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Abstract: By combining a lattice subgroup diagram of Z,, with a weighted poset metric, we introduce a new
weighted coordinates poset metric for codes over Zj,, called LS-poset metric. When [ is an ideal in a poset, the
concept of [-perfect codes with LS-poset metric is investigated. We obtain a Singleton bound for codes with
LS-poset metric and define MDS codes. When the poset in poset metric is a chain, we provide sufficient conditions

for a code with LS-poset metric to be r-perfect for some r € N.
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1. Introduction

The concept of poset metric codes over a finite field IF; was introduced by Brualdi (see [2]) in 1995.
Over the past two decades, coding theory has seen significant developments through the study of
codes in the poset metric. This generalization of classical coding metrics has opened up new avenues
for research and applications, particularly in scenarios where traditional metrics like the Hamming
or Lee distance are not sufficient to model the complexities of error patterns. We refer to [1,3,5-7] for
some results on poset metric spaces such as packing radius, the existence of r-error-correcting codes,
perfect codes, and group of isometries. In 2018, the pomset metric was introduced by the authors in
[8] to accommodate Lee metric for codes over Z,. This metric is a further generalization of the poset
metric and is based on the concept of pomsets, or partially ordered multisets. In both the poset and
pomset metrics, the Singleton bound, MDS and I-perfect property for codes are studied (see [4,9]).

Both the poset and pomset metrics are constructed based on the structure of posets. The structure
of a poset serves as the foundation for defining these metrics, as it establishes the relationships and
dependencies between the elements of the codeword positions. In the present paper, we introduces
a weighted poset metric based on subgroups diagram of Z,,. By using the poset of the power set
of a multiset, we can effectively visualize the subgroup relationships in Z,,. The poset captures the
inclusion relationships between subgroups, while the multiset represents the different ways subgroups
can be generated based on the divisors of m. This approach is especially powerful for cyclic groups
where the subgroup structure is tightly related to the divisors of the group’s order.

1.1. Poset Metrics

Let P = ([n], <p) be a poset on the set [n] := {1,2,...,n} of coordinates of a vector in Fjj (or Z},).
For I C [n], I is called an (order) ideal of P if i € I, j <p i imply that j € I. For a subset S of P, we
denote (S) the smallest ideal containing S. Given a vector x = (x1,...,x,) € Fy, the support of x is
supp(x) = {i € [n] : x; # 0}. The poset weight of x is defined as

wp(x) = [{supp(x))|
For x,y € F};, the poset distance between x and y is

dp(x,y) := w,(x —y).

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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It was shown in [2] that dp is a metric on IE‘;. Notice that the poset metric dp simplifies to the Hamming
metric dg when the poset P is an antichain.

1.2. Multisets and Pomsets

For given a nonempty set X and a map ¢ : X — Ny, an mset M is considered as a pair M = (X, ¢).
We write a €" M (orn/a € M), if ¢(a) > n > 0, (i.e., a occurs in M at least n times).
Anmset M = (X, ¢), drawn from X = {ay,ay,...,4a:}, is represented as

M ={ki/ai,ky/az, ..., ki/as},

where ¢(a;) =k; >0fori=1,...,t.Ifk/a € M, thenr/a € Mforall 1 <r < k. The cardinality of an
mset M = (X, ¢) is defined as | M| = }_,cx ¢(x).

For m € N, we denote M™(X) as the (reqular) mset of height m drawn from the set X such that
all elements of X occur with the same multiplicity m, i.e., |[M™(X)| = m|X|. The mset space [X]|™ is the
set of all msets drawn from X such that no element in an mset occurs more than m times.

A submultiset (or submset) of an mset M = (X, ¢) is a multiset S = (X, ¢g) such that cg(x) < ¢(x)
for all x € X. Foran mset M = (X, ¢), theset M* = {x € X : ¢(x) > 0} is called the root set of M.

