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Abstract: Alena Tensor is a recently discovered class of energy-momentum tensors that proposes a general
equivalence of the curved path and geodesic for analyzed spacetimes which allows the analysis of physical
systems in curvilinear, classical and quantum descriptions. In this paper it is shown that Alena Tensor is related
to the Killing tensor K*f and describes the class of GR solutions G*f + A g*f = 2AK*P. In this picture, it is not
matter that imposes curvature, but rather the geometric symmetries, encoded in the Killing tensor, determine
the way spacetime curves and how matter can be distributed in it. It was also shown, that Alena Tensor gives
decomposition of energy-momentum tensor of the electromagnetic field using two null-vectors and in natural
way forces the Higgs field to appear, indicating the reason for the symmetry breaking. The obtained generalized
metrics (covariant and contravariant) allows for further analysis of metrics for curved spacetimes with effective
cosmological constant. The obtained solution can be also analyzed using conformal geometry tools. The calculated
Riemann and Weyl tensors allows the analysis of purely geometric aspects of curvature, Petrov-type classification,
and tracking of gravitational waves independently of the matter sources. A certain simplification of the analysis of
gravitational waves has also been proposed, which may help both in their analysis and in the proof of the validity
of the Alena Tensor. The article has been supplemented with the Alena Tensor equations with a positive value of
the electromagnetic field tensor invariant (related to cosmological constant) and supplementary file containing a

computational notebook used for symbolic derivations which may help in further analysis of this approach.
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1. Introduction

Gravitational waves are a well-understood and researched issue [1], and it seems that the area of
this research will develop dynamically both in theoretical understanding [2] and methods of waves
detection [3,4]. The existence of gravitational waves is the key argument for the correctness of the
General Relativity, and for this reason it is also a good tool for verifying the correctness of alternative
to GR theories [5-7] and the theories of quantum gravity [8].

Alena Tensor is at the beginning of its research journey. It is a recently discovered class of energy-
momentum tensors that allows for equivalent description and analysis of physical systems in flat
spacetime (with fields and forces) and in curved spacetime (using Einstein Field Equations) proposing
the overall equivalence of the curved path and the geodesic. In this method it is assumed that the
metric tensor is not a feature of spacetime, but only a method of its mathematical description. In
previous publications [9-11] it was already shown that this approach allows for a unified description
of a physical system (curvilinear, classical and quantum) ensuring compliance with GR and QM results.
Due to this property, the Alena Tensor seems to be a useful tool for studying unification problems,
quantum gravity and many other applications in physics.

Many researchers try to reproduce the GR equations in flat spacetime or vice versa [12,13] or
include electromagnetism in GR, connecting the spacetime geometry with electromagnetism [14-21].
There are known such approaches on the basis of differential geometry [22,22,23], based on field
equations [24,25] as well as promising analyses of spinor fields [26] or helpful approximations for
a weak field [27]. For this reason, the Alena Tensor should be viewed as another theory requiring
theoretical and experimental verification, and it seems worth checking whether the this approach
ensures the existence of gravitational waves and what their interpretation is.

In this paper it will be analyzed the possibility of describing gravitational waves using the Alena
Tensor. Due to the fact that research on this approach is a relatively young field, to facilitate the analysis
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of the article, the next section summarizes the results obtained so far and introduces the necessary
notation. All key or computationally difficult equations and graphs can be found in the attached
supplementary material as computational notebook.

In the Results section, at first it will be shown that the use of the Alena Tensor leads to the
decomposition of the electromagnetic field stress-energy tensor into components dependent on two
null vectors. Next, the general form of the metrics for curved spacetime described by the Alena Tensor
will be obtained, the Riemann and Weyl tensors will be calculated and presented for an example
field configuration. It will also be shown that the correct operation of the Alena Tensor requires the
existence of the Higgs field. The article also presents tables and graphs illustrating the obtained results
(Higgs field, Weyl tensor components, Penrose-Newman scalar oscillations) and it was shown, that the
analysis of the equations lead to the conclusions contained in the abstract.

Although at the first moment the paradigm shift proposed by this approach may seem incompre-
hensible, the author hopes that the reader will resist the temptation to burn this article and trust the
scientific method, which encourages us to calculate and check everything based on the correctness of
the results obtained.

2. Short introduction to Alena Tensor

The following chapter briefly explains the conclusions from the previous publications on Alena
Tensor. The author uses the metric signature (+,-,-,-) which provides a positive value of the electromag-
netic field tensor invariant. In previous publications it was treated as negative (reversal of the order of
terms in the energy-momentum tensor of the electromagnetic field). The following equations remove
this inconvenience while maintaining the correctness of the obtained results.

2.1. Transforming a Curved Path into a Geodesic

To understand the Alena Tensor, it is easiest to recreate the reasoning that led to its creation [10]
using the example of the electromagnetic field. One may consider the energy-momentum tensor in flat
spacetime for a physical system with an electromagnetic field in the following form

T = oUuuf — ;Y"‘ﬁ (1)
r

where T*F is energy-momentum tensor for a physical system, ¢ is density of matter, U* is four-velocity,
jir is relative permeability, Y*F is energy-momentum tensor for the electromagnetic field.

The density of four-forces acting in a physical system can be considered as a four-divergence. One
may therefore denote the four-force densities occurring in the system:

o fP =09,0U"UP is the density of the total four-force acting on matter
. % ffm + for = B,X%Y"‘ﬁ are forces due to the field, where

. ffm is the density of the electromagnetic four-force
* for = Y*h9, % was shown in [9] as related to the presence of gravity in the system.

