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Abstract: In this paper, we first define the concepts of r-fuzzy soft a-open (semi-open and J-open)
sets on fuzzy soft topological spaces based on the article Aygiinoglu et al. (Hacet. J. Math. Stat.,
43 (2014), 193-208), and the relations of these sets with each other are established. In addition, we
introduce the concepts of fuzzy soft J-closure (J-interior) operators, and study some properties
of them. Also, the concept of r-fuzzy soft é-connected sets is introduced and studied with help
of fuzzy soft J-closure operators. Thereafter, we define the concepts of fuzzy soft a-continuous
(B-continuous, semi-continuous, pre-continuous and J-continuous) functions, which are weaker forms
of fuzzy soft continuity, and some properties of these functions along with their mutual relationships
are discussed. Moreover, a decomposition of fuzzy soft a-continuity and a decomposition of
fuzzy soft semi-continuity is obtained. Finally, as a weaker form of a fuzzy soft continuity, the
concepts of fuzzy soft almost (weakly) continuous functions are defined, and some properties are
specified. Additionally, we explore the notion of continuity in a very general setting called, fuzzy soft
(L, M,N, O)-continuous functions and a historical justification is introduced.
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1. Introduction

In [1], the author initiated a novel concept of soft set theory, which is a completely new approach
for modeling uncertainty and vagueness. He showed many applications of these theory in solving
several practical problems in engineering, economics, and medical science, social science etc. Akdag
and Ozkan [2] introduced and studied the concept of soft a-open sets on soft topological spaces. Also,
the concept of soft B-open sets was introduced and studied by the authors of [3,4]. Moreover, the
concepts of semi-open, somewhere dense and Q-sets were studied by the authors of [5,6]. Al-shami
et al. [7] introduced the concept of weakly soft semi-open sets and specified its main properties.
Also, Al-shami et al. [8] initiated the concept of weakly soft f-open sets and obtained weakly soft
B-continuity. Kaur et al. [9] introduced a new approach to studying soft continuous mappings using
an induced mapping based on soft sets. Al Ghour and Al-Mufarrij [10] defined two new concepts of
mappings over soft topological spaces: soft somewhat-r-continuity and soft somewhat-r-openness. In
recent years, many authors have contributed to soft set theory in the different fields such as topology,
algebra, see e.g. [11-15].

Maiji et al. [16] introduced the concept of fuzzy soft sets which combines soft sets [1] and fuzzy
sets [17]. The concept of fuzzy soft topology is introduced and some of its properties such as fuzzy soft
continuity, interior fuzzy soft set, closure fuzzy soft set and fuzzy soft subspace topology is obtained
in [18,19] based on fuzzy topologies in Sostaks sense [20]. A new approach to studying separation
and regularity axioms via fuzzy soft sets was introduced by the author of [21,22] based on the paper
Aygiinoglu et al. [18]. The concept of r-fuzzy soft regularly open sets was introduced by Cetkin and
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Aygtin [23]. Moreover, the concepts of r-fuzzy soft f-open (resp. pre-open) sets were also introduced
by Taha [24].

The organization of this paper is as follows:

o In Section 2, we define new types of fuzzy soft sets on fuzzy soft topological spaces based on
the paper Aygiinoglu et al. [18]. Also, the relations of these sets with each other are established with
the help of some examples. Moreover, the concept of r-fuzzy soft §-connected sets is introduced and
characterized with help of fuzzy soft J-closure operators.

e In Section 3, we introduce the concepts of fuzzy soft a-continuous (B-continuous,
semi-continuous, pre-continuous and J-continuous) functions, and the relations of these functions with
each other are investigated. Also, a decomposition of fuzzy soft semi-continuity and a decomposition
of fuzzy soft a-continuity is given.

e In Section 4, as a weaker form of fuzzy soft continuity [18], the concepts of fuzzy soft almost
(weakly) continuous functions are introduced, and some properties are obtained. Also, we show that
fuzzy soft continuity = fuzzy soft almost continuity = fuzzy soft weakly continuity, but the converse
may not be true. In the end, we explore the notion of continuity in a very general setting called, fuzzy
soft (£, M, N, O)-continuous functions and a historical justification is given.

o Finally, we close this paper with some conclusions and make a plan to suggest some future
works in Section 5.

Throughout this article, nonempty sets will be denoted by U, V etc. E is the set of all parameters
for U and A C E. The family of all fuzzy sets on U is denoted by I (where I, = (0,1], I = [0,1]), and
fort € I, t(u) = t, for all u € U. The following definitions will be used in the next sections:

Definition 1.1. [18,25,26] A fuzzy soft set f4 on U is a function from E to IY such that f4(e) is a fuzzy
seton U, for eache € A and fa(e) =0, if e ¢ A. The family of all fuzzy soft sets on U is denoted by

(U, E).

Definition 1.2. [27] A fuzzy soft point e,, on U is a fuzzy soft set defined as follows:

) ouy, if k=e,
e”f(k)_{ 0, if keE-—{e},

where u; is a fuzzy point on U. ey, is said to belong to a fuzzy soft set f4, denoted by e, Ef4, if
t < fa(e)(u). The family of all fuzzy soft points on U is denoted by P;(U).

—_~—

Definition 1.3. [28] A fuzzy soft pointe,, € P;(U) is called a soft quasi-coincident with f4 € (U, E) and
denoted by ey, §fa, if 4+ fa(e)(u) > 1. A fuzzy soft set f4 € (ll,/\g) is called a soft quasi-coincident
with gp € (U,/\E) and denoted by faqgg, if thereise € Eand u € U such that fa(e)(u)+gp(e)(u) > 1.
If 4 is not soft quasi-coincident with gg, fa 4¢5-

—

Definition 1.4. [18] A function 7 : E — [0,1]('F) is called a fuzzy soft topology on U if it satisfies the
following conditions for every e € E,

() (@) = w(E) =1, __

(i) T(faMgB) > Te(fa) A Te(gB), for every fa,gp € (U, E),

P

(iiD) Te(Usea(fa)s) = Asea Te((fa)s), for every (fa)s € (U, E),é € A. 5
Then, (U, 1) is called a fuzzy soft topological space (briefly, FSTS) in Sostaks sense [20].