For two msets M; = (X, ¢1) and M, = (X, ¢3), we list some definitions of operatations in msets
[8] as follows:

e The addition(sum) of My and M, is the mset My & M, = (X, s), where
s(x) = ¢q(x) + ca(x) forall x € X.
e The subtraction (difference) of M; from M, is the mset M, © M1 = (X, 0), where
o(x) = max{cp(x) —¢1(x),0} forall x € X.
e The union of My and M; is the mset M U M, = (X, u), where
u(x) = max{cy(x),ca(x)} forall x € X.
¢ The intersection of M1 and Mj is the mset My N M, = (X, i), where
i(x) = min{c(x), c2(x)} forall x € X.

For My, M, € [X]", the mset sum My ® My = (X,s) € [X]™, where s(x) = min{m, ¢y, (x) + e, (%) }
for all x € X. Given a submset S = (X, b) of an mset M™(X), the complement of S is an mset
S¢ = (X,b.) € [X]™, where b.(x) = m — b(x) forall x € X.

For two msets M1, M, drawn fron a set X, we define the cartesian product My x My by My X Mj :=
{rs/(r/x,s/y) : r/x € My, s/y € Mp}. A submset R = (M x M, g) of M x M is said to be an mset
relation on M if g(r/x,s/y) = rs.

An mset relation R on M is called a partially ordered mset relation (or pomset relation) R on M if the
following properties are all satisfied:

(1) [reflexivity] V m/x € M, (m/x,m/x) € R,
(2) [antisymmetry] if (m/x,n/y), (n/y,m/x) € R=m =n, x =y, and
(3) [transitivity] if (m/x,n/y), (n/y,k/z) € R = (m/x,k/z) € R.

Notice thatif (m/x,m/x) € R, then (r/x,s/x) € Rforall1 <r,s < m.
For given a poset P = (X, <p), we define the pomset relation <p on M™(X) having P-shape by

<p:i= {m2/(m/a,m/a), mz/(m/a,m/b) : Va,b e X, a=pb}.

The pair (M™(X), <p) is known as a partially ordered multiset (pomset), denoted by P.
The dual pomset of the pomset P = (M"(X), <p), denoted by P, is the pomset on M"(X) having
ﬁ-shape, where P is the dual poset of P. Thatis, m/a <p m/bin Pif and only if m/b <3 m/a in P.
Let S be a submset of M™(X) in a pomset P = (M™(X), <p). Anelement t/a € S is said to be a
maximal element in S if there is no element k/c € S (¢ # a) such that t/a <p k/c. An elementr/b € S
is said to be a minimal element in S if there is no element k/c € S (¢ # b) such thatk/c <p t/b.
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Let P = (MFK([n]), <p) be the pomset of height k having P-shape where the poset P = ([n], <p).
An ideal in P is a submset I C M*([n]) with the property thatif j/b € I and i/a <p j/b (a # b) then
i/a € I. Given a submset S of M¥([n]), we denote by (S) the smallest ideal containing S.

Anideal I of M¥([n]) is called an ideal with full count if i/a € I = k/a € I; otherwise, it is called
an ideal with partial count.

Example 1. From the poset Py as in Figure 1, we consider the pomset Py = (M?3([4]),<p,). Let I; =
{3/1,3/4} and I = {3/1,2/2,1/3} be ideals with full count and partial count in IP1, respectively. Then the
complements I = {3/2,3/3} and I§ = {1/2,2/3,3/4} are ideals with full count and partial count in Iﬁ’l,
respectively. Observe that Iy N I{ = @ whereas I, NI§ = {1/2,1/3}.

Notice that if I is an ideal with full count in P = (M¥([n]), <p), then {I,I°} is a partition of
MFK([n]), thatis INI¢ = @ and 1 U I° = M¥([n]). However, for given any submset | of M*([n]),

JoJ* :Mk([n]).
2 3 4 /6\ 4 5 6
4 5
\/ .4 \\
1 1/ \2 1 2 3

P1 P2 P3

Figure 1. The posets P;, P,, Ps.

1.3. Pomset Metrics

In the space Z!, with the pomset P = (M "/2([n]), <p). For a vector x = (xy,...,x,) € Z,, the
support of x with respect to Lee weight is defined to be

supp; (x) := {t/i : x; # 0,and t = min{x;, m — x;} }.

