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A New Frailty Model Based Archimedean Bivariate
Copula That Models Only Positive Dependency

Iman M. Attia

Department of Mathematical Statistics, Faculty of Graduate Studies for Statistical Research, Cairo University,

Egypt; imanattiathesis1972@gmail.com or imanattial972@gmail.com

Abstract: In this paper, the author utilizes the frailty model to construct a new Archimedean copula.
This copula depends on the transformed Median Based Unit Rayleigh (MBUR) distribution to
unbounded distribution defined on the interval from zero to infinity. The copula only models the
positive dependency. In the paper, the joint PDF and CDF of the copula are derived for two bivariate
distributions. The singularity of the copula is explained. The generator and inverse generator of the
new copula are explored with various graphs to depict the decreasing and convex nature of the
generator with different dependency parameter values. The Kendall tau measure of dependency is
derived. For this copula, the lower and upper tail dependencies exist. The formula for each one is
derived. This new copula is one of the parametric Archimedean copulas. Unfortunately, the
Archimedean copulas are not widely used.

Keywords: frailty model; archimedean copula; generator; inverse generator; MBUR distribution

Introduction

A copula is a function mapping [0,1]*> - [0,1] and satisfying the boundary condition in the
form of C(u,0) = C(0,v) =0V u&v € [0,1], the unit marginal conditions in the form of C(1,v) =
v&C(u,1) =uvu&v € [0,1], and 2-increasing property that states,

Vu, u,v,v' € [0,1]andu <u’' andv < v' then,
Cquulxv,vD=Cc@,v)—Cluv)—-Cc@,v)+Cl,v)=0

Clu,v) < C',v) and C(u,v) <C(uw,v') for Yu<u'and v <v', hence satisfying Lipschitz
condition that is

[Cu,v) — CW,v)| < lu—u'|+|v=v|Vuu,v,v € [01]

Sklar (Sklar, 1973) showed that a copula exists for any multivariate distribution, such that the
joint distribution equals the copula applied to the marginal. In other words, Let X and Y be random
variables with joint distribution H and marginal distribution functions F and G, respectively. Then
there is a uniquely determined copula, C, on the Range F X Range G, such that H(x,y) =
C (F (x), G(y)) for Vx,y € [—o,0]. So copulas connect joint distributions functions to their
margins. They are crucial for constructing bivariate and multivariate distributions because they are
a statistical method for studying scale-free measures of dependence.

Definition 1 (Sklar’s theorem 1): For any bivariate distribution function H with marginal
F and G, there exists a copula such that

H(x,y) = C(F(x),G(y) ), x,y € [—oo, o]
If H is continuous, then the copula C is unique. Otherwise, it is uniquely determined on the
F(R) X G(R). The converse is also true, for any copula and univariate distribution functions F and
G, the function C(F(x),G(y)) is a bivariate distribution function with margins F and G.

Definition 2: A bivariate Archimedean copula C(u,v) can be written in the form of
Clu,v) = (p_l((p(u) + (p(v)) with marginal u = Fx(x) and v = Fy(y), where ¢@(u) is the
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generator function being continuous, strictly decreasing and convex function mapping
[0,1] onto [0,<°), in other words, ¢ (u) < 0, decreasing) and ¢ '(u) > 0 (convex), ¢(0) =
o, and ¢(1) =0

ac(u,v)

Definition 3: a bivariate copula has
oudv

= c¢(u,v) which is the joint PDF of the copula.

So the copula links the marginal distributions through the dependency parameter.
The singular part of the copula is defined by (Genest & Mackay, 1986) in the following Theorem, the
ratio between the generator and the first derivative of the generator evaluated at zero does not equal

zero.

Theorem: the distribution C(u,v) generated by ¢ has a singular component iff % *0
_ o0

in that case, @(u) + ¢(v) = ¢(0) with probability = O

In the last few years many models have been proposed for copulas. The applications of copulas
are too plentiful to list so further improvements of copulas are encouraged to be further advanced.
The applied applications rely mainly on the parametric models for copulas in comparison to the semi-
parametric and non-parametric model for copulas which have limited applied implementations in
real life.

