Pre prints.org

Article Not peer-reviewed version

Spectral Approach to the Fractional
Power of Operator and Its Matrix
Approximation

Vassili N. Kolokoltsov * and Elina L. Shishkina ~

Posted Date: 8 January 2026
doi: 10.20944/preprints202601.0585.v1

Keywords: fractional integrals; resolvent; rate of convergence; powers of matrix operator;
matrix approximation

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/996675
https://sciprofiles.com/profile/862781
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 January 2026 d0i:10.20944/preprints202601.0585.v1

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
Spectral Approach to the Fractional Power of Operator
and Its Matrix Approximation

Vassili N. Kolokoltsov 123*{ and Elina L. Shishkina 3456

Lomonosov Moscow State University

Moscow Center of Fundamental and Applied Mathematics
National Research University Higher School of Economics (HSE)
Voronezh State University

Belgorod State National Research University (BelGU)

Kadyrov Chechen State University

*  Correspondence: v.n.kolokoltsov@gmail.com

A Ul R W =

Abstract

This article is devoted to constructing of fractional powers of operators and their matrix approximations.
A key feature of this study is the use of a spectral approach that remains applicable even when the
base operator does not generate a semigroup. Our main results include the convergence rate of matrix
approximation, derived from resolvent estimates, and a practical algorithm for constructing matrix
approximations. The theory is supported by examples.
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1. Introduction

One of the most important problem in the fractional calculus and its applications is to derive a
formula that, for suitable operators A and a range of parameters «, generates a family of operators
{ A"} possessing the properties expected of powers. In particular, A" should coincide with the iterated
power A" = A-A-A- .. Awhena is a positive integer 1, and the index law A*AP = A**F should

n
hold whenever A%, AB, and A**F are all defined. Several methods now exist for constructing such
families [1]. Let us consider some methods of constructing powers of operator A.

The first method involves finding the iterated operator A" and replacing the natural number n
with a real or complex number a. This approach works when the functions of natural numbers which
are presented in the formula for the iterated operator can be generalized through their extensions to
real (complex) numbers. For example, the fractional power of the regular integral arises in this way.
Namely, starting from the formula for the iterated integral, we see that it is sufficient to replace the
power function with a natural exponent by a power function with a real exponent, and the factorial by
the Gamma function. This yields the well-known Riemann-Liouville fractional integral (see [2], p. 33).
By finding the inverse operator, we obtain the Riemann-Liouville fractional derivative ([2], p. 30).

Another approach is to begin with the definition of the derivative as the limit of the ratio of the
function’s increment to the argument’s increment as the argument’s increment tends to zero, derive
a finite-difference formula for the derivative of a positive integer order, and generalize it to a real
order. This results in the Griinwald-Letnikov fractional derivative, whose inverse is the corresponding
fractional integral in a difference form (see [3], p. 43). However, if the operator is more general than an
integral or a derivative, then using the iterative method becomes technically quite difficult.

A further method is based on solving the Cauchy problem for the iterated operator and then
replacing the positive integer denoting the order of the operator with a real number (see [4]). Addition-
ally, if the operator can be presented in a factorized form using integral transforms and a symbol, its
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fractional power can be expressed as a pseudo-differential operator with the symbol raised to a real
power (see, for example, the fractional Laplace operator in [2], p. 483).

All listed approaches are not constructive. For this reason, they are often not applicable from
an applied point of view. Methods for constructing fractional powers of operators based on theirs
properties rather than on replacing a natural number with a real one appeared in functional analysis.
When the operator (—A) is the infinitesimal generator of a bounded semigroup, Phillips and Hille (see
[5], 1952 and [6], first published in 1957) established that its fractional powers could be constructed
using an operational calculus they developed. Balakrishnan [7] in 1959 provided a comprehensive
treatment of this approach. Subsequently, Balakrishnan [8] in 1960 introduced a new definition based
on resolvents that extended the theory to a broader class of operators. Further study of this approach
have been given in [9-12]. Independently, Krasnosel’skii and Sobolevskii [13] in 1959 (see also [14])
using the splitting method, constructed fractional powers of self-adjoint operators.

The significant role of fractional calculus in applications [15-17] drives the need to construct
approximations of fractional powers of operators and to quantify their convergence rates. The most
useful way to represent, disnamical process, and study linear mappings between finite-dimensional
vector spaces are matrices. Also, matrix approximation of operators is crucial for simplifying integrals,
differential operators and stochastic processes.

In this paper, we present the convergence estimate for fractional powers of operators. Specifically,
we begin with a base operator and its approximation, both satisfying the same resolvent estimate.
Using the resolvent approach, we then construct the corresponding fractional powers and derive
an estimate for the norm of their difference. As a practical application, we also develop a matrix
approximation method.

2. The Spectral Approach to the Fractional Powers of Operators

This section is devoted to the study of the spectral approach to the fractional powers of operators,
including rate of convergence and examples.

2.1. Application of the Resolvent to the Construction of a Fractional Power

In [18] the rate of convergence for powers of operators constructed from semigroups theory were
obtained. In this article, we use a method for defining fractional powers that applies even when the
base operator does not generate a semigroup or have a dense domain. This construction was first
given by Balakrishnan in [7]. Namely, if the resolvent of the operator A exists for A > 0, and is O(1/A)
for all A, then fractional powers was constructed, using an abstract version of the Stieltjes transform.