The pomset weight of x € 7Zj, is defined to be wp(x) := |(supp, (x))|, and the pomset distance between
two vectors x, y in Z7, is defined by dp(x,y) := wp(x — y). It is known that the pomset distance is a
metric on Z}, (see [8]), and it is called a pomset metric. When the pomset is an antichain, there is no
hierarchical structure to influence the weight calculation, making the pomset metric equivalent to the
Lee metric in terms of how the weight of the codeword is computed.

2. An Ordinal Product

t
Let A = {ny/ay,n2/ay,...,nt/a;} be an mset with A* = {ay,a,...,a;}. Then |A| = Zni. Let
i=1

l[til}az[tiz] L glts]

s

P(A) be the power set of the mset A. With a slight change of notation, we will use a
for the mset {t; /a;, t;,/ai, ...t /a;} € P(A). Here we let #(A) := P(A)\{D}.
Note that we may write al[o] to indicate that 4; does not appear. For ay, 0, € #(A), which oy =

agll]agﬂ . ~a£lt] and ay = aghl]aglﬂ . ~a£ht], define the mset sum aq @ ay = a%ﬁl(ﬂl)]a[;zwm . -ags’(a’)} €
P (A), where s;(a;) = min{n;,I; + h;} foralli =1,...,¢
For each « = al[jil]agiz] e al[:is] € Z(A)witha # A, the dual of a is
A= a[nilitil]a[niz_tiz] o 'ﬂ,[nisitis] e Z(A),

I 2 s

whicha & = A.
Under the submset relation C ,, (#(A), C,) is a partially ordered set, denoted by 4. For each
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a € P(A), we denote («) the ideal in Z(A) having « as its maximum element. It is clear that (A) =
P(A). For example, let a1, b8 ¢ 2(al2pl3). Then (allplly = {alp[2, aMpl1], pl2], a1, B[}, and
(BB = {pB), pl2], pl11Y,

S

al[:is] € P(A), we have |a| = Ztl, and |(a)] =] J(t;+1) — 1.
j=1

[,1151[121 ‘

Remark 1. Fora =a i

Given a poset P = ([n], <p), we define a relation 7y on [n] x Z(A) by

i=janda C, B
i <pjwherei #j

o) v (,B) < {

It is clear that ([n] x Z2(A), ) is a poset, denoted by P x Z4. By the property of any ideal in a poset
that contains every element smaller than or equal to some of its elements, we have that if (i,a) € I and
lisanidealin P x 2y, then {i} x (a) C I.

Anideal Iin P x &4 = ([n] x Z(A), ) is called an ideal with full count if (i,a) € I = (i, A) € [;
otherwise, it is also called an ideal with partial count. Let Z(P x &) be the set of all ideal in P x Z4.
ForI € Z(P x #4), we denote

={ien] : (iA) € I}, and
wr :={i€n] : (i,A) ¢ Ibut (i,a) € I forsomea € P(A)}.

Given an ideal with partial count I in P x &4 and fori € wy,, we let A(L;i) := {a € Z(A) :
(i,a) € I}. Anideal I in P x P4 is called normal if Vi € wy,, A(L;i) = (a;) for some a; € Z(A). We
denote by J(P x #2,4) the collections of normal ideals in Z(P x Z,).

The dual poset with respect to P of P x 2 is the poset P x 22,4, where P is the dual poset of P. Let
1€ 3(Px 2,). The complement of I, denoted by I%, is a normal ideal in the dual poset P x £, which
satisfies:

(i) wre = wi, and wye = [n ]\(waUwIP), and

(ii) forie we, A(1%;i) = (a;), where A(;i) = («;) for some a; € Z(A).

Example 2. Consider the poset Py = ([6], <p,) as in Figure 1, and the mset A = alPlbl?. Let I;, I, I €
Z(P3 x P ) be defined by

L ={1,2} x (@Bl U {4} x @Fp?),

L= {1} x (¥, and 15 = {1} x (<a[11b[2]>u<a[31>).
It can see that |I;| = 30, || = 11, and |I3| = 7. We have I and I3 are ideals with partial count such
that I, = ((4,a@12)) and I = ({(1,aM62)), (1,aBN)Y), and I, is an ideal with full count such that

L = ((1,aBlpl2y). Clearly, I and I, are normal, but I3 is not normal. For the complements of I and I, we
have

I = {3,5,6} x (aBblly U {(4,a)}, and I§ = {2,3,4,5,6} x (alpl2]),

For a = a[hl]ag 2] --ay”] € Z2(A), where the mset A = agnl]ug 2 --aint] and 0 < h; < n; for
1 <i <t,we define

2] {|0c|, if hj = nj =1forsomej e {1,...,t},
al =

|a| +1, otherwise.
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The following result is directly obtained.

