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Abstract

This paper develops, implements, and uses integrated global and local geometric modelling of ellip-
soids and transforms curvatures and shapes into energy metrics that predict potential curvature-driven
self-assembly driving force pathways into fibers and films. Global parameterization is based on
eccentricities and the local parameterization, based on mean and Gaussian curvatures, is mapped into
shape and curvedness parameterizations that clearly distinguish critical shape effects from curvedness
effects in contrast to mean and Gaussian curvatures. Finally, the geometric modelling is transformed,
through a liquid membranology model, into bending energy densities that point the ways to fiber and
film assembly pathways.

Keywords: biaxiality; triaxiality; spheroids; curvature; shape coefficient; umbilic points; lines of
curvature

1. Introduction

Invariably, shape, size, and structure (known as &> metrics), play a dominant role in material
processing and functionalities of synthetic and biological material systems [1-6]. Industrial application
examples include shapes and sizes of storage tanks, aerofoil wings, turbine blades, and so on [7-11].
Biological materials have incorporated precise control of size, structures, and shapes as in bird feathers,
flower petals, plywood and more [12-16]. In anisotropic soft matter, as in protein-based precursors,
as in protein-based precursors, there are several examples in which organisms including mussels,
spiders, velvet worms, and hagfishes, utilize fluid condensates including colloidal liquid crystals and
coacervates to fabricate complex hierarchically structure materials following stimuli response and
self-assembly mechanisms [17-21] of precisely controlled size, shape, and liquid crystalline structural
order [18,19,22-27]. However, the most studied liquid crystal droplets and shells happen to be near-
spherical conditions, which conveniency provides valuable but incomplete insight into a baseline for
studying and classifying a broader variety of shapes, sizes, structures, textures, and even defects.

The symmetry breaking of spheres into biaxial and triaxial convex shapes then, can be used as a
fertile ground for the understanding and characterization of &®—dependent material science and engi-
neering phenomena. Ellipsoids exhibit a shape spectrum with promising tuning capabilities of form-
and curvedness-dependent effects on material processing (such as self-assembly, self-organization,
viscosity, etc.) [28-33], and material functionality (friction, wetting, adhesion, load-bearing, etc.) [34—
37]. This rich variety of shapes and structural properties is observed in several in-vivo [19,38-40],
in-vitro [19,27,41-43], and in-silico [27,38,41,44-46] systems in fields such as physics, biology, and
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engineering. Figure 2 shows the symmetry breaking of a spherical shape into the ellipsoidal spectrum
where structures deviate from the sphere to the cylinder and rod-like shapes with the emergence of
critical curvature points known as umbilic dots (red dots) whose characterization is crucially important
as in tetravalency [47-49] of drops and particles [50-55] and umbilic-surface vortex interaction in fluid
mechanics [56-58].

QO9O®» .-

Figure 1. Schematic of a sphere morphing into a cylinder, and passing through a shape spectrum of biaxial prolate
ellipsoids. The heatmap scheme represents relative shape coefficient (S) values on the surface as the minor axes
linearly decrease to a minimum. Shades of blue represent sphere-like shape coefficients S ~ —1.0, and shades
of red represent cylinder-like shapes S ~ —0.5. The red markers at both ends denote umbilic points at which
principal curvatures are equal (see Section 2 for discussion of dimensionless normalized shape coefficient S).

There are several representative examples of ellipsoids in nuclear physics, biology, soft matter,
architecture, and astronomy. In physics, ellipsoids appear in the classical approach to understanding
atomic and nuclear models [54,59]. The nuclear model considers the nucleus as an incompressible fluid
with a surface energy that is minimized when its structure approximates sphericity. This is the case
for nuclei with small atomic mass, where the surface energy dominates over the Coulomb repulsion,
maintaining a spheric shape [54,59]. However, in certain cases, small-enough deformations ensuring a
constant volume (isochoric) may allow deviation from this shape while keeping stability with shapes
like prolate/oblate ellipsoid [59]. The surface energy which competes with the repulsion forces, in
the simpler of nuclear models (not involving quantum effects) like the drop model, is constructed
using a surface-tension pressure approach which directly relates the surface energy with the mean
curvature [54,60,61]. These shapes are also reflected in more recent nuclear physics models where
an ellipsoidal atomic nucleus is modeled to illustrate energy levels and decay pathways [59,62,63],
serving as a bridge between microstructures and microscopic properties.

In biology and engineering, from a purely material perspective, ellipsoids play a role through
multiple scales (see Figure 3 from cellular to architectural scales). Examples include cells, membranes
and shells where ellipsoidal shapes are needed for optimized confinement designs, offering robust
mechanical stability, sound storage principles, and pathways for self-assembly, self-organization,
and even curvature-driven motility [6,27,50-52,64—67]. For instance, red blood cells, which can be
approximated to a type of oblate ellipsoids, optimize surface area while maintaining integrity and
reducing aggregation under shear flow [6,67-69], excluding the transport advantages that come with it,
as opposed to prolate-like morphologies that tend to align under shear flow while allowing for shape
modification under osmotic or other driving forces [40,70,71].
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Figure 2. Schematic of multiscale ellipsoidal shapes throughout different fields and length scales. From left to right:
(1) atomistic model of certain nuclei with ellipsoidal shape, highlighting the protons(neutrons) in filled(unfilled)
gray marker without orbitals distinction [54,72]. (2) Schematized drop model exemplifying deformation toward
droplet fission, applied to colloidal particles and atom models [54,55]. (3) Tactoidal mussel byssus core vesicle
containing smectic liquid crystal collagenous molecules [70]. (4) architectural ellipsoidal-dome design for their
load bearing and aesthetic features in [8]. (5) astronomical body with their orbit shape from [73] Panels adapted
from [54,55,73]. Panel from [70] reprinted in part with permission from (2026) American Chemical Society. Panel
from [8] used with permission of American Society of Mechanical Engineers (2026); permission conveyed through
Copyright Clearance Center, Inc.

Liquid crystal vesicles provide an example where the interplay between storage principles and the
symmetry breaking transition is connected to the processing of multifunctional and high-performance
materials [74,75]. Of particular interest are the liquid crystalline protein precursors that form the
mussel byssus [71], in which the accurate and efficient description of the shapes and sizes of liquid
crystalline biological collagen-based polymer vesicles is a key challenge [46,70,76]. Recent microfluidic
experiments [77] show the undergoing alignment of a lamellar liquid-crystalline structure and the
prolate-like ellipsoidal mussel byssus core vesicles using shear flow for fiber formation, however
the integration and coupling between the hydrodynamics, the liquid-crystalline alignment and the
macrostructure is yet to be completely understood. Some other investigations focus on the coupling of
ellipsoidal structures to orientational order, hence allowing for a pattern formation that minimizes free
energy promoting different phenomena (mass transfer, mechanical stability, shape transitions, vesicle
morphogenesis) under given constraints [78-82].

Engineering, architecture, and optics, take a wider range in the perspective of ellipsoidal forms
as an inspiration to understand foundational principles for functional purposes [41,83]. A good
example is the optimization of load distribution for high stability and storage, for acoustics [84,85],
and light redirection [8,31,41]. Broader in scope, ellipsoidal shapes have also been used to model
astronomical phenomena from the more accurate oblate ellipsoidal form of the Earth, to cosmic
trajectories, wave propagation and other phenomena on celestial scale (e.g., liquid crystalline materials
on stars’ mantle) [61,73]. This predominance of quadric surfaces is schematized in Figure 3.

Ellipsoids, despite their ubiquity, as stated by Farouki [86], have seemingly simple definition, like
other types of special symmetric curved surfaces (e.g., quadrics, surfaces of revolution). However,
in practice, they pose a challenge in their numerical description and an integrated framework for a
generic global-local characterization of ellipsoidal structures using curvedness/shape-based principles
remains incomplete.

