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Abstract

This paper is an improved version of the thesis [21]. In this paper, through comprehensive discussing
relationship between the Einstein Gravitational theory and the Dirac electron theory in Riemann
curved space-time, it has been found that there is a contradiction between the Einstein gravitational
theory and the Dirac electron theory about the electron field energy-momentum motion. The
contradiction showed that the Einstein gravitational theory can not describe the gravitational field of
particles with 1/2 spin. If assuming that the Dirac electron theory is correct, we must modify the
Einstein gravitational theory.

Keywords: General Relativity; Einstein Gravitational Theory; Dirac Electron Theory; Maxwell
Electromagnetic Theory

PACS numbers: 04.20.Cv, 04.20.Fy, 04.50.Kd

1. Introduction

The following improvements have been made to the paper [21]:
(1) Newtonian gravitational constant:

G =G,

(2) Lagrange density of gravitational field:

o o
=— R=L =—R
9 162G 7 167G,

(3) Basic covariant derivative of spinor:

y7i

A . e A . €
Dﬂl//zaﬂl//+rﬂl//+lh—CAﬂl//:> Dﬂl//zaﬂl//+rﬂl//—lh—cA 7

_ _ A . € _ _ _ A . € _
DAWZG#W_WH_I%WA;/:DuW:ay‘//_ﬂy+l%V/A#

(4) Metric of the vierbein(or tetrad) space:

(ap) (ap)

Giop) = Map) G =1

Since Einstein established the curved space-time gravitational theory and has been a great
success, people used a variety of secondary quantization methods, have failed to establish a accepted
quantum gravity theory. Some scientists suspect: there is a profound contradiction between
Einstein’s gravitational theory and quantum theory of material; only after resolved the contradiction,
it is possible to establish a credible theory of quantum gravity. In this paper, through a joint analysis
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about Einstein’s gravitational theory and Dirac electron theory in Riemann curved space-time, and
found that: there is a contradiction between the Einstein gravitational theory and the Dirac electron
theory in Riemann space-time about the electron field energy-momentum motion. The
contradiction showed that Einstein gravitational theory can not describe the gravitational field of
particles with 1/2 spin. In order to eliminate this contradiction, we must modify the Einstein
gravitational theory.

2. Theory Preparation
2.1. Basic Covariant Derivative

In order to extending Dirac electron theory to curved space-time, the Lorentz invariant intrinsic
vierbein space-time was introduced at every point of coordinate space-time, due to the existence of
equivalence principle, and further that: the local tangent space of virbein space-time is equivalent
to the local tangent space of coordinate space-time. Let the element displacement of virbein space is
dx and the element displacement of coordinate space is dx* ,due to the existence of equivalence
principle between virbein space-time and coordinate space-time, therefore the existence of

dx“ =dx@ (X“) Let dx* = ﬂﬁa)dX” Therefore, the llga) is a vector of coordinate space-time and

a vector of virbein space-time.
Due to the local equivalence, therefore the existence of:

1 0 0 O
0 -1 0 O

2 _ gy@ ®» _ v _
ds® =dx*'n,,dx” =dx*g , dX", 7., = o 0 1 0
0 0 0 -1

Where, dsis the infinitesimal space-time distance, (ap) is the constant metric tensor of

vierbein space-time; §,, =0 W(Xl) is the metric tensor of coordinate space-time. Therefore, the

uv
existence of: iﬁa)ﬂ(aﬂ)ﬂéa) =d,, where /1;(10’) can be named vierbein field (half metric).

)

We can use U(aﬂ ;M (op) torise and fall a vibein space-time indicator, and use 9, 9 v toTise

and fall a coordinate space-time indicator. Therefore, the existence of:
- B) qu _ quvgla) gla)u _ (ab) qu - v
Hava =Mapb Ay = 97 AT AT =1 Ay Aoy = vy

And:

N1 =801 9,,9" =69, = 9,0 9" = 9" My = ey 1" =177
therefore, the existence of:

Ay = 9 A Koy = 97 Ay A =8 4 Ay = 6,

Hariin = Mapys 2 A" =0 P A2 = 6030 A" Ay, = O(5)