—_~

Definition 1.5. [18] Let (U, t¢) and (V, 7f) be a FSTSs. A fuzzy soft function ¢y : (U, E) — (V,F)

—_~—

is said to be a fuzzy soft continuous if, Te(cpl;l(gg)) > 17 (gp) for every gp € (V,F), e € E and

(k= p(e)) € F. -
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Definition 1.6. [19,23] In a FSTS (U, 1), for each f4 € (U, E), e € E and r € I, we define the fuzzy

—_~—

soft operators Cr and I : E x (U, E) x I, — (U, E) as follows:

—_~—

Cele fa,r) =T1{gp € (U E): fa C gp, Te(g3) > 1}

—_—

Ir(e, fa,r) =U{gp € (UE): g C fa, T(gp) > 1}

—_~—

Definition 1.7. Let (U, 1¢) be a FSTS and r € Iy. A fuzzy soft set f4 € (U, E) is said to be an
r-fuzzy soft regularly open [23] (resp. pre-open [24] and p-open [24]) if, f4 = I+(e,C<(e, fa,7),7) (resp.
fa T Ic(e,Cele, fa,r),r) and fa C Cr(e, Ir(e,Cr(e, fa, 1), 1), 1)) for every e € E.

Lemma 1.1. [24] Every r-fuzzy soft regularly open set is r-fuzzy soft pre-open.

In general, the converse of Lemma 1.1 is not true, as shown by Example 1.1.

—_~—

Example 1.1. [24] Let U = {uj,up}, E = {e¢ k} and define gg, fr € (U,E) as follows: g =
{le {5 54), (A{gs 32D} fr = {(e {5k 55}), (k {5t 5% })} Define fuzzy soft topology ¢ :

——

E — [0,1)(%E) as follows:

1, if mp € {®E},
%/ if mg = SE,
1 —

wng) = {7 LTI
3/ lf mE = gE r|.fE/
1 if mp=grUfE,
0, otherwise,
1, if mpe{®E},
%/ if mg = gk,
1 _

T (mg) = %, %f mg = f,
5, if mp=gpMfg,
1 if mp=grUfe,
0, otherwise.

Then, fr is %—fuzzy soft pre-open set, but it is not }Tfuzzy soft regularly open set.

The basic definitions and results which we need next sections are found in [18,19].

2. Some Properties of r-Fuzzy Soft 6-Open Sets

Here, we are going to give the concepts of r-fuzzy soft 6-open (semi-open and a-open) sets on fuzzy
soft topological space (U, T¢). Some properties of these sets along with their mutual relationships are
investigated with the help of some examples. Additionally, the concept of an r-fuzzy soft /-connected
set is defined and studied with help of fuzzy soft J-closure operators.

Definition 2.1. Let (U, 1¢) be a FSTS. A fuzzy soft set f4 € (U, E) is said to be an r-fuzzy soft
J-open (resp. semi-open and a-open) if It(e,Cc(e, fa,7),7) T Cr(e, Ic(e, fa, 1), 1) (resp. fa C
Ce(e, It(e, fa,r),r)and fa C I(e,Cr(e, Ir(e, fa,7),7),1)) forevery e € Eand r € I.

Remark 2.1. The concept of an r-fuzzy soft 6-open set and r-fuzzy soft B-open set [24] are independent
concepts, as shown by Examples 2.1 and 2.2.

doi:10.20944/preprints202312.1240.v2
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Example 2.1. Let U = {uy,u2}, E = {e, k} and define hg,ge, fe € (U,E) as follows: hy =
{(e, {o4r05 ), (k, {o4r05 )} ge ={(e, {0 (K, {02103 )} fe=A{(e {*18 o%}> (k, {08r07 )}
Define fuzzy soft topology T : E — [0,1](UE) as follows:
1, if mpe{®E},
1 .
%, if mg=gqg,
Te(mE) _ g : E=&E
3 if Mg :fEI
0, otherwise,
1, if mp € {®E},
1, if mp=ge,
% if mE:fE,
0

otherwise.

T (mg) =

Then, hE is 2-fuzzy soft B-open set, but it is neither 1-fuzzy soft 6-open nor 1-fuzzy soft semi-open.
3 y % 3 y P 3 y P

—_~—

Example 2.2. Let U = {uy,up,us}, E = {ek} and define hg,gp, fr € (UE) as
follows: he = {(e,{F, ¢, T} (kA{F T TH} ge = {(e{F G TH KA{F T TH} fe =
{(e{F 2 B (k{7 %, %})} Define fuzzy soft topology 1 : E — [0, 1}( E) as follows:

1, if mp € {®E},

1 if mp =g,
T(mp) =13, if mg=fg

i, if mp=hg,

0, otherwise,

1, if mge{®E},

% if mg =g,
w(me) =< %, if mp=fg,

1, if mp=hg,

0, otherwise.

Then, ht is }Tfuzzy soft J-open set, but it is neither f—fuzzy soft f-open nor f—fuzzy soft semi-open.

Remark 2.2. The complement of an r-fuzzy soft §-open (resp. semi-open, a-open and B-open) set is
said to be an r-fuzzy soft J-closed (resp. semi-closed, a-closed and S-closed).

—_~—

Proposition 2.1. Let (U, 1) be a FSTS, f4 € (U,E), e € E and r € Ij. The following statements are
equivalent:

(i) fa is r-fuzzy soft semi-open.
(ii) fa is r-fuzzy soft 6-open and r-fuzzy soft S-open.