Proposition 1. Given an mset A = (A*,¢) and a € P (A), we have that

1 Ifla] = |a| +1>2, 30" € P(A)suchthato’ C, wand [a'] = |o/| +1 = |a].

2. If la] = |a| > 1,30’ € P(A) suchthat o' C, wand |a'] = |a'| = |a| — 1.

3. Foray C, ap € Z(A), if m1] = |a1| + 1 = |ap| = |az]|, then there is a unique x € a3 C A* such
that ¢(x) = 1.

4. If ¢(x) > 1 forall x € A*, then there is no o € & (A) such that |a] = 1.

Defineamap , : J(P x #4) — Nby

Ca(I) = lw |- [A]+ ). Lai]. (1)
iewlp such that
A(Li)={(a;) for some a;€ Z(A)

Observe that {,(I) < |I| for all I € J(P x &4). Moreover, if |A| = 1, then {,(I) = |I| for all
I €3(Px P4).Forl € I(Px Py),let

Qp, :={a € #(A) : A(L;i) = (a) and |a] = |a| for i € w},} and
Q, :={a € 2(A) : A(L;i) = (a) and |a] = |a| +1for i € wy,}.

Then 7, (I) = |w1f| Al + [QIp],where [le] = E la].
aeQ) Ip uhQ Ip
With Proposition 1 and by deleting a maximal element of a normal ideal I in P x Py, it gives a
way to construct a normal ideal | C I. The next result is directly obtained.

Proposition 2. Consider an mset A = (A*,¢) and the poset P x P4 = ([n] x Z(A),7).

1. Foreach 0 < t < n, there exists an ideal | with full count such that {,(J) =t- | A].
2. Let I € 3(P x P4) be such that wy, # ©.
(2.1)If Qy, # O, then for each 0 < t < [Q | there exists | € I(P x P ) such
that ] C Tand {,(]) = |w, |- [A] + £
(2.2)If Qy, = @, then for each 0 < t < [ | with t # 1, there exists ] € I(P x P4)
such that ] C Iand {,(]) = |wy,| - [A] +¢.

3. Supports and Weights
B1 B2 Br

Suppose that m = p}"p5° - - - p.*, where py, ..., py are distinct prime numbers and 4, ..., By are
positive integers. By considering the mset A = pgﬁ 1 pgﬁ 2 p,[f’ k], it can see that the lattice of subgroups

of Zy, and the poset structure of P(A) under C, are the same.
Let Sub(Z,) be the set of all subgroups of Z,,. The map ¢ : Sub(Z,,) — P(A) defined by

k

Y(H) =a, = pgtl]pgﬂ . p][:k], where |H| = p{'py - - p]t( for 0 < t; < B;, is an order-isomorphism.
Let P = ([n], <p) be a poset. Given x = (x1,...,x,) € Z!, we define the support of x associated

with the lattice of subgroups of Z, as

suppys(x) := {(i, pipl2) . plly o x 2 0 and |(x)| = plp2 -t}

a subset of [n] x &(A). By considering (supp;¢(x)) € J(P x £,4) as the smallest ideal in P x &4
containing supp, ¢(x), the LS-poset weight of x € Zj;, is defined to be w, ,(x) := , ({(supp;5(x))), and
the LS-poset distance between x,y € Z; isd,;(x,y) := w,;(x — y). Now we prove that the LS-poset
distance is a metric on Z7,.
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Theorem 1. Let P = ([n], <p) be a poset and m = plﬁl pzﬁz pf" where p; are distinct primes. Under the
poset P x P 4 with the mset A = p[ﬂl]p[ﬁﬂ p,[fk], the LS-poset distance d (-, -) is a metric on 7.},