One may assume that the forces balance, which will provide a vanishing four-divergence of the
energy-momentum tensor for the entire system

1
0=0,T = fF = - flu = fi 2)
r

It may be noticed, that if one wanted to use T*F for a curvilinear description, which would describe
the same physical system but curvilinearly, then in curved spacetime the forces due to the field can be
replaced with help of Christoffel symbols of the second kind. This means, that the entire field term
can simply disappear from the equation in curved spacetime, because instead of a field and the forces
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associated with it, there will be corresponding curvature.

This would mean, that in curved spacetime %Y"‘ﬁ =0 — T = ou* UP. As shown in [10], a
minor amendment to continuum mechanics provides this property. Assuming g, as rest mass density
and oU* = g,7U" one gets mass density taking into account motion and Lorentz contraction of the
volume and provides

dpoU* =0 — U", = —‘% - ut,=0; u"‘uﬁ;,xzo 3)
Duf
AL o (o), =0 t

One may thus generalize Y* making the following substitution
b = A, (kb - gob) = Lo gy pBY A gef 5
=Nl KT8 ) = ™ 85y — B8 ()

where F* is electromagnetic field strength tensor, y, is vacuum magnetic permeability, g*F is metric
tensor with the help of which the spacetime is considered, and

* Ay = ﬁl—" W gy FPYg, p is invariant of the electromagnetic field tensor,
* k= gy k" is trace of kb,
* k*f is a metric tensor of a spacetime for which Y*# vanishes.

Tensor k* may be calculated in flat spacetime and may be treated as fixed, since the value of k*" is
independent of the ¢*# adopted for analysis. In this way one obtains a generalized description of the
tensor Y*#, which has the following properties:

* in flat spacetime Y*# is the usual, classical energy-momentum tensor of the electromagnetic field

* its trace vanishes in any spacetime, regardless of the considered metric tensor g*

* in spacetime for which g*# = k*f the entire tensor Y*f vanishes

o k“ﬁkaﬁ = 4 which is expected property of the metric tensor (it was already shown in [10] that
k*f indeed may be considered as metric tensor for curved spacetime)

In the above manner one obtains the Alena Tensor T*P in form of
ap agph_ LA (A peB_ oab
T = qUAUP — — A, — k¥ —¢ (6)
Hr k

with the yet unknown % for which in curved spacetime (¢*f = k*P) the energy-momentum tensor of
the field Y* vanishes.

The reasoning carried out above for electromagnetism is universal and allows to consider the
Alena Tensor also for energy-momentum tensors associated with other fields. This leads to obtaining
an energy-momentum tensor T*f for the system that can be considered both in flat spacetime and in
curved spacetime.

2.2. Connection with Continuum Mechanics, GR and QFT/QM

To make the Alena Tensor consistent with Continuum Mechanics in flat spacetime, it is enough
. . 1 _ — . . . o
to adopt the substitution W = A—i’ where p is the negative pressure in the system and it is equal to

p = oc* — A, where c is the speed of light in a vacuum. Such substitution yields

oUUP —T* = py*f — 2o % Kk + Ap% kP )
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where 7f is the metric tensor of flat Minkowski spacetime. Introducing deviatoric stress tensor
It = —c% % k*f one obtains relativistic equivalence of Cauchy momentum equation (convective
form) in which only fe;;, appears as a body force

fr=0"p+opTI* + f3, )

The above substitution also provides a connection to General Relativity in curved spacetime. For this
purpose, one may introduce the following tensors, which can be analyzed in both flat and curved
spacetime

R¥ =20U"UF — pg™P; R=R* g5 =27, —2p; G*F = R*F — %R%k”‘ﬁ )
Above allows to rewrite Alena Tensor as

4
G* + Ny g™ = 2T 4 oc? <g“ﬁ -5 lk”‘ﬁ> (10)
Analyzing the above equation in curved spacetime (¢g*# = k*f), one obtains simplifications
G+ A, g"P=2T"F ; G =R — %R g*P (11)
thus above can be interpreted as the main equation of General Relativity up to the constant 4CL4G where
G* and R* can be interpreted in curved spacetime, respectively, as Einstein curvature tensor and
Ricci tensor both with an accuracy of 4?—46 constant.

Analyzing the G*F tensor in flat spacetime (¢*f = 7*F) one can also notice, that it is related to the
non-body forces seen in the description of the Cauchy momentum equation

9GP = 0" p+ 3 T1*F = f&. + £}, (12)

which means that in the Alena Tensor analysis method gravity is not a body force, and as shown in [9]
in above

o A= (% — 1) f& is the density of the radiation reaction four-force

* far=0 %U“ — c29%¢ ) is density of the four-force related to gravity, where

e ¢ = —In(,) is related to the effective potential in the system with gravity.
It can be calculated that fg, vanishes in two cases:

o =1 F=—c avo—i - which turns out to be the case of free fall

® 0% = 0 which occurs in the case of circular orbits
Neglecting the electromagnetic force and the radiation reaction force, using the above equation one

can reproduce the motion of bodies in the effective potential obtained from the solutions of General
Relativity. Such a description has already been done for the Schwarzschild metric [9] for

E2 1dr\? : 12
o= (1) - a-5) (%)

where c, is a certain constant. The solutions obtained in this way enforce the existence of gravitational

waves due to time-varying ¢ (except for free fall and circular orbits).
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In the above description, gravity itself is not a force, because the above description is based on an
effective potential. However, one can see a similarity to Newton’s classical equations for the stationary
case with a stationary observer, for which fg, can be approximated by Newton’s gravitational force
with the opposite sign. Thus for stationary observer fg, represents a force that must exist to keep a
stationary observer suspended above the source of gravity in fixed place.

The description of gravity obtained in this way is surprisingly consistent with current knowledge,
despite the fact that gravity itself in this description is not a force, and the force fg, is not a body force.

