1)

[
1 − α

M(α)
g(χ) +

α

M(α)

∫ χ

µ1

g(z) dz

+
1 − α

M(α)
g(χ) +

α

M(α)

∫ µ2

χ
g(z) dz − 2(1 − α)

M(α)
g(χ)

]
.

Using the last two results, we can derive easily the Theorem 2.1 of [? ]. If additionally, s = 1, from the
above we can derive Theorem 2 of [? ].

Theorem 2. Let g, w, r, µ1 and µ2 as in the Theorem ??. If g′ ∈ L[µ1, µ2], then

µ2 − µ1

2

∫ 1

0
[w(1 − γ)− w(γ)]g′

(
r + γ

r + 1
µ1 +

(1 − γ)

r + 1
µ2

)
dγ

= (r + 1)

(w(0)− w(1))
[

g(µ1) + g
(

rµ1 + µ2

r + 1

)]
−


Jw

µ+
1

g
(

rµ1+µ2
r+1

)
+ Jw(

rµ1+µ2
r+1

)−g(µ1)

2


. (21)

Proof. Let us consider∫ 1

0
[w(1 − γ)− w(γ)]g′

(
r + γ

r + 1
µ1 +

(1 − γ)

r + 1
µ2

)
dγ

=
∫ 1

0
w(1 − γ)g′

(
r + γ

r + 1
µ1 +

(1 − γ)

r + 1
µ2

)
dγ −

∫ 1

0
w(γ)g′

(
r + γ

r + 1
µ1 +

(1 − γ)

r + 1
µ2

)
dγ

= I1 − I2. (22)

Integrating I1 by parts, we get

I1 =
r + 1

µ1 − µ2

[
w(0)g(µ1)− w(1)g

(
rµ1 + µ2

r + 1

)]
− r + 1

µ2 − µ1

∫ 1

0
w′(1 − γ) g

(
r + γ

r + 1
µ1 +

1 − γ

r + 1
µ2

)
dγ. (23)

Making change of variable x = r+γ
r+1 µ1 +

(1−γ)
r+1 µ2 in (??), we find

I1 =
r + 1

µ1 − µ2

[
w(0)g(µ1)− w(1)g

(
rµ1 + µ2

r + 1

)]
− r + 1

µ2 − µ1

∫ rµ1+µ2
r+1

µ1

w′
(

x − µ1
µ2−µ1

r+1

)
g
(

r + γ

r + 1
µ1 +

1 − γ

r + 1
µ2

)
dγ

=
r + 1

µ1 − µ2

[
w(0)g(µ1)− w(1)g

(
rµ1 + µ2

r + 1

)]
− r + 1

µ2 − µ1
Jw

µ+
1

g
(

rµ1 + µ2

r + 1

)
. (24)

Analogously for I2, we can prove

I2 =
r + 1

µ1 − µ2

[
w(1)g(µ1)− w(0)g

(
rµ1 + µ2

r + 1

)]
− r + 1

µ2 − µ1
Jw(

rµ1+µ2
r+1

)−g(µ1). (25)

From (??), (??) and (??), we have

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 September 2025 doi:10.20944/preprints202509.0395.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202509.0395.v1
http://creativecommons.org/licenses/by/4.0/


7 of ??

∫ 1

0
[w(1 − γ)− w(γ)]g′

(
r + γ

r + 1
µ1 +

1 − γ

r + 1
µ2

)
dγ

=
2(r + 1)
µ1 − µ2

(w(0)− w(1))
[

g(µ1) + g
(

rµ1 + µ2

r + 1

)]
−


Jw

µ+
1

g
(

rµ1+µ2
r+1

)
+ Jw(

rµ1+µ2
r+1

)−g(µ1)

2


. (26)

By multiplying both sides of (??) by µ2−µ1
2 , we get the desired result.

Remark 13. Using convex functions, r = 0 and w(z) = z, in this way the Theorem ?? becomes the following
lemma:

Lemma 1. Let g be a real-valued function defined on a closed real interval [µ1, µ2] and differentiable on (µ1, µ2).
If g′ ∈ L1[µ1, µ2], then the following equality holds

g(µ1) + g(µ2)

2
− 1

µ2 − µ1

∫ b

a
g(u) du =

µ2 − µ1

2

∫ 1

0
(1 − 2γ)g′(γµ1 + (1 − γ)µ2) dγ,

which is Lemma 2.1 of [? ], one of the most important results in the Theory of Integral Inequalities.

Remark 14. Establishing r = 0 and w(z) = z
λ
k , Lemma 2.1 of [? ] is derived for λ, k > 0.

Theorem 3. Let g, w, r, µ1 and µ2 be defined as before. Suppose that |g′| is (h, m)-convex modified of the
second type, the following inequality holds

∣∣∣∣∣∣∣∣(r + 1)

w(1)− w(0)−


Jw

µ+
1

g
(

rµ1+µ2
r+1

)
+ Jw(

rµ1+µ2
r+1

)−g(µ1)

2



∣∣∣∣∣∣∣∣

≤ µ2 − µ1

2
[
|g′(µ1)|W1 + |g′(µ2)|W2

]
, (27)

where

W1 =
∫ 1

0
|w(1 − γ)− w(γ)| hs

(
r + γ

r + 1

)
dγ,

W2 =
∫ 1

0
|w(1 − γ)− w(γ)|

(
1 − h

(
r + γ

r + 1

))s
dγ.