Proof. It is clear thatd, (x,y) > 0. As a group Z;,, we have d, (x,y) = 0 iff x = y. Moreover, for any
X € Zm, (x) = (—x), which implies that d,, (-, -) is symmetric. To show that the triangle inequality
ofd,,(-,-) holds, we leta, b € Z;. By applying the fundamental theorem of finite cyclic groups, we
assume that (a) = <p§1 péz p,t( ) and (b) = (pi'p3? - - - p;¥) for some nonnegative integers t;,s;, (1 <
i < K). Then [(a)| = pf' "1 pB " pf % and | ()] = p{' "1 ph - pf* . Suppose that (a +b) =

(PP - - - pi¥) for some r; > 0. Itis clear that (a +b) C H = <prlmn{t1’sl}p;nin{t2’32} - p?m{t"’s"}>. Then

“<u+b> — pgﬁl Vl]p[ﬁZ 72] . p[/gk Vk] C IX p[ﬁl m1n{t1 Sl}]p[ﬁz mm{tz Sz}] . p][cﬁkfmin{tk,sk}]. Observe
k k

that |0c | = Z - r < 2 min{tilsi}] = |‘XH| < Z%[(ﬁl - ti) + (:Bz - Si)] = |a<u>| + |‘X<b>|'
1=

If o, | < |lX | it follows that Loc wl < la, 1+ o, ]. Now, we suppose |« | = |a,]|. From

X Q 4 . this forces a = ay which means r; = min{t;,s;} for all i. It is clear for the case

La<a+b>1 = |oc<g+b> |. Next, assume that L“<ﬂ+b>] = |1x<ﬂ+b>| + 1. Tt follows that if 8; = 1 for j € {1,...,k},
then 1 = r; = min{t;,s;} which implies |« | = |¢ [+ 1and |&, ]| = |«, |+ 1. Consequently,
a1 < &, 1+ [, ] This completes the proof. [

The metric d, (-, -) on Z}}, is called as the LS-poset metric. Let C be a submodule of Zj;, with the
LS-poset metric d, ;. Then C is called an LS-poset code of length n over Z,,. The minimum LS-poset
distance d, ; (C) is the smallest LS-poset distance between two distinct codewords of C. The dual of an
LS-poset code C is defined as

Ct={veZ' |u-v=uo +uyy+-+uyv, =0 forallu € C}.

To obtain more information on each element of Z,,\ {0} which is placed on the poset structure of
P(A), welet

G = {x € Zn\{0} | [y | = £}

Example 3. Consider Zyy with the mset A = 2215111, We have the following table:

2(A) | 1] Zp0\{0}
501] 1 4,8,12,16
2[1] 2 10
osl] | 2 2,6,14,18
202 3 5,15
25 | 3 |1 1,3,7,9,11,13,17,19

Recall some properties of the Euler ¢-function as follows:

1. If p is a prime, then ¢(p) = p — 1 and ¢(p*) = p* — p*~! forall k € N.
2. Forx,y € N, if ged(x,y) = 1, then ¢(xy) = ¢(x)p(y).
Remark 2. Supposem = p’f ! pgz pfk, where p; are distinct primes. Consider the mset A = p[ﬁl] ggﬂ e Pl[f d,

We have that

o IfBi > 1foralli, then Gy = @ and |G 5| 11| = P(m).
o IfBi=1foralli, thenfor1 <t <k,

G| = ) (i - p).

(81,5 ) where
t:):;( Si, SiG{O,l}
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Example 4. In the space Ziq,, we consider the poset Py x 2, = ([4] x P(A),y) where the mset A =
2213250 and the poset P, = ([4], =p,) is as shown in Figure 1. Consider the vector (0,5,12,120) € Zig.
We have

* (Poset weight) wp, ((0,5,12,120)) = [({2,3,4})| = 4.
e (Pomset weight) wp, ((0,5,12,120)) = [({5/2,12/3,60/4})| = 77.
® (LS-poset weight)

w,,((0,5,12,120)) = ¢, ({(2,2312]), (3,30501]), (4,301)}) = 14.

Notice that for a space Zj, with prime p, the poset metric dp and the LS-poset metric d,; are the
same, while the pomset metric dp and the LS-poset metric d,; are equivalent when p = 2,3. The
diagram in Figure 2 illustrates these facts.