Proof. (i) = (ii) Let f4 be an r-fuzzy soft semi-open, then f4 T Ci(e Ir(e, fa,7),7)
Cr(e, It (Cr(e, fa,r),7),7). This shows that f, is r-fuzzy soft f-open. Moreover, I;(e, C(e, fa,t),7)
Cr(e, fa,r) € Cr(e,Cele Ir(e, fa, 1), 1), r) = Cr(e, Ic(e, fa, 1), 7). Therefore, f, is r-fuzzy soft -open.

11171

(i) = (i) Let f4 be an r-fuzzy soft J-open and r-fuzzy soft B-open, then I;(e,Cc(e, fa, 1), 1)
C Cele Ir(e, fa,r),r) and fa T Cr(e, It(e,Cr(e, fa,1),7),7). Thus, fa T Cr(e, It(e,Cele, fa,1),1),
Cr(e,Cr(e, Ir(e, fa, 1), 1), r) = Cr(e, Ic(e, fa,7),7). This shows that fy4 is r-fuzzy soft semi-open.

O

r),
) C
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Proposition 2.2. Let (U, 1) be a FSTS, f4 € (U,E), e € E and r € Ij. The following statements are
equivalent:

(i) fa is r-fuzzy soft a-open.
(ii) fa is r-fuzzy soft 6-open and r-fuzzy soft pre-open.

Proof. (i) = (ii) From Proposition 2.1 the proof is straightforward.
(i) = (i) Let fso be an r-fuzzy soft pre-open and r-fuzzy soft é-open. Then, f4 C

Ir(e,Ccl(e, fa,1),7) C Ir(e,Cr(e, It(e, fa,7),1),r). This shows that f is r-fuzzy soft a-open.
O

Remark 2.3. From the previous definitions and results, we can summarize the relationships among
different types of fuzzy soft sets as in the next diagram.

a — open set
¥ ¢
pre — open set semi — open set = & — open set
¥ ¢
B — open set

Remark 2.4. In general, the converses of the above relationships are not true, as shown by Examples
2.1,22,2.3,2.4and 2.5.

Example 23. Let U = {uj,up}, E = {e k} and define g, fr,hg € (U/\E) as follows: gr =
{(e, 03'04 ), (k, {03'04 ) fe=A{(e {06'02 ). (k, {06'02 )} he ={(e, {*17 0*2 ), (k, {o7r05 )}

Define fuzzy soft topology ¢ : E — [0,1]( E) as follows:

1, if mp € {®E},
3, if mp =g,
T(mg) = %I %f me = fe
5, if mp =g fE,
3, if mp=gpUfE,
0, otherwise,
1, if mp € {®E},
%, if mg=gr,
T (mg) = % %f e = e
5, if mp=gpMfg,
%, if mp=gpUfE,
0, otherwise.

Then, hE is %—fuzzy soft semi-open set, but it is neither %-fuzzy soft a-open nor %—fuzzy soft

pre-open.
Example 2.4. Let U = {uj,up,u3}, E = {e k} and define g, fr ( U,E) as follows: g =
{(e. {55 55 03 1). (K, {02,6’%,3—32 o fe = {(e s 54 05 3) (k{gs, 54, 0% })}- Define fuzzy soft

topology ¢ : E — [0,1](1" (LE) gs follows:
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1, if mge {®E},
T(mp) =43, if mp=gg,

0, otherwise,

1, if mpe {®E},
w(meg) =%, if mp=gE,

0, otherwise.

Then, fr is 1-fuzzy soft f-open set, but it is not 3-fuzzy soft pre-open.
Example 2.5. Let U = {uj,uz}, E = {ek} and define gg, fr € (U/\E) as follows: gr =
{(e, {04,ﬁ ) (ko A{s 52D} f= {(e {55 54}), (k{55 54})} Define fuzzy soft topology ¢ :
E— [0,1]( E) as follows:

1, if mpe{®E},
T(mg) =1, if mp=gg,

0, otherwise,

1, if mpe{®E},
w(me) =< %, if mp =g,

0, otherwise.

Then, fr is j-fuzzy soft pre-open set, but it is neither j-fuzzy soft a-open nor }-fuzzy soft
semi-open.

P

Theorem 2.1. Let (U, tg) be a FSTS, f4,95 € (U,E),e € Eand r € Ij. If f, is r-fuzzy soft §-open set
such that f4 C g C Cr(e, fa,7), then gp is also r-fuzzy soft 6-open.

Proof. Suppose that f, is r-fuzzy soft d-open and f4 T ¢p T Ce(e, f4,7). Then, It(e,Cc(e, fa, 1), 7
CT(E/ IT(e/fA/ r)/r) E CT(e/ IT(e/gB/ r)/r)' Since gB E CT(e/fA/ )/ IT(e/ Cr(eng/ )/ )

Ir(e,Cc(e, fa,1),7) T Ci(e, Ir(e,gB, 1), 7). This shows that gp is r-fuzzy soft J-open.
O

C
C

Definition 2.2. In a FSTS (U, 1), for each f4 € (Ufjg), e € Eand r € Iy, we define a fuzzy soft
d-closure operator 6C; : E x (U, E) x I, — (U, E) as follows: 6C(e, fa,r) =M {gg € (U,E): fa C
g8, gB is r-fuzzy soft d-closed }.

Theorem 2.2. In a FSTS (U, 1), for each f4,95 € (/L_I:/E), e € Eand r € Iy, the operator 6C: :

E x (U,E) x I, — (U, E) satisfies the following properties.
(1) 6Cr(e, ®,7) = @

(2) fA E (5CT(€,fA,1’) E CT(E,fA,T").

(3) 6C<(e, fa,r) C 6Cr(e,gB, 1) if, fa C ¢B-

(4) 6C(e,0C<(e, fa,r),7) = 0Cc(e, fa,r).