Many eminent scientists and authors had in depth papers discussing the estimation methods,
simulation, probabilistic interpretations, and analytical properties. Many problems face the statistical
scientific community and in need for solutions. (Nadarajah et al., 2018) mentioned some of these
problems like estimation of copula under misspecification, copula density estimation, Bayesian
copula, change point estimation of copulas, efficient estimation and simulation algorithms,
characterization of copulas, selection criteria between two or more copulas, time series models
constructed on copulas, bounds for copulas, copula calibration, transformations to enhance fits of
copulas, extreme value manners of bivariate and multivariate copulas, compatibility of copulas,
additional measures of asymmetry for bivariate and multivariate copulas, extra tests for symmetry
for bivariate and multivariate copulas, time varying copulas, space changing copulas and copulas
fluctuating with sense of both time and space.

Many books had been written by pioneer and innovator scientists in the field of copulas like
books written by (Drouet-Mari & Kotz, 2001), (Cuadras et al., 2002), (Cherubini et al., 2004), (Genest,
2005a), (Genest, 2005b), (Nelson, 2006), (McNeil et al., 2005), (Alsina et al., 2006), (Mai & Scherer,
2014), (Durante & Sempi, 2015), (Salvadori et al., 2007), (Malevergne & Sornette, 2006), (Schweizer &
Sklar, 2005), (Jaworski et al., 2010),(Jaworski et al., 2013), (Joe, 2014), (Joe, 1997)and many others.
Numerous papers had been published by many prominent scientists like (Nelsen, 2002), (Embrechts
etal., 2003), (Manner & Reznikova, 2012), (Patton, 2012),(Genest et al., 2009),(Schweizer, 1991), (Kolev
et al., 2006), (Kolev & Paiva, 2009), and (Frees & Valdez, 1998).

The copula can be grouped into five subgroups which are the Archimedean copulas, the
elliptical copulas, the Eyraud-Farlie-Gumbel-Morgenstern (EFGM) copula, extreme value copulas,
and other copulas. Each of these subgroups includes more copulas. For more details, the reader can
be referred to the paper of (Nadarajah et al., 2018) and references therein.

The simplest copula is the product copula or the independence copula C(u,v) = uv.Itis for two
independent random variables with H(x,y) = F(x)G(y). The other two very essential dependencies
between two variables are the perfect positive and the perfect negative dependencies. These can be
expressed by copulas. For the positive state, this yields M(u,v) = min(u,v). Hence, for random
variables X and Y with distributions F, G and the joint distribution M (F (x),G (y)), and because the
copula is symmetric, the random variable X is an increasing function of Y and vice versa. The
converse, with decreasing instead of increasing holds true for the joint distribution function W (F,G)
with W(u,v) = max(u + v — 1). This one is also a copula. These boundaries are themselves copulas
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and they are called Frechet-Hoeffding upper and lower bound respectively. As long as both M and
W are not differentiable in u and v, they have no density functions. Joe (Joe, 1990), (Joe & Hu, 1996),
(Joe, 1993) developed copulas that allow for positive dependency only. These copulas are recently
used in portfolio risk analysis with Asian equity markets (Ozun & Cifter, 2007).

This paper is structured in 6 sections. Section 1 discusses the methodology of derivation. section
2 illustrates the generator and its properties. Section 3 explores the inverse generator and its
properties. Section 4 explains the Kendal Tau measure of dependency. Section 5 enlightens how the
copula can model both lower and upper tail dependencies. Section 6 elucidates the final conclusions
and future works. Numerous figures for its PDF and CDF are depicted.

1. Methodology of Derivation

This copula depends on the frailty method for generating the copula. Assuming two individuals
have survival time distributed as exponential T; and T,. They have exponential baseline hazard
function with A4; = 4, = 1. The survival function is shown in equation (1) and the hazard function in

equation (2)
S(®) = Prob(T > t) =1 = F(£) ceecve v voe et et it e e et et e s e e e ens e e e s (1)
dlnS(t) F(t)
The Cox proportional hazard model uses the hazard function as shown in equation (3)
A I L 1 (3 IO (<) |

where the Z are the explanatory variables in survival analysis and b(t) is the baseline hazard function.
And B is the vector of regression coefficients. It is proportional because all information is contained
in the multiplicative factor y = e®%, this is called the frailty model when some explanatory variables
(Z) and hence the factor y are unobserved. And the factor y is called the frailty parameter.
Integrating and exponentiating the negative hazard