We can prove that it has the following variational properties:

577(aﬂ) =0, 577(0:/7) — 0,547 = _Z(a)aﬂ(mp&%

P .. (2.1.2)
59 = _(ﬂ,(ﬁ)ugpv +l(ﬂ)vgpu)5/1(mp1§g _ gguv5gw
...... (2.1.3)
l |4 o
ON— :E\/—ggﬂ 49, =\/—gﬂ,( )yé‘ﬂ’(a)y
...... (2.1.4)

We can define the basic covariant derivative in coordinate space-time [1,2]:
(1) For scalar¢:

D,$=0,9
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...... (2.1.5)
(2)For vector A*s A :
— p “o_ H_TH AP
DA, =0,A -T/ A DA =0 A +I'7 A
...... (2.1.6)
where ') is christoffel symbol:
> =9”r 1 P"(a +0,9,,—0 )
)% g ouv 2 g ,ugo‘v vgo;u ag,uv
P _TP
FHV - FV#
...... (2.1.7)
Taking into  account the local Lorentz invariance, the affine connection
I =7 8%
r (af) (ar)™ (B)
FEZ; u R ! Ay " | can be introduced in vierbein space-time. Therefore, for the physical
Liaprn =T gy

quantity in vierbein space-time, the following definition of basic covariant derivative in vierbein
space-time can be made [3-5]:
(1) For scalar¢:

D,$=0,9

(2)For vector A, An:
— r(8) (a) _ (@) | (@) A(B)
D,A. =9.,Au —F(g)#ﬁw), DAY =0, A" +T'% A L (2.1.9)
(3)For Spinor i, :
~ . € — _ A . & _
Dy=0y+l y—-i—AwDy=0y-yl, +I—yA,
hc hc

...... (2.1.10)

(4)For Dirac Matric }/(a) :

(o) _ (a) _ (a) _ (@) . T (a) ()T r(a) ., (8)
Dﬂ7 - 8#7 =0, Dﬂy - aﬂ7 + rﬂ7 v r/t + 1—‘(ﬂ)ﬂy

Where

L -7/ @ _ V(@ B
F/J__ZO- F(aﬂ)u’(a _5(7 remrey )

}/(a) is Dirac matrix, content:

{},(a)},(ﬁ)+},(ﬁ)y(a) — 277(0!/3)}
},(vt)Jr — },(0)7,(&)},(0)

where/ =/ ’ 4 © , Aﬂ is electromagnetic potential.

2.2. Riemann Geometry
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Ma) s . . ~
I3, in vierbein space

In Riemann space-time, The relationship between the affine connection

time to the connection FZV in coordinate space-time is [3-6]:

(@) _ (@) _1p g@) 4 () (8 _
DA =0, —T% A + T 27 =0

(2.2.1)
==L oy Fjj
R 1, - _ _ _

r(aﬂ)ﬂ = _E( Fﬂ(aﬁ) + F(a)/t(ﬁ) - F(ﬁ)ﬂ(a) ) ' { F(y)po = ap’%)a - 651(7)[)} 222)

the derivationisin [Appendix 1].

The following relationship can be proved:
— o —_RW
Du D, Ap -D, D// Ap =-R AU ’ D/J D, A(a) -D, Du A(a) - _R(a)w A(ﬁ)

, = Ffﬂ , Therefore, the existence of

Taking into account F(aﬁ) u=

e

PHV
F/_er//, D/.l Dvl/7 - Dv Dyl/7 = _Wli,uv +i hC l/7 Hv

. €
—1—

DBy -DDy =Ryl

...... (2.2.3)
where:
(1> The coordinate curvature tensor (Riemann curvature tensor)
R;uv = (a#rzv - avFZA ) - (FEyF;v - FZVF;‘J)
...... (2.2.4)

(2)The tetrad curvature tensor:
(@) _ (A T@ _Ap@ \_(T0 r@ _10) pe
R(ﬁ)ﬂv - (aﬂr(ﬂ)v 6vr(ﬁ)ﬂ) (r(ﬂ)ur (riv r(ﬁ)vr(y)ﬂ)