(5) 6C(e, faUgR,7) 2 6Cr(e, fa,r) LOCr(e, g, 7).
(6) 6Cr(e, fa, 1) = fa iff fa is r-fuzzy soft -closed.
(7) 6Cc(e,Crle, fa,1),1) = Cile, fa,1).

Proof. (1), (2), (3) and (6) are easily proved from Definition 2.2.
(4) From (2) and (3), 6Cc(e, fa,r) LT 8Cr(e,6Cc(e, fa, 1), 7). Now we show that
0Cr(e, fa,r) 3 6Cr(e,6C(e, fa,1),1). Suppose that 6Cr (e, f4,7) is not contain 6C (e, 5Cr (e, fa, 1), 7).

doi:10.20944/preprints202312.1240.v2
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Then, there is u € U and t € (0,1) such that 6Cc(e, fa,r)(e)(u) < t <
6Cr(e,6C(e, fa,7),7)(e)(u). (4)

Since dC+(e, fa,r)(e)(u) < t, by the definition of 6C, there is gp is r-fuzzy soft J-closed with
fa C gp such that 6Cc (e, fa,7)(e) (1) < gp(e)(u) < t. Since f4 C gp, then 6C< (e, f4,7) C gp. Again,
by the definition of 6Cr, we have 6C(e,dC< (e, fa,7),7) C gg. Hence, 6Cr(e,0Cc(e, fa,7),7)(e)(u) <
gp(e)(u) < t, it is a contradiction for (A). Thus, Cc(e, fa,r) 2 6Cr(e,0Cr(e, fa,r),r). Then,
0Cr(e,0Cc(e, fa, 1), r) = 6Cr(e, fa,r).

(5) Since f4 and gg T fa U gp, hence by (3), 6C<(e, fa, ) T 6Cr(e, fa U g, ) and 6Cr(e,gp,7) C
0Cr(e, faU gp,r). Thus, 6Cr(e, faUgn,r) 2 6Cr(e, fa,r) LUICr(e, 8B, T).

(7) From (6) and C+ (e, f4, 1) is r-fuzzy soft d-closed set, hence 6C+ (e, Cc(e, fa,7),7) = Cr(e, fa, 7).

O

Theorem 2.3. In a FSTS (U, TE) for each fy € (U E),e € E and r € I, we define a fuzzy soft
J-interior operator 61, : E (U E) x I, — (U, E) as follows: (SIT( Jfar) =U{gp € (UE):gp C
fa, gp is r-fuzzy soft é-open}. Then, for each f4 and gp € (Ll E), the operator dI; satisfies the
following properties.

(1) 81 (e, E,r) = E.

(2) Ir(e, fa,r) C 0Ir(e, fa, 1) C fa

(3) 01 (e, fa,r) T lc(e, g, 1) if, fa T gB.

(4) 61 (e, 61 (e, fa,r), 1) =6l (e, fa,1).

(5) éI(e, fa,r) 61 (e, g, 1) 2 6lr(e, faT B, 7).

(6) 61 (e, fa, 1) = fa iff fa is r-fuzzy soft 5-open.

(7) 0L (e, f,7) = (6C<(e, fa,1))"-

Proof. (1), (2), (3) and (6) are easily proved from the definition of 6.
(4) and (5) are easily proved by a similar way in Theorem 2.2.

(7) For each f4 € (U,E), e € Eand r € Iy, we have dI;(e, f, 1) = U{gp € (/L_I\_/,E) : gB

—_~—

fS, 8B is r-fuzzy soft d-open} = [M{gs € (U,E) : fa T g%, g% is r-fuzzy soft d-closed}]® =

(0C<(e, fa,7))"
O

Im

Definition 2.3. Let (U, tz) be a FSTS, r € Iy and f4, gp € (U, E). Then, we have:

(1) Two fuzzy soft sets f4 and gp are called r-fuzzy soft é-separated iff gp 4 dC(e, f4,7) and
faf6Ce(e g, r) foreache € E.

(2) Any fuzzy soft set which cannot be expressed as the union of two r-fuzzy soft J-separated sets
is called an r-fuzzy soft J-connected.

Theorem 2.4. In a FSTS (U, t¢), we have:

(1) If f4 and gp € (U, E) are r-fuzzy soft é-separated and /¢, tp € (U, E) such that h¢c C f4 and
tp C gp, then h¢ and tp are r-fuzzy soft d-separated.

(2) If f4 4 g and either both are r-fuzzy soft J-open or both r-fuzzy soft §-closed, then f4 and gp
are r-fuzzy soft é-separated.

(3) If f4 and gp are either both r-fuzzy soft J-open or both r-fuzzy soft 6-closed, then f4 M g5 and
gp 1 f4 are r-fuzzy soft J-separated.

Proof. (1) and (2) are obvious.

(3) Let f4 and gp be an r-fuzzy soft 6-open. Since f4 M g5 E g5, 6Cr(e, fal18%,7) E g5 and
hence 6C:(e, faMg&%,7) 4 &p- Then, 6Cr(e, faM18%,7) 4 (881 fS)-
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Again, since g M f4 C f9, 6Cc(e,gpMf4,7) E f4 and hence 0C(e,gp MfS,7) 4 fa- Then,
0Cc(e,gM f4,7) 4 (famgg). Thus, fo Mgy and gp I f4 are r-fuzzy soft é-separated. The other case
follows similar lines.

O

—_~—

Theorem 2.5. In a FSTS (U, 1), then f4, g € (U, E) are r-fuzzy soft §-separated iff there exist two
r-fuzzy soft 6-open sets hc and tp such that f4 C he, gp C tp, fa 4 tp and gp 4 hc.

Proof. (=) Let f4 and gp € (U, E) be an r-fuzzy soft J-separated, f4 T (6C(e,gp,7))¢ = hc and
g8 T (6Cc(e, fa,1))¢ = tp, where tp and hc are r-fuzzy soft J-open, then tp 4 dCr(e, fa,r) and
he f0C<(e,gB, 7). Thus, ¢p 4 hc and fa 4 tp. Hence, we obtain the required result.