A = ePotbrzithils = ebo oh1Z1th2Z2 = ) eF1Z1*F2Z2 for 2 explanatory variables for example

t 9InS(t) t ¢
S(tly) = exp —f ~ 3¢ dt = exp —f h(t) | dt = exp —f Aldt
0 0 0
t t t
exp (- f eﬁO"’BerhBZZZ) dt — exp (- f eBO‘y) dt — exp (-—yf eﬁO) dt
0 0 0

e(-visefoa) _ [e(_fot'l" dt)]y = [e7t%]" where efo = A, assume Ay = 1

[B(t)]Y where B(t)is the baseline hazard, to sum up
e~ %] = [e7w0]" = e = s(tly)
The marginal distribution for a single life time T is obtained by taking expectation over the
potential values of y thatis E(e”""), assuming the f(y) is the PDF of the frailty variable so

oo

E(et) = f et f()dy

0

Let y be a random variable distributed as Median Based Unit Rayleigh (BMUR) (Attia, M.L,

2024), transform this variable to be defined on the interval from zero to infinity as shown below. The
PDF of the Median Based Unit Rayleigh (MBUR) is shown in equation (4)

6 1] (2
- [1 - yaz] ) 0y 1> 0 ()

The following transformation will be applied to the above PDF:

—Ilny
a?

The Jacobian is shown in equation (5) dy = €W (—a2) AW oos oo e e (5

—a?w

1
Let w=—In(y)e*? - w = - —wa’=lny »y=ce

Replace the transformation of equation (5) into equation (4) as shown in equation (6):
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6 _a? i2 _g? (iz) _g2w L _g?
[ [1—((3 @ wYa ](e ww )@ (- ) (2)e W du o (6.4)
0

© _atw _2a°w
J- 6 [1 —e a? ]e a2 dw
0

fow)=6[1—e"]e 2% ....... ..(6.B)
Now this w is the frailty variable y Wthh is dlstrlbuted as unbounded MBUR defined on the
interval (0, 0). Now take the conditional expectation of the survival function of the time distributed

as exponential random variable with hazard rate equal one (scale parameter or lambda=1) given the
frailty variable as shown in equation (7)

[ee)

E(e™) = f e (70 17 TR /)

0
= J- (eT™)6[1—e]e ? dy = 6f e
0 0

e—'y(t+2)] *© [ e—y(t+3)] *©
- |l -6|—
—(t+2) o —(t+3) o ]

—tY) = = =
E(e ) E(S(tl}/)) (t+2)(t+3) t24+5t+6
We can think of this expectation as a function of the frailty variable, it is averaging the probability

[oe]

—-y(t+2) d]/_6J- e—y(t+3) d]/
0

~s[(e52)- ()]

to survive beyond specific time given that frailty. It is the expectation of a function of the frailty not
the variable frailty itself so this function which is the baseline survival function should be multiplied
by the PDF of the frailty variable. This way the frailty variable is integrated out. So this expectation
is considered as the joint CDF of the two random variables T1 and T2. How to get this time? By
inverting this expectation as shown in equation (8). Let us call this expectation u then solving second
degree polynomial to get its root.

(u= ﬁ) - (§= t2+5t+6) - (t2+5t+6—§=0)
t:—5+\/25—4(1)(6)(1—%) :—5+ 25—24(1—%)
2
(—5+ (25—24+24)> (—5+ (1+2u—4)>
t = = Y ()

2 2

2. The Generator

In previous work by Iman M. Attia (Attia, 2025), the generator obtained by this method
(modeling the frailty variable) yielded a Kendall tau measure that is fixed. As shown here the same
method with different re-parameterization yielded a generator with no dependency parameter;
therefore, the author did some manipulations to enhance the Kendall tau measures. The author added
dependency parameter and remove the denominator as shown in the following equation (9), u is
the marginal CDF.