Classical approaches to ellipsoidal shapes often rely on parameterizations with standard measures
such as mean curvature (H), the Gaussian curvature (K), and deviatoric curvature (D); which
commingle shape and curvedness, and hence provide restricted insights into relevant geometrical
features such as umbilics, points on surfaces where both principal curvatures are identical x; = x5,
where the deviatoric curvature is zero (D = 0), and where the surface locally behaves as a sphere. This
particular phenomenon encapsulates a plethora of geometrical features that could be exploited for
tuning local and global features that govern material, mechanical, and energetic stability. Differential
geometry offers a powerful language for dealing with these gaps by describing the curvature invariants
that contain decoupled shape and curvedness information. It also admits the use of a coordinate-
independent description with the Monge parameterization.
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Valuable descriptors for complex surfaces, in addition to the important &3 —metric, are enabled
by establishing a curvedness/shape (C, S) methodology [46,74,76,87,88]: the Casorati curvature for
quantitatively quantifying curvedness and the shape coefficient for quantitatively characterizing
the anisotropy and symmetry-breaking of local surface patches. This novel (C, S) approach in soft
matter geometry extricates and separates shape and curvedness (C) by introducing a dimensionless
normalized shape coefficient (S): —1 < tan(nS/2) = H/D < +1. In previous work, we have
established and validated the (C, S) methodology [46,76]. Here we extend the application of this
geometry-based toolbox to the ubiquitous ellipsoidal shapes, present across different phenomena and
spatial scales (see Figure 3). To bridge the multiscale phenomena, we also include a global approach
which captures classic shape and size modelling of ellipsoids [62]. We use the eccentricities (e, e2) and
look at the Monge patch surfaces for constant-volume and constant-shape evolution.

As mentioned above, in this work a robust computational toolbox is presented to compute key
curvature metrics on parametric ellipsoidal surfaces, including umbilics and lines of curvature (LOC)
near them. This curvature information is extracted and analyzed using a thermodynamic-geometric
perspective to connect it to physical phenomena [46]. The specific objectives of this work are as follows:

1.  Present and apply an efficient global shape characterization of biaxial and triaxial ellipsoids based
on dual eccentricities.

2. Compute global ellipsoidal shape phase diagrams and identify pathways for spheroidization,
fibrillization, and discoidization.

3. Develop and apply a local ellipsoidal shape characterization based on classical mean (H) and
Gaussian (K) curvatures.

4.  Introduce a local mapping from the commingled shape (H, K) characterization into the unmixed
shape-curvedness (C, S) framework.

5. Provide an exhaustive characterization of the local shape metrics of ellipsoids, including genera-
tion, location, charge, and types of umbilic critical points.

6. Introduce the liquid crystal membranology methodology to endow the local description of
ellipsoids with bending energy Ep.

7. Use the shape-energy connection to predict self-assembly driving force pathways for fiber and
film formation for capsules containing liquids and soft matter materials.

This paper is organized as follows:

- Section 2 begins with a brief review on differential geometry and its application to an ellipsoidal
parameterization in Section 2.2, thoroughly derived in Appendix A. The governing equations,
constraints/intervals, and curvature concepts are developed in Sections 2.1-2.3 and listed in
Tables 1 and 2 where main curvature concepts are delineated. The nondimensionalization
of parameterized surfaces was carried out for visualization purposes, yielding dimensionless
curvatures and volumes, as stated in Section 2.1.1 and shown in Figure 4. Section 2.4 introduces a
direct connection between our methodology and classic curvature-based and elasticity models.
Finally, Section 2.5 describes the computational methods used for the results in the following
section.

- Section 3 discusses the results for three key generic ellipsoidal cases listed in Table 1. The
curvature and shape coefficients of each case are included in Sections 3.1-3.2 including their
curvedness/shape mappings.

- Section 4 establishes relevant study cases where the curvedness/shape methodology poses a
valuable role in the description of membranology phenomena introduced in Section 2.4 and
introduces possible and important curvature-based self-assembly driving force pathways for soft
matter and liquid drops and capsules.

- Section 5 concludes the paper by outlining key results, novelty, significance, contributions to soft
matter ellipsoids, and future work.

- Finally, Appendix C lists supplementary information on curvature energy and LOC for all relevant
cases.
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Table 1. Three ellipsoidal cases used throughout this paper in their global parameterization.
Generic Forms General Biaxial General Biaxial General Triaxial
Prolate Oblate Ellipsoid
Intervals er =e € (0,1] er =0,e2 € (0,1] ey = v/2e; € (0,1]
1
Constant Volume e1 =e~05 e1 =0,ep = 0.64 e1 ~ 04,ey = \2e

case V

Table 2. Summary of the curvature concepts and their relations with each other, the definition with the principal
curvatures and its values at umbilics. Adapted from [87].

Curvature Relations Principal Curvatures Umbilics
Mean, H VC2 - D? (k1 +12)/2 K
Gaussian, K H? - D? K1K) Kl-z
Casorati, C Vv H? + D? (11 +x2)/2 K
Deviatoric, D H?-K (k1 —x2)/2 0

r 1.0

0.8

o
o

Volume V

o
S

0.2

0.0

€1

Figure 3. Eccentricity (e1,ep) shape-space with its level-set curves according to the definitions in the global
parameterization in Section 2.1.1 for different dimensionless volumes V. The three lines represent the three
ellipsoidal classes analyzed listed in Table 1: oblate (magenta), generic triaxial (cyan), and prolate (black). Includes
the linear shape spectrum in Figure 2 with the same color-coded shape coefficient values S. The dashed arc-line
shows an isochoric pathway that represents the three ellipsoidal classes: (A) oblate biaxial; (B) triaxial; and (C)
prolate biaxial ellipsoids, listed in Table 1 and further discussed in Sections 3.1-3.2.
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In partial summary, the results of the paper elucidate the emergence of critical umbilic points and
potential self-assembly driving forces when traversing the fundamental curvedness/shape ellipsoidal
space under various degrees of global anisotropy, global shape, and volume.

2. Materials and Methods

In this section, we present the methods and governing equations used throughout the paper,
which expands on the connections between geometry and topology on spherical and non-spherical
ellipsoids. To reach self-containment, we have included sufficient and necessary details on differential
geometry, key curvature concepts, and definitions, and governing equations (see Appendices A-C for
supplementary information and extended derivations). First, we introduce the global characterization
of ellipsoids, and the three general cases analyzed in this work. Appendix A includes derivations and
supplementary information.

2.1. Global Parameterization
2.1.1. Constraints and Restrictions

Without loss of generality, in rectangular (x, y, z) coordinates, let the semi-axes of an ellipsoid be a
major axis, and (b, ¢) intermediate and minor axes respectively, so that they follow:

x2 2

y
=+

ﬁ_kciz:l, a>b>c 1)

Then, we introduce the eccentricities (e, e;) which characterize all three ellipsoidal axes in the

[ b? c2
31: 1_;, 62: 1_a7 (2)

so that the two minor axes are a function of both eccentricities

b=ay/1—¢2, c=a\/1-¢€3 (3)

which is possible if 2 > 0. In this form, the volume can be described using the eccentricities

Vz%rmﬂ/l—e%\/l—e% (4)

However, the relationship in Eq 1 requires that this volume follows

form:

ey = \/(V2+e%—1)/€% (5)
0<e;<er<1 (6)

For a = 1, equations 5-6 dictate that a maximum volume is obtained when e; = ¢; = 0, where
the volumes approach that of a unit sphere Vs = %n. Then, a degenerate ellipsoid corresponds to the
upper limit when e; — 1,e; — 1 and volume tends to V' — 0. In future computations, we use this
definition of volume (V) for the nondimensionalization of the ellipsoidal volumes V computed in
this work, as show in Figure 4. We note that the case of variable a is not explored in this paper, but
Eq 4 shows that for a constant volume V*, the corresponding surface is:

3y* 2/3 1
= < 47 > ((1 —e2)1/6(1— e%)l/é) (7)

and the parameterization is 3D (a,e1,€p).

Therefore, in our 2D (ey, ep) parameterization, the two general cases can of biaxial ellipsoids of
revolution are: the prolate (e; = e;) and the oblate ellipsoid (e; = 0,e; > ). We consider a third

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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case, the general triaxial ellipsoid, by introducing the arithmetic mean square sum between two axes,
referred to as a general triaxial ellipsoid. In this way, a maximum volume for the triaxial case is set
to 1/+/2 as shown in Figure 4, a condition seen in morphological and curvature studies of vesicles
constriction [89]. Following the interval in Eq 1 so that:

2 2

» _a“+c
b =— (8)
er = V2e 9)

In this way, the generic features of the global characterization are defined, including the three
representative general cases used in this work, and listed in Table 1.

2.2. Local Parameterization

Curves and surfaces can be studied in differential geometry using established differentiable
equations under certain constraints [90]. In this work, the local parameterization involves describing
the surface with a Monge patch. This is an efficient way to describe a parametric surface M(u,v) =
M (x(u,0),y(u,v),z(u,v)) [47], here represented as a uv—space of an open set in R? [91]. Conceptually,
in this work the Monge patch p(pj, p2) mainly represents fundamental extrinsic, and intrinsic concepts
in surface geometry theory generally defined with parameters (p1, p2). These curvature concepts are
connected to the first g and second fundamental forms B, key properties of differential geometry [92].