Recall the definition of (—A)* from [7].

Definition 1. If A is a closed linear operator with domain D(A) and range in a Banach space X, for which
[[AR(A, A)|| < M < o0, A >0, then

(—A)* = —5“‘(7"‘”) /A“*lR(A;A)Adi, x€D(A), O<a<l. (1)
0

Forasuchthatn —1<a<n,neN
(_A)(X — (_A)a—n+1(_A)n—1x, p= D(An+1).

Some important properties were obtained in [7].

1. The operators (—A)* can be extended to be closed linear.
For 0 < & + 8 < 1, a semigroup property is valid (—A)*™F = (—A)*(—A)P, x € D(A?).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202601.0585.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 January 2026 d0i:10.20944/preprints202601.0585.v1

3o0f24

2.2. Rate of Convergence: Spectral Approach

The precise problem considered in this subsection is as follows. Let B be a Banach space, and let
A, C be linear operators with domain and range in B. Suppose the resolvents of A, C exist for A > 0,
and are O(1/A) for all A. Consider a subordinate Banach space D C B such that ||(A —C)f|lz < |Ifllp-
We pursue two goals: first, to estimate the closeness of the resolvents |[R(A; A) — R(A; C)|, and second,
to estimate the closeness of the fractional powers |(—A)* — (—C)*|. Using methods from [19], we
obtain the following theorem, which provides effective upper bounds for these quantities.

Next we will consider « € (0,1).

Theorem 2.1. Assume A, C are linear operators with domain and range in a Banach space B with the resolvents
R(A,A), R(A, C) defined for A > 0 such that

IIAR(A, A)||5 < M < o0,  [|[AR(A,C)||s < M < co.

Let there exist a Banach space D C B with norm ||.||p > ||.||p (can be just D = B for bounded A, C) such that
R(A, C) is defined and has similar bounds in D for A > 0:

[[AR(A,C)||p < M’ < co.

Assume moreover that
[(A=Ofls <wlflp, w>0.

Then
(RO 4) - R C) s < 200 1), @
and
1((~4)* ~ (=) l1s < 7 fllow*, ®
where

«
= 2 ! .
0% M( +M1—¢x>

Proof. From the second resolvent equality
R(A;A) —R(A;C) =R(A;C)(A—-C)R(A A),

it follows that M MM
w w
IR, A)f = RO Oflls < ZE IR Ofllb < “S3 | il

Next, since R(A, A)Af = AR(A, A)f — f and the same holds for B, applying (1) we obtain

[(=A)*f = (=C)*fllp < W/A“IIR(?\;A)J‘ — R(A;C)f|zdA.
0

Decomposing the domain of integration in two parts, [0, w] and [w, c0), and using (2) only for the
second integral we get the estimate

w )
|(=A4)"f = (=C)*fllp < 2Ma [ A1) fllpdd + MM’ [ %2 fl|pdA =
0 w

o
1—n

14
=2Mw* | fllp + — M'Me*| fllp < M<2+M’ >||f||Dw”‘-

The proof is complete. [
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Remark 1. In the most important case, when A, C generate Feller semigroups, then the above estimate for
the norms of their resolvents in B are known to hold with M =1. Moreover, if D is the domain of C with
lfllp = Il flls + [|Cf|| B (the canonical choice of the norm in the domain of an operator), then the above estimate
for the norm of R(A, C) in D holds as well with M' =1, because then

ICROLO)f 15 < ~ICfll5 < ~ I flp-

In this case, <y in (3) simplifies to y = (2 — «) /(1 — ). In any case it is seen that these estimates are not good
for w close to 1.

Next, we analyze Definition 1 in details and show how to construct (—A)* in practice, starting
from the operator (—A) and its resolvent.

2.3. Riemann-Liouville Fractional Integral

In this subsection we show how this method works with the simplest integral:

(I ) / £()
It is easy to see, that [20]
0o ( 1\k Ak
§=ROL,-A)f = (A+A) =1 (2 %f) @
k=0
It is known that iterated operator I}, has a form
(1)) = / ix / dx.. / fdt = =g [ =00

k

Then by (4) the resolvent of the operator (—I1, ) to be

k=0

0 (_ 1Yk ak o (_1\k x
-ty = (8 S0 - b 3 (£ 2 fo- ) -

So we can write
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then by (1) we get
(1)) (x) = ST / A 2( [e Atf<t>dt>am=
0
= W/ t) <7A“—2e—"?m) dt = {1/A =z} =
0
M)/f (O/Z re=(x— t)zdz)dt:

7T

_ sin(em)l(1 - ) /(x_ O ()t :ﬁ [ =1 f(t)de = (12, ) ().

a

Here the Euler’s reflection formula

7T

I(1-z)I'(z) = prmg— z2 &7
was used. So, we obtain
(B 0)(0) = gy [ = 0% (e ®)

The expression (5) consides to the well-known Riemann-Liouville fractional integral I, (see [2]).