24y
t =65+ (1 +7) L0 U T oo e (9)

This (t) is the generator and (u) is the inverse generator. So the time (t) is a function of (u)

1

IN®
Preposition 1: the generator shown in equation (9), t = 9(—5 + (1 +§)Z) can be

considered as a generator for this new Archimedean copula.

Proof: The generator fulfills the sufficient conditions of a generator.
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1) (p(0)=9<—5+ (1+%)%> = oo

2) (p(1)=9<—5+ (1+%)%> =0

-1

v vws (e D) 0@ <

This ensures that the generator is a decreasing function in u.

L,

b ww= (e ) e 6@

1
1\g !

24N\2 -1 24\715 11242
s () ) (D)) )
u 2 u u?
1
1\ 6
2472 247795 24
—5+(1+—) (1+—) (—3)>0
u u u

This ensures that the generator is a convex functionat 0 <6 <1

For bivariate distribution with uniform marginal CDF (u) and (v), the generators are shown in
equations (10-12)

w) = 6| -5+ (1 +§)% 9 (10)
1
1\8
w)=6|-5+ (1 +§)2 an
1 1
I\NoB 2]
24N\2 24\2
ow) =pw)+ew) =6 -5+ (1 +;) + 0| -5+ (1 +?) e (12)

1
4\2

1
42 2
+ -5+ (1+—)

v

ow)= 01| -5+ (1 +%>

3. The Inverse Generator

To get the inverse generator of this modified generator, the author inverts this (t) as shown in

equation (13), as long as t equals:

1
1\ 6

-1

9 2
) 0<0<1....(13)

+5] —1
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Recall that C((p(u) + (p(v)) = (p‘l(q)(u) + (p(v))
As a valid bivariate Archimedean copula can be expressed as C(u,v) = C (FX(x), Fy(y))

Proposition 2: The copula expressed in equation (13) can be assumed to be a valid copula
as it fulfills the boundary conditions, the marginal uniformity and 2- increasing conditions.
And this is equivalent to the necessary conditions of the inverse generator to be fulfilled

which are the following;:

Proof:
C(0,v) = C(u,0) = 0, boundary conditions are fulfilled

- 2 _1
1 1
22\’ § ?
0 (—5+ (1+ 0)) + (—5+
C(1,v) = v and C(u, 1) = u, the marginal uniformity, when u=1
_ D -1
1 1
2\’ § 7
0 ( (1+1)>+<—5+
C(1,v) = 24 —1| =
6
-1
1 1
1
24\2 z
C(1,v) = 24 -5+ (1 +T) + —5+ }
6 2 -1
1
I1NG
24\2
CLv) = 24 —5+(1+7) +5 -1
2 -1 112
24N\2 24\7
C(1,v) = 24 —5+(1+7) +5| 1| =24 (1+7) —1

Clv) = 24 ((1 +%) - 1>_1 _y (%)_1 =

The same is true for v, if v=1so C(u,1) = 24 (%) =u

92 C(u,v)

Proposition 3: This is a valid copula as it is 2-increasing, i.e.,
dudv

= 0 in equation (14)
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Proof:
1 1
Let p=-5+ (1+2u—4)2 andq = =5+ (1+%)2
oC (u,v)
» du -

cao () ) ] [ sl (o 27 (12)
i(GC(u, v)> _ 0%C(u,v) _
dv du Judv

- con (2 oo+ 2) o+ 2| (074
(@é+q%9+5f—4{4[@é+q%

6

+ 5) - 1] [p? + q?]

6 6

11 11
+5 [pe +q9] + [pe + qe]

X< (—4)

1 1\ 6—1
+[<p9+q9) +5HT] >20,0<0<1 e e ... (14)

Proposition 4: This copula is absolutely continuous copula and it has no singular part.

Proof: to test for singularity: lin% % = 0 in equation (15). If this limit is zero so the copula
Uu-

has no singular part.

2 + lim ——5

50w+ 20)%u Au(24 +uw)
im————+ lim ————
u—0 12 u—0 —12

As long as this limit is zero at u=0 so the copula has no singular part and it is absolutely

=0=0=0oeeeen..(15)

continuous copula.