The parametric relationship is mapped to a Monge patch using a vector-valued s(p1, p2) =
[s1(s1, p2),52(p1, p2), 53(p1, p2)]" which can be applied to the key parameters in the global parameteri-
zation (eq, e;) for a fixed a. Let us define a generic vector-valued s(u, v) which maps the uv-space into
the three-dimensional space:

s(u,0) = [e1(u,0),e2(1,0), M(u,0)]" (10)

where M represents any of the ellipsoidal parameterizations presented in Appendix A. Then, surface
metric tensor is described in the first fundamental form, and its coefficients (E, F, G) [47,93], as:

. (3;(3;)) Syl e "
with the induced arc-length ds:
ds? = g : dxdx (12)
with a determinant detg > 1, thus, the metric tensor is invertible so that:
8 = deltg [—GF _EF] (13

Using the notation from Eq 11 and Eq A39, the second fundamental form B, known as the
symmetric curvature B tensor, is:

L M 1
B = .
lM N] detg

The first and second fundamental form, and the classical curvature concepts, can be defined

LG—-MF —LF+ME
MG —-NF —-MF+ NE

-F E| EG-F (14)

G —F}_ 1

in 2 x 2 tensor bases using an identity tensor I. A traceless surface deviatoric tensor q defines the
mean (H) and deviatoric (D) curvatures considering no off-diagonal terms. Contributions from a
tensor alternator yield B = HI + Dq where a given value for D characterizes the non-sphericity

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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(sphere: D = 0) [87]. Then, from the Eq 14 mixed form, the classical curvature concepts, the mean (H),
and Gaussian (K) curvature are:

1 LG —2MF + NE
NL — M?

The deviatoric (D), Casorati (C), and shape coefficient (S), used for the description of the curvedness
and shape are:

K = —C?cos(27) (17)
H= Csin(?) (18)

D= Ccos(szn) VvV H? - K (19)
C=+V2H2-K (20)

S = 2 arctan _H (21)
T H? -K
Generalized fundamental shapes are characterized with the shape coefficient S = {0, £1/2, +1}.
Primary shapes are assigned to saddle (S = 0), cylinders (S +1/2), and spherical cup (S + 1), where
the £ sign defines directionality according to the definition of the normal to the tangent space [48].
In this work we follow the convention concave-up (negative), concave-down (positive). The shapes
follow a continuous spectrum defined by normalized parameter interval (e.g., Figure 2). The Casorati
curvature, however, quantifies how curved a surface is [87,88], which varies within C = [0, +-o0), where
a planar surface with no curvature is C = 0. Also, the deviatoric curvature is non-negative: D > 0.
As mentioned above, this paper formulates, develops, and solves a variety of differential geometry-
material science models using high-performance computing techniques coupled to shape-based spaces
that uncoupled the distinct contributions of curvedness and shape. The formulation (see objectives in
Section 1) has a two-step mapping form:

global-to-local map local-to-global map
—— ——~
s(e,e)) —— 3 (HD)—>se) — > (C,S) - (HD)
—— —_—
Local Parameterization Coupled Curvedness/Shape Unmixed Curvedness/Shape

In the first mapping, the global parameterization of spheres, biaxial and triaxial ellipsoids is mapped
into local curvatures (H,D), and the second local-to-local mapping results in a curvedness-shape space
with spheres (0D, point), biaxial ellipsoids ( 1D, lines), and triaxial ellipsoids (2D, areas) according to
the values of the ellipsoidal axes (a,b, c) and their eccentricities (e, e;). As mentioned above, the (C, S)
decouples shape and curvedness and directly identifies critical points such as umbilics (S = +/ — 1),
and sheds light on location of high curvedness, both of importance to soft matter self-assembly, as
discussed in Section 1, Section 2.3 Section 2.4. Integration of structure into the &3 —model, such as
smectic A LC drops [70,71] is left to future work.

2.3. Lines of Curvature and Umbilic Points

Shapes have been characterized using LOC, delineating the orthonormal principal curvature
vector k; = (k1, k) along the surfaces. Certain regions in these surfaces exhibit particular cases where
the principal curvatures are the same. These are the umbilical points or umbilics. Umbilical points
possess essential information of the surface geometry which have recently started to be explored with
passive and active systems, including curvature-controlled phenomena. For passive systems, they are
relevant in the study of defect formation, disclinations, self-assembly and colloidal interaction [52,94].

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202604.2051.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 April 2026 d0i:10.20944/preprints202604.2051.v1

9 of 38

On the other hand, some works have identify a potential use for growing tissue, mechanics in active
nematics, and ordering-dependent processes like budding of closed surfaces, like in membranes [50-52]
or like the deformation and fission in the droplet model [53-55].

It is known that the principal curvatures «1, k, are eig(B), thus from Eq 14:

det(B— ;1) =0 (22)
k1p=H+VH?—K=H+D (23)

which clearly define these points as global minima of the right-hand side (the full derivation is included
in Appendix C); as noted above D is non-negative.

We have followed the conversion of the surface and set it in a Monge patch form. With the
principal curvatures x; defined in Eq 23, it is known that the umbilics are precisely located at the H> —
K = 0 point where the deviatoric curvature D is zero and has a global minimum so that we have the
surface gradient [48] is

D=0, VD=0 (24)

and the LOC behave in a particular way around these points [90] (see Table 2 and Appendix C). The
network patterns are generally classified in lemon, monstar and star, according to the Darbouxian
definition [48,90,95] and an umbilic charge defined by a curvature line index. Fundamental studies in
differential geometry fully describe and clearly define a total index of +2 for our spheroidal shapes [47-
49,95-98]. This is depicted in the case for the oblate and prolate cases where two non-generic umbilics
with charge +1 are in located at the poles; and four umbilics enclosed by a lemon-like LOC network
on a triaxial ellipsoid possess a +1/2 charge. In terms of the eccentricities, the umbilics are located at:

62 62
x = 4ay| =%, =0, z=+a\/1—¢e2,/ L 25
\/e% y V1i-¢ 2 (25)

Hence, they follow the charge conservation, as expected for the symmetry breaking of the biaxial
cases into the triaxial ellipsoid [48]. We have identified the lemon-like pattern for the generic triaxial
ellipsoid (see Figure A4). Appendix C shows the LOC network for the three special cases considered
in Table 1. Table 2 summarizes the key and computable curvature concepts.

2.4. Liquid Crystal Membranology for Ellipsoids
In this section we present and apply the liquid crystal membranology (LCM) method [99-101]
that endows the geometric ellipsoids with local bending and torsion elastic energies:

LCM
—_—
Geometric Ellipsoids =~ ——————— Local Energy of Ellipsoids

global(eq,e;),local(H,K),local(C,S) Bending and Torsion Elasticity

Thus, we enlarge the &% description to include local curvature elasticity by attaching an infinitesimally
thin membrane endowed with bending and torsion modes; by endowing the ellipsoid’s surface with
elasticity we assume that there is no effect on shape itself. These generalized metrics provide additional
information on self-assembly driving forces and self-organization of actual ellipsoids, such as LC
tactoids [6,22,24,50-52,64,67,70].

The geometric framework (H, K)|(H, D) appears naturally in the elasticity theories, models,
textures, and characterization of nematic, smectic, cholesteric and other LCs [99-104]. In addition,
elasticity models for interfaces, membranes [105-109] can also be cast into (H, K)|(H, D) frameworks
using methods that identify the geometric orientation k with the material average orientation unit
vector n : k = n, characterizing the LCM method. Likewise, the elasticity of filaments, rods, ropes, and
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fibers can be described by the line LC model which identifies the fiber unit tangent t with the material
director n. The objective of this subsection is to focus on a relevant representative examples: 2D LC
biological membranes that are relevant to our ellipsoid’s geometry and their critical umbilical points,
the formulation process is as follows:

i First, we apply the classical LCM to obtain the well-known Helfrich elastic free energy model and
to establish the connection between membrane bending and torsion and the classical splay and
saddle-splay deformations, thus connecting membrane moduli with the elastic moduli of LCs.

ii ~ Secondly, we reformulate the LCM model in the uncoupled (C, S) framework.

iii =~ Thirdly, we use (i-ii) to establish connections between local Helfrich elasticity and umbilics.