Weighted coordinates poset weight

Poset weight Pomset weight
On Zp (prime p) On Zy and Z3
antichain LS-poset Welght antichain
Hamming weight —————— 0nz; and 23 Lee weight

Figure 2. Weight relationship tree
4. r-Balls and [-Balls

Let u be a vector in the space Zj;, with LS-poset metric d,; and r € Ny. With center at u and radius
r, the r-ball and the r-sphere, respectively, are as follows:

ds(u,v) <r},
d(uv)=r}

Br,Ls(u> = {V S Z:’n
Spus(u) = {v € 2,

r
Itis clear that [B, rs(u)| =1+ ) [S;rs(u)l.
i=1
Definition 1. Let C be a code of Zy, with LS-poset metric d, .. Then C is said to be a r-perfect LS-poset code if
the r-balls centered at the codewords of C are pairwise disjoint and their union is Z.,.

Let I'(s) € J(P x £4) be such that {,(I'(s)) = t and I'(s) has exactly s maximal elements.
We let wp(s) = {i € [n] | (i,a) is a maximal element of I'(s) forsomea € Z(A)}. Given a vector
v = (vq,...,0,) of Z", we rewrite it as

vi=(vi:vp:0) = ({vi}iewﬁ(s) : {Ui}ielt(S)*\w,t(s> 2 0),

where for each i € [n], v; is an element in Z,, satisfying:
(1) Ifie Wrt(s), Ui S QLM,
where A(I'(s);i) = (a;) for some a; € Z(A);
(i) Ifie It(s)*\wp(s), V; € Li;
(iii) Ifi ¢ I'(s)*, v; = 0.
Observe that (supp;5(v)) = I'(s). Now, letting Ari() the collection of all vectors v in Zj, such that
(supp s(v)) = I'(s), we have

t *
[Ap)| = I | |Gl -

zewﬂ(s)
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Obviously, for two distinct ideals I and ] in J(P x #,), A; N Aj = @. Now, we denote by Z'(s) the
set of all ideals I € J(P x &4) such that {,(I) = t, and I has exactly s maximal elements. Then the
number of vectors in an r-ball with center u equals

Y, Al 2)

1 [eTi(j)#0

r
[Bris(u)| =1+)
i=1j

Given anideal I € J(P x Z,), the I-ball centered at u and the I-sphere centered at u, respectively,
are defined as

Biis(u) := {v € Zy, | (supp;g(u—v)) C I},
Spis(u) :==A{v € Z, | (supp;g(u—v)) =1}.

Definition 2. Let C be a code of Zj,, with LS-poset metric d,; and I be an ideal in P x &2 4. Then C is called an
I-perfect LS-poset code if the I-balls centered at the codewords of C are pairwise disjoint and their union is Z1,.

Under pomset metric dp in Z}},, it was shown in [9] that [-balls are no more linear subspaces of Z},
if I is an ideal with partial count in P = (M"/2/([n]), <p). On the other hand, with LS-poset metric,
the I-ball centered at the zero vector is a submodule of Z,.

Proposition 3. Let I € J(P x & 4). Then By 15(0) is a submodule of Zj,,.

Proof. Clearly, if I is an ideal with full count in P x Z4, then B;5(0) is a submodule of Zj;, with
dimension |w1f|. Now, suppose that I is an ideal with partial count. Then |wy,| > 0. For eachi € wy,,
let A(L;i) = (a;) for some a; € Z(A). By considering H; as a subgroup of Z,, such that ¢ (H;) = w; for
i€ wi,, foru= (uy,...,uu),v=(v1,...,9;) € Br15(0), we have u;,v; € H; foralli € wy,. It follows
that u + v, cu € By 15(0) for ¢ € Zy,. Hence, By 15(0) is a submodule of Z}},. O

ForI € 3(P x Z4),let B (0) denote the I¢-ball centered at 0 under the poset P x Z4.

1¢,LS
Proposition 4. Let I € J(P x Z4). Then the following statements hold:

1. Foru € Z},, B[,Ls(u) =u-+ BI,LS(O)'
2. Foru,v € ZI}, By 1s(u) and By 1 s(v) are either identical or disjoint. Moreover,

Birs(u) =Brrs(v) < supp;g(u—v)CL
3. Bi5(0) = Bje 5(0).