The Alena Tensor constructed in presented way according to [9,11] may be simplified in flat
spacetime to

1 00 1
T — qu”‘ﬁ _ %FmaﬁA7 ; L=TY=—-A,= _%Faﬁ Fup (14)
which allows its analysis in classical field theory and quantum theories. Obtained canonical four-
momentum H* = —% [ T*9 @ provides 0 = H* , = H*H, and
mc?
where P* is four-momentum, Wy, = — [ p d3x is pressure-volume work, and where g€* and —p, P*

are in fact two gauges of electromagnetic four-potential. In above (u, — 1) P* is responsible for the force
associated with gravity and radiation reaction force. It was also shown that canonical four-momentum
H¥ may be expressed as

H”:PV—I-W”:—%U”—I—SV (16)
where S¥ due to its property S¥U,, = 0, seems to be some description of rotation or spin, and where
WH describes the transport of energy due to the field.

The quantum picture obtained from the Alena Tensor [9,11] for the system with electromagnetic
field leads to the conclusion that gravity and the radiation reaction force have always been present
in Quantum Mechanics and Quantum Field Theory. This conclusion follows from the fact that the
quantum equations obtained from the Alena Tensor for the system with electromagnetic field [9] are
actually the three main quantum equations currently used:

e simplified Dirac equation for QED:
Lopp = g PP Fop = 5o F1°Aq = ¥ (ific D —mc®)¥
¢ Klein-Gordon equation,
2 A
e equivalent of the Schrodinger equation: ichd® ¢ = — ( b ) V2 +cqA%y
m(y

1
¥
where A* and A% are two gauges of electromagnetic four-potential, and where the last equation in the
limit of small energies (Lorentz factor v ~ 1) turns into the classical Schrodinger equation considered
for charged particles.
The above results make the Alena Tensor a useful tool for the analysis of physical systems with
fields, allowing modeling phenomena in flat spacetime, curved spacetime, and in the quantum image.

3. Results

Considering a flat spacetime with an electromagnetic field, described in a way provided by
Alena Tensor using notation introduced in section 2, one may reverse the reasoning presented in
introduction and consider the field as a manifestation of a propagating perturbation of the curvature
of spacetime which in flat spacetime is just interpreted as a field. For this purpose, one may define a
certain perturbation h*f of the metric tensor k* that describes the deviation from flat spacetime, and
also define its trace h as

WP =k -y ; h=hnPpp=k—4 (17)
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The stress-energy tensor of the electromagnetic field in flat spacetime can be thus represented as

follows
k

4N,

Y = pob — Zq“ﬁ (18)

As one can see in the above, considering gravitational waves in the Alena Tensor is natural and does
not require classical linearization. This would mean that gravitational waves in Alena Tensor approach
are de facto a propagating disturbance of the energy-momentum tensor for the field (in the case
analyzed, the electromagnetic field energy-momentum tensor).

Denoting the pressure amplitude P, and 7*f one obtains

P, = % i P =B — ZW — Y =P, (19)
which shows that the energy-momentum tensor of the field may be also interpreted as propagating
vacuum pressure waves with tensor amplitude.

To provide an analysis of the above equation for gravitational waves and the analysis of the
resulting classes of metrics, a representation using null-vectors will be useful. Therefore, in the next
few steps it will be shown that Alena Tensor allows representing the energy-momentum tensor of the
electromagnetic field with the use of two null-vectors.

3.1. Decomposition of the Electromagnetic Field Using Null Vectors

At first step one may recall equation (16) and define new four-vector B¥ obtaining
L L
pr=-Tur—st ; Er=-Tzurgse (20)
c c

Since it is know from previous publications, that H* H, = 0 and U*S,, = 0, therefore above definition
also yields B¥B,, = 0. This property allows to represent U" and S* using two null-vectors H" and B¥

as follows -
H’X—B“:ZSV;H”‘+B“:—ZZ—2LU“ — H“B,szcf (21)
thus oFIHB
HBP 4 B*HP = = uruf — (H“Hﬁ i B“Bﬁ) 22)
Next, one may define auxiliary parameter a as
B® 2H'B,
=_—_ 4t 2
“=fot HO%ncry @3)
and subtract the linear combination of H* and B* from both sides
HO
H*BP + B*HP — aH*HP — EB"‘Bﬁ = (24)
2H'B 0
= T”u“uﬁ - ([1 + a]H*HP + {1 + 1;0} B“Bﬁ) (25)

Next, using H = cH" for simplicity, one may recall from [9] coefficients related to the electromagnetic
field

¢ relative permeability y, = f—; = V\I,‘iv =e¢ ¢

_ o _ mcy

¢ volume magnetic susceptibility x = y, — 5= T
. e e _ 1 _ —p _ va
¢ relative permittivity ¢, = = R, 8 2
e electric susceptibility x, =& — 1 = —% = 20T = —xe,
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and notice, that one obtains Alena Tensor T*# as
Prpap_ X (pagb g prpb - apep - D pegs) - (26)
Ap 2HMB,, BO
=Auruf - A ([ a)HHP + |1+ H pagp 27)
c2 2H!By, BO
where electromagnetic stress-energy tensor is equal to
1 X HO
— Y = 1+«)H*HP + |1+ —|B*Bf 28
&, = (1 [ &
and where T actually simplifies, as shown in introduction, to
Hrpop . Hroprp (29)

Completing the definition of the first invariant of the electromagnetic field tensor A,, one may define
the second invariant I, by electric E and magnetic B fields as