Proof. By using Lemma (??) and the (h, m)-convexity of g, we have
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∣∣∣∣∣∣∣∣(r + 1)

w(1)− w(0)−


Jw

µ+
1

g
(

rµ1+µ2
r+1

)
+ Jw(

rµ1+µ2
r+1

)−g(µ1)

2



∣∣∣∣∣∣∣∣

≤ µ2 − µ1

2

∫ 1

0
|w(1 − γ)− w(γ)|

∣∣∣∣g′( r + γ

r + 1
µ1 +

1 − γ

r + 1
µ2

)∣∣∣∣dγ

≤ µ2 − µ1

2

[
|g′(µ1)|

∫ 1

0
|w(1 − γ)− w(γ)|hs

(
r + γ

r + 1

)
dγ

+ |g′(µ2)|
∫ 1

0
|w(1 − γ)− w(γ)|

(
1 − h

(
r + γ

r + 1

))s
dγ

]

=
µ2 − µ1

2
[
|g′(µ1)|W1 + |g′(µ2)|W2

]
.

The proof is finished.

Remark 15. Assuming the same conditions as in Remark (??) and invoking Lemma (??), we recover Theorem
2.2 of [? ].

Remark 16. Under the same assumptions of the remark (??), we retrieve Theorem 6 of [? ].

Theorem 4. Let g, w, n, µ1 and µ2 be defined as before. Suppose that g is (h, m)-convex modified of the second
type and µ1

m , µ2
m ∈ Dom(g), then it is true that

g
(

µ1 + µ2

2

)
(w(1)− w(0)) ≤ n

µ2 − µ1

[
hs
(

1
2

)
Jw
( n−1

n µ2+
µ1
n )

+g(µ2)

+ m2
(

1 − h
(

1
2

))s
Jw
( n−1

n µ1+
µ2
n )

−g
(µ1

m

)]

≤ hs
(

1
2

)[
g(µ1)N5 + mg

(µ2

m

)
N6

]

+ m
(

1 − h
(

1
2

))s
[

g(µ2)N7 + mg
( µ1

m2

)
N8

]
, (28)

where

N1 =
∫ 1

0
w′(γ) hs

(γ

n

)
dγ, N2 =

∫ 1

0
w′(γ)

(
1 − h

(γ

n

))s
dγ,

N3 =
∫ 1

0
w′(γ) hs

(
n − γ

mn

)
dγ, N4 =

∫ 1

0
w′(γ)

(
1 − h

(
n − γ

mn

))s
dγ.

Proof. By means of the (h, m)-convexity of g with γ = 1
2 , we have

g
(

x + y
2

)
≤ hs

(
1
2

)
g(x) + m

(
1 − h

(
1
2

))s
g
( y

m

)
, (29)

for x, y ∈ I.
Substituting x = γ

n µ1 +
n−γ

n µ2 and y = γ
n µ2 +

n−γ
n µ1 in (??), we get
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g
(

µ1 + µ2

2

)
≤ hs

(
1
2

)
g
(

γ

n
µ1 +

n − γ

n
µ2

)
+ m

(
1 − h

(
1
2

))s
g
(

γ

mn
µ2 +

n − γ

mn
µ1

)
. (30)

Multiplying both sides of (??) by w′(γ) and integrating over [0, 1], we obtain

g
(

µ1 + µ2

2

)
(w(1)− w(0)) ≤ hs

(
1
2

) ∫ 1

0
w′(γ) g

(
γ

n
µ1 +

n − γ

n
µ2

)
dγ

+ m
(

1 − h
(

1
2

))s ∫ 1

0
w′(γ) g

(
γ

mn
µ2 +

n − γ

mn
µ1

)
dγ

= hs
(

1
2

)
L3 + m

(
1 − h

(
1
2

))s
L4. (31)

Rewriting the integrals, we find

L3 = −
(

n
µ2 − µ1

) ∫ (n−1)µ2+µ1
n

µ2

w′
(

x − µ2
µ1−µ2

n

)
g(x) dx

=

(
n

µ2 − µ1

) ∫ µ2

(n−1)µ2+µ1
n

w′
(

µ2 − x
µ2−µ1

n

)
g(x) dx

=

(
n

µ2 − µ1

)
Jw(

(n−1)µ2+µ1
n

)+g(µ2), (32)

L4 =

(
m n

µ2 − µ1

) ∫ µ2+(n−1)µ1
m n

µ1
m

w′
(

y − µ1
m

µ2−µ1
m n

)
g(y) dy

=

(
m n

µ2 − µ1

)
Jw(

µ2+(n−1)µ1
m n

)−g
(µ1

m

)
. (33)

From (??)–(??), it follows that

g
(

µ1 + µ2

2

)
(w(1)− w(0)) ≤ n

µ2 − µ1

[
hs
(

1
2

)
Jw(

(n−1)µ2+µ1
n

)+g(µ2)

+ m
(

1 − h
(

1
2

))s
Jw(

µ2+(n−1)µ1
m n

)−g
(µ1

m

)]
. (34)

Employing again the (h, m)-convexity of g, we get

∫ 1

0
w′(γ) g

(
γ

n
µ1 +

n − γ

n
µ2

)
dγ ≤ g(µ1)N1 + m g

(µ2

m

)
N2, (35)

∫ 1

0
w′(γ) g

(
γ

m n
µ2 +

n − γ

m n
µ1

)
dγ ≤ g

(µ2

m

)
N3 + m g

( µ1

m2

)
N4. (36)

By combining (??)–(??), we arrive at (??).
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Remark 17. Specializing to the case g convex, w(z) = z and n = 1, it yields the celebrated Hermite–
Hadamard’s inequality.