Proof. (1) Let v € Bys(u). It follows that u — v € Bj;5(0),and v = u+ (v—u) € u+ Byp,(0).
For w € Bpp,(0), we have supp;s(u — (u+w)) = supp;s(—w) = supp;q(w) C I. Hence
u+we BLLs(u).

(2) For each i € wy, Uwy,, we let H; be a subgroup of Zy such that Y(H;) = ay, € Z(A),
where A(I;i) = (ap,). Foru = (uy,...,un),v = (v1,...,04) € Zy, suppose W = (wy,...,wy) €
Bjrs(u) N Byrs(v). We have supp;g(u —w) C I and supp;g(v—w) C I. Ifi ¢ wi, Uwy,, then
u; —w; = w; —v; =0,s0u; —v; = 0. For the case i € wr; Uwy,, we have u; — w;, w; — v; € H;, which
implies u; — v; € H;. Thatis, (i,a(,_,)) € I foralli € wi, Uwy,. Consequently, u —v € B;1s(0),
which means that Bj ;g(u) = By 15(Vv).

(3) If I is an ideal with full count in P x £,, then I¢ is also an ideal with full countin P x £,4.
Since wy, N we = @ and wy, U wye = [n], we derive the result.

Next, suppose thatm = py’ pzﬁz - pfk, where p; are distinct primes, and the mset A = pg’g 1 pgﬁ 2. p][f ],

Let I € J(P x &) be an ideal with partial count. From wy, = wie, for each i € wr,, we let
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A(Li) = (a;) for some w; € #(A), where a; = pgll]p[tlz] p,[:i 2 and let H; and K; be subgroups of Zm

such that ¢(H;) = a; and ¢(K;) = &;. Then H; = <pfl i pgz LI pfk ¥y and K; = (plll pt'z p]t;").

Letx = (x1,...,Xn) € Bje ;5(0)andy = (y1,...,yn) € Br15(0). Thenx-y = Y x;y;, where for each
iewlp

i, x; € Hyand y; € K;. It follows that x - y is congruent to 0 modulo m. That is, B¢ 75(0) C Bf-LS( ).

Now, we assume that there is z € By 15(0 )\B,¢ 15(0). Since z-y = 0 for all y € Bj15(0), we can, with-
ty ts) tor

out loss of generality, write z = (0,...,0,z,,0,...,0), where s € wy, and zs & Ks = (py'pp” - 1" )-
Then zs = yp,  py? - -- p,r:", where ged(y,pj) = 1and 0 < 15, < t5, for some j € [k]. Choosing
w = (wy,...,wy) € By15(0), defined by w; = 0 for alli # s, and ws = plﬁl_tsl pfrtﬁ? e pfk_ts", it

follows that z - w Z 0 modulo m, which is a contradiction. [

Example 5. Consider 120 = 23-3-5and the mset A = 2BI13M5. On 2(A), we choose aq = 211311501 o, =
2BI50, wy = 2121301, The structure of each (;) when i = 1,2,3, is demonstrated via the lattice of nontrivial
subgroup for Zipg (see in Figure 3) in which ¥y = 20 7, = 30, and a3 = 250, Now let us consider
the poset Py x P4 = ([4] x Z(A),), where the poset Py = ([4], <p,) is as shown in Figure 1. Let
I=({(2,a1),(3,a2),(4,a3)}) € I(Py x Py). Then 1 is an ideal with partial count. It is easy to see that
B1,1s(0) = Z12g X (4) x (3) x (10), whereas B, 4(0) = (0) x (30) x (40) x (12).

/XX

(4) (6) (10)

NI

(8) (12) (20) (30) (8) (20) (30)

L7 L

(4 (6) (10) (15)

NESEN

(12) (20) (30)
(24) (60)

(15) (4) (10)

()

(2lzs[y (281501 (221301

Figure 3. The lattice of nontrivial subgroups for Z1yg

Observe that the I-ball centered at the zero vector can be considered as a direct product of cyclic
subgroups of Zj,. If m is a prime power, the following result is directly obtained.