1 =
I, =—EB 30
L= (30)
where it is known [28], that
YBY, = 4(A§ + Ii) = 4(Y05Y05> (31)
Therefore from (28) one obtains simplifications
H"B Y*L? BY 8 1 1 4c
BO=__*t_T= = (1-= = 2
4HO ~ 2eH ° HO( xe> T te T 32)

and by defining a useful auxiliary variable ¢ one gets

—L 1 e B°
¢ =__'1= - h ¢ —
e AT - 7 cosh(¢) — e 0 (33)
Finally, defining for simplicity as below
, —L I
¢ sinh (0) = sl =1+ A—é (34)
0
then calculating from (28) and (31)
2 =x*%(1- L) X272 e® — V2 et = b _ I, sinh (0) (35)
0 me2 b r va 0
and expressing y, = V\prv = e~ %, one gets further useful expressions
=9
Io e 0 (36)

E:m ;o xy=1loe

To simplify further analysis, one may also normalize four-vectors H* and B* using (32) as follows

at=_—H' ; b'=_B' — a'b, =4 (37)
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where a* (not h*) was introduced to avoid confusion related to the previously defined perturbation
h*P. After few calculations using previously derived relationships in (28)

4cHY 8 mc?
ﬁ[l%—a](Ho)z: 78‘<— . _Xe) —yr<1— 2;) (38)
X HO xcBY mc?y

one may now rewrite the electromagnetic field tensor Y*# as

Y = A, (1 + )u”‘aﬁ +A, (sz - %) b P (40)

1
2¢% sinh (6) 2¢f sinh

As shown in [9] element p; A, is responsible for electric field energy density carried by light, where
Ao x7y* was shown as describing energy density of magnetic moment and was linked to charged matter

in motion. The element is a new term and part of equations related to this term may be

Hr
2¢% sinh (0)
expressed as S*8 with help of (36) as

b= M (b ) = o (010) (pagh _ pepb 41
S = S sinh (8) (a%a ) 22" (s ) )

Since S*f does not actually carry energy but only momentum, it can be associated with some description
of spin field effects by analogy to (21). Using (32), (33) (36) and (39), electromagnetic field tensor Y*B
may be, however, expressed in more useful form. Since

1 Iy 4 xcB® I, L4
”r< T 28 sinh(@)) 2v2° 2L 22 (42)
thus 1 I I
— Y = 0 I gugB 0 po—Opaph 43
Ap 2v2 2V/2 )

As one may notice, (37) also allows to simplify (20) by introducing —e?s# = %SV

gl = ¥ <\i§uﬂ_sﬂ> Lt —e‘l’<\?ull+sﬂ> (44)
what using (33) yields
s% = sinh ¢ ; SS=1+ cosh? ¢ ; shsy = —2¢%9 (45)

and therefore allows to analyze the system using hyperbolic (and trigonometric) functions

H M
4 j;b = ?coshgouf‘—sinh(psy (46)
H _— pH
4 5 L ?Sinh(puf‘ —cosh g s (47)
a%aP = 2 (CZZLI”‘LI/S + %P — ? [U”‘s/S + S“UﬁD (43)
\/E e ¢ e?
YU = gt pH
U 5+ 2b (49)
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One may thus denote normalized Alena Tensor in flat spacetime as K*f with help of (26) and above as
follows T g
KM = —— = e [y pig? — |1 = |ata¥ — bHpY (50)
Np 8 Xe

and notice, that it may be presented after simple calculations using (44) - (48) as

KM = _C—’f uruf - ([1- %(1 +e720)] ata’ + [_%(1 +29)] b 51)

Since the expression in the brackets must be equal to i ALPY“ﬁ, thus

1 e _ X =2¢\] gigv 4 [X 20\ ] prpv
A = [+ 2+ e0)] ata’ + [2(1+6)] oo (52)

Therefore, according to (40), (45) there must occur 2{;56_(9'“’]) = %(1 + ¢72¢9). Indeed, with help of
(33) and (36) one obtains

X coshe 1 L

Io —0 1 — X

——e¢ " =%(e?+e?)="coshg = : = XY= —=¢
22 ( ) =17 =37 va 253 X" 05
I

and the same equality may be calculated for £ (1 + ¢2?) = 75 e?~% what confirms compliance with
(43). Since 0 is merely auxiliary variable (used only to highlight certain relationships) and thanks to
simple algebraic transformations may be expressed in terms of ¢

(53)

®[x

2v2He? = mc?e’ sinh (0) cosh? (¢) — _Xi = (eze - 1) (e_z"’ + 1) (54)

one may thus further simplify the description of the system. This shows that further, in-depth analysis
of the system is also possible, however, modeling and simplifying the description of the electromagnetic
field or searching for elementary particles that provide stable solutions requires a separate article
(probably several articles). From the perspective of describing gravitational waves, other elements of
the description are crucial, which will be discussed next.

Finally, one may notice, that property a*b, = 4 in (37) requires analysis in a complex basis. An
example of such a basis are four-vectors

1 1
oy — | isinh(ic) _ | i(2v2cosh(ic) — 3sinh(ic)
)= cosh(ic) |’ vy = E3 cosh(ic) + Zﬂsinh(ia)) ©9)
0 0

where the angle o was introduced to facilitate further analysis. The null basis product is a sim-
ple consequence of equation (31) as a consequence of taking only the electromagnetic field into
account in the analysis. Since reality requires other fields (e.g. electroweak), it can be assumed
that changing Y*# — Y/
Y Yop =2 (T)ﬁ Yoﬁ) — at'b, = 2, which then makes it possible to assume a basis in real numbers.

into the field tensor corresponding to reality, would probably provide

However, since in this paper it is considered the Alena Tensor with the electromagnetic field only,
the basis (55) will be retained for further analysis as an example, especially since the transition to the
generalized field in the discussed approach is a fairly simple procedure.