...... (2.2.5)
(3)  The Spinor curvature tensor:
R, =(8,f,-0,0,)+(C,F,-T.F,)
G(aﬂ)},(}’) _ 7(7)0(aﬂ) =2j (77(7/3)7,(11) _n(ya)},(ﬂ))

()™ (o)

...... (2.2.6)
i R .
X " o (‘3ur (@py avr(aﬂ)ﬂ) ;
R - where (9B) () _ (0) ()
m 1 A ’ 00) () _ —(aB) () _ _oi| T O TIO
_E(U(aﬂ)o.(yé)_ 0(7§)U(aﬂ))l—*(aﬂ)ﬂr(7§)v oo oo’ = 2{—77(””0(5")+77‘7“’a‘5’”
. L (B) () _ () ()
i A A i (7P —n'Yo . .
_|_ 1 _» _ _!
- = (aﬂr(aﬂ)v avr(mﬂ)y 8 [_U(yﬁ)a(é‘a) +77(ya)o_(5ﬁ)JF(aﬁ)ur(y5)v
. _f0) T 0B (@)
| (A ¢ . o TGl oy T T iyl Gy
= =70 N0 gy =0 ) =2 ~oa ) A
4 “ “ 8 _0(5001'* F(ﬂ) +O.(5ﬁ)1"(7)
(e (S)v (Byu™ ()
. _ B ) T @A )
I _(p) r r | c F(a)yr(ﬂé)v to F(éﬂ)yr(a)v
| 72° Ol wprr =0T ey 8| _gUp O @A)
0 L@t (o O (ot e
. i AT A A
(@h) (1~(5) )
e (F r Ll sy )j

_(_1_en(sp
= ("G (Gﬂr(aﬂ)v _avr(aﬂ)ﬂ)_ 2

4
___ (ap) _ () 1)
2 ((aﬂr(aﬂ)v 6Vr(aﬂ)#)+(r(a)ﬂr(ﬁ5)v r(a)vr(w)y))
i
_ T _wp
40- R(aﬁ)/“’

So,we get:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202507.1664.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 July 2025 d0i:10.20944/preprints202507.1664.v1

5 of 18

A N A A A P i A
— _ _ - aB)
R, =(0,f,-a,f,)+(F,F,-1,1,)= 77 R
(4)The electromagnetic Field tensor:

F, =0,A —0,A,

Because there are following relation:

D,D,A) ~D,D, A" =—R7, 2 +R% 2% ,D 2 =0

u—vp v=up puv’ o (Byuvio
...... (2.2.8)
So,the following relationship can be obtained:
- PR > —R@ (8)
Rpcwv - Rpcwv ! {RPUﬂV - R(ﬂ)ﬂv/?‘(a)pﬂ“a }
...... (2.2.9)

3. The Lagrange density in Riemann Space-time

According to the Einstein Gravitational theory, the Lagrange density of gravitational field is[1,2]:

C4

L, = R
167G,

According to the Dirac electron theory in curved space-time, the Lagrange density of electron

field is[3-5]:
1 /.. _ o _
L, = Ec(lh wy"D,y - IhDﬂl//]/”l//) —mcpy

e

1, o 1, .
L :EC(Ih!//}/”@ﬂt//—Ihaﬂl/lyﬂl//)—mczyﬂ//+zsé L W Y

- [ - [
- - _ (af) (ef) _ (@), (B) _ ,,(B), ()
where:I', =20, 0 _2(7/ y P =y Py,

a a Ch . (up) u o : _
AT e A G A S N T L 7

For electron, we can proved the relationship:
(Spcw — _gPH — _Sp//cr)
e e e
According to the Maxwell electromagnetic theory in curved space-time, the Lagrange density of

electromagnetic field is [1]:

1 v .
L == FuF’ (where:F,, =0,A -0,A,)

4. The Equations of Field Motion in Riemann Space-time

(1)The action variation of Einstein gravitational field (the derivation is in [Appendix 2]):

1 c? c? 1
S8S. ==6|L.dQ= S|RdQ =-— R* —=g“R R4 . J—gd*x
° ¢ I o 672G, J 872G, I( 29 }1 @uN "9