4. Kendall Tau Measure of Dependency
Proposition 5: Kendall tau for this copulais v =1 —0.797 6 in equation (16)

Proof:
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1
T=4f o) du +1
0

A
To(u) (Y50 + 20" u?  Gu(24 +u) B
) o ™ fo ( 12 T > =

—50f1( +24)"%ul? du + 0f124 +u’ du =
—IZOU u u 12 ) uru u =

56 0 1
= (0.8286) — — (12 + —) = —0.19926

12 3
tow
T=4 | —%du +1=4(=0.19920) +1=1-07970 ........(16)
KA
For this copula, new one can be created using the following pattern for the generator:
N N
24N\2 h\2
t=¢o) =106 —5+(1+;) =6 _k+(1+ﬂ)

Let the v1+h =k so other generators can be created and hence related new copulas for each
generator such as:

1

1IN
1\2
ti= o) =02+ (1+a)

1

35\2
u

D =

1
99992
&= 6| —100+ (1 +T)

But the Kendall Tau measure of dependency calculation will be
2k6 (! -26 (!
—f (u + 24)%u!® du + —J- 24u+u’ du =
hJy hJy

For large values of h the first part of integration will converge to (0.8001)and when added to
the second part, the final result will converge to (—0.1999), when h attains large values so the
Kendall tau measure of dependency will be

T= 4(-019996) +1=1-0.86 forlarge valuesof h

Figures 1-30 illustrate the joint PDF, the joint CDF and the related generator for the copula with
different values of dependency parameter.
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104 The curve shows that the generator is a decreasing convex function at alpha=0.3
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Figure 1. shows the generator function (decreasing and convex) at theta = 0.3.

joint CDF of copula surface for dependence parameter alpha=0.3
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0 0 0.1 values of u

0.4

Figure 2. shows the joint CDF copula (Copula) at theta =0.3.
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joint pdf of the copula surface for dependence parameter alpha=0.3
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Figure 3. shows the joint PDF copula (copula density) at theta = 0.3.

The curve shows that the generator is a decreasing convex function at alpha=0.6
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Figure 4. shows the generator function (decreasing and convex) at theta = 0.6.
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joint CDF of copula surface for dependence parameter alpha=0.6

0.4

03 0.4
0.2 0.3
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. 0 01 values of u

Figure 5. shows the joint CDF copula (Copula) at theta = 0.6.

joint pdf of the copula surface for dependence parameter alpha=0.6
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0.3
values of v

values of u

Figure 6. shows the joint PDF copula (copula density) at theta = 0.6.
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The curve shows that the generator is a decreasing convex function at alpha=0.888
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Figure 7. shows the generator function (decreasing and convex) at theta = 0.888.

joint CDF of copula surface for dependence parameter alpha=0.888
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Figure 8. shows the joint CDF copula (Copula) at theta = 0.888.
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joint pdf of the copula surface for dependence parameter alpha=0.888
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Figure 9. shows the joint PDF copula (copula density) at theta = 0.888.

The curve shows that the generator is a decreasing convex function at alpha=.999
30

doi:10.20944/,

reprints202504.1779.v1

13

25 |

[
=]
I

values of the generator at each u value
&
T

10 -
AN
.
“
.
~

g \“\ T
o I I ! ! I I T S A

o 01 02 0.3 0.4 0.5 0.6 0.7 08 09

values of u ( unit marginal cdf)

Figure 10. shows the generator function (decreasing and convex) at theta = 0.999.
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joint CDF of copula surface for dependence parameter alpha=0.999
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Figure 11. shows the joint CDF copula (Copula) at theta = 0.999.

joint pdf of the copula surface for dependence parameter alpha=0.999
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Figure 12. shows the joint PDF copula (copula density) at theta = 0.999.
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Figure 13. shows the generator function (decreasing and convex) at theta =1.

joint CDF of copula surface for dependence parameter alpha=1
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Figure 14. shows the joint CDF copula (Copula) at theta =1.
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joint pdf of the copula surface for dependence parameter alpha=1
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Figure 15. shows the joint PDF copula (copula density) at theta = 1.

joint CDF of copula surface for dependence parameter alpha=0.001
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Figure 16. shows the joint CDF copula (Copula) at theta = 0.001.
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joint pdf of the copula surface for dependence parameter alpha=0.001
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Figure 17. shows the joint PDF copula at theta = 0.001.