2.4. Erdélyi-Kober Fractional Integral
Looking at the integral

(Ibssef) / ont

first, we easily obtain that iterated operator (I} + )% has a form
(1) ) () = (1) (2 / xdx / .. / f(tyat =

- —zkl(; 1 /(x2 — 21 (Hdt.

a

Then by (4) the resolvent of the operator (—I1, ) to be
1 o0 (_1)kAk
1 _ —
R(A ~Loyx)f = 5 (lg) —x )=
X
P O R G VA B O Sy _
=32 (k_zl zk—l(k—l)!ﬂf(x E)T ot | =
- a

_ 1 N N A _
_Xerﬁ(a/k;(k—m( 2 ) f(t)tdt)—
oo (k2 ok s
_%(/kgo( kl') (x ZAt ) f(t)tdf) Z% —%/e—Tf(t)tdt_
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Since R
1 _x2
(A =Bmnf) () = 5 [ fleyeat,
a

then by (1) we get

(1)) ) = ST e ( [e5 f(t)tdt) ar =
0

a

_ sin(a7t) /f(t)t (/ Aa—ze_xzzatz d/\) dt ={1/A=z} =

7T
a 0
= —singicﬂ) /xf(t)t (72_%_%("2_*2)%2) dt =
2 0
- Sin(“”)i(l ) ](xz - t2>a_1f(t)tdt _

-5 / (#)“_1f<t>tdt = (I8 f) ().

Since the Erdelyi-Kober integral is defined by formula (see [2]):
2 X
(2 () = g ™ [ 2 =Py ep e, ©
0

operator Iy, .. coincides with (6) up to multiplier Cx~2(®) and

(I f)(x) = ﬁ / <#>H F(b)tdt.

2.5. Hadamard-Type Fractional Integral
We will use the function space [1]

Fpu= {9 € C?(0,00): ||kak(x_”q))||p <o, k=0,1,2,..},

where 1 < p < oo, yt is any real number, D= A || - ||, is L,-norm.
We consider the integral operator of the form

X
m _
WA = oy [T 0a, x>,
0

which is a homeomorphism from F, , onto F, , and has inverse given by

() 1)) = -+ D)+ r = (0416 L) 0.

Indeed,

(Y ) ) = (1 (xmfffm [y Wf) -

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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1 4 /tm17+1 1f()

m(n+1)—1
/t f()dt+m dxxm'?+1

(

m(n+1)
xm(+1)
+1) +1)
—mn) / 0 f(eyar - D) / POt 4 f(x) = £ (%),
If £(0) =0, then
X
x d\~ _ 1 11
(25) ro- mO/;f(t> F= (M) (x).
Since
(I £) () = XD (1) (x), )
we can write
A+ I = g (AL L, M), ®)
That means that the spectrum of (—1,71’1) on F,, is identical to the spectrum of (—1I L1y Fyytm(n+1)-
Bearing this in mind, in order to find the resolvent of (—I,’Z,’1 ), we consider the equation
(Al + 11;1'1)4’ =1, ¢ €F p.u+m(y+1) )
Solution to the equation (9) gives the resolvent of the operator (—1I,,' D)
¢ = AL+ IL,") 7 = R(A, L")y
Starting with finding the resolvent R(A, —I,, L, Applying - d ; to each side of (9) and dividing
by A produces
x d n 1y x d
max A )% A mdx )V
This can be written as
A(xdy g, 1(xd xd\ g, Xt (xd
3 \mdx = \max )? m dx =% Unax )V
and we get
1 (xd\ ' w/xd 1 ( i mfxd
“er () (e o = (0007 (G ) 0
Integrating by parts we obtain
d X
(1 (25 )w) ) = 0/ By (O = () — 2 (1128 ) (1)
and
_l _ IV Ty = —w— m fi 71)‘
¢ = /\ll) Azxm m IIJ /\IIJ /\2x)t m dx lp
provided that Re (u+m(n+1)+1/A) #1/p. When Re (u+m(y+1)+1/A) >1/p by (7) we obtain
1 m 111
=¥l Y
1 m 111
=2l

and

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Consequently, from (8), for A >0, Re (u+m(n+1)) > 1/pand f € Fp,,

(M +Ig = oty A L tg = f =

1 _11\—
= 8= (AL + I, "))t g o

1 m -11 4
- 8=y % m( Sl e,

We have

—xmé+1><z,,%1flxm<v+1>f><x>=ﬁ [tk 0 gy = (1) (o).
0

Finally,
R(A, — 1Y) = %I—ﬁlﬁﬂ & 1—-AR(A, 1’71):%,,1

11
. (10)

We obtain
RO, =L = 1= AR, —1) = 207

We get by (1), taking into account (10)

(1) = ST [ aetron, i feyan =

. o 1
_ sin(am)m / A2 ey g) =

sin(uc;‘c)m2 /)L,x_zx—m(m%ﬂ) (/ tm(77+i+1)‘1f(t)dt) dA =
0

_ Sln(:::_'_l /f tn 17-‘,—1 1dt/AlX 2 % _
X
_ sin(armr)m n(g+1)-1 / a2, %logF gy — [, = Mo X1 —
T () /f(t)t at [ A td/\_{u—/\logt}
a—1 e
0
X
_ sin(am)[(1 — a)m? n(p+1)—1 X\t
B oxm(n+1) /f(t)t (mlog;) at =

0
m2 / n(n+1)—1 1 X a_ld
— —F( ) O/f(if)t (m og?) t.