Remark 18. Considering n = 1, we get a new result for (h, m)-convex functions modified of the second type.

Remark 19. If g is a convex function and n = 1, by setting w′(z) = zα−1 with α > 0, we derive expression
(2.1) of Theorem 2 (see [? ]).

Indeed, applying Theorem ??, we obtain

1
α

g
(

µ1 + µ2

2

)
≤ 1

2(µ2 − µ1)

[
Jw

µ+
1

g(µ2) + Jw
µ−

2
g(µ1)

]
≤ g(µ1) + g(µ2)

2α
.

According to Definition ??, we have

1
α

g
(

µ1 + µ2

2

)
≤ 1

2(µ2 − µ1)α

[∫ µ2

µ1

(z − µ1)
α−1g(z) dz +

∫ µ2

µ1

(µ2 − z)α−1g(z) dz
]

≤ g(µ1) + g(µ2)

2α
.

Given that Γ(α) is well-defined for α > 0, it follows that

g
(

µ1 + µ2

2

)
≤ αΓ(α)

2(µ2 − µ1)α

[
1

Γ(α)

∫ µ2

µ1

(z − µ1)
α−1g(z) dz +

1
Γ(α)

∫ µ2

µ1

(µ2 − z)α−1g(z) dz
]

≤ g(µ1) + g(µ2)

2
.

From Definition ??, we conclude, that

g
(

µ1 + µ2

2

)
≤ Γ(α + 1)

2(µ2 − µ1)α

[
RLIα

µ−
2

g(µ1) +
RLIα

µ+
1

g(µ2)
]
≤ g(µ1) + g(µ2)

2
.

Remark 20. With w(z) = zα

α , m = s = 1, r = 2 and h(z) = z, the previous result simplifies to Theorem 4
in [? ].

For s-convex functions, using w(z) = zα

α and n = 1, we recover Theorem 2.1 from [? ]. Additionally,
Theorem 3 in [? ], for w(z) = zα, provides further results. In this work, Theorem 5 for m-convex functions is
also established under similar conditions and can be easly derived.

Remark 21. By assigning n = m = s = 1 and h(z) = z in (??), which corresponds to working with convex

functions and choosing w′(z) = αz
α
k −1

kB(α)Γk(α)
, the left-hand side yields

g
(

µ1 + µ2

2

)
1

B(α)Γk(α)
≤ 1

2(µ2 − µ1)
α
k

[
α

kB(α)Γk(α)

∫ µ2

µ1

g(z)

(z − µ1)
1− α

k
dz

+
α

kB(α)Γk(α)

∫ µ2

µ1

g(z)

(µ2 − z)1− α
k

dz

]
,

g
(

µ1 + µ2

2

)
2(µ2 − µ1)

α
k

B(α)Γk(α)
≤ α

kB(α)Γk(α)

∫ µ2

µ1

g(z)

(z − µ1)
1− α

k
dz

+
α

kB(α)Γk(α)

∫ µ2

µ1

g(z)

(µ2 − z)1− α
k

dz. (37)
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Adding the term 1−α
B(α) (g(µ1) + g(µ2)) on both sides of (??) and considering that g

(
µ1+µ2

2

)
≤ g(µ1)+g(µ2)

2 ,
we obtain

g
(

µ1 + µ2

2

)[
2(µ2 − µ1)

α
k

B(α)Γk(α)
+

(1 − α)

B(α)

]
≤AB Iα

µ1+
g(µ2) +

AB Iα
µ2−g(µ1). (38)

A similar approach applied to the right-hand side of (??), gives

1

2(µ2 − µ1)
α
k

[
α

kB(α)Γk(α)

∫ µ2

µ1

g(z)

(z − µ1)
1− α

k
dz +

α

kB(α)Γk(α)

∫ µ2

µ1

g(z)

(µ2 − z)1− α
k

dz

]

≤ 1
B(α)Γk(α)

(
g(µ1) + g(µ2)

2

)
.

Multiplying both sides by 2(µ2 − µ1)
α
k , adding (1−α)

B(α) (g(µ1) + g(µ2)) and rearranging terms, we arrive at

ABIα
µ1+

g(µ2) +
AB Iα

µ2−g(µ1) ≤
[

2(µ2 − µ1)
α
k

B(α)Γk(α)
+

(1 − α)

B(α)

](
g(µ1) + g(µ2)

2

)
. (39)

By combining (??) and (??), we obtain a relation that closely resembles Theorem 6 in [? ]. Moreover, setting
k = 1 in this expression yields a result comparable to Proposition 2.1 in [? ].

Remark 22. Theorem 7 of [? ] can be established by taking m = s = 1, n = 2 and w′(z) = z
λ
k −1.