A cursory examination shows that this basis describes the electromagnetic field very well indeed.
It has a good representation in conformal geometry (null vectors correspond to points on the equator
of the Penrose sphere), where the propagation directions are perpendicular to the time axis (purely
spatial), ideal for describing a circularly or elliptically polarized wave in the direction of Poyting
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vector Z = (0,0, 2i \@), where a# by = 4 represents the constant phase relation between the electric and
magnetic fields. The proposed basis naturally enters the Newman-Penrose formalism, allows for a
full spinor representation of the electromagnetic field, where ¢ is a typical massless wave, satisfies
the wave equation Lo = 0, and since it provides a spin-helicity of +/- 1, it is well suited for further
analysis in the QFT framework as a photon wave representation, describing a single-particle state.
However, detailed analysis of these issues is beyond the scope of this article.

3.2. Covariant Metric, Higgs Field, Riemann Tensor, Weyl Tensor and Gravitational Waves

Substituting (40) into (18) using (36) and using Alena Tensor properties one gets expression for
metric k% describing the system in curved spacetime

k /I I
k¥ = = <0 P g%aP 20 o0 O prph 4 "‘5> 56
1\2v2 VA 1 (56)

It turns out that using properties of metrics, one may find a general solution for the inverted
metric k, 5. Summarizing the key properties one obtains

k" 1p = kap?™ =k; kkyp = 4; det(k*F) det(kep) = 1 ; koyk!P = s (57)

where in the last condition it is enough to check the index (0,0), because the null vectors are normalized
(@° = 1; b° = 1). To simplify the calculations, it is easiest to define auxiliary variable q and start from
anstaz with unknown A, B,C, D in

,_k Ael=? B e?~?
e 1 = 1 Ky = v auay + L Vs buby, — C (auby + byay) + D iy (58)
By eliminating the subsequent variables to provide equations (57), one obtains covariant metric in the
form o o
sinh (q) e~ ¢ sinh (g) e?~ .
Ky = sinh (q) ¢ ¢ auay + (q) €7 bub, — sinh (q) (auby + buay) + e 1, (59)

Io \/E ID \/E

where invariants of electromagnetic field turns out to be related to the trace

? 1 [e21 —1
A% 205 - I 2o det(kaﬁ) e (e 2) (60)

which means that the trace k is also invariant. The supplementary material contains equations
confirming the correctness of the derivation.

Using arc — for simplicity, to emphasize the change to curvilinear description (since values in
curvilinear description may be diffrent), one may notice, that considered in curved spacetime trace

k=4 yields 7=0. Therefore, the transition to curved spacetime can be understood as solutions with
imaginary magnetic field B — iB. It is also worth notice, that for the null basis example (55), the above
metric seems to describe a gravitational wave in conformal geometry, where % = e~ 1 plays the role of
a conformal factor Q2. Further analysis in this direction should allow to isolate both the polarization
and the relation of k to the Ricci scalar by classical relation R = Q2 (R — 6(]1og Q).

Expressing U by null-vectors as in (48) and requesting U*UPk, B = c? one obtains ugly expression
linking cosh (¢ + 6) and g (due to the complexity of the calculations and the result, it is shown in
the attached supplementary material with calculations). However, substituting q as the I, function
according to (60) and denoting V = 1+ 2I% — 312, it appears that this ugly expression actually expresses
following dependence

1+VV

— V =1+2I2cosh?(6 + ¢) — 2v/2I, cosh(6 + ¢) (61)
V21,

cosh (0 + ¢) =
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where V is the classical Higgs potential and the broken symmetry in the system can be interpreted as
an apparent mismatch of coefficients related to cosh (¢ + ). The Figure 1 shows the classic "Mexican
sombrero" potential V(I,). Since cosh (¢ + 0) is related in equation (45) to the angle describing the
spin, this means that in this solution the spin effect of the field is described by invariant angle (depends
only on I,) and, according to (60) it is closely related to the trace of the metric and, consequently, to the
Ricci scalar in the curvilinear description and thus to spacetime curvature. This also at least means
that to obtain correct results in curved spacetime in the Alena Tensor model, the Higgs-like field is
needed. Perhaps the above result will help explain the existence of the Higgs field and its relationship
to curvature and spin.

— Higgs potential V[lo]

L L L L L 1 L L L L 1 L L L L 1 L L L L 1 L L L L 1 L L L L L

-15 -1.0 -0.5 0.0 0.5 1.0 1.5

Figure 1. The existence of the Higgs field potential as a consequence of U*UPk, 5= c?

For I, = ,/1+ % the whole metric becomes significantly simplified and symmetric

1 sinh (g) I,
L=1+— = V=I* > g=In(vV21,) — = 62
=\ o 7 q=In(v2l) > =7 = =775 (62

which means that it may be assumed that adopting the above value leads to some significant and
physically important solution of the equations for the system.
Using hyperbolic identities and expressing

cosh (6 + @) = cosh(6) cosh(¢) + sinh(8) sinh(¢) = e~ cosh(¢) + e? sinh(6) (63)

then using (36) one obtains

1+VV
2

Using (40) and (45), the releation between electromagnetic energy density Y%, angle ¢ and spin
four-vector S¥ zero component is therefore

1+VV 1+VV | 2c8°
_ ?gi =
5 2u,e? sinh(¢) 5+ .

X7+ et = (64)

1
YO = +x7* =

A, (65)
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which explains the origin of ¢ and the connection of spin and Lagrangian with the energy density
of the electromagnetic field. Since, according to the considered Alena Tensor approach, in curved
spacetime the energy density expressed by Y must vanish (the entire stress-energy tensor of the
electromagnetic field vanishes), this means, that ¢ and thus y becomes invariant, which allows to
analyze the transition to curved spacetime.