So we get generalisation of Hadamard fractional integral

2 x r—
(LF)" f) (x) = % / FOrr = (mlog 7) L. (1)
0

© 2025 by the author(s). Distributed under a Creative Commons CC BY license
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If we put m =1 in (11) we get the following operator

+1
() D) S - wnw.

X

This example in the particular case, when m =1 was given in [1]. Such integral was considered in
[21,22]. If additionally we put # = —1 in (11) we obtain classical Hadamard fractional integral (see [2])
which is realised negative power of the Cauchy-Euler operator xd%

(1) / ) (10g3) "4 = (+2)

It is known that for « > 0 and 7 > —1 and for an infinitely differentiable function f(x) defined for
x > 0 such that its Taylor series converges at every point x > 0 the following equality holds (see [21])

artrne —gis (1) ) ot - £ et

k=0

where

{”‘} :lf(—nkﬂ' N+, wecerR  keNU{0} (12)
klc k! = j ’ ! ’
are the generalised Stirling numbers of the second kind.

3. The Matrix Approach to the Fractional Powers of Operator

This section is devoted to the matrix approach for calculating fractional powers of operators. We
start from the illustrative example giving the fractional power of the simplest integral operator, then
we construct a power of a diagonalizable triangle matrix and its resolvent.

3.1. lllustrative Example

To illustrate the concept of using matrices for introducing new forms of fractional integro—
differentiation, starting with the simplest case and consider a Riemann integral (Z, f f(t)

wherea < x <, f € Cla,b].
Consider a uniform partition P = (xp,x1,...,%,) of the interval [a,x], defined by points
x—a

xp=a+ ph for p=0,1,2,..,n, where the step size is h = *>%. Then the integral 7, + is defined

as the limit of the corresponding integral sums as n — oo:

n—+o0

:/f(t)dt: lim Zf(gp Jh= lim Zf(é‘p

where &, is an arbitrary number &, € [x — (p +1)h,x — ph], p=0,...,.n — 1.
If we take §p = x — ph and denote f, = f(x — ph),p =0,..,n —1, f, = 0, we obtain

X —a
" .

x):/f(t)dt:hthfx—ph 11mh2fp, h=

n—-+oo

Approximate operator is

X—a

@apnf)(x) =h Y, flx—ph), = (13)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Let £, = (fo, f1, -, fu—1). Operator Z,, we associate with the (1n X n) matrix
11
0
Ap=h|: : (14)
0 0 11
0 0 01
in the sense
Iim A, -f, =
h—+0
ne X
lim b ¥ f, J f(x)dx
1 1 f h—+0 p=0 ﬂx
0 e | fxjax
0 1 h hlgﬁo h ,El fr a
= lim h N . L N . . . = . =
h—+0 ) o f : x
AR Y I P/ B J
00 -0 1) \fis hlgglohp_g_zfp a2
- X
lim hf,_ x)dx
Jm T fyg f1 f(x)
We can see that 7}, can be represented by
. xX—a
(T3 f)(x) = lim (Auf) Ty, h=", (15)

where 1, = (1,0, ...,0). We have so called "matrix operator" A, and the limit when & — + 0 of the
N——
n
first row of A, - f, gives (Z1, f)(x).
We explore the concept of associating integral and differential operators with their correspond-
ing matrices. Our goal is to construct the fractional power Aj, « € R, of the matrix operator A,.
Subsequently, we will derive the fractional power of an operator as a limit by the formula

(T2 )() = Jim (A3 £) -y = lim (A5 £2) - o (16)

where A% is first row of A% for all « € R.
In order to construct the power A%, « € R we will use the formula A% = e*" 47, Choosing for
uniqueness the main branch of the logarithm In A;,, we obtain

1 1 1
00 i A
001 3 w2
InA, =Inh+|: © + .. s
00 0 0
00 0 0
0 a 3 e |
o o
00 a -3 -2

o
o .
o
2

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202601.0585.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 January 2026 d0i:10.20944/preprints202601.0585.v1

11 0f 24
1 « a(a+1)  a(atD)..(atn—3)  a(atl)..(atn—2)
(w1 )obn—d)  alatlnliin=3)
a(a+1)...(at+n— alw (atn—
01 a o (n—3)! (n—2)!
Ap=h*|. : : : . (17)
0 0 0 e 1
0 0 0 e 0 1
We get general power (17) of matrix operator A, for all « € R which automatically has semigroup
property.
It is easy to see that when o = —1
1 -1 0 0 0
0o 1 -1 0 0
- 1 )
An 1 - E : s
0 0 0 1 -1
0 0 0 0 1

we get the formula of matrix A, inversion and

o At =
1 -1 0 0 0 fo fo—h
) 0 1 -1 0 0 f ) f—f
= m P b 7 limeg : -
0 0 o 1T -1 fn72 fan_fVl—l
00 0 --- 0 1 fu-1 fo-1—fn
o f)—flx=h)
i LGl f-2h) -
h—+0 h fL(x1)
hl_ig:o f(x*("*z)h);f(x*(nfl)h) F(x02)
!
lim £ (=)~ fenh) fL(xn-1)
h—+0 h
and f(x) = f(x )
-1 o -1 ) T X)—J\x =1 _ o
(Zo- f)(x) —nl_lgloo(«‘ln £,) - Iy hlgﬂo p fL(x) (18)

is a left derivative of f at x.
Next we notice that when a« = —m, m € N, m <n we get that in the first row all elements with a
column number greater than (m+2) are equal to zero