Lemma 2. Let g, w, n, µ1 and µ2 be defined as before. If g′ ∈ L[µ1, µ2], then

∫ 1

0
w(γ)

[
g′
(

γ

n
µ1 +

(n − γ)

n
µ2

)
− g′

(
γ

n
µ2 +

(n − γ)

n
µ1

)]
dγ

=
n

µ2 − µ1

[
w(0)(g(µ1) + g(µ2))− w(1)

((
γ

n
µ1 +

(n − γ)

n
µ2

)
+ g
(

γ

n
µ2 +

(n − γ)

n
µ1

))]

+

(
n

µ2 − µ1

)2
[

Jw(
γ
n µ1+

(n−γ)
n µ2

)+g(µ2) + Jw(
γ
n µ2+

(n−γ)
n µ1

)−g(µ1)

]
. (40)

Proof. Let∫ 1

0
w(γ)g′

(
γ

n
µ1 +

(n − γ)

n
µ2

)
dγ −

∫ 1

0
w(γ)g′

(
γ

n
µ2 +

(n − γ)

n
µ1

)
dγ = I3 − I4 (41)

By integrating I3 by parts and making a change in the variables x = γ
n µ1 +

n−γ
n µ2, we have after

some computations

I3 =
n

µ2 − µ1

[
w(0)g(µ2)− w(1)g

(
γ

n
µ1 +

n − γ

n
µ2

)]
+

(
n

µ2 − µ1

)2
Jw
( γ

n µ1+
n−γ

n µ2)
+g(µ2). (42)

Analogously for I4, we get

I4 =
n

µ2 − µ1

[
w(1)g

(
γ

n
µ2 +

n − γ

n
µ1

)
− w(0)g(µ2)

]
+

(
n

µ2 − µ1

)2
Jw
( γ

n µ1+
n−γ

n µ2)
+g(µ1). (43)
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From (??) and (??), it follows (??).

Remark 23. By setting n = 2 and w(z) = zα with α > 0, the Lemma 3 is derived from [? ].

Remark 24. Lemma 3.1 in [? ] may be derived by setting m = s = 1, n = 2 and w′(z) = z
λ
k .

Remark 25. By adopting a strategy similar to that utilized in Lemma (??), we establish a comparable result
concerning the midpoint of the interval.

Lemma 3. Let g be a real-valued function defined on a closed real interval [µ1, µ2], differentiable on (µ1, µ2)

and w′ is an integrable function on [µ1, µ2]. If g′ ∈ L1[µ1, µ2], then the following equality holds

1
2(r + 1)

[
2w(1)g

(
µ1 + µ2

2

)
− w(0)

[
g
(
(r + 2)µ1 + rµ2

2(r + 1)

)
+ g
(

rµ1 + (r + 2)µ2

2(r + 1)

)]]
− 1

µ2 − µ1

[
Jw(

µ1+µ2
2

)−g
(
(r + 2)µ1 + rµ2

2(r + 1)

)
+ Jw(

µ1+µ2
2

)+g
(

rµ1 + (r + 2)µ2

2(r + 1)

)]

=
µ2 − µ1

4(r + 1)2

∫ 1

0
w(t)

[
g′
(

r + γ

r + 1
µ1 + µ2

2
+

1 − γ

r + 1
µ1

)
− g′

(
r + γ

r + 1
µ1 + µ2

2
+

1 − γ

r + 1
µ2

)]
dγ, (44)

for r ∈ N∪ {0}.

Below we present some remarks that show the breadth and generality of (??).

Remark 26. By setting w(z) = zα and r = 0, we recover the Lemma 2.1 of [? ]. A similar result can be
obtained very easily, for the k-Riemann-Liouville Integral of [? ].

Remark 27. Letting w(z) = z and r = 0, we find a result new in the framework of Riemann integral

g
(

µ1 + µ2

2

)
− 1

µ2 − µ1

∫ µ2

µ1

g(z) dz

=
µ2 − µ1

4

∫ 1

0
w(γ)

[
g′
(

γ
µ1 + µ2

2
+ (1 − γ)µ1

)
− g′

(
γ

µ1 + µ2

2
+ (1 − γ)µ2

)]
dγ.

Remark 28. Considering w(z) to be a linear function, but different for I1 and I2, and r = 0, we get

I =
∫ 1

0
(γ − λ1)g′

(
γ

µ1 + µ2

2
+ (1 − γ)µ1

)
dγ −

∫ 1

0
(γ − λ2)g′

(
γ

µ1 + µ2

2
+ (1 − γ)µ2

)
dγ,

where

λ1, λ2 ∈ R,

I1 =
∫ 1

0
w(γ)g′

(
r + γ

r + 1
µ1 + µ2

2
+

1 − γ

r + 1
µ1

)
dγ,

I2 =
∫ 1

0
w(γ)g′

(
r + γ

r + 1
µ1 + µ2

2
+

1 − γ

r + 1
µ2

)
dγ.

From here we obtain

2 − λ1 − λ2

2
g
(

µ1 + µ2

2

)
+

λg(µ1) + µg(µ2)

2
− 1

µ2 − µ1

∫ µ2

µ1

g(u) du =
µ2 − µ1

4
I.
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Given that∫ 1

0
(γ − λ1)g′

(
γ

µ1 + µ2

2
+ (1 − γ)µ1

)
dγ =

∫ 1

0
(1 − γ − λ1)g′

(
γµ1 + (1 − γ)

µ1 + µ2

2

)
dγ,

we retrieve Lemma 2.1 of [? ].