(i) Liquid Crystal Membranology. The connection between LC and biological membranes was
pioneered by Helfrich who developed the approach denoted by nemato-membranology, which, as
mentioned above, is based on identifying the orientational director n with the membrane unit nor-
mal k [106,110-112]. For example, the elasticity of biological lipid bi-layer membranes is accurately
described by the well-known Helfrich energy Ey for bending 2k.H? and saddle-splay k.K [113,114],
which opposed to the Euler-Lagrange Equation, does not consider the tension tensor contributions,
following the linear bending-like approach [115] or for tensionless membranes [116]:

Enr = 2k H? + kK + 7y (26)

where 7 is the surface tension, H = I, : B/2 is the average curvature, K = det(B) = H? — D? the
Gaussian curvature, B = —Vk is the symmetric curvature tensor, Vi(.) = I - V(.) is the surface
gradient operator, I, = I — kk is the surface unit tensor, and D is the deviatoric curvature. Since in the
present context <y is considered to be always a constant, we then define the bending-torsion free energy
density Ep:

Ex = Enr — v = 2k H? + k.K (27)

Eq 26 follows the nematic Frank elastic energy Er [113,117]:

Er = SH(V - n 42 (n-V xn)* + 22 (n % (V x n))?
(28)
Koy

———=V-(nV-n+nx (V xn))

where Kj is the splay, Kj is the twist, K3 is the bend, and Kj4 is the saddle-splay constants.
Replacing the director n with the outer unit normal n = k in Eq 26, and considering tangential
deformation gradient V; using V x k = 0[100,118] yields:

K
Er = (5 +4Ka) H* + (—2Kn)K (29)

which coincides with the Helfrich free energy model Ep, and gives the bending and torsion moduli in
terms of Frank constants: 4k, = (Ky + 8Ky4), k. = —2Kp4. The zero curl V x k = 0 follows directly the
condition of parallel layering [100,105,118] (see Appendix B).
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(ii) Liquid Crystal Membranology in the Local Formulation. Now we reformulate the Helfrich
model in Eq 26 into our local (C, S) framework using the uncoupled local mapping (see Section 2.2,
Egs 15-18) resulting in:

En(C,S) = (2k. + k¢)C? sin? (52") — kcC? cos? <52”>

_ {ch +F) sin? (5’27'[) — k¢ cos? <52”>} c?

o Kl .2 Smt T 2 St 2
Ey(C,S) = {(2+2K24)sm (2) k. cos (2” C (31)
curvedness energy

(30)

shape energy

Table 3 shows the Helfrich membrane energy (Eq 31) of primitive shapes: sphere, saddle, and cylin-
der. These results are comparable to systems where the bending energy is dominating, like in a
monodispersed globules with imposed incompressibility conditions using monodispersed spheres of a
given radius to ultimately characterize microemulsion shapes [109]. The ratio between the membrane
energies of these primitive shapes can be reduced to a ratio between the between k. and k.

Table 3. Helfrich energy Ep in Eq 31 for three primitive shapes (n.b. the sign for the sphere and cylinder cases
depend on the definition of the unit normal direction).

Primitive Shape Shape Coefficient S Membrane Energy Ey(C,S)
Sphere S=+1 Episph = (2kc +kc)C?
Saddle S=0 Epsal = keC?

Cylinder S=41/2 Efep = —kcC?

The connection between primitive shape energies then is that of a mean average:

C,+1) — Ex(C,0)

2
2
dome energy + saddle energy (32)

2

En(C,+1/2) = En

— cylinder energy =

In cases of interest where focusing on pure curvature-driven phenomena, the geometric Helfrich Efy in
Eq 31 is defined as a dimensionless bending elasticity Ep:

Ey = 2k H? + k.H* — k.D? (33)
» EH 2 ]_(C 2 2 ( 2 ) 2
Ep = _ —H2— _pP2—H>—(1-—Z=% D 34
B ok + k. 2k. + ke 2+ k. /k, (34)

As mentioned above, by considering 4k, = (Kj + 8Kay, ke = —2K54) we find:

_ E 2K
71 + 2Ky 71 + 2Kpy

If typical values [119] of the ratio ke/ke are —1 < % < —0.8, then:

_ 2
Eg = H?> — (1 — 11) D? = H?> 4+ 0.81D? = C% — 0.19D? (36)
The equation of bending elasticity Ep indicates that for a fixed C, bending decreases with increas-

ing S through the square sign function and that for a fixed shape Ej increases quadratically with C.
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For a given biaxial prolate ellipsoid, we find higher energy in the polar region than in the equatorial
region, while for the biaxial oblate ellipsoid the reverse is true. In section 4.1 and Figure 5 we present
and analyze Ep based on these observations.

1.0
0.8
0.6
~

o

0.4
0.2
0.0

0.0 0.2 0.4 0.6 0.8 1
e
.‘

Figure 4. Umbilic curvature energy E, landscape as a function of (ey, ep) eccentricities. Top row: 2D top view
(left); 3D view (middle) of the bending energy Ep evaluated at the umbilics; and a clockwise 90-degree rotated
image (right) from the same landscape. The three lines represent the three general cases in Table 1: oblate
(magenta), generic triaxial (cyan), and prolate (black). Lower row: The markers on the landscape show limiting
cases, representing the final processes defined as: Spheroidization at e; ~ 0.95,¢; = e1/+/2 (star); Discoidization
ate; = 0,ep = 0.95 (square); Fibrillization at e; = e, ~ 0.95 (triangle) of a sphere (circle) ey = ep = 0; and
the 2D Ellipsoidization 0 < e; < 0, e; = 1 region. The visual representation of each ellipsoid is included using
color-coded shape coefficient S to include the close shape/curvedness mapping. The E, axes are in log-scale.

.0

(iii) Curvo-elasticity of Umbilics. As mentioned above (Section 2.3), umbilic points are defined
when D = 0,S = +1 and K = H?. Using Ep, the umbilic energy E,, is defined by:

E,=E3(D=0,S=41)=H>*=K=C? (37)

The critical nature of the umbilics is then reflected in the equality of the three curvatures.

The charge of the two(four) biaxial(triaxial) ellipsoid umbilics is +1(+1/2).

Section 3.1 shows the Eg energy of +1 umbilics in the biaxial prolate ellipsoid limit of fibers, and
biaxial oblate ellipsoid limit of disks are:

+1 umbilics on fibers : E, = lim E, — o (38)
g 61262%1

+1umbilicsondisks: E, ;s = lim E, =0 (39)
! 61:0,82—>1

The case of the 41/2 umbilics in generalized triaxial ellipsoids’ surfaces is discussed in Section 3.2,
Figure 6.
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Figure 5. 3D, top and side views of an general triaxial case ey ~ 0.4, = ey = V/2e, with heatmaps of curvature
conceptualizations: mean curvature H and shape coefficient S. The four umbilical points with +1/2 charge are
located with a red marker. (a) The squared mean curvature H? scale is color-coded. (b) The shape coefficient S
scale is color-coded.

2.5. Computational Methods

The computational sequence follows well-established methodology for the calculation of the first
and second fundamental form, and differential geometry literature [47,93]. The numerical computation
of the principal curvatures follows the robust algorithm introduced in previous works [86,90] and
recently applied to geometric and thermodynamic studies [46,87]. The principal curvatures which
comprised the LOC are computed by solving a set of equations defined by the coefficients of the first (g)
and second fundamental (B) forms shown in Section 2.2 to produce an orthonormal network at Eq 10.
Then, the s(u, v) describe the changes in the semi-axis 4, b, ¢ with respect to the arc-length r, following
the principal direction of tangent vectors (see Appendix A). Thus, a given principal curvature « is
computed with:

der _ _ dep 1 _

P (M —«xF) and P n(L —«E) (40)
or

d€1 o deZ _ _

P #(N —«xG) and N u(M — «F) (41)

where (E,F,G), and (L, M, N) are the coefficients of the first and second fundamental forms (see
Section 2.2), and (7, #) are non-zero coefficients defined by:

;7—1/\/ M — «F)? 2P(M—KF)(L—KE)+G(L—KE)2)

(42)
- 1/\/ N —«G)? — 2F(M — xF)(N — xG) + G(M—KP)Z)
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and arc-length

dr = \/E(de;)? + 2Fdeydes + G(des)? 43)

The orthogonal LOC network is computed by solving the ODEs system in Equations 40-43 at a point
every point in Eq 10 considering the following criterion. The sign of the direction following every step
at a given point on the surface is purely defined by local geometry and contained in the maximum
and minimum principal curvatures (x1,x,) [86,87], stated in Eq 23. Since the model is arc-length
parameterized, the computation of the arc-length is carried out for every step. Hence, a balance
between the geometric space and a sufficiently small step-size is required for good resolution, solution
stability and computational time. It is also recommended to split the system according to the respective
axial symmetry for further optimizing calculations.