(«<=) Let hc and tp be an r-fuzzy soft J-open such that gg T tp, fa T he, gp 4 he and fa 4 tp.
Then, g C hi and f4 C t,. Hence, 6C<(e,gp, 1) C hi and 6Ce (e, fa,7) E t,. Then, 6C(e,gB,7) 4 fa
and 6Cr(e, fa,7) 4 gp- Thus, f4 and gp are r- fuzzy soft -separated. Hence, we obtain the required
result.

O

—_—

Theorem 2.6. In a FSTS (U, 1), if g € (U, E) is r-fuzzy soft é-connected such that gg T f4 T
0Cr(e, gB, 1), then f4 is r-fuzzy soft J-connected.

Proof. Suppose that f4 is not r-fuzzy soft 5-connected, then there is r-fuzzy soft 6-separated sets h
and t}, € (U,E) such that f4 = hUt},. Let he = ggMh¢ and tp = gg Mt} then gg = tp L.
Since hc C hi and tp C t},, hence by Theorem 2.4(1), hc and tp are r-fuzzy soft §-separated, it is a

contradiction. Thus, f4 is r-fuzzy soft é-connected, as required.
O

3. New Types of Fuzzy Soft Continuity

Here, we introduce the concepts of fuzzy soft /-continuous (B-continuous, semi-continuous,
pre-continuous and a-continuous) functions, which are weaker forms of fuzzy soft continuity on fuzzy
soft topological spaces in Sostaks sense. Also, we study several relationships related to fuzzy soft
d-continuity with the help of some problems. In addition, a decomposition of fuzzy soft semi-continuity
and a decomposition of fuzzy soft a-continuity is obtained.

Definition 3.1. Let (U, 7¢) and (V, 7/) be a FSTSs. A fuzzy soft function ¢y : (U,/\E) — (T/jf) is said
to be a fuzzy soft 6-continuous (resp. B-continuous, semi-continuous, pre-continuous, a-continuous) if,

Py 1(gp) is r-fuzzy soft s-open (resp. p-open, semi-open, pre-open, x-open) set for every gg € (V, F)
with 7/ (¢g) > r,e € E, (k= y(e)) € Fand r € L.

Remark 3.1. Fuzzy soft d-continuity and fuzzy soft S-continuity are independent concepts, as shown
by Examples 3.1 and 3.2.

—~——

Example 3.1. Let U = {uj,up}, E = {e,ex} and define hg,ge, fr € (UE) as
follows: hg = {(61,{%,%}),(62,{%,% )b, 8 = {(elr{(%/% )7(621{5%ﬁ )b fE =

{(er, {55, 52}), (e, {55, §21)}. Define fuzzy soft topologies ¢, 7i : E — [0,1]UE) as follows:
Ve € E,
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1, if mpe {®E},

1 .

Y if m E = LE,
T (mg) = g . 8
5, if mg=fg,
0, otherwise,
1, if mp € {®E},
o(mp) =3, if mp=hg,

0, otherwise.
Then, the identity fuzzy soft function ¢y : (U, 1) — (U, 17) is fuzzy soft -continuous, but it is

neither fuzzy soft §-continuous nor fuzzy soft semi-continuous.

Example 3.2. Let U = {uj,up,usz}, E = {ey, e} and define hg, g, fE € ( ,E) as follows:
he = {le {% % 2 ({5 2 2Ht ¢ = {la.{F & 2 (2 {F % %})}, fe =
eq, {8, M2 31y (py (M Y2 U3V)1 Define fuzzy soft topologies T, TF : E — [0, 1]( (UE)
071770 071770 y polog E-
Ve € E,

as follows:

1, if mg e {®E},

%, if mg=gr,
Te(me) =43, if mg=f,

1, if mp=hg,

0, otherwise,

1, if mpe{®E},
T(mg) =L, i mp=he,

0, otherwise.

Then, the identity fuzzy soft function ¢y : (U, 7¢) — (U, T ) is fuzzy soft é-continuous, but it is
neither fuzzy soft f-continuous nor fuzzy soft semi-continuous.

Now, we have the following decomposition of fuzzy soft semi-continuity and decomposition of
fuzzy soft a-continuity, according to Propositions 2.1 and 2.2.

Proposition 3.1. Let (U,7¢) and (V,13) be a FSTSs. ¢y : (U,E) — (V,F) is fuzzy soft
semi-continuous function iff it is both fuzzy soft J-continuous and fuzzy soft S-continuous.

Proof. The proof is obvious by Proposition 2.1. [

Proposition 3.2. Let (U, 1) and (V, 77) be a FSTSs. @y : (U, E) — (V, F) is fuzzy soft a-continuous
function iff it is both fuzzy soft /-continuous and fuzzy soft pre-continuous.

Proof. The proof is obvious by Proposition 2.2. 0O

Remark 3.2. From the previous definitions and results, we can summarize the relationships among
different types of fuzzy soft continuity as in the next diagram.

continuity

4

o — continuity

4 4

doi:10.20944/preprints202312.1240.v2
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pre — continuity semi — continuity = 0 — continuity
¢ ¢
B — continuity

Remark 3.3. In general, the converses of the above relationships are not true, as shown by Examples
3.1,3.2,3.3,34and 3.5.

—_~—

= {e, e} and define gr, fe,hg € (UE) as
fO].lOWSZ gE = {(61,{03,ﬂ ) (621{031ﬂ )}/ fE - {(61/ (L)%/(L)% ) (62/{06/ﬁ )}/ hE =

{(e1, {gh 52}) (e, {gh, 5% })}. Define fuzzy soft topologies ¢, 7/ : E — [0,1]( E) as follows:
Ve € E,

Example 3.3. Let U = {uy,up}, E

1, if mpe{®E},

%/ if mg = Sk,

2 .