Remark 29. Readers will have no difficulty in proving, in a similar manner, the following result:

Lemma 4. Let g be a real function defined on some closed real interval [µ1, µ2], differentiable on (µ1, µ2) and
w′ is an integrable function on [µ1, µ2]. If g′ ∈ L1[µ1, µ2], then we find the following equality

1
n + 1

−w(1)
g(µ1) + g(µ2)

2
+ w(0)

g
(

nµ1+
µ1+µ2

2
n+1

)
+ g
(

nµ2+
µ1+µ2

2
n+1

)
2


+

1
µ2 − µ1

[
Jw

µ1+
g

(
nµ1 +

µ1+µ2
2

n + 1

)
+ Jw

µ2−g

(
nµ2 +

µ1+µ2
2

n + 1

)]

=
µ2 − µ1

4(n + 1)2

∫ 1

0
w(γ)

[
g′
(

n + γ

n + 1
µ1 + µ2

2
+

1 − γ

n + 1
µ1

)
− g′

(
n + γ

n + 1
µ1 + µ2

2
+

1 − γ

n + 1
µ2

)]
dγ,

for n ∈ N.

Result that completes Lemma 2.1 of [? ]. Of course, Remarks, similar to those presented above, can be
derived.

Theorem 5. Let g, w, n, µ1 and µ2 be defined as before. If |g′| is (h, m)-convex modified of the second type,
then it is true that

|L| ≤
(∣∣g′(µ1)

∣∣+ ∣∣g′(µ2)
∣∣)W3 + m

(∣∣∣g′(µ1

m

)∣∣∣+ ∣∣∣g′(µ2

m

)∣∣∣)W4, (45)

where L is the left-hand side of (??), W3 =
∫ 1

0 w(γ)hs( γ
n
)

dγ and W4 =
∫ 1

0 w(γ)
(
1 − h

( γ
n
))s dγ.

Proof. From Lemma ??, by employing the properties of the modulus, we obtain

|L| ≤
∫ 1

0
|w(γ)|

[∣∣∣∣g′(γ

n
µ1 +

n − γ

n
µ2

)∣∣∣∣+ ∣∣∣∣g′(n − γ

n
µ1 +

γ

n
µ2

)∣∣∣∣] dγ.

Utilizing the convexity property of |g′|, we get∣∣∣∣g′(γ

n
µ1 +

n − γ

n
µ2

)∣∣∣∣ ≤ hs
(γ

n

)∣∣g′(µ1)
∣∣+ m

(
1 − h

(γ

n

))s∣∣∣g′(µ2

m

)∣∣∣,
and ∣∣∣∣g′(n − γ

n
µ1 +

γ

n
µ2

)∣∣∣∣ ≤ m
(

1 − h
(γ

n

))s∣∣∣g′(µ1

m

)∣∣∣+ hs
(γ

n

)∣∣g′(µ2)
∣∣.

Summing the last two inequalities, we have∣∣∣∣g′(γ

n
µ1 +

n − γ

n
µ2

)∣∣∣∣+ ∣∣∣∣g′(n − γ

n
µ1 +

γ

n
µ2

)∣∣∣∣
≤ hs

(γ

n

)(∣∣g′(µ1)
∣∣+ ∣∣g′(µ2)

∣∣)+ m
(

1 − h
(γ

n

))s(∣∣∣g′(µ1

m

)∣∣∣+ ∣∣∣g′(µ2

m

)∣∣∣).

Taking into account the accepted notations, we obtain (??). The proof is completed.
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Remark 30. If we consider the usual class of convex functions and n = 2, then from Theorem ??, we obtain

|L| ≤
(∣∣g′(µ1)

∣∣+ ∣∣g′(µ2)
∣∣) ∫ 1

0
w(γ) dγ.

Here, if we take w(z) = z, then we get Theorem 2.2 from [? ] and Theorem 5 from [? ]. If we choose
w(z) = (1 − z), then we have Theorem 2.2 in [? ], and if w(z) = zα, then we get the inequality from [Remark
of Theorem 1, for w(z) = (1 − z)α] [? ].

Remark 31. By adopting a strategy similar to that utilized in Theorem (??) and by employing Lemma (??), we
establish a comparable result concerning the midpoint of the interval.

Theorem 6. Let g : [µ1, µ2] → R be a differentiable function on (µ1, µ2), such that g′ ∈ L1[µ1, µ2]. If |g′| is
(h, m)-convex modified of the second type and µ1

m , µ2
m ∈ Dom(|g′|), then the following inequality holds:

|L(w, g, µ1, µ2, n)| ≤ 2
∣∣∣∣g′(µ1 + µ2

2

)∣∣∣∣H1 + m
(∣∣∣g′(µ1

m

)∣∣∣+ ∣∣∣g′(µ2

m

)∣∣∣)H2,

where

L(w, g, µ1, µ2, r) =

=
1

2(r + 1)

{
2w(1)g

(
µ1 + µ2

2

)
− w(0)

[
g
(
(r + 2)µ1 + rµ2

2(r + 1)

)
+ g
(

rµ1 + (r + 2)µ2

2(r + 1)

)]}
− 1

µ2 − µ1

[
Jw(

µ1+µ2
2

)−g
(
(r + 2)µ1 + rµ2

2(r + 1)

)
+ Jw(

µ1+µ2
2

)+g
(

rµ1 + (r + 2)µ2

2(r + 1)

)]
,

H1 =
∫ 1

0
w(γ)hs

(
r + γ

r + 1

)
dγ,

H2 =
∫ 1

0
w(γ)

[
1 − h

(
r + γ

r + 1

)]s
dγ.