One may now consider what value the Alena Tensor takes in curved spacetime. To do this, it is
easiest to analyze the behavior of K¥V. As one may calculate, the determinant of this tensor is 0 and

the matrix rank is 2, but, as described in the introduction, it degenerates to K¥'= 2—’2‘@ U*UP in curved
spacetime. It can be seen that in the Alena Tensor approach the metric follows from propagation.
However, in curved spacetime the electromagnetic field according to this approach should vanish,
remaining present only in the metric and determining geodetic. This can be achieved by degenerating

vectors a¥ and b* to a single vector in curved spacetime a¥=b". However, in such situation the equation
(48) forces this vector to be the four-velocity, divided by the Lorenz factor

—~ o~

H_ph w_ c (e et " R RTY
at=p"* — U:\ﬁ Ta —I—ia =cya" — a:au (66)

which degenerates Kr’;V from (50) to the form

al=pi— Ly g _ ngr— —%u%‘u” = Xe= iZ (67)
c c2y 0%
As can be easily verified, the exact above relation of variables leads to the vanishing field stress-energy
tensor in (52) upon transition to curved spacetime.
Since the metric is known and U* may be expressed by values of a#, b* in flat spacetime thanks to
(48) this allows to easy obtain the normalized Einstein tensor and Ricci tensor (normalized by ) using
the equation (11). According to the notations used in (11) one obtains

1 - 1 1
— RW =2 KW +<1+ Z)klﬂf e
P r Ap

GM =2 KM — kM (68)

where Ricci scalar R (normalized according to notation used) may be calculated as A%,R =4+ 2.
The described system seems to be Petrov type D or II [29], although to be sure, the Weyl tensor

should be calculated. This does not seem possible for the general case (without auxiliary assumptions

about symmetries), but one could simplify the obtained description considerably, based on the fol-

lowing observation. One may notice, that the vanishing Lorentz factor  in K*} can be interpreted
as an important suggestion for the description of motion in curved spacetime. Such motion would
correspond to a stream of particles moving without dilation, a strictly ordered flow without local

perturbations, resembling a perfect, infinitely stiff fluid. This means that K* should be the Killing
tensor and the system schould have hidden symmetry (similar to the Carter constant in Kerr solutions).

As shown previously, product of the basis is in considered case a*b, = 4, which means that null
vectors have global significance for spacetime geometry, thus Killing tensor should have a strong
connection with propagation along null vectors (it is not a random symmetry, but a deep feature of
spacetime) and this would mean the existence of special wave surfaces, e.g. electromagnetic waves
and/or gravitational radiation. This would be a also clear indication that spacetime belongs to the
Petrov D or II class and is associated with wave propagation solutions.

Also, the analysis of obtained equations drive to conclusion, that energy (energy density) is not
something external to geometry in Alena Tensor approach, but energy is defined by the geometry of
spacetime itself. This is a result in the spirit of General Relativity, but it goes even deeper: metric k*V

depends on e?, but at the same time %fl’) depends on the metric because it is trace of K*# in this metric.
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The system itself defines its own energy through the structure of the field, which is similar to the idea
of Self-consistent Field [30] - where the field and the source are inseparable, or Emergent Gravity [31]
- where energy, gravity and geometry arise from a common structure, or Induced Geometry [32] -
where energy comes from deformation of spacetime itself, as e.g. in Sakharov’s theory [33]. It seems
impossible to "decree" energy in Alena Tensor, but it must be calculated from geometry and the system
works as a closed causal cycle.

—~

The dependence for K*/ of its norm and trace in curved spacetime (the norm is the square of the

trace) is a key property for null space and suggests that K*# describes isometries related to null wave
propagation, similar to pp-wave [34] and Robinson-Trautman solutions [35], what is actually expected
in considered approach based on electromagnetic stress-energy tensor and result (56). This would also
mean that the Killing tensor is directly related to the energy distribution in spacetime as expected,
similar to other GR solutions (eg. Kerr solution), and lead to a rather groundbreaking but also expected
result in the context of the discussed approach, that the Killing tensor directly determines the Einstein
tensor in main GR equation.

Since K*/ is simply the Alena Tensor (stress-energy tensor for the system) divided by Ny, it gives
correct conserved values in the Noether formalism (conserved density of energy and momentum).
From the definition of the Alena Tensor as the energy-momentum tensor for the system it also follows

that K*” is symmetric and V, K¥” vanishes.

Since Eaﬁ urub = — ;—22 this implies that along a geodesic parametrized by proper time T, its total
derivative vanishes. p
~ e O
7 (Kup UtUP) = 0= UV, Ky UUP (69)

Using the symmetry of /IEVV one may note that
USUMU' Vo K= UUPU'V (4 Ky (70)
Therefore, the condition

(Vie K )UAUFUY =0 = V(, Kpy=0 (71)

holds for arbitrary tangent vectors U, and it indeed follows that V(, Ew) = 0. Therefore normalized
Alena Tensor is Killing tensor for considered system.

In this way Alena Tensor theory becomes equivalent to some specific case of General Relativity
equation expressed in the following form

V(y K,x/g): 0 — 4CL4GG0(,B + A]ktxﬁ =2A Kap (72)
where according to (11) in the above equation ‘L?TGG,X;; is the classical Einstein tensor in commonly
used notation 4CL4GG04; = G;‘ﬁ (classical Einstein tensor).