3/ if mg = JE,
Te(mE) = g . f

5, if mp =g fE,

3, if mp=gpUfE,

0, otherwise,

1, if mpe {®E},
o (mg) =3, if mp=hg,

0, otherwise.

Then, the identity fuzzy soft function ¢y : (U, t7g) — (U, 13) is fuzzy soft semi-continuous, but
it is neither fuzzy soft a-continuous nor fuzzy soft pre-continuous.

Example 34. Let U = {uj,up,us}, E = {e1,e2} and define gr, fr € ( ,E) as follows: g =
{(er. {o3 0% 03 1) (ez,{oz,oé,oz})} fe={(er, {55 5% 0% }), (e2, {55, 54, 0% }) - Define fuzzy soft
topologies 1, 77 : E — [0,1](u (WE) as follows: Ve € E,
1, if mpe{®E},
T(mg) =43, if mp=gg,
0, otherwise,
1, if mpe{®E},
o (mg) =93, if mp=fg,
0, otherwise.

Then, the identity fuzzy soft function ¢y : (U, Tg)

— (U, t}) is fuzzy soft B-continuous, but it is
not fuzzy soft pre-continuous.

Example 3.5. Let U = {uj,ux}, E = {e1, e} and define gg, fr € (U,/\E) as follows: gr =
{(e1, {g% o2}) (32/{o4r05})}, fe = {(er, {05 041}) (e2, {55, 54 })}. Define fuzzy soft topologies
T, T E— [0,1](u ‘) as follows: Ve € E,
1, if mg e {®E},
T(mp) =43, if mp=gg,

0, otherwise,

doi:10.20944/preprints202312.1240.v2
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—_

, if mp € {®,E},
’ if Mg = fEI
, otherwise.

=

T (mp) =

O

Then, the identity fuzzy soft function ¢y : (U, t7g) — (U, 73) is fuzzy soft pre-continuous, but it
is neither fuzzy soft a-continuous nor fuzzy soft semi-continuous.

e~ e~

Theorem 3.1. Let (U, 7¢) and (V, 1) be a FSTSs, and ¢y : (U, E) — (V, F) be a fuzzy soft function.

P

The following statements are equivalent for every gg € (V,F),e € E, (k =1(e)) € Fand r € L.
(i) @y is fuzzy soft f-continuous.
(i) T e, Ce (e, T e, 95 M (85), 7). 7)) 3 (8), 3 7 (5) = .
(iii) It (e, Cc (e, I (e, <pl;1(g3),r),r),r) cC <pl;1(CT* (k,gB,1))-
(1v) @ I+ (k g8, 1))  Cele, Le(e, Ce e, 9 (88),7), 7). 7).
Proof. (i) = (ii) Let g5 € (T/j?) with 7¥(g5) > r. Then by Definition 3.1,
(9, (g8))° = 9y (25) C Cr(e, Ir(e, Cele, 9, (85),7),7),7) =

(Iz(e, Ce(e, Ie(e, 9t (g8),7),7),7))°. Thus, Ir(e, Cr (e, Ir(e, ¢, (88),7),7),7) C ¢ (g5).
(ii) = (iii) Obvious.

(iii) = (@iv) Since IT(e,CT(e,IT(e,go;l(gg),r),r),r))" = CT(e,IT(e,CT(e,¢¥1(g%),r),r),r)
and  (9,'(Cee(kgp,7))) = ¢ (I (kg5 7)) Then,  ¢,'(I+(k gp,r))  C
Cr(e, It (e, Cr(e, (plzl(gg),r),r),r),for each gg € (V,F).

(iv) = (i) Let gg € (V,F) with 7/ (gg) > r. Then by (iv) and gp = I+(k,gp,7), (pl;l(gg) C
Ce(e, I (e, Cr(e, (plzl (gB),7),1),7). Thus, @y is fuzzy soft f-continuous.
The following theorem is similarly proved as in Theorem 3.1. [

P S N

Theorem 3.2. Let (U, 7¢) and (V, 7/) be a FSTSs, and ¢y : (U, E) — (V, F) be a fuzzy soft function.

—_~—

The following statements are equivalent for every gg € (V,F),e € E, (k =(e)) € Fand r € L.
(i) @y is fuzzy soft 6-continuous.
(i) It (e, Cr (e, 9 (88),7),7) E Cel(e, Ir(e, 9, (88), 1), 1), if T (85) > 7.
(iii) It (e, Cr (e, q)l;1 (gB),7),1) C Cele, Ic(e, (pl;1 (Ce(k,gB, 1)), 1),1)
(iv) Ir(e, Cr(e, @y (I (k,88,7)),7),7) C Cele, I (e, 9, (88),7),7).

Proposition 3.3. Let (U, 1¢), (V,77) and (W, yn) be a FSTSs, and ¢y : (U,E) — (V,F), ¢y :

—_~—

(V,F) — (W, H) be two fuzzy soft functions. Then, the composition ¢j. o ¢y is fuzzy soft
d-continuous (resp. B-continuous) if, ¢y is fuzzy soft é-continuous (resp. p-continuous) and ¢y.
is fuzzy soft continuous.

Proof. Obvious. [

4. Some Weaker Forms of Fuzzy Soft Continuity

Here, as a weaker form of fuzzy soft continuity [18], the concepts of fuzzy soft almost (weakly)
continuous functions are introduced, and some properties are obtained. Furthermore, we show that
fuzzy soft continuity = fuzzy soft almost continuity = fuzzy soft weakly continuity, but the converse
may not be true. Finally, we introduce the notion of continuity in a very general setting called, fuzzy
soft (£, M, N, O)-continuous functions.
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Definition 4.1. Let (U, 1) and (V, 7}) be a FSTSs. A fuzzy soft function ¢y : (U,E) — (V,F) is

—_~

said to be a fuzzy soft almost (resp. weakly) continuous if, for each e,, € P;(U) and each gg € (V, F)

with 7/ (gg) > r containing @y (ey, ), there is f4 € (U, E) with .(f4) > r containing e,, such that
Py(fa) E Lrs(k, Cox(k, g8, 7),7) (resp. @y(fa) E Co(k, g5, 7))-

—_~—

Theorem 4.1. Let (U, 7¢) and (V, 7}) be a FSTSs, and ¢y : (U, E) — (V, F) be a fuzzy soft function.