Corollary 1. Under the assumptions of Theorem ??,

1. If we choose m = 1, then we derive the following inequality

|L(w, g, µ1, µ2, r)| ≤ 2
∣∣∣∣g′(µ1 + µ2

2

)∣∣∣∣H1 +
(∣∣g′(µ1)

∣∣+ ∣∣g′(µ2)
∣∣)H2,

H1 and H2 are as before.
2. If s = m = 1, then

|L(w, g, µ1, µ2, r)| ≤ 2
∣∣∣∣g′(µ1 + µ2

2

)∣∣∣∣H3(γ) +
(∣∣g′(µ1)

∣∣+ ∣∣g′(µ2)
∣∣)H4(γ),

where

H3 =
∫ 1

0
w(γ)h

(
r + γ

r + 1

)
dγ, H4 =

∫ 1

0
w(γ)

[
1 − h

(
r + γ

r + 1

)]
dγ.

3. If we take w(z) = z, r = 0, and s = m = 1, we get the following inequality, new for the Riemann Integral
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∣∣∣∣g(µ1 + µ2

2

)
−
∫ µ2

µ1

g(z) dz
∣∣∣∣ ≤ 2

∣∣∣∣g′(µ1 + µ2

2

)∣∣∣∣ ∫ 1

0
γ h(γ) dγ

+
(∣∣g′(µ1)

∣∣+ ∣∣g′(µ2)
∣∣) ∫ 1

0
γ(1 − h(γ))dγ.

4. Putting w′(z) =
zα

Γ(α + 1)
, r = 0, readers will have no difficulty in obtaining a new inequality for the

Riemann–Liouville integral.

Remark 32. The generality of this result can be easily verified since, for different notions of convexity contained
in our Definition ??, with different values of r and for different kernels w′, new results can be derived under
those conditions from Theorem ??.

Theorem 7. Let g, g′, w, µ1, µ2 and n as in the Theorem (??). Suppose that |g′|q is (h, m)-convex modified of
the second type and µ1

m , µ2
m ∈ Dom(|g′|q), then the inequality below is satisfied

|U| ≤ µ2 − µ1

n
W6

[(
|g′(µ1)|q H1 + m

∣∣∣g′(µ2

m

)∣∣∣q H2

) 1
q
+
(
|g′(µ2)|q H1 + m

∣∣∣g′(µ1

m

)∣∣∣q H2

) 1
q

]
,

where p, q > 1, U is the right-hand side of equation (??), W5 =
(∫ 1

0 wp(γ) dγ
) 1

p , H1 =
∫ 1

0 hs( γ
n
)

dγ

and H2 =
∫ 1

0

(
1 − h

( γ
n
))s dγ.

Proof. By adapting the approach used in the Theorem (??) but by employing Hölder’s inequality
instead, we arrive at

|U| ≤ µ2 − µ1

n

[ ∫ 1

0
w(γ)

∣∣∣∣g′(γ

n
µ1 +

(n − γ)

n
µ2

)∣∣∣∣ dγ +
∫ 1

0
w(γ)

∣∣∣∣g′(γ

n
µ2 +

(n − γ)

n
µ1

)∣∣∣∣ dγ

]

≤ µ2 − µ1

n

( ∫ 1

0
wp(γ) dγ

) 1
p
[( ∫ 1

0

∣∣∣∣g′(γ

n
µ1 +

(n − γ)

n
µ2

)∣∣∣∣q dγ

) 1
q

+

( ∫ 1

0

∣∣∣∣g′(γ

n
µ2 +

(n − γ)

n
µ1

)∣∣∣∣q dγ

) 1
q
]

≤ µ2 − µ1

n
W5

[(
|g′(µ1)|q H1 + m

∣∣∣g′(µ2

m

)∣∣∣q H2

) 1
q
+
(
|g′(µ2)|q H1 + m

∣∣∣g′(µ1

m

)∣∣∣q H2

) 1
q

]
.

Therefore, the desired result has been established.

Remark 33. If w(z) = zα and g is convex, we obtain the inequality to the Theorem 6 presented in [? ]∣∣∣∣∣2α−1Γ(α + 1)
(µ2 − µ1)α

[
RLIα(

µ1+µ2
2

)−g(µ1) +
RLIα(

µ1+µ2
2

)+g(µ2)

]
− g
(

µ1 + µ2

2

)∣∣∣∣∣
≤ µ2 − µ1

4

(
1

αp + 1

) 1
p
[(

|g′(µ1)|q
4

+
3|g′(µ2)|q

4

) 1
q
+

(
|g′(µ2)|q

4
+

3|g′(µ1)|q
4

) 1
q
]

≤ µ2 − µ1

4

(
4

αp + 1

) 1
p [
|g′(µ1)|+ |g′(µ2)|

]
.
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Remark 34. If w(z) = 4z, q = p−1
p and g is convex, we get an inequality similar to the Theorem 2.3 presented

in [? ]

∣∣∣∣ 1
µ2 − µ1

∫ µ2

µ1

g(z) dz − g
(

µ1 + µ2

2

)∣∣∣∣ ≤ µ2 − µ1

16

(
4

p + 1

) 1
p
[ |g′(µ1)|

p−1
p

4
+

3|g′(µ2)|
p−1

p

4


p

p−1

+

 |g′(µ2)|
p−1

p

4
+

3|g′(µ1)|
p−1

p

4


p

p−1 ]
.