—m (—1)"1%2 0 0
0 1 -m (—1ym-immk2 o 0
1 .
A= : , (19)
"lo o o 0 1 —m D
0 0 0 0 1 -m
0 0 0 0 0 1
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sofora = —m, m € N, m < nby (16)
(Zo{"f)(x) = lim (A" ) - Iin = hliri‘opé (;}n)p (’Z)fp =
- hlgﬂopi_o (_h’i)p (’Z)f(x— ph) = Bim, IEf](x) =),

where (”‘)— are binomial coefficients, V' [f](x)= f
o

(—1)”(’;‘)f(x — ph) is a backward differ-
=0

L
(m—p)!
ence, fﬁ (x) is a left derivative of f at x of order m € N.
Ita € R, & # —m, m € N, then, Taking into account that
a(a+1)..(a+p—2)=alP

is the rising factorial which can be written using the Gamma function by the formula

L-n _ Tlatp—1)

T(a) 7
we get
[(atl)  T(a+2) = T(atn—1)
T(WI2) TI3) T(@)0(n)
0 1 Tath . I@tn-2)
Az = B T(x)T(2) T(a)T(n—1) ) (20)
0 0 0 1
Therefore, by (16) we can write
- bt 'S T(a+p)
[ g LR . e
(Ia+f) (x) - hgrEO(An f") 1171 hli}}:o I—-(a) ,;) I"(p + 1)fP' (21)

where f, = f(x — ph), h= *%. Formula (21) gives the left-sided Griinwald-Letnikov fractional integro-
differentiation of order « € ]R, a £ —m, m € N (see [2]).
It is knows that (see [3]) for f(x) € Li(a,b) limit (21) exists for almost everyone x and

(Zar f)(x) = (L. f) (%), (Daif)(x) = (Dgyf)(x)

where

1506 = 7 | G

is the left-sided Riemann-Liouville integral,

. 1 AN [ f(tdt
(Daf)(x) = W(ﬁ) /m p=la]+1

is the left-sided Riemann-Liouville derivative.
The finite-difference operator

(B f) 2 o f=faph, h= 22)
) &
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which is a prelimiting form of (21) will be used for approximation of the left-sided Riemann-Liouville
integral. Let us note, that in [3] this approximation was used for the numerical calculation for concrete
engineering problems.

3.2. Power of a Diagonalizable Triangle Matrix

In order to construct fractional power of the operator .4 we shall construct the power of matrix
A% =¢* "4 where we choose the main branch of the logarithm for uniqueness. In Section 3.1 we
constructed the A* whenalla;, =1,k =0,1,..., N — 1. In this section we construct A* = e* InA when
ag # a1 # ... # an—1. In this case a matrix A is diagonalizable.

Theorem 3.1. Let det A # 0, a1 # ap # ... # ay, then the matrix

al az ... an

0 apy -+ ay
A =

0 0 cee ay

is diagonalizable and eigenvalue decomposition for matrix A is

A =PDP}, (23)
w”lere P - (bsm)?éiLs:l/ Pil - (Csm>:1n,1],5:]/ D = (dsm);lrllll,521/

1 ifs =m; 1 ifs=m;

ifm <s; 0 ifm<s;

bsm == alh—s . Csm = am—s—1, ,

o ifs<m, ——— ifs<m,
IT (am—a;) I (as—a;)
i=s i=s+1

g am ifm=s;

T 00 ifs #£m

Proof. Eigenvalues for A are ay,ay, ..., a,. Since a1 # ay # ... # a, then matrix A is diagonalizable
and can be written in the form A = PDP~! where

aq 0 --- 0
0 ar 0
D= .
0 0 S ay
is a diagonal matrix and
by by -+ b
0 by -+ by
pP= ) )
0 0 - by
is an invertible matrix. Now, we can find P and P~ L.
Since
by by - b aqg 0 -+ 0 aybir axbip -+ apbyy
0 by -+ by 0 a --- 0 0  aby -+ aybyy
PD = | . N I = ) . ,
0 0 R bnn O O A an 0 O M anbnn
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then an equality AP = PD gives

ap ay -+ ap byt by -+ by aybyy axbypy - aybyy,
0 ay -+ ay 0 by -+ by B 0 apby -+ apbyy,
O 0 --- ay 0 0 - by 0 0 <oy by
For the first row:
a1 - by =ay- by
ay -byp +ap- by =ay-byp

ay -byg +ay - by + ..+ an by = an-byy
for the second row:
a, - by =ay-byp
a - bz +az - bz =a3- by

ay -boy +az-bzy + ..+ ay by = ay-byy,

for the n-th row
ay - by = an - buy.