—_—

Suppose that one of the following holds for every gg € (V,F),e € E, (k= ¢(e)) € Fand r € L:
W I 7 (g8) 27, ¢y (g8) T Iele, @' (I (k, Cox (k, 8B, 7), 7)), 7).

(ii) Ce(e, 9" (Cor (K, Iex (k, g8, 7),7)),7) E 9,1 (88), if 77 (85) > 7.
Then, ¢y is fuzzy soft almost continuous.

Proof. (i) = (ii) Let gp € (T/TF) with 7¥(g5) > r. From (i), it follows

9y (85) T Ie(e @y (Ire(k, Crr (k,85,7),1)),1) = Le(e, 9y  ((Cor (K, I+ (k, g5, 7), 7)), 1) =
Ir(e, (93" (Cor (K, Ir+ (k, g8, 7),1)))%, 1) = (Cr(e, @ (Cre (K, Ire (k, 88, 7), 7)), 7))

Hence, Cr(e, (pl;1 (Cy(k, I+ (k, gB,7),7)),7) C golzl(gg). Similarly, we get (ii) = (i).

—_~— e/~

Suppose that (i) holds. Let e,, € P:(U) and g € (V, F) with 7/ (gp) > r containing ¢y (ey, ). Then,

—~—

by (i), ey, €I (e, golzl(IT* (k,Cy+(k,gp,7),7)),7), and so there is f4 € (U, E) with 7.(f4) > r containing

ey, such that f4 C (p@l(lr* (k,Cr+(k,gB,7),7)). Hence, @y(fa) T I+(k,Coe(k,gB,7),7). Then, ¢y is
fuzzy soft almost continuous.
O

Lemma 4.1. Every fuzzy soft continuous function [18] is fuzzy soft almost continuous.
Proof. It follows from Definitions 1.4 and 4.1. O

Remark 4.1. In general, the converse of Lemma 4.1 is not true, as shown by Example 4.1.
Example 4.1. Let U = {uy,ux}, E = {e1,e2} and define gg, fr € (U,E) as follows: g =
{(er, {0k 7% ),(62,{/&,6%})}, fe = {(e1. {55 04}) (e, {55, 54 })} Define fuzzy soft topologies

T, T E— [0,1](U'E) as follows: Ve € E,
1, if mg € {®E},

T.(mg) = %, if mp=gE,
0, otherwise,
1, if mpe {®E},
w(mg) =41, if mpe{fe, g}
0, otherwise.

Then, the identity fuzzy soft function ¢y : (U, t7g) — (U, 1) is fuzzy soft almost continuous,
but it is not fuzzy soft continuous.

P S N

Theorem 4.2. Let (U, 7¢) and (V, 1) be a FSTSs, and ¢y : (U, E) — (V, F) be a fuzzy soft function.

—~—

Suppose that one of the following holds for every gg € (V,F),e € E, (k= ¢(e)) € Fand r € L:
M) ¢, (g8) E Ie(e, @y (Ces (k,gp, 7)), 1), i T (gB) 2 7.
>r.

(if) Ce(e, @y (L= (k. g5,7)), 1) € 9 (88), i 77 (85)
Then, ¢y is fuzzy soft weakly continuous.
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Proof. (1) = (ii) Let g € (V F) with 77 (g%) > r. From (i), it follows

9, (85) T L(eg, (Colkggn)r) = Llee, ((Ie(kgsr))r) =
e gy I (5 55,7)))r) = (Cele g (I (b 35,7), 1)

Hence, Cc(e, " (Ie+ (k, g5, 7)), )/E/fplp (g8)- Similarly, we get (ii) = (i)-

Suppose that (i) holds. Let e,, € P+(U) and g € (V, F) with 7/ (gp) > r containing ¢y (e, ). Then,
by (i), ey, €I (e, q)lgl(CT* (k,gg,7)),7r), and so there is f4 € m with 7,(f4) > r containing e,, such

that f4 C qol!jl (Cr<(k,gB,7)). Thus, ¢y (fa) C Cr(k, g, 7). Hence, ¢y is fuzzy soft weakly continuous.
O

Lemma 4.2. Every fuzzy soft almost continuous function is fuzzy soft weakly continuous.

Proof. It follows from Definition 4.1. O

Remark 4.2. In general, the converse of Lemma 4.2 is not true, as shown by Example 4.2.

Example 4.2. Let U = {uj,up,us}, E = {e,e2} and define gg, fr € ( E) as follows: gr =
{(er {g% 0% 52 1) (e2, 06,3%,5'% W fe={(en {55 G 0% 1), (e2, {55, B 55 })}- Define fuzzy soft
topologies 1, 7/ : E — [0,1](u £) as follows: Ve € E,
1, if mpe {®E},

T(mp) =43, if mp=gg,
0, otherwise,
1, if mp € {®E},
3. if mp=fg,
0

otherwise.

T, (mp) =

Then, the identity fuzzy soft function ¢y : (U, 17r) — (U, 1}) is fuzzy soft weakly continuous,
but it is not fuzzy soft almost continuous.

Remark 4.3. From the previous results, we have: Fuzzy soft continuity = fuzzy soft almost continuity
= fuzzy soft weakly continuity.

n [29], the difference between f4 and gp is a fuzzy soft set defined as follows:
_ 0, if fa(e) < gsle),
M = E.