(2)The action variation of Dirac electron field (the derivation is in [Appendix 3]):
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58, =%5j LdQ =] (%(thDM—ihDﬂWV/)-chde

5y (E(W D,v +ifD, (7))~ mc‘”j
2 + 1[( Pl 4 % D,s.“"" A4, j&(a)u + 1 §Aﬂ] Hd X
—(%(ihDﬂ@’ﬂ +ihDﬂ (@ﬂ))q- mcl/7j5l// c

a 1 H — 1 — a o
Pl = —Ec(lh 7r"D,y —ihD 7y "y ) A% + LA
where "
(27 C — Q, o H —
s =0 Dy ey e Py i = ety
(3)The action variation of Maxwell electromagnetic field (the derivation is in [Appendix 4]):
1 1 1
- — (a) v 4
S, _Eaj L dQ _EI(PV “Saru =7 - DF 5Aﬂ}/—gd X
T
(@)u 1 nu 1 u nm (@)p
wherey P = e FF —Zép FnF™ (4
T

At this time, in accordance with the principle of least action & (Se +S, + Sy) =0, equations

of motion can be the following:
Dirac electron field equation of motion:

%(ih]/“D,}// +inD,, (7”w))— mcy =0
%(ihDﬂ 7" +inD, (7" ) + mei7 =0

{ih}/”DﬂW —mcy =0
ihD wy" +mey =0

1 /... _ . _ _
L, :EC(Ihl/I]/”Dﬂl//—IhDﬂl//y#l//)—mczl//l//

1 _ _
:EC(Ihl//(mCl//)—(—mCl//)l//)—mCZI//l//

=0

Pl = —%c(ih 77Dy —iD gy "y ) AL + LA

e

1, _ o .
= _EC(Ih wy“Dy - Itht//;/”t//)/l( )"
Maxwell electromagnetic field equation of motion:

D,F*" =4zxj!

Einstein gravitational field equation of motion:
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, 1o, o 81G . a1 e
(Rﬂ _Egu Rjﬂv( ) :_C4N [pe( )ﬂ+P7( M‘*‘EDaSe( B) 1(/;))

R”V—%Q’WR 86y (PV”+PV"+;D S Jey s )

e

p@u _ —%C(ih i Dpy/ _ ith‘/?}/ﬂ!//)l(a)P n Leﬂ(a)”

Py‘“)“=4i(F,,JFW 5;;Fm6Fm"jm
T
...... (4.1.6)

5. The Contradiction Between Einstein Gravitational Theory and Dirac Electron
Theory
5.1. The Equation of Electron Angular Momentum Motion

From equation of Dirac electron field motion (Eq.4.1.4),we can get the following equation of

electron angular momentum motion (the derivation is in [Appendix 5]):
(ef)u _ p(fa) (aB)
Dlusea uo_ Pe a) Pe [27

But, from equation of Einstein gravitational field motion (Eq.4.1.6),we can also get the following
equation of electron angular momentum motion:

v 1 v 87Z-G 7 7 1 (af)o qv

R# —Eg” R= o (P”+P”+2D S. ﬂ(a)ﬂ(‘;)j
v 1 v _87Z-GN 1 7 v 7 1 7 v 1 (af)o qv

R" -g" R—C—4(§(Pe”+P;‘ )+P/‘+E(Pe“ P )+2D SR VI
, 1 g 871Gy (1, , y

R# —Eg” R= o (E(PB”HDG" )+ P/‘J...(4.1.7)

P* =P/ +D,8, A Ay = 0o (4.1.8)

Eq.4.1.7 is the equation of Einstein gravitational field motion,Eq.4.1.8 is the equation of angular

momentum motion. From Eq.4.1.8,we can obtain:
(ap)o _ p(fa) (ap)
Ds. " =R™ -R

So:
There is not any contradiction between the equation of Dirac electron field motion and the
equation of Einstein gravitational field motion about the electron angular momentum motion.