Thanks to the above, since the Weyl tensor is defined as the part of the Riemann tensor that
does not depend on the Ricci tensor, this implies that since Killing tensor determines the Einstein
tensor, and the Einstein tensor determines the Ricci tensor, then one could calculate the Weyl tensor
by extracting the part of the curvature that does not contain the Ricci tensor. This would also mean
that the Christoffel symbols can be expressed as a function of the Killing and Einstein tensors, and the

Riemann tensor can be written directly as a function of the Ricci and Killing tensors.
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For the system under consideration, one may therefore construct a general Weyl tensor ansatz
Cyvap, which must contain only components that do not become zero when the trace part is subtracted
from the Riemann tensor. It should be of the form

Cywxﬁ =0 Z;u/zxﬁ +c waxﬁ +c3 Qywxﬁ/ (73)
where
Zyvap = apbyagbg —aybybyag — byayasbg + byaybaag, (74)
Puvag = ayayb,xbﬁ — bﬂbvuaaﬁ, (75)
Q;u/ocﬁ = auby Map — ﬂszﬁ Nuv- (76)

It is easy to check that the above tensors are linearly independent and form the basis for the repre-
sentation of any Weyl tensor in the system under consideration. Analysis of their behavior indicates
that

* X,uqp is responsible for "pure” directional propagation - e.g. a gravitational wave propagating
along null directions (purely conformal part of the Weyl tensor — described solely by null
geometry),

* Pyyup describes non-radiating, "axial" deformation of space - e.g. tidal sequences, consistent with
mass motion without undulations,

* Quuap describes conformal distortion of the background metric itself.

The coefficients c1, ¢y, c3 are not known a priori, but one may determine them with help of Riemann
tensor. To obtain Riemann tensor R¥**# in the system under consideration, it is enough to assume the
following ansatz

RMVEB = A, (k”“k"ﬁ - kﬂﬁk'/“) + 77)
YA, (K?“ KB KB Ve gV By KB Ild“") (78)
It has the following justification
¢ The Riemann tensor satisfies the known algebraic symmetries: Ryyap = —Rypap = —Ruvpar  Ruvap =

Rupuv,  Rypuap) = 0 The above ansatz satisfies them automatically.

¢ There are only two tensor objects available in the system: the metric k;,, and the Killing tensor
E;w: — ﬁ U, U,. The Riemann tensor must be constructed exclusively from them.

¢ The first term with A; corresponds to the geometry of a spacetime with constant curvature, as in
de Sitter spacetime: R Ve ~ kHvB — kP

- constant curvature) . ) )
® The second term with Aj is the minimal geometrically correct extension that takes into account the

presence of non-null energy (represented by K*"). Its construction provides correct symmetries
and enables the reproduction of a non-null Ricci tensor R" = R,’fv’s

¢ Other possible combinations (e.g. K® f<\) are linearly dependent or asymmetric with respect to
the required properties of the Riemann tensor — they do not provide new information in the
case under consideration.

® The whole creates the most general fourth-order tensor with Riemann symmetries, which can be
constructed from available geometric objects.

Computing the contraction of the above Riemann tensor anstaz with k;,, one gets

kyo RMP = 3A1k"F + A, (2 K'P —Aylzkvﬁ) (79)
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Since normalized Ricci tensor R* is known (68), therefore considering for simplicity above Riemann
tensor anstaz as normalized, one gets

1 2
Al=-114+—= ; Axy=1
1= 3 ( 72> ;o A (80)

Such normalized form is convenient to use because it allows one to easily obtain both: classical
tensors (multiplication by the cosmological constant A) and tensors in the Alena Tensor notation
(multiplication by the constant A,).

Next, one may consider normalized trace part of the Riemann tensor S¥'*#, which provides the
necessary symmetries and the vanishing trace in the Weyl tensor. For this to be true, it must have the
following form:

1
_ = Ha VB _ eBleva ) —
6R<k kP — kMPK ) (82)
1 " /\v 1 v av 1 av
2 2 7
() )]
YO (rescb — b (85)
3 72

Since all terms related to K*¥ simplify after grouping the components in C¥'%f = R¥V&F — SHaB one
obtains normalized Weyl tensor in generalized form for the system under consideration in form of

Cyvaﬁ — R;waﬁ _ S;waﬁ — (86)
1
=) (kragvB — grPive
(1+72>(11< kv — kHPK ) (87)
—% <1 + 712) (kﬂ“kﬁv — kMR 4 kVPKPH — k"ﬁk""‘) (88)

Trace of above Weyl tensor disappears and it has all the expected symmetries. Substituting the metric
known from (56), one obtains the coefficients postulated in the anstaz (73) and as one may notice from
non-zero coefficient ¢, gravitational waves exist in the system.

1\? _,
c1=<1+72)§e 9 (89)
o=(141 Ly inh(20 — 2 90
2 = )% sinh( ) (90)
C3:<1+1>Ioezq sinh(6 — ¢) (91)
) V2

One can also demonstrate the existence of gravitational waves using classical analysis using the Weyl
tensor components and Penrose-Newman scalars. Having calculated the above-mentioned tensors,
one may substitute an example basis (55) depending on ¢. Table 1 presents the values of the key
components of the Weyl tensor in this basis.