Remark 35. Utilizing a procedure parallel to that applied in Theorem (??) and invoking Lemma (??), we obtain
an equivalent statement pertaining to the midpoint of the interval:

Theorem 8. Let g : [µ1, µ2] → R be differentiable function on (µ1, µ2) such that g′ ∈ L1[µ1, µ2]. If |g′|q is
(h, m)-convex modified of the second type and µ1

m , µ2
m ∈ Dom(|g′|q) then it’s true that:

|L(w, g, µ1, µ2, r)| (46)

≤ µ2 − µ1

4(r + 1)2 W5


[∣∣∣∣g′(µ1 + µ2

2

)∣∣∣∣qH5 + m
(∣∣∣g′(µ1

m

)∣∣∣q)H6

] 1
q

+

[∣∣∣∣g′(µ1 + µ2

2

)∣∣∣∣qH5 + m
(∣∣∣g′(µ2

m

)∣∣∣q)H6

] 1
q

.

with 1
p + 1

q = 1, H5 =
∫ 1

0 hs( r+t
r+1
)
dt, H6 =

∫ 1
0

(
1 − h

( r+t
r+1
))sdt and W5 defined as before.

Corollary 2. Under the assumptions of Theorem ??,

1. Choosing m = 1, then we obtain the following inequality

|L(w, g, µ1, µ2, r)|

≤ µ2 − µ1

4(r + 1)2

(∫ 1

0
wp(t)dt

) 1
p


[∣∣∣∣g′(µ1 + µ2

2

)∣∣∣∣qH5 +
(∣∣g′(µ1)

∣∣q)H6

] 1
q

+

[∣∣∣∣g′(µ1 + µ2

2

)∣∣∣∣qH5 +
(∣∣g′(µ2)

∣∣q)H6

] 1
q

.

2. If s = m = 1 then

|L(w, g, µ1, µ2, r)| ≤ µ2 − µ1

4(r + 1)2

(∫ 1

0
wp(t)dt

) 1
p

×


[∣∣∣∣g′(µ1 + µ2

2

)∣∣∣∣q ∫ 1

0
h
(

r + t
r + 1

)
dt +

∣∣g′(µ1)
∣∣q ∫ 1

0

(
1 − h

(
r + t
r + 1

))
dt
] 1

q

+

[∣∣∣∣g′(µ1 + µ2

2

)∣∣∣∣q ∫ 1

0
h
(

r + t
r + 1

)
dt +

∣∣g′(µ2)
∣∣q ∫ 1

0

(
1 − h

(
r + t
r + 1

))
dt
] 1

q

.

3. Bearing in mind Corollary ??, items 3 and 4, we can derive new inequalities for Riemann and Riemann-
Liouville integrals, respectively.

Theorem 9. Let g, g′, w, µ1, µ2, n, W3 and W4 be as in the Lemma (??). Suppose that |g′|q is (h, m)-convex
modified of the second type and µ1

m , µ2
m ∈ Dom(|g′|q) then the following result emerges
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|U| ≤ µ2 − µ1

n
W6

[(
|g′(µ1)|qW3 + m

∣∣∣g′(µ2

m

)∣∣∣qW4

) 1
q

+

(
|g′(µ2)|qW3 + m

∣∣∣g′(µ1

m

)∣∣∣qW4

) 1
q
]

,

where q ≥ 1, W6 =
(∫ 1

0 w(γ) dγ
)1− 1

q and U is defined as before.

Proof. Employing Lemma (??), triangle inequality, Power mean inequality and the definition (??) for
|g|q, we obtain

|U| ≤
∣∣∣∣∣µ2 − µ1

n

∫ 1

0
w(γ)

[
g′
(

γ

n
µ1 +

(n − γ)

n
µ2

)
− g′

(
γ

n
µ2 +

(n − γ)

n
µ1

)]
dγ

∣∣∣∣∣
≤ µ2 − µ1

n

[ ∫ 1

0
w(γ)

∣∣∣∣g′(γ

n
µ1 +

(n − γ)

n
µ2

)∣∣∣∣ dγ +
∫ 1

0
w(γ)

∣∣∣∣g′(γ

n
µ2 +

(n − γ)

n
µ1

)∣∣∣∣ dγ

]

≤ µ2 − µ1

n

( ∫ 1

0
w(γ) dγ

)1− 1
q
[( ∫ 1

0
w(γ)

∣∣∣∣g′(γ

n
µ1 +

(n − γ)

n
µ2

)∣∣∣∣q dγ

) 1
q

+

( ∫ 1

0
w(γ)

∣∣∣∣g′(γ

n
µ2 +

(n − γ)

n
µ1

)∣∣∣∣q dγ

) 1
q
]

≤ µ2 − µ1

n
W6

[(
|g′(µ1)|qW3 + m

∣∣∣g′(µ2

m

)∣∣∣qW4

) 1
q

+

(
|g′(µ2)|qW3 + m

∣∣∣g′(µ1

m

)∣∣∣qW4

) 1
q
]

.