5.2. The Equation of Electron Energy-Momentum Motion

From equation of Dirac electron field motion (Eq.4.1.4),we can get the following equation of
electron energy-momentum motion (the derivation is in [Appendix 6]):

v v 1 af)v D : 15 af)v
Dv Pe# z(_Je va _Ese( ” R(aﬁ)vpjgyp = _Fpﬂjep _E R(aﬂ)vysé )

But, from equation of Einstein gravitational field motion (Eq.4.1.6),we can also get the following
equation of electron energy-momentum motion:

v 1 v 8ﬂ’-G V) Vi 1 ap)o qv
R =~ 9" R = [P” P/+EDUse‘ g /1(“)/1(;))
R 1 g"R= —87[?'“ (Pe”‘ +P* +1 Dose””“j
2 c T2
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D, R’“’—%g’”Rj 87Cy ND (EV”+PyV”+%DaSeV”U]
¢’
Vi V 1 vuoc
D,| R*+P*+=-D,s* j=0
2
14 LV l VO
D,| B +P/ +§Dase‘ ij
v v 1 Vo
D, P* :—DVP/ -—D,D_s*
2
_ 1 uppv _ L po|_1 wo [, o o _ o pov
_—EDV(FP R =2 9" F,F —Z(DVDU—DGDV)Se {507 =5,
—_Y{pFrEriE D F”V—lg‘”D F F? 1(R" 5, ™+ R4 S,™ + Ry, 8,1
47[ vip P v 2 v po 4 mvo Se mvo “e mvo “e
_ 1 D_F “F”° +4xF )’ 1”VDF DF, |JF” L R, s ™ +Ry 5™ +R s
__E o' p +ar P Je +Eg ( P 0v+ e vp) _Z(_ my Ve mvo Ve + e )
{-F,=-F,,.DF, +DJF, +D,F, =0DF" =4zj}
1 . y s 1
—E(MFP”JQMEQ” (D,F,,+D,F,,)F’ )—ZR:;WSE
{.'. va :—F Wseyvm _ _Seymv’}
=—F “j’ —iRu mo ), =T Ry = Rom,
P e 4 mvo e 1 Semﬂo- =_Semo-;4 =_Se,uma’
L1 omy
:_FP#J:+ZRamvﬂse "
S +l|§ ug (@)
=7 e T Rapy
So, we get:
v 1s (aB)v
D P" = F “IP+= R(aﬂ)/‘s
...... (5.2.2)
Considering eq.5.2.1 and eq.5.2.2,there must be:
1z ) o1 Bl
_F /"Jp_l_ R :_FpﬂJéD_ER(aﬂ)vﬂs( ﬁ)
Therefore ,we can get:
Riapp/ s =0

This condition requires that: the electron spin " direction is not independent of external

Séaﬂ)v

gravitational field R the electron spin always orthogonal to the external gravitational

(ap)uv’

field ﬁ(aﬂ) » .For electron, this condition is not always set up. Because the electron spin Séaﬂ)v

direction is independent of the external gravitational field R, ", when the spin 5, is parallel to
(aB)v

R(aﬂ)v ,there can be existed: R(aﬁ)vﬂsea 20

For example:
In the external gravitational field
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Ry (Raz)tﬂ * 0)

let a test electron’s spin is
U = —s* 0, (other  s{* =0)

7

we can get:

» uglafyy _ oR  wugl2)t
R(aﬁ)v S, _2R(12)t s #0
But, the above condition requires:

S tel@f)yy _ o3 ug(12)t _
R(aﬁ)v Se - 2R(12)t Se - 0

So:
There must be a contradiction between the Einstein gravitational theory and the Dirac electron
theory in Riemann space-time about the electron field energy-momentum motion .

6. Conclusion

From the above analysis, we have the following two conclusions:

(1) When we comprehensive discuss the relationship between the Einstein Gravitational theory
and the Dirac electron theory in Riemann curved space-time, it has been found that there is a
contradiction between the Einstein gravitational theory and the Dirac electron theory about the
electron field energy-momentum motion.

(2) The contradiction showed that Einstein gravitational theory can not describe the gravitational
field of particles with half-number spin. If we assume that the Dirac electron theory in curved space-
time is correct, the Einstein gravitational theory must be modified.