Figure 7 summarizes the generic aspects of the computational methodology in going from
ellipsoidal geometry (input) to self-assembly driving force pathways (output) using the following
sequence that reflects the objectives of the paper (Section 1):

1. Find the principal curvatures.

2 Calculate the classic H, K, D curvatures that commingle curvedness and shape.

3. Map thelocal H, D curvatures into our unmixed curvedness and shape metrics (C, S).

4.  (a) Characterize all ellipsoids in the (C, S)—space. (b) Characterize the nature, number, location,
and energy of umbilics.

5. Determine the umbilics energy and local bending energy Eg on any point of the ellipsoids by
using a liquid crystal membranology approach.

6. Identify potential self-assembly driving force pathways for rods (fibrillization) and films (dis-
coidization).
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GEOMETRIC SOFT MATTER

1. Principal

curvatures
(k1 > x2)

l 2. Commingled curvedness/shape measures

{K:Kﬂ(z, H:mzﬂ, D:Kle}

l 3. Unmixed curvedness/shape

2 2

2 _ 2 2 _ KK

¢ = H°+D* = 5=
2 K1t+K2

_ 2 H _ 2 [ +52
S = Zarctany = £ arctan o

4. Ellipsoidal characterizations

4.a Umbilics | (4b Mapping: (c,s)
D=0 §=+1 ) L (Curvedness/Shape)
l 5. Liquid Crystal\ \
Membranolo
(. Eu, EB gy J

|

6. Self-assembly driving force pathways:
Prolate Biaxial Ellipsoids — 1D Fibrils — Fibers

Oblate Biaxial Ellipsoids — 2D Laminates — Films
Triaxial Ellipsoids — 2D Tapes — Ribbons

Figure 6. Shape, Size, and Structure G2 approach for the global and local study of confined geometries. Special
application to soft matter, and self-assembly.

3. Results and Discussion

In this section, we present and discuss the results that follow the workflow described in Section 1
and Figure 7. We first introduce the general framework that links the global to the local parameteriza-
tion using a shape-structure Monge patch to localize three general cases from Table 1 which follow a
constant-volume restriction as form of level-set curves of Eq 4.

In this paper we differentiate shape class and shape anisotropy. Shape class is defined by the
eccentricity ratio m = % where 0+ < m < oo; example m = 1 is a prolate ellipsoid. On the other
hand, shape anisotropy is defined by specific values of the eccentricities e, p; for example the shape
anisotropy of a prolate ellipsoid can change by changing e, e, while maintaining the same value of m
(m=1).

In general there are three processes involving shape anisotropy and size:

1.  Constant volume- variable shape anisotropy (e.g., biaxial oblate ellipsoid -to-triaxial ellipsoids-to-
biaxial prolate ellipsoid)

2. Variable volume- constant shape anisotropy (e.g., expansion of a sphere, expansion of a prolate
ellipsoid of given e; and ey).

3. Variable volume-variable shape anisotropy (e.g., shrinking a sphere into a fibril).

In the present paper we focus on process 1 and 3 and leave process 2 for future work.

Subsequently, the global form of the representative cases is mapped into and analyzed using the
commingled (H, K) curvedness/shape measures, as they are key descriptors of the unmixed (C, S)
curvedness/shape measures. Finally, we map the global parameterization and umbilics energy to
show extreme instances of the three cases in Table 1, thus creating a curvature energy chart to help
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characterize and identify key shape/curvedness-dependent phenomena (e.g., soft matter self-assembly
and self-organization).

Figure 4 shows the global parameterization (e1, ¢2)-space. From this foundational global shape
results, we move to various local results in Figures 4-5. Figure 8, Figure 9, and Figure 6 show the
local parameterization of the biaxial oblate, biaxial prolate and triaxial ellipsoids with (e;, e2) values
corresponding to the constant volume case listed in Table 1, Eq 4, and highlighted in Figure 4 (A <>
B < C). Figure 10, Figure 11, and Figure 12 show six representative (C, S)—maps for the biaxial
oblate, biaxial prolate and triaxial shapes, respectively. Figure 5 shows the umbilic energy E, in Eq as
a function of (e1, e2) eccentricities.

5 5 1.81
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1 1 1.46
_— ~
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“ o Col g
Q
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Figure 7. 3D, top and side views of an oblate surface case e; = 0,e, ~ 0.64 with heatmaps of curvature: mean
curvature H2 and shape coefficient S. Both umbilical points with 41 charge are located with a red marker. (a) The
scale of the squared mean curvature H? is color-coded. (b) The scale of the shape coefficient S is color-coded.
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Figure 8. 3D, top and side views of a prolate surface case e; = 0,e; ~ 0.5 with heatmaps of curvature: mean

curvature H? and shape coefficient S. Both umbilical points with +1 charge are identified with a red marker. (a)

The scale of the squared mean curvature H? is color-coded. (b) The scale of the shape coefficient S is color-coded.
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Figure 9. Casorati Curvature (C) and Shape coefficient (S) (Curvedness/Shape) mappings for different oblate

ellipsoids as the second eccentricity increases (e; = 0,e; — 1), including the oblate case depicted in Figure 8.

Data in each panel includes representative information: maximum and minimum values of C,S and their

eccentricities e, ;. The panel progression follows a left-to-right, row-by-row.
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Figure 10. Casorati Curvature (C) and Shape coefficient (S) (Curvedness/Shape) mappings for different prolate
ellipsoids as the eccentricities increase (e; = e, — 1), including the prolate case shown in Figure 9. Data in each
panel includes representative information: maximum and minimum values of C, S and their eccentricities ey, ;.
The panel progression follows a left-to-right, row-by-row.

2.00 2.00 2.00
175 175 1.75
1.50 1.50 1.50
1.25 1.25 1.25
© 1.001 * © 1.00 . © 1.00
0.75 0.75 0.75
0.50 0.50 0.50
Max C: 1.015, Min C: 0.995 Max C: 1.105, Min C: 0.967 Max C: 1.363, Min C: 0.901
0.25 Max S: -0.994, Min S: -1.000 0.25 Max S: -0.958, Min S: -1.000 025 Max S: -0.873, Min S: -1.000
€;:0.100, e;: 0.141 €1:0.250, &: 0.354 : €,:0.410, e: 0.580
0.00 0.00 0.00
-1.00-0.75-0.50 -=0.25 0.00 0.25 0.50 0.75 1.00 -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
S S S
5
5 35 10
4 30 104
25
3 103
20
o 0 o
2 15 102
10
1 Max C: 35.383, Min C: 0.220 10t Max C: 3.7E+04, Min C: 6.9E-03
5 Max S: -0.513, Min S: -1.000 Max S: -0.500, Min S: -1.000
€,:0.700, e;: 0.990 €1:0.707, e: 1.000

0 0 T 10°
-1.00-0.75-0.50 -0.25 0.00 0.25 0.50 0.75 1.00 -1.00-0.75-0.50 -0.25 0.00 0.25 0.50 0.75 1.00 -1.00-0.75-0.50 -0.25 0.00 0.25 0.50 0.75 1.00
S S S

Figure 11. Casorati Curvature (C) and Shape coefficient (S) (Curvedness/Shape) mappings for different triaxial
ellipsoids as the eccentricities increase (e; = ﬁel, e1 — 1/ \/5), and included the generic triaxial case in Figure 6.
Annotation in each panel includes representative information of each particular case: maximum and minimum
values for both C, S and the eccentricities ey, e; used to compute them. The panel progression follows a left-to-right,
row-by-row approach.

3.1. Prolate and Oblate Biaxial Ellipsoids: Global Shape to Local Mapping of Curvedness/Shape

Figure 8 and Figure 9 show the 3D and 2D views of: (a) the shape coefficient S; and (b) the
squared mean curvature H2. Clear observable bands of different curvature levels follow the minimum
curvature lines (see Figure A2-A3) for both biaxial cases in Figure 8(b) and Figure 9(b). Note that the

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202604.2051.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 April 2026 d0i:10.20944/preprints202604.2051.v1

19 of 38

oblate ellipsoids in Figure 8(a) and Figure 8(b) are not exactly the same, as the shape bands on the
surface in case (a) do not follow the same curvature tendency in (b). We can also observe a trade off in
the curvature levels between the oblate and prolate cases, where the umbilics are located.

When comparing the curvature in the prolate and oblate biaxial cases (Figure 8(a) and Figure 9(a)),
the prolate(oblate) has lower(higher) curvature in the equatorial(polar) regions. Biaxial ellipsoids
display two (+1) umbilics at the poles. For prolates(oblates), the umbilics have high(low) curvature
and hence energy.