One may also solve the system of equations (36, 54, 61) presenting the results only as a function
of I, and ¢. Due to the complex relationships between variables, analytical solution is presented

in supplementary file. Weyl tensor component values were calculated for the value [, = /1 + %
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Table 1. Component values of the Weyl tensor as functions of the angle for selected I, value.

doi:10.20944/preprints202502.0263.v6

Component Value

(i) | {40@05@ +sin(0) -

2
C 0212 —4+81

icos(o) (—ﬁ +72cos(20) — 10i sin(2(7)> sinh(2(0 — (p))]

C 1313 0
0202 12(I2—1)(5+cosh(2 . .
C ( 2(4+8°I(§s 29)) . coshlz((p) . (1 +3cos(20) — 21ﬁ51n(2t7))
20712 _ . .
C 1010 B(12 115;5_:—;1(§sh(2¢)) — hlz(w : (1 — 3cos(20) +2iv/2 Sln(Zg))
C 2323
c 1213
C 1323 0

adopted for the analysis (62) and for chosen solution ¢(Io),6(Io). The Figure 2 below clearly shows
the wave nature of the C’?!2 component of the Weyl tensor, presenting the result of the calculations
performed. It may be seen, that the Weyl tensor component C%212
some curvature field along the propagating direction ¢.

seems to encode the variation of

Normalized Weyl tensor component C0212(o) for lo = ’ 1+ #

Value
20
(10 -
. A\ | A . . T
2 Y

— Re[C0212] — Im[C0212]

Figure 2. Weyl tensor C%?!2 component as a wave

By calculating the Penrose-Newman scalars (only ¥, and ¥4 are non-zero) one can conclude that
the example Weyl tensor describes Petrov type Il spacetime and does indeed contain gravitational
waves with two polarizations (+ and x), as well as some observable symmetries. The next two graphs
show the oscillations of these scalars and the deformation effects for an example arrangement of test
particles on a circle. In the supplementary materials there is a gif file presenting an animation of this
distortion. This animation reveals the typical quadrupolar nature of spacetime distortions induced by
gravitational waves (characteristic twisting and stretching).
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Penrose-Newman scalar modules as a function of o
Amplitude
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Figure 3. Oscillations of Penrose-Newman scalars.
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Figure 4. Deformation visualization for particles on a circle.

The above Weyl tensor components are actually normalized. One may thus present the main GR
equation in the Alena Tensor notation (11) and represent it using the vacuum pressure 2 pp = % =Ny

as follows _ _
G +2pp k™ = 2T =2A, Kup=4pa Kap (92)
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Since the obtained Weyl tensor is normalized (by A - classical notation or by A, - Alena Tensor notation)
this means that the interpretation from (19) that gravitational waves in the Alena Tensor are in fact
propagating vacuum pressure disturbances also seems to be correct.

It is also worth noting that the obtained metric term e~97*f = %17“5 can in principle be interpreted
as a vacuum energy contribution (effective cosmological constant) as in [36,37] playing the role of a
metric scaling factor, as e.g. described in [38].

Additionally, one may invoke the scalar field ¢ associated with the presence of matter, where
e = % It is known from 2.2 that e? is responsible for the presence of sources and in their absence

ptr = 1. Therefore, interpreting whole Y*# as the wave amplitude tensor one would get representation
%Y“ﬁ = P, h*Pe? which would also allow to search for ¢? as a certain wave function.

This approach allows for two simplifications related to the analysis of gravitational waves.
Considering the force fg, responsible for effects related to gravity as shown in (13) and extracting the
acceleration A" from it, one gets

QA = fg =0 (d"’ u" — c2a“4>) - 0p = 72512—4’ — 0 A (93)
dt dar?
since according amendment from [10] d,yU* = 0.

As shown in [9], ¢ is directly related to the effective potential in gravitational systems which
can be calculated from the GR equations. This would allow searching for propagating changes of the
effective potential itself (¢ = 0) similarly as was postulated in [39]. It would significantly simplify
both the calculations and perhaps the methods of detecting gravitational waves.

The second potential simplification results from the possibility of analyzing only the Poynting
four-vector Y as %Y"‘O = P, i*%? which might also help simplify the calculations and search for
experimental proof of correctness for the Alena Tensor approach.

4. Conclusions and Discussion

As shown in the above article, the Alena Tensor ensures the existence of gravitational waves and
allows their physical interpretation, providing key tools for their further analysis including the ability
to calculate and visualize Weyl tensor components. The obtained decomposition of the electromag-
netic field stress-energy tensor (56) allows for further analysis of metrics for curved spacetimes (e.g.
extending obtained solution for other fields) and also to use the proposed null basis for further Alena
Tensor development in the framework of conformal geometry, the NP formalism and the description of
photons in QFT. It also seems reasonable to generalize above results for non-linear electromagnetism
using e.g. approach presented in [40] and search for a description of elementary particles that will
provide relatively stable solutions to the obtained equations, perhaps also taking into account new
approaches, such as those proposed in [41].

It remains an open question whether the Alena Tensor is a correct way to describe physical systems,
but this paper shows that it exhibits many properties that are expected from such a description,
including the existence of gravitational waves whose behavior and description agrees with GR.
Additionally, quite surprisingly, this approach naturally forces the existence of the Higgs field and
this field turns out to be necessary to even consider curved spacetime and gravitational waves. The
spontaneously appearing faithful reproduction of the Higgs field may of course be a completely
coincidental result, but it may also be an indication that the proposed approach is worth further
investigation and development for other fields (or more general solutions), to obtain complete picture
of unification.

The connection between Alena Tensor and the Killing tensor obtained in this paper reveals a deep,
nonlinear connection between the matter distribution and the geometry and symmetries of spacetime.
These results show that the matter distribution in this approach is not arbitrary, but precisely tuned
to the geometry and hidden symmetries of spacetime, which allows for their further analysis in the
language of Killing tensors and conformal Weyl curvature.
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As indicated in the introduction, the Alena Tensor is a new approach and certainly requires a lot
of work and further research. It seems, however, that further analysis may yield useful descriptions of
the transformation between curved and flat spacetime and bring new insights that will contribute to a
better understanding of issues related to the broadly understood unification of physical theories.

5. Statements

All data that support the findings of this study are included within the article (and any supple-
mentary files).
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