Appendix

Appendix1. The Derivation of the Connection in Vierbein(Tetrad) Space-Time

] 1,- - -
(@ _ _
DA =0=T ), = ‘E( Fown  Feavin = F(ﬂ)V(a))
a.
(1)Because:
@ _ A 7@ (@ 4 (@ 700 _

DA = 8,4 —T% A1) +T( 1) =

U
A0 aru = KU wary + ey = 0l

KOsy = KU ipnp + T gy, = 00(2)
U
{(1) - (2)} {r(aﬂ)v = _r(ﬁa)v} :

;L(/;?)avi(a)ﬂ _ﬂ’(/;)avﬂ’(ﬂ)ﬂ ‘(’%)FZV (a)p _ﬂ(/;)rzvﬂ”(ﬂ)p)_'- Zr(aﬂ)v =0
U
I —1(/1” O A g — A0 A )+1(,1ﬂ T2 Ay = AT A )
(ep)v _2 ()" v A (B u (B v a)u 2 (B)" wv'Ha)p ()™ w’ (B)p

(2)And :

[oa 1 o
I, =9"T,, =59’ (6,9.,+0,9,,-2,9,,)
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therefore:
(AT = HerT i ) = (KinAars = Ky ) i
1 .
=3 9” (/1(’};)/1(0,),3 —Aayhpp )(augw +0,9,, — aag/ﬂ/)
1 (e o
=5 (’1(/2)’1((1) ~Aaykp) )(ay ov +0,90, — 609#V)
1 o (o2
= E(’%)ﬁ(a) = Kaykp) )(aﬂgw —8ng)
1 o o ") ") ) ”)
= E (/1(/2)/1(05) N ﬂ&)l(ﬂ) )(5;/1(7)‘/10? + ﬂ(r)vau/loy - 80/1/17 /1(7)1' - lﬂy aa;t(?)v )
1 - - W) () 1 - . ") ")
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2
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SO:
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According to the above derivation,we can get:

. 1, - _ _
(@) _ _
D" =0T, = ‘E( Fuep + Fayup ~ F(ﬂ)u(a))

Appendix 2. The Derivation of the Variation of the Gravitational Field Action
The Lagrange density of Einstein gravitational field:
4
C
L, =

167G,

The Action of Einstein-Cartan gravitational field:
1 1 4

S, == [L,d==[1,-gd*x
c C

Because:

5j RdQ:&j R—gd*x
:I[_Dﬂ(gwérfw‘g”léril)}ﬁd‘l’(*J[Rw—%ng 9" J-gd‘x

Let g*"ol’ fw —ger Iﬂ, = A", A%is clear vector, letS; is three-dimensional hypersurface

Surrounded the four-dimensional region () .Because the variation of on three-dimensional
hypersurface is equal to zero, so thereis A* =0 on the three-dimensional hypersurface, therefore

S| Lo, (5 ) 3t 5 Lo, por ot
=[\-gn'ds, +I[Rw —%gﬂvR}ég‘”ﬁd“x

-f[r.Lo.Rpor

=] [RW —% GWR}(/I‘“”@JP” + AP g7 62 -9

:_J‘Z[R’”—%g }ﬂa)&(a)ur d*x

So:
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Appendix 3. The Derivation of the Variation of the Electron Field Action

The Lagrange density of Diracelectron field:
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where :
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The action of Dirac electron field:
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Appendix 4. The Derivation of the Variation of the Electromagnetic Field Action

The Lagrange density of Diracelectron field:

1 , .
T (where:F,, =2,A -0,A,)
The action of Dirac electron field:
1
S, == JLdo
5S :15JL d0=__* 5 (F F*)dQ
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Appendix 5. The Equation of the Electron Angular-Momentum Motion
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So, the equation of the electron angular momentum motion is:
(ef)u _ p(pa) (aB)
D,s™" =R"™ -R,

Appendix 6. The Equation of the Electron Energy-Momentum Motion
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So, there is:
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iV 1 (BB
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So, the equation of the electron energy momentum motion is:

v T 1 af)v D
Dv Pe/l = [_Je va _Esé ” R(aﬁ)vpjgyp
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