In contrast, the oblate ellipsoid separates the umbilics from the high curvature equatorial ring.
The oblate regime shows the flattening of the surface and the generation of a high-curvature barrier
which creates a constriction between both hemispheres. This curvature distribution, low in the poles
and high in the equator, is compelling for systems where the design requires restriction of particle
motion between the upper and lower half surfaces [51].

On the other hand, the shape coefficient S for both cases (in Figure 8(b) and Figure 9(b)) retains the
characterizing behavior which locates the umbilics at the points where the local geometry of the surface
behaves more like sphereie., S = —1,D = 0,x; = k3. As consequence, the shape coefficient offers
effective characterization techniques of the surface and location of the umbilics, thus complementing
the analysis with the curvature energy levels for the study and tuning of curvature-dependent material
properties [78,94].

Figure 10 and Figure 11 present the curvedness/shape (C, S) —maps for the oblate and prolate
ellipsoids as the sphere’s symmetry is broken into the limiting disk-like and rod-like structures. The
key observation is that mapping the local (H, K) geometry distributions into the (C, S) —space yields
characteristic curves whose slope, line curvature, length, and end points define biaxial ellipsoids for a
given eccentricity (e1,ez) pair, as follows.

The evolution of the oblate ellipsoid to the disk-like shape (discoidization) in Figure 10 fol-
lows monotonic increase with a positive slope of the curvedness/shape line. As the change occurs,
this (C, S)—curve shifts to values of S closer to the cylindrical limit at S = —1/2 where it finally
follows the constant shape behavior with varying curvature. The Casorati extrema range from low
values representing the local flat geometry of hemispheres, and the higher values characterize the high
curvature equator band seen in Figure 8.

Similarly, the evolution of the prolate case into the fibrillar or rod-like shape (fibrillization) in
Figure 11 shows a curvedness/shape line with an increasing negative slope as its behavior follows the
constant shape tendency at S — —1/2. However, and contrary to the oblate ellipsoid, the Casorati
curvature values do not reach values as low as the minimum (planar case (C = 0) and the maximum
values are higher at the poles than those at the high curvature equatorial ring of the oblate case. In
partial summary, in the (C, S)—space, the transformation of a sphere into a disk is described by the
emergence of L shape and the transformation of a sphere into a fiber by an inverted hockey stick.

3.2. Generic Triaxial Ellipsoid: Global Shape to Local Mapping of Curvedness/Shape

Figure 6 show the local parameterization of a representative case in the general triaxial ellipsoid
interval listed in Table 1.

Figure 12 shows the curvedness/shape (C, S) —maps for a range of shapes as the sphere’s symme-
try is broken into the limiting spheroid-like structures that compose the triaxial ellipsoid spectrum. Fig-
ure 12 shows how the spherical point (S = —1,C = 1) maps to a range of triaxial ellipsoids areas that
represent generic spheroidal shapes(spheroidization). As the change occurs, this closed (C, S)—area
initially grows in both directions following the prolate and oblate cases followed, creating a small
diamond with vertices delimitated by the extrema of the Casorati curvature and shape coefficient
values. As the area increases there is a clear quadratic tendency with an axisymmetry on the Casorati
axis. For the highest values the eccentricity pair e, e; can reach for the triaxial case, the surface
possesses characteristic behavior for the oblate and prolate: (i) a clear flat geometry region that shows
umbilic presence and concentrates the lowest values of the shape coefficient; and (ii) a high-curvature
region with the lowest shape coefficient values as seen for the poles of the prolate shape. The last panel
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shows the same peak as the prolate and oblate cases, where the system tends to the constant shape
behavior.

The results of the generic triaxial ellipsoids are useful for systems with curvature-driven pattern
formation, like active surfaces [50]. Interestingly, in the context of nuclear surface, these sphere-like
points represent singularities [120] that may characterize instances where rotational levels in nuclei are
of special interest. Some initial assumptions involve the representation of the nucleus by defining a
triaxial ellipsoid [121], and more recently where some findings show that certain nuclear interactions
yield a variation of the ellipsoid of revolution defined by a low potential energy when compared to
complete spheroidal nuclei [122,123].

4. Applications for Liquid and Soft Matter Drops and Capsules

The local and global multiscale ellipsoid characterizations have many applications across length
scales shown in Fig 3. Here we discuss two contributions to soft matter physics: (1) intrinsic and
extrinsic processes involving umbilics on ellipsoidal domains, and (2) curvature driven self-assembly
driving forces for films, ribbons, and fiber geometries.

4.1. Application 1: Umbilic Energy (E,)

Figure 5 shows an umbilic energy E,, landscape as a function of the (e1, e;) eccentricities repre-
sented in Eq 37. For each of the three general ellipsoids in Table 1, a limiting case is depicted and
marked: a sphere at the origin; the general triaxial ellipsoid; the oblate ellipsoid; and the prolate
ellipsoid.

The (e1, e2) parameterization allows any biaxial or triaxial ellipsoid to become a sphere with larger
volume than the original shape by just decreasing one eccentricity. This growth process terminates
in a sphere and starts with rod-like, disk-like, or triaxial ellipsoids. In this (e1, ;) shape-space, every
case with non-constant curvature moves along a curve towards the sphere at the origin e; = ¢; = 0.
In addition to spheroidization we can capture fibrillization and discoidization by a min — max(e; =
0,ep = 1), or amax —min(e; = e; = 1) eccentricity changes and impose the umbilic energy change
with the fibrillization(discoidization) with E, increase(decrease). The trade off in this evolution
processes are analogues of the strain, flattening and constriction of confined structures and the shape
changes in vesicles with dominating bending curvature [89,109,124].

We observe four limiting cases evaluated in Figure 5 describing a shape evolution processes (see
Sections 3.1-3.2) and listed here as:

*  Spheroidization e; > ej,e; — 0,60 — 0
e  Discoidizatione; = 0,ep — 1
e 2D Ellipsoidization 0 < e; <1, e =1
e  Fibrillizatione; = e; — 1
This enables the characterization of phenomena sensitive to change in shape, structure, and even
size (e.g., droplet, membranes and microstructure evolution [52,89,124,125]), discussed in Section 4.2.
Firstly, spheroidization encompasses a whole transitional interval between the full biaxial oblate
and biaxial prolate ellipsoids and represents the decrease of eccentricities towards zero: e; > ej,e; —
0,e; — 0. As the name implies, the process represents inflation towards a spherical drop. Depending
on the initial state in the (1, e7) triangle, spheroidization generates: a local maximum in E,, (generic
triaxial path); a monotonic decrease in E, (generic triaxial path); a monotonic decreases in E,, (prolate
path); or a monotonic increase in E;, (oblate path). The umbilic curvature energy of the general triaxial
case represented by the cyan curve in Figure 5 shows a monotonic increase until it decreases following
the tendency demarked by the oblate (magenta) case. This dual behavior represents the transitional
nature of this triaxial shape, including their curvature and umbilics. There is a tradeoff between the
metastable quaternary umbilical charge (four +1/2 umbilics) and the stabilization that may occur due
to the creation of saddle-like curvature regions (green patches in case I, star marker) reducing the
energy of the surface, and analogous to free energy-based models included in Section 2.4.
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The discoidization regime (e; = 0,e; — 1) is characterized by the lowest umbilic curvature
energy E,, as it was shown in Figure 8 where the highest curvature band corresponds to the equatorial
ring, farthest from the umbilic points. This change in shape and structure is analogous to the continuous
stretching of membranes with constant surface and volume [89], which only deforms the vesicles, not
leading to budding. The location of the umbilics is the origin x =y =z = 0.

The 2D ellipsoidization emerges when moving away from the sphere (e1) along the generalized
triaxial ellipsoid line towards: e, = V/2e1, e1 — 1/+/2. The location of the two umbilics is:

1
= +ay/ =, =0, -0
g ”\[2 y=>5 =z

and is the geometric mean of the fiber (x = a/2) and the disc (x = 0) umbilics.

Finally, in the fibrillization regime the umbilic energy E, is concentrated right at the poles, which
is where the umbilical points (x = £a/2) and the highest curvature coincide. The characteristic
geometry and high mean curvature at these points may be useful for studying and processing soft
matter tactoids. There are some instances that have shown how the coupling of anistropy through
orientational ordering and highly curved points can aid in relevant curvature-dependent vesicle
membrane processes (i.e., budding and fusion) [52,126-130] positioning it as a highly active shape.
Thus, characterizing and mapping the energy across all geometrical space proves useful in the tuning
of ellipsoidal tactoids and vesicles with curvature-dependent and ordering-dependent phenomena
with focus on change in shape, size and structure.