Hence, the proof is finished.

Remark 36. Theorem 8 in [? ] follows as a consequence when the parameters m, s, n and the function w′ are
selected as in Remark (??).

Remark 37. In light of Theorem (??) and Lemma (??), we similarly obtain a result for the midpoint of the
interval:

Theorem 10. Let g : [µ1, µ2] → R be a differentiable function on (µ1, µ2), such that g′ ∈ L1[µ1, µ2]. If |g′|q

is (h, m)-convex modified of the second type with q ≥ 1 and µ1
m , µ2

m ∈ Dom(|g′|q), then it is true that

|L(w, g, µ1, µ2, r)| ≤ µ2 − µ1

4(r + 1)2

(∫ 1

0
w(t) dt

)1− 1
q

(47)

×


[∣∣∣∣g′(µ1 + µ2

2

)∣∣∣∣qH1 + m
(∣∣∣g′(µ1

m

)∣∣∣q)H2

] 1
q

+

[∣∣∣∣g′(µ1 + µ2

2

)∣∣∣∣qH1 + m
(∣∣∣g′(µ2

m

)∣∣∣q)H2

] 1
q

,

where H1 and H2 are defined above in Theorem (??).

Theorem 11. Let g, g′, w, µ1, µ2, n, p, q, U, H1 and H2 be as defined in the preceding result. Suppose that
|g′|q is (h, m)-convex modified of the second type and µ1

m , µ2
m ∈ Dom(|g′|q), then it is true that
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|U| ≤ µ2 − µ1

n

[
W7 +

(
|g′(µ1)|q + |g′(µ2)|q

)H1

q
+ m

(∣∣∣g′(µ2

m

)∣∣∣q + ∣∣∣g′(µ1

m

)∣∣∣q)H2

q

]
, (48)

where W7 = 2
∫ 1

0
w(γ)

p dγ.

Proof. Following a similar line of reasoning as in Theorem (??) but replacing the key inequality with
that of Young, we get

|U| ≤ µ2 − µ1

n

[ ∫ 1

0
w(γ)

∣∣∣∣g′(γ

n
µ1 +

(n − γ)

n
µ2

)∣∣∣∣ dγ +
∫ 1

0
w(γ)

∣∣∣∣g′(γ

n
µ2 +

(n − γ)

n
µ1

)∣∣∣∣ dγ

]

≤ µ2 − µ1

n

[
2
∫ 1

0

wp(γ)

p
dγ +

∫ 1

0

∣∣∣g′( γ
n µ1 +

(n−γ)
n µ2

)∣∣∣q
q

dγ

+
∫ 1

0

∣∣∣g′( γ
n µ2 +

(n−γ)
n µ1

)∣∣∣q
q

dγ

]

≤ µ2 − µ1

n

[
W7 +

(
|g′(µ1)|q + |g′(µ2)|q

)H1

q
+ m

(∣∣∣g′(µ2

m

)∣∣∣q + ∣∣∣g′(µ1

m

)∣∣∣q)H2

q

]
.

This concludes the proof.

Remark 38. If we consider the usual class of convex functions and n = 2, then from (??) we obtain

|U| ≤ 2(W5)
p

p
+

|g′(µ1)|q + |g′(µ2)|q

q
.

Here, if we take w(z) = z, then we get∣∣∣∣∫ µ2

µ1

g(z) dz − g
(

µ1 + µ2

2

)∣∣∣∣ ≤ 2
p(p + 1)

+
|g′(µ1)|q + |g′(µ2)|q

q
.

Remark 39. By building upon the method employed in Theorem (??) and drawing on Lemma (??), we derive a
parallel result concerning the midpoint of the interval.

Theorem 12. Let g : [µ1, µ2] → R be a differentiable function on (µ1, µ2) such that g′ ∈ L1[µ1, µ2]. If |g′|q is
(h, m)-convex modified of the second type with 1

p + 1
q = 1 and µ1

m , µ2
m ∈ Dom(|g′|q), then

|L(w, g, µ1, µ2, r)| ≤ µ2 − µ1

4(r + 1)2

{
2
p

∫ 1

0
wp(t) dt +

2
q

∣∣∣∣g′(µ1 + µ2

2

)∣∣∣∣qH5 (49)

+
m
q

(∣∣∣g′(µ1

m

)∣∣∣q + ∣∣∣g′(µ2

m

)∣∣∣q)H6

}
,

holds, where H5 and H6 are defined above in Theorem ??.

Remark 40. The Remark ?? remains valid in these results.

Remark 41. Readers will have no difficulty in formulating the corresponding corollaries to Theorems (??)
and (??).
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3. Conclusions
This work focuses on the generalization and extension of existing results related to integral

inequalities. The main results and contributions are Theorem 7, Theorem 17, Theorem 19, Theorem 21,
and Theorem 25, which establish new inequalities for (h, m)-convex functions of second type using
weighted integral operators. It also provides remarks showing how these new results generalize or
connect with existing theorems in the literature by establishing specific parameters for s, m, h, and the
weighting function w′.

In essence, we consider this work to contribute significantly to the theory of convex functions
by providing a more generalized and flexible framework for Hermite-Hadamard-type inequalities
through the introduction of weighted integrals and refined classes of (h, m)-convex functions.
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