joint CDF of copula surface for dependence parameter al pha=0.002
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Figure 18. shows the joint CDF copula (Copula) at theta = 0.002.
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joint pdf of the copula surface for dependence parameter alpha=0.002
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Figure 19. shows the joint PDF copula at theta = 0.002.

joint CDF of copula surface for dependence parameter alpha=0.003

09 |
0.8 -
0.7 ]

06 -]

0.4
0.3 0.4

03
values of v
0 0 0.1 values of u

Figure 20. shows the joint CDF copula (Copula) at theta = 0.003.
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joint pdf of the copula surface for dependence parameter alpha=0.003
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Figure 21. shows the joint PDF copula at theta = 0.003.

joint CDF of copula surface for dependence parameter alpha=0.004
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Figure 22. shows the joint CDF copula at theta = 0.004.
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joint pdf of the copula surface for dependence parameter alpha=0.004
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Figure 23. shows the joint PDF copula at theta = 0.004.

joint pdf of the copula surface for dependence parameter alpha=0.005
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Figure 24. shows the joint PDF copula at theta = 0.005.
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joint CDF of copula surface for dependence parameter alpha=0.005
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Figure 25. shows the joint CDF copula at theta = 0.005.

joint pdf of the copula surface for dependence parameter alpha=0.006
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Figure 26. shows the joint PDF copula at theta = 0.006.
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joint pdf of the copula surface for dependence parameter alpha=0.007
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Figure 27. shows the joint PDF copula at theta = 0.007.

joint pdf of the copula surface for dependence parameter alpha=0.008
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Figure 28. shows the joint PDF copula at theta = 0.008.
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joint pdf of the copula surface for dependence parameter alpha=0.009
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Figure 29. shows the joint PDF copula at theta = 0.009.

joint pdf of the copula surface for dependence parameter alpha=0.01
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Figure 30. shows the joint PDF copula at theta = 0.01.

5. Tail Dependency

Preposition 6: Lower and upper tail dependencies for this copula exist.

Proof:
o 1-2u+C(u,u)
1 =1 Cluu) 18
v =lim TS et e s ... (18)
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1
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=[50 (14 2) (4 (D)oo a9

Since both limits in equation (17-18) are infinite and as illustrated in Figure 3) so both lower and
upper tail dependencies exist. Moreover, as shown in equation (19) and in Figure 32 the first
derivative of the generator approaches —co at u = 0 so the upper tail dependency exists.

.1p4 The lower tail dependnecy behaviour of the Copula The upper tail dependnecy behaviour of the Copula
9 T T T T T T T T T 5 T T T T T T T T T

|
|

2 ~ @

values of the limit of the lower tail dependency (parameter=0.01)
o
values of the limit of the upper tail dependency (parameter=0.01)
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Figure 31. tail dependency behavior of the Copula at dependency parameter 0.01.

10 The tail dependnecy behaviour of the Copula at dependnecy parameter 0.6

values of the first derivative of generator

| | | | | | | | |
-7
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
values of u

Figure 32 tail dependency behavior of the Copula at dependency parameter 0.6.

Preposition 7: The values of lower and upper tail dependency can be calculated as shown

in equations (20-21)
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6. Conclusions

This copula which is based on frailty model and cox proportional hazard model can only model
positive dependency. These types of copula can be used in applications to model the positive
dependency between variables. This copula can also model lower and upper tail dependency. This
copula has a generator whose derivative is zero when evaluated at zero and this supports modeling
upper tail dependency. The definitions of lower and upper tail dependencies that involve the copula
equation yielded infinite values and this also supports the tail dependencies.

While the joint distribution function, H(x,y) = C(F(x),G(y) ) for tworandom variables X and Y, the
bivariate density function these 2 variables is shown in equation (22)

0H(x,y) 9°C(u,v)

hx,y(x' y) = W = fx(x)fy(J’)C(Fx(x)’Fy(J/)) = fx) ) “oudy T (22)

Future Work

More works are needed to develop efficient estimation and simulation algorithms. Also Bayesian
estimation can be used to enhance the estimation procedures. The copula can also be tested for some
of the problems mentioned earlier in the introduction.
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