4.2. Application 2: Curvature-Driven Self-Assembly Driving Force of Ellipsoidal Membrane Structures

This section presents an application of the methods, principles, and trends of global and local
geometric modelling of ellipsoids to colloidal self-assembly of liquids, liquid crystals, and soft matter.
As this is an immense area of research with myriad applications, the scope of the section is restricted
to phenomena captured in Sections 3.1-4.1 and no additional models, theories, and mechanisms
driven by the geometry bending elasticity driving force. Hence, the aim is to identify equilibrium
self-assembly driving force mechanisms driven by the geometry bending elasticity driving force.
Competition, cooperation, and comparisons with other self-assembly mechanisms are not discussed in
this section. The analysis assumes that the elastic membrane wrapping the drop is stable under all
shape changes. As usual, the self-assembly is described by various orientational and positional order
parameters, but the focus of this work is the resulting overall 3D shape and not the specific positional
and orientational order of the primary packing units i.e., circles, ellipses and needles(see Figure 13).
Capsules, encapsulated droplets, membrane liquid crystal drops [101] can be described by colloidal
ellipsoids whose surfaces have bending and torsion elasticity.

. Ew

Oblate biaxial ellipsoid — disc(e, > 1,¢, — 0) Triaxial ellipsoid — ellipse(e, =1,0 < ¢, <1) Prolate biaxial ellipsoid — needle(e, —1,¢, —1)

| Increasing ellipticity; increasing energy heterogeneity; decreasing symmetry>

Figure 12. Geometry and bending energy distributions in Eq 36 at high eccentricities. The energy Ejp is color-coded
with low (blue) to high (red) values. The three panels show the top view (x, y-plane) of each case. The umbilics
are denoted as red markers.

Among the different types of anisotropy relevant to self-assembly, the aspect ratio proves to
be a powerful yet simple way to study self-assembly driving force pathways [131,132]. The global
shape diagram in 4 shows that at high eccentricity e; — 1 the geometric anisotropy is large, and
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disks, ellipses, and needle shapes emerge. In practice, these shapes can be approximated by subjecting
membrane capsules to high deformation rate biaxial (oblate biaxial), planar (triaxial), and uniaxial
(prolate biaxial) extensional flows [133].

The computational results from Eq 36 and presented in Figure 13 characterizing the bending
energy distribution Ep and the umbilic energy E, under high eccentricity (e; — 1) biaxial oblate,
biaxial prolate, and triaxial ellipsoids show that the geometry of the highest energy locations are shown
in Figure 13.

Figure 13 shows by varying an eccentricity ratio m and by approaching critical values that: (i)
biaxial oblates become disks with uniform high bending energy on the edge (m — o0), (ii) triaxial
ellipsoids become ellipses with high energy around the vertices along the longest axis and lower
energy around the covertices along the shortest axis (m = v/2), and (iii) biaxial prolate become rods
with the end points having the highest bending energy (m — 1). Thus, as the eccentricity e; increases,
the high energy circle (left), becomes elliptical arcs (middle), and finally two end-points (right) showing
the connection between bending energy and symmetry breaking, thus expecting m to change under
thermodynamic and dissipative processes.

The shape and energy distribution of Figure 13 points to the following self-assembly driving force
cascade in Figure 14.

Oblate biaxial ellipsoids Triaxial ellipsoids Prolate biaxial ellipsoids
From discs to lamina From ellipses to tapes From needles to fibrils

Primary
Self-assembly

Secondary
Self-assembly

Assembly of lamina into films Assembly of tapes into ribbons Assembly of fibrils into fibers

Shape Transformations

Figure 13. Geometry-bending energy of primary(secondary) directed self-assembly driving force pathways for

films(laminates), ribbons(tapes) and fibers(fibril).

The driving force is for overall shapes that minimize the total bending of the assembly, which
can be reduced by contacts between high energy packing units. The high energy disks form laminates
and the laminates can stack up in the third direction. The narrower tape packed ellipses can stack and
form ribbons. The fibrils can form fibers by assembling with a given axial direction.

Finally, the curvature distribution of prolates is consistent with end-cap charged ellipsoidal
molecules which self-assemble into a type of fibrillar or rod-like structure with high aspect ratios [109,
126]. Such high energy regions have been registered in other systems with conserved and non-
conserved order parameters [134] and in experiments where oil-water interfaces and substrates with
ellipsoidal shapes induced a high curvature hotspot at the poles acting as endpoints for the assembly
of migrating particles [135]. In contrast, the curvature distribution of the oblates, low in the poles, and
high in the equator, limiting case in Section 4.1 (see case III, square marker in Figure 5), shows behavior
with charged surface might promote edge-on ordering as in films [45] and adsorption of discs in
water-oil interfaces using their circular face [136]. In partial summary, curvature distribution supports
the notion of fibrillar(film) self-assembly driving forces for prolates(oblates). As mentioned above,
other mechanisms and processes may cooperate or compete with the bending curvature self-assembly
driving force identified here. The purpose of the present analysis is to characterize the bending
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curvature self-assembly "driving force" and not a colloidal self-assembly process with attractive,
repulsive, short-range, and long-range interactions.

5. Conclusions

In this paper, we developed and implemented a novel computational geometrical methodology
with differential geometry concepts for the study of the ubiquitous ellipsoidal shape. This approach
extends the understanding and complements studies used across different fields with clear symmetry
breaking component and/or curvature-dependent phenomena (e.g., topology, soft matter defects and
confined structures, determination of material properties).

We have followed the steps and sections introduced in Section 2 and Figure 7 to present a
comprehensive geometric modelling framework. Table 4 lists key results that characterize each of
these sections. Importantly, the table shows the direct connection between the global eccentricities,
the point/lines/areas in the curvedness/shape plane, and the number and charge of umbilics, which
taken together offer guidelines for targeted ellipsoidal self-assembly driving force.

Table 4. Characteristic component of the three ellipsoidal cases analyzed in Section 3.

Global Primary Self-
Symmetry . Local Parame- -
. Case Parameteriza N Umbilics assembly
Breaking . terization ..
tion Driving Force
Number, Charge (Asszr?lzlgofgg‘way
— — (C, s ) maps Every point behaves
Sphere ‘ €1 =6 = 0 toa point likyel:;n umbilic
Biaxial €1 =e € (C/ S) maps 2 41 1D needle fibril
Prolate A (0,1] to a curve ’ (Fibers)
P e1 = 0/ e € (C/ S) maps 2D disk laminate
Biaxial Oblate .\———’\/ (0,1] to a curve 2, +1 (Films)
Generic - € = ﬁel € (C/ S) maps 4, +1/2 2D ellipse tape
Triaxial 4 (0,1] to a surface ! (Ribbons)

The novelty and significance of the results and predictions are as follows:

I Global description of ellipsoids. The global parameterization was used to characterize isochoric
and shape invariant pathways (see Section 2.1), in ways that separate size, and global shape.

II  Local analysis of curvedness/shape for ellipsoidal surfaces. The local parameterization of the
surface was carried out using the global parameterization to map the classical and commingled
curvedness/shape measures of the surface into two Monge-like patches that portray the un-
mixed curvedness and shape for the spectra of ellipsoids considered (see Sections 3.1-3.2), again
separating two measures.

I  Curvature energy landscape. A novel definition of curvature-based energy landscape which
maps critical behavior of ellipsoidal shapes in Section 4.1 bridging together the local and global
parameterizations.

IV Shape transformation pathways. The geometric bending energy modeling was applied to
curvature-driven self-assembly driving force of disk-, ellipse-, and needle-shaped capsules.
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Pathways to promote film, ribbon, and fiber formation was identified (Figures 8, Figure 9 and
Figure 3.2).
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Abbreviations

The following abbreviations are used in this manuscript:
0D Zero dimensions

1D One dimension

2D Two dimensions

3D Three dimensions

LC Liquid crystal
LCM  Liquid crystal membranology
LOC Lines of curvature

Appendix A. Ellipsoidal Parameterizations

This section goes over the parameterization used for describing the ellipsoidal surfaces in this
paper in Section 2. It includes the differential geometry treatment to them e.g., first and second
fundamental forms coefficients.