Let s be the number of row, s =1,...,n,m =1,..,n, s < m we we can write the system
m
Zaibim = apubsp.
i=s

Fors=m—1

am—lbm—lm + ambmm = ambm—lm

then
a
bm—lm - i bmm
Am — Am—1

If bll = bzz = .. = l’)nn — ]_, then
by gy = —
m—1m = .
Am — Am—1

Fors=m—2
Ap—2bm—2m + Ay 1bm—1m + Anbym = Aby—2m,
thy
en 1

bu—om = —(am—lbm—lm + ambmm) =
Am — m—2

_ 1 < Am—19m

112

m
= + m> = .
Am — Ap—1 (am - ﬂm—l)(”m - ﬂmfz)

am — Am—2
Fors=m—3
Am—3bm—3m + am—2by—2m + am_1by_1m + ambmm = amby_3m,

then 1
by—3m = —(am72bm72m +ay_1by—1m + ambmm) =
am — Ap—3
1 A0l Ay, 14
_ m—2%m + m—14m ta,) =
am — A3 \ (am — @p-1)(@m — Am—2)  am — am_1
ay,

(am — am—1)(am — am—2)(am — am—3)"
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Therefore for s < m

uS
bm—sm = S -
IT(an — an—i)
i=1
orfors <m
am-=s
bsm=
H (ﬂm - ai)
1=s
and
o a3 e —mT
Ba (o)) ' (a0
= n—2
0 1 u SR =P
a3—ap Hl(anfal)
P _ 1=2an_3
0 0 1 =
(anfat)
i=3
0 0 !
Finally, P — (bsm)Zil,szl’ s=1,..,n,m=1,..,1nwhere
1 ifs=m;
0 ifm<s;
bsm — amn—s .
# ifs<m.
I1 (ﬂm_“i)

i=s

We now proceed to find the inverse matrix P~!. Inverse of an lower triangular matrix P is another

upper triangular matrix

c11 €12 - Cin
p- 0 cn -+ oo
0 0 cee Chn

The elements csy, of P~1 can be found from the system

bll b12 T bln c11 C12 - Cln 1 0 --- 0
0 b22 et bZn 0 C22 o Con 0 1 .0
ppl = ) o ] N o ‘ — | ‘
0 0 -+ by 0 0 - ¢ 00 --- 1
It is clear that
bmmCmm =1, m=1,..,n

so diagonal elements of P~! are reciprocal of the elements of P:
Com = —— =1, m=1,..,n.
For other elements we get

k
stiCikZO, s=1,..,n, k=s+1,..,n
i=s
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Putting k = s + 1 we obtain

s+1
Z bsiCis11 = bssCss 41 + bss11Cs 41541 = 0, s=1,.,n-1

i=s

or 1
s+1—s
oot = bss—l—lc et = —burq = 541 G5y s—1 . n—1
ss+1 — — s+1s+1 — T Yss+1 — ™ - ’ =1..,n—1
bss st1-1 s — 0541
(as41—a;)

i=s
For k = s +2 we get

542

Z bsiCis12 = bssCss+2 + Dss11Cs 41542 + bss2Cs 42542 = 0, s=1,.,n-2
i=s

1

Css42 = _b_(bss+1cs+1s+2 + bss+2cs+25+2) = _<bss+1cs+1s+2 + bss+2) =
ss
2
o As41as42 ) —
S - + =
(as41 —as)(as2 —asp1)  (As2 — as)(As42 — As41)

_ ass12(As41 — As42) _ s 2
(ast1 —as)(as42 — as)(as42 — as41) (as41 — as)(as42 — as)

For k = s +3 we get

s+3
Z bsiCis+3 = bssCss 13 + bss11Cs 11543 + Dss+2Cs 12543 + bss 436543543 =0, s=1,..,n—3,
i=s

1

Css+3 = __(bss+1cs+1s+3 + bss42Cs 42543 + bss+3cs+3s+3) =
bss

= _(bss+1cs+ls+3 + bss+2Cs+2$+3 + bss+3) =

_ a3, 10543 _ a3, 50513
(@511 — as)(as42 — as41) (A543 — A541) (as12 — as)(as42 — as41) (A543 — A542)
3
as+3

(@543 — a5)(as43 — a541) (A543 — As42)

a%”s+3
(as — as41)(as — asy ) (as — a543)

Therefore fors =1, ..., n,

ﬂgn_lﬂsﬂn
Css+m = — ’
H (ﬂs - as+i)
i=1
ag"‘s_lu aé"‘s_la
Csm = s ="
(ﬂs - ﬂs+z‘) I (ﬂs - ai)
=1 i=s+1
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and
1 a 1143 LA
m—ay  (a1—az)(a1—az) T (a1—a;)
i= n—3
0 1 % A N
1 2 3 1—13(’127%)
PP=10 o 1 a5
T (a3—a;)
i=4
0 0 ce e 1
Finally, P~! = (csm)jy ,_y, where
1 if s = m;
ifm <s;
Csm = .
T S g oo,
T (as—ay)
i=s+1
Theorem 3.2. Let det A # 0, ay # ap # ... # ap, then the power & € R of matrix A is
At = (psm):{nzl,s:y (24)
where
0 ifm<s;
m az‘Hmfs—lam .
I ifs<m;
Psm = Es I (a;—a;) f (25)
j=s i
ag, ifm=s.