(faTlgs)(e) fale) A (gs(e))S, otherwise, ve s

e~ e~ —

—_—

Let Land M : E x (U,E) x I, — (U, E) be operators on (U,E),and N and O : F x (V,F) x I, —

e~ e~

(V,F) be operators on (V, F).

e~ e~

Definition 4.2. Let (U, 7¢) and (V, 77) be a FSTSs. @y : (U, E) — (V,F) is said to be a fuzzy soft
(L, M, N, O)-continuous function if, Le, (p,zl (O(k,gB, 1)), r] TT Mle, (pl;1 (N (k,gg,7)),r] = ® for each

—_~—

gB € (V,F) with 1/ (gp) > r,e € Eand (k = ¢(e)) € F.

In (2014), Aygiinoglu et al. [18] defined the concept of fuzzy soft continuous functions:

Te(Ql;](gB)) > 17 (gp), for each gp € (T/jf), e € Eand (k = (e)) € F. We can see that Definition 4.2
generalizes the concept of fuzzy soft continuous functions, when we choose £ = identity operator, M
= interior operator, N/ = identity operator and O = identity operator.

A historical justification of Definition 4.2:
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(1) In Section 3, we introduced the concept of fuzzy soft J-continuous functions:
IT(e,CT(e,(plf(gB),r),r) C CT(e,IT(e,(plf(gB),r),r), for each ¢gg € (V,F) with 7f(gp) > r.
Here, £ = interior closure operator, M = closure interior operator, N = identity operator and O =
identity operator.

(2) In Section 3, we introduced the concept of fuzzy soft B-continuous functions: Py L(gp) C

Cr(e, Ir (e, Cr (e, q);l(gg),r),r),r), for each g € (V, F) with 7/ (gp) > r. Here, £ = identity operator,
M = closure interior closure operator, N/ = identity operator and O = identity operator.
(3) In Section 3, we introduced the concept of fuzzy soft semi-continuous functions: ¢, Ygp) C

Ce(e, I (e, (plzl(gg),r),r), for each gp € (V,F) with 7f(gp) > r. Here, £ = identity operator, M =
closure interior operator, N = identity operator and O = identity operator.
(4) In Section 3, we introduced the concept of fuzzy soft pre-continuous functions: go@l(gB) C

I (e,Cx(e, golf(gg),r),r), for each gp € (V,F) with 77(gp) > r. Here, £ = identity operator, M
= interior closure operator, A" = identity operator and O = identity operator.
(5) In Section 3, we introduced the concept of fuzzy soft a-continuous functions: ¢, l(gp) C

I (e,Cr(e, I (e, go;l(gg),r),r),r), for each gp € (V,F) with 7/ (gg) > r. Here, £ = identity operator,
M = interior closure interior operator, N = identity operator and O = identity operator.
(6) In Section 4, we introduced the concept of fuzzy soft almost continuous functions: ¢, Ygp) C

I (e, %;1 (I« (k, Ce+(k, gB,7),7)),7), for each gp € (V, F) with 7/ (gp) > r. Here, £ = identity operator,
M = interior operator, N = interior closure operator and O = identity operator.
(7) In Section 4, we introduced the concept of fuzzy soft weakly continuous functions: ¢, Y(gp) C

—_~—

It (e, qol;l(CT* (k,gB, 1)), 1), for each gp € (V,F) with 77 (gp) > r. Here, £ = identity operator, M =
interior operator, N = closure operator and O = identity operator.

5. Conclusion and Future Work

This article is lay out as follows:

(1) In Section 2, some new types of a fuzzy soft set called an r-fuzzy soft J-open (semi-open and
x-open) set are introduced on fuzzy soft topological space based on the paper Aygiinoglu et al. [18].
Also, we have the following relationships, but the converses are not true.

a — open set

I ¢
pre —open set semi — open set = 6 — open set
¥ ¢
B — open set

(2) In Section 3, we introduce the concepts of fuzzy soft J-continuous (B-continuous,
semi-continuous, pre-continuous and a-continuous) functions, and the relations of these functions with
each other are investigated with the help of some illustrative examples. Moreover, a decomposition of
fuzzy soft semi-continuity and a decomposition of fuzzy soft a-continuity is given.

(3) In Section 4, as a weaker form of fuzzy soft continuity [18], the concepts of fuzzy soft almost
(weakly) continuous functions are introduced, and some properties are obtained. Also, we show that
fuzzy soft continuity = fuzzy soft almost continuity = fuzzy soft weakly continuity, but the converse
may not be true. Finally, we explore the notion of continuity in a very general setting namely, fuzzy
soft (£, M, N, O)-continuous functions. Then, we have the following results:

e Fuzzy soft (idy, Ir, idy, idy )-continuous function is a fuzzy soft continuous function [18].

e Fuzzy soft (I:(Cr),Cr(I¢), idy, idy)-continuous function is a fuzzy soft J-continuous function.
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o Fuzzy soft
e Fuzzy soft

idy, C (I (Cx)), idy, idy)-continuous function is a fuzzy soft f-continuous function.
idy, C¢(Ir), idy, idy)-continuous function is a fuzzy soft semi-continuous function.
e Fuzzy soft (idy, I: (Cr), idy, idy )-continuous function is a fuzzy soft pre-continuous function.

o Fuzzy soft

o Fuzzy soft

idy, It (C(I¢)), idy, idy ) )-continuous function is a fuzzy soft a-continuous function.
idyy, It, I+ (C+), idy )-continuous function is a fuzzy soft almost continuous function.
idy, Ir, C+, idy )-continuous function is a fuzzy soft weakly continuous function.

P e N

e Fuzzy soft

In upcoming articles, we will use the r-fuzzy soft /-open sets to introduce some new separation
axioms and to define the concept of §-compact spaces on fuzzy soft topological space based on the
paper Aygiinoglu et al. [18].
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