Appendix A.1. Constraints and Restrictions

Let the semi-axes of the ellipsoid be 2 major axis, and (b, c) intermediate and minor axes respec-
tively, with the following restriction:

a>b>c (A1)

b2 c?
a=\1-% a=\1-5 (A2)

where (e1, ep) are the widely used eccentricities. Therefore

b=ay/1-¢32, c=a\/1—-¢2 (A3)

In this form, the volume can be described using the eccentricities

this is just possible if z > 0.
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4
V:§rm3\/1—e%\/l—e§ (A4)

V:=1-¢21—¢3 (A5)
VZ=1—03—el+e2el (A6)
V242 —1
o=y —F— (A7)
e

knowing thata > b > ¢

a\/1—e3 >a\/1—¢e3 (A8)

1—e2>al—é} (A9)
e <e (A10)
0<e1 < <1 (A11)

With this parameterization we can define two general cases for the biaxial ellipsoid of revolution:
the biaxial oblate and the biaxial prolate. We consider a third case by introducing the arithmetic mean
square sum between two axes following the interval in Eq A1 so that:

2 2
= JZFC (A12)
(A13)

with Eq A13 and Eq A3 we obtain:

242 (1 - e%) = +a? (1 - eg) (A14)
1—e2=1-¢3/2 (A15)
2 =e3/2 (Al6)
ey = V2e (A17)

Appendix A.2. Cartesian Parameterization

In this section, we develop the first fundamental and second fundamental forms using the
vector Y(x,y), for a given ellipsoidal parametric equation M(x,y, z).
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M = M(z,x,y) (A18)
2 2 P
2
22
considering only the positive root ) + 2 <1,(ab)>0 (A21)
Y =Y(xy) (A22)
2 2
Y(x,y) = <c 1-5 Z—z,x,y> (A23)
N _ ([ cxy g (A24)
ox a2z’
oY 2y
n (_@,O,Q (A25)
2Y 2 252 21?2 — 1)
Frol (‘ﬁ(”@)'w) = (‘W'O'()) (A26)
%Y c? y? c?(a* — x?)
o= (a1 5) 00) = (- 00) 827
%Y ctxy
dxay ( a2bzz3'0' O) (A28)
aY dY ?x %y
S (1, = 5) (A29)
B cAx? oty aY; > aY;1 >
1’1—\/1+Zza4+ 2b4—\/1+(a—) +<_]/> (A30)
n
A= (A31)
|n|

For convenience, the elements of the surface metric are renamed with the notation of the first and
second fundamental coefficients:

JY dY c2x c2x c*x?
E'ﬁ_(_E'_%+1'1+0'0>_@+1_E (A32)
Y dY Ay Ay cty?
@'@—(‘@"@*0'0“'1)—@““3 (A33)
Y aY Ax ctxy
g'@—(—@‘—ml'“o'l)—m—lc (A34)

So that the first fundamental form is:

) @) | e
Tlew) @y e o
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The second fundamental coefficients are computed by applying the dot product of the vectors

coming from the second derivative terms with the unit normal vector fi:

Y c(y? 1) _ep-w)
© n|y/1- %5 — y—z(az(bZ —12) — b2x2) nz(a2 (b2 — y2) — b2x2)
azY A= cxy C4xy
o 3/2 3,212
dxay a2b2|n|<_;c72 B Zé +1> nz3a2b
%Y C(x2 _ az) 2 (x2 . a2)

QO
<
R

1]

4
P Ut S
nz3a2b?
__ Sy
 nzZBa2p?
40,2 o2
c*(a”—x
v EE )
nz3a2b?
Appendix A.3. Angular Parameterization
From Eq A18 in spherical coordinates:
r?2cos?usin®v  r?cos?usin’v  r?cos’v _q
a2 * b2 2
p=p(u0)

X =acosusinv,y = bsinusinv,z = ccosv

where (u,v) are the polar and the azimuthal angles, respectively.

p = (acosusinv, bsinusinv,ccosv)

0

P _ (—asinusinv,bcosusino,0)

ou

0

£ = (acosucosv,bsinucosv, —csinv)
ogp Idp . (2 .2 2 2 i 2
a.ﬁ—E— (u sin“ u + b cos u)sm v
Jop dp . 5 2\ L. .
e =F = ( a+b )smusmvcosucosv
a_p.a_p:(;: (azcoszu—l—bzsinzu)COSZU—I—CZSinZU
Jdv dv
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dp _ Jp .2 o - 2 .2
n=oo X = (—bc cos u sin” v, —ac sin u sin“ v, —ab cos v sin v(cos” u + sin u)) (A51)
n= 289_5 X 3—5 = (—bc cos u sin® v, —ac sin u sin® v, —ab cos v sin v) (A52)
n= \/(ab cos vsinv)2 + (bc cos u sin v)2 + (ac sin u sin® v)2 (A53)
n= sirw\/azb2 cos?v + c2sin? v(a? sin® u + b2 cos?u) = \EG — F2 (A54)
A =n/|n| (A55)
o%p . L
Ei (—acosusinv, —bsinusinv,0) (A56)
0’p .
500~ (—asinucosv,bcosucosv,0) (A57)
o%p . L
32 (—acosusinv, —bsinusinv, —ccosv) (A58)
2 .3 )
g—g'ﬁsz (abcsm v) _ abcsin® v (A59)
u " \/u2b2 cos? v + 2 sin’ v (a2 sin® u + b2 cos? u)
2
aau_apv A=M=0 (A60)
2 ; b
g_lz’ AN = (“bczm”) _ abe (A61)
v \/ a2b? cos? v + 2 sin® v (a2 sin® u + b2 cos? u)

Appendix B. Parallel Surfaces

Parallel surfaces, used in liquid crystal membranology [99-108] are defined by a zero curl of the
outward unit normal k.

Vxk=0 (A62)
Parallel surfaces are characterized by the curl-free condition:
(k-V)k=0 (A63)

which states that along the normal direction, the unit vector k is constant as shown in Figure AT.
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Figure A1. Parent surface G with its family of parallel surfaces G’ and their outward unit normal k.

Since G and G’ are parallel, the direction of k at both surfaces is equal. Selecting a parent surface
to the family using a decomposition of the 3D gradient we find:

Vk = (I1—kK)-Vk+kk-Vk = I - Vk + k(k - VK) = Vik + k(kVk) (A64)

where the surface identity tensor is Is — I — kk, and Vi is the surface gradient. Using the definition of
the symmetric curvature tensor

Vik = —B (A65)
and substituting Eq A65 and Eq A63 into Eq A64 we find
Vk = Vsk = —B (A66)
Using the definition of curl using the alternator tensor ¢, we find:
Vxk=-V.e.k=4+e:Vk=¢:B=0 (A67)
since B is symmetric, it agrees with Eq A62.

Appendix C. Lines of curvature and Umbilics in Bi-axial and triaxial ellipsoids

This section includes the derivation and the results of the lines of curvature for the biaxial and
triaxial ellipsoids and their pattern around the umbilics discussed in Section 2.3.
Considering a > b > ¢ > 0, the coordinates of the umbilic points of an ellipsoid are:

2 _p2

X =+a 7{;2 — 2 (A68)

y=0 (A69)
2 _ 2

z = +c H (A70)
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or in terms of the eccentricities

2

1
x =tay | 5 (A71)

e

2

y=0 (A72)

2
z=tay/1-\ |2 (A73)
€

It is known that the principal curvatures «1, , are eig(B), thus from Eq 14:

det(B — ;1) = 0 (A74)
1 |[LG—MF—«x  —LF+ME

B—xl=—— A75
Y17 Getg | MG - NF —MF—i—NE—K] (A75)
det(B — ;1) = deltg [xz — (GL —2MF + EN)x + (F> — EG)(M? — LN)] (A76)
det(B — ) = 3o [K trB K+ detB] 0 (A77)

—(—trB) —trB\?>  detB

=~ - A7
K12 5 + > 4= (A78)
Kip=H+VH>*—K=H+D (A79)

The definition for the mean and Gaussian curvatures can be written as a function of the (C, S):

H =Csin (S;) (A80)

(A81)
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Figure A2. Lines of curvature network of the biaxial oblate ellipsoid e; = 0,e, = 0.5. Only one half is included for
visualization purposes. The pattern shows non-generic umbilics with a +1 charge at the poles.
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Figure A3. Lines of curvature network of the biaxial prolate ellipsoid e; = e, = 0.5. Only one half is included for
visualization purposes. The pattern shows non-generic umbilics with a +1 charge at the poles.
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Figure A4. Lines of curvature network of the general triaxial ellipsoid e; = 0.5,e; = e;/2. Only one half is
included for visualization purposes. The lemon-like pattern shows umbilics (red markers) with a +1/2 charge.
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