Proof. By Theorem 3.1 we get A = PDP~!. Therefore, for any a € R we can write A* = PD*P~!

or
pin P12 - P
A 0 p - pa|
0 0 ° pnn
bi1 b - by aj 0 - 0 €11 €12 -+ Clp
0 b22 bZn 0 ﬂ% - 0 0 Cp -+ Cp
0 0 - by 0 0 - a° 0 0 - cpm
bi1 b -+ by ajcnn  afcip -+ afciy
0 b22 s bZn 0 HDZCCZZ s IZDZ‘CZH
0 0 M bnn 0 O D a;{‘lCnn
a’i‘bncn a’i‘bnclz + apzcbusz cee a’i‘bncln + {Il%‘buCQn + ... +a%bicun
0 a5bxcn o+ agbycoy + agbascsy + .. + anboycnn
0 0 A aﬁbnnc;qn
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Since ¢y = ﬁ =1, m =1,...,n on the main diagonal we obtain py,; = a%, m =1,..,n. Fors < m

m
we get po = 1 a;?‘ bsjcjm. For bsj and cj,, we have representations by Theorem 3.1
j=s

1 ifs = j; 1 1f] = m;

0 ifj<s; 0 ifm < j;
bsj = u]:—S ) ) C]‘m = a’v"*jflam

I1(aj—a;) 1 (aj—a;)

i=s

When j =5 < m we get

m—s—1 m—s—1
Ay a a
bss =1, Csm = ms = ms ,
[T (as —a;) IT (as—a;)
i=s+1 i=s,i#s
when j = m > s we get
am—s am—s
Cmm =1, bsm = b = R
m—1 m
11 (‘lm_az) [1 <am_ul)
1=s i:S,i#m
Fors < j < m,s < mwehave
j—s m—j—1 m—s—1
@ a. Ay a A
buici — j i _
g T a—a) 1 (a-a)
a4i—a 11 (a; —a; 1T (a; —a;
therefore for s < m
m am—s—lam
Psm = Zafé mZ N
1=s H (61] — ai)
i=s,j#i

Taking into account the form of A* we get that ps;;, can be written as (25).

3.3. Resolvent of a Diagonalizable Triangle Matrix

The resolvent serves as a foundational tool for our considerations. Here, we derive the resolvent
of a diagonalizable triangular matrix A. In this case, the resolvent takes on a particularly simple and
computationally efficient form.

Lemma 3.1. Let det A # 0, a1 # ap # ... # ay, then the matrix

ay ap, -+ ay

0 a -+ 4y
A—

0 0 - ay

has the resolvent im the form
(26)
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where

0 ifm<s;
g a(nfs—lunl f
_ —L— ifs < m;
Tom =455 (- 1T (aj-a) 27)
j=sj#i
A—lam ifm=s.
Proof. By Theorem 3.1 we obtain
R(A,A) = PR(A,D)P! =
1
biu by -+ b per UNE €11 €12t Cin
0 by - by 0 ,\_1,12 0 0 cn - cu
0 0 bun 0 0 A—lan 0 0 - cm
C]] C]z C
bir b2 b1y -4 A-a 0
0 b22 b2n 0 /\CEZZ _/\CEZZ
0 0 bun 0 0 ch’;n
2 n
byqc b iCj: b iCin
e ¢ Juee .. b
i=1 lzl
b baicin
_| 0 EE X
=2
buncn
0 0 S
Therefore
e e
e S (A-a;) TI (a;—a)) i=1 (A=a;) TI (a;i—a))
j=1,j#i leé#r
n n—
_ O 1 Z 111- n{ln
R(A,4) = e =20 11 @)
j=2,j#k
0 0 pem

that gives (26).
For constructing (—A)“, we assume now that a; > 0,i = 1, ..., n. Then since
T a1 a1
1

/ A+a;  sin(am)’

by (1) we obtain (24).
3.4. Definition of Fractional Power of the Riemann—Stieltjes Integral Using Matrix Approach

It is clear that the constructions of the section 3.1 are intended primarily to generalize the concept

of a fractional integral of a function f with respect to another function g.
Let us consider a function g(t) which is of bounded variation on [a, b]. It is known that in this

case for f € C([a,b]) there is exists the Riemann-Stieltjes integral

/ﬂﬂ@ﬁ) x <b.
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0ot2s
1£ (1) € C'([a,b]), w(x) = g'(x) then
Thf)(x /f gt /f(t)g(t)dt /f x<b.
Iterated operator I, ,, is
CHIC / F(0(8(x) = g(1)* w(t)at. 8)

Let P=(xg,x1,...,X) be a partition of [2,x], a < x < b that is a=xp<x1<...<x, =X,
Xp—Xp_1=h=22>0,s0 xo=a, xy =x9 + h, xp=x0 + 2h,..., xy_1=x0 + (n = 1)h, x, =x, f(a) =
g(a) =0.

The total variation of a continuous real-valued (or more generally complex-valued) function g is

n—1
Vigl = sup Y Ig(xiv1) — g(xi)l,
i=0

where the supremum is taken over the set of all partitions of the interval considered.

For the integral 7}, .., an estimate is valid

a+;w
X
|(Zay0f) ()] = /f(x)dg(x) < sup [f(1)[Vg],
s te(ax]
where V|g] is the total variation of a function g on [4, x].
Let ¢y € [x — ph,x — (p+ 1)h], w(&y) =wp, f(Ep) = fp, p=0, ..., n—1, then we can write I, 5 in

the form

(Z, +wf) = lim prwph— hm Zf ép )

n—>oo

We associate the operator I, ., with the (nxn) matrix

wo wy - Wpq
0 wl DY w _1
Aw;n =h| . . . n (29)
0 0 Wy
and
xX—a
+wf /f HI—IH} (Aw;n : fn) Iy, h = pra (30)

where £, = (fo, f1, - fu-1), lin = (1,0, ...,0).
———

4
n

Taking ¢, = x—ph, by the action of the approximating operator ]In 2+ 0 f we will understand
now

( i) (X prwph— Efpwph fp = (x—ph), wp = w(x — ph).

Iterated operator ]In,u 4. has the form

-f(x — ph)w(x — ph). (31)
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If det Au;n # 0 we can construct the power A, = e InAwn, choosing for uniqueness the main
branch of the logarithm and define .Aj,., by the Theorem 3.2. Therefore, we obtain the approximating
operator I ;. ., in the form

n=1 p  pre®tP 1y,
(g V) =H Y [ Y —
PO =0 T (w) —w;)

=0, #i

fpe (32)

Now we can apply Theorem 2.1 to operators A=Z}, ., and C=1}, ;| .. Let B=Cy([a, b]) with
the norm

Ifllcuos = max (1F()(x)]}

and D = Cl ([a, b]) with norm
Il sy = max (L Fw0) ),

n € N. It is known that for f,w € C([a,b]), A > 0
||AR(/\’I;+;w)||Cw([u,b]) <M <o, ||AR( na+ w)HCw ([a,b]) <M < oo

and
IAR(A, I o alllct (ap) < M’ < 0.

Also, it is easy to see that

1T~ B leaor) < S fl oy = ot
Then

JROS T ) ~ RO flleaon < Ml =M g oy
and

1T ) — (Thar) ) lewiony < el flsouh®  h—0, 1 oo,

omrot ) (75)

3.5. Rate of Convergence for Concrete Fractional Integrals

1. Let us find the rate of convergence for the Riemann-Liouville integral. We consider B = C([0,1]),
D =C!(]0,1]) with norms

Ifleony = max LF@IE — and [fleigon = max (F (L I (I},

respectivy, n € N, h = %

X

(ANE) = W) = [ fBdt,  (CH(x) = T, (x —hfo—ph

0

(see subsection 2.3). Then

S| =

h
(A =C)fllcqon = Hosf —Thorfllcqon) < slfllcqouy,  h=
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RO -8)f = 3f =72 [« T roa,
0
RO~ )f = L 30 GO IR D) iy
o+ A& A T S T(p+1)

1, 1 ® (—DT(k+p) ("
AR p;r(pﬂ)f( ph)k; T (k) (X) -
1, b A

=3 _Xp;)()wrh)”“f(x ph)
We get
IAR(A, =15:) flleoy) < max]{)\ S }||f||c([0,1]) < 2||flle(oa)-

€01 A A

(1-A"(a+2)™")
A A

IAR(A, —I% o) fllcqoary < xmax]{ }Hf”c([o,l]) < 2| fllcqoy)-

€01
IAR(A, =L o) fllcao,1y) <

n X\ —n n x\ —h—1 -
< xfg[gﬁ]{lz—?\ </\+ ;) A </\+ ;) ‘}”f”cl([o,l]) = M| fllcr (o).

and all conditions of the Theorem 2.1 are satisfied, therefore

Mh
I(R(A; —Igy) = R(A; =Tio)) fll o)) < 2 Iflleroan,

and
o4 f = Lo flleqoay < 270 | fllcrory)y h—0,  n— oo

2. Let us find the rate of convergence for the Erdélyi-Kober integral. We consider B = C« ([0, 1]),
D = CL([0,1]), with norms

Il o = max (e} and  fleyon = max LF (] 1(x£ ()1,
respectivy, n €N, h = 7,

n—1
(Af)(x) = (I f) (x /f(t)fdt (CAHE) = Ipssef) (x) = h Zof(x —ph) - (x — ph)
p=

(see subsection 2.4). Then

1
(A = C)flle, (o)) = Moxf = Do f (o) —||f||c1 oy h=-
IAR(A, =Ig1.) fllcy (o,1)) H / t)tdt <2[| fllce(o))-
Cx(01])
— APf(x — ph) - (x — ph)
[AR(A, =L o 2 flle o Hf A+ < 2[|flle, o)

Cx([01])
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[AR(A, _]Iil’z,OJr;x)fHC}(([O,l]) < M|l fllcy(o,17)

and all conditions of the Theorem 2.1 are satisfied, therefore

M'h
I(R(A; —Igs ) = RO =Tho ) fllewon) < 2 fllexo,)
and

1o f = Tiorafllecor) <7270 I fllcioryy  h—0 1= e

The case of Hadamard-type fractional integral is considered similarly.

4. Discussion

The method presented in this article is universal, applicable to a broad class of operators and
their fractional powers. A natural future application is to integrals with signed measures. The study of
fractional powers of operators with alternating measures was initiated in the article [23].
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