Proposition 5. In the space ZZ Jlet I € 3(P x Py).Then

1. Ifp =1, then |B;15(0)| = !l and |B{ (0)| = g"~MII.
2. If B> 1, then

Bler |+ ey I Bln—r, Uy, )+ T I8
Bris(0)| =g 7 T d |Bj15(0 =g ey

where for each i € wy,, A(I;1) = ( i) for some a; € P(A).

From Proposition 3 and 4, the following theorem shows the existence of an I-perfect code with
LS-poset metric when I is an ideal with full count.

Theorem 2. For any ideal I with full count in P x & 4, we have

1. Bje s( ) is an I-perfect LS-poset code for the poset Ii X P4 .
15(0) is an I®-perfect LS-poset code for the poset P x P4.
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In the case of ideals I with partial count, the I-ball centered at the zero vector is not always
I-perfect. The next lemma is a key for the existence of I-perfect code with LS-poset metric.
For each i € [n], lete; = (e1,...,en) € Zj, be such thate; = 0if j # i,and ¢; = 1.

Lemma 1. Let I € 3(P x P 4) with wy, # @. For each i € wy,, let H; be a nontrivial subgroup of L such
that A(I;i) = (ap,). Then the following statements hold:

1. Ifthereis i € wy, such that ay; = A*, then there is no I-perfect LS-poset code.
2. Suppose C is an I- -perfect LS- poset code of Zy,. Then for each i € wy,, there is a maximal subgroup K; of
Loy such that A* = ‘XKI-U‘XHi Moreover, e; - C = K; and K; + H; = Zy,

Proof. (1) Suppose that tx}‘{i = A*. Choose v = (0,...,0,v;,0,...,0) € Z, where v; ¢ H;. Then
a(,) & (ap,). It follows that v ¢ Bj1s(0). Suppose there is an I-perfect LS-poset code C of Zj,.
Then v € Bjs(c) for some ¢ = (cy,...,¢,) € C. Thatis, supp;¢(c —v) € I. This implies that
&y, € (ap,) which means 0 # ¢; € v; + H;. From aj = A", thereis No € N such that Noc; # 0
and ay,,) € (ap;). Consequently, supp;s(Noc) C I. As a submodule Bj5(0) of Zj,, we have
0 # Noc € By 1s5(0 ) which is a contradiction to the I-perfect of C.
(2) Suppose C is an I-perfect LS-poset code of Zj;,. Leti € w; ,- From (1), ”‘Ei # A*. Then there is
a maximal subgroup K; of Z, such that “I*Q N zxjili = @. Let 0 # x € K;. Consider v = (0,...,0,v; =
x,0,...,0) € Z};,. Thenv ¢ By15(0). We choose ¢ = (cy,...,c,) € C such that v € Byg(c). Since
B11s(0) N By rs(c) = @, it follows that ¢; # 0 and a () ¢ {(ap,). Indeed, by proceeding as before, we
have vc< &) Naj = @. Thatis, (c;) N H; = {0}. Since supp,; s(c —v) € I, wehavea, ) € (ap;) which
means <cl —x) € H;. Then¢; — x = y for some y € H;. From ay Naj; = @, we have K; N H; = {0}
Then there is N € N such that N 1 |H;| and Nx = 0 modulo m. Thus, N¢; = Ny modulo m. These force
y = 0. Hence, ¢; = x. That s, e; - C = K;. Since C is I-perfect, by a similar technique, it can be shown
that K; + H; = Zy,. O

Givenanmset A, let E4 := {a € Z(A) | a* N&* = O}.

Theorem 3. Let I € 3(P x P4) with wy, # @. Then By +,5(0) is an I-perfect LS-poset code of Z!', if and
only if foreachi € wy,, A(L;i) = (a )for some x; € K 4.

Proof. Suppose BIL,LS( ) is I-perfect. By Proposition 4(3), Bj 115(0) = B¢ 5(0). For the necessary
condition, leti € wy,. We have A(;i) = (ap;) and A(1%i) = (@p,) = (ak,), where two subgroups
H;, K; are as in Lemma 1. Then apy; € E4.

For each & € E 4, we have that a* N2* = @ and « @@ = A. These imply that ¢~ (a) Ny~ 1 (R) =
{0} and [~ (a)| - |1 (@)| = m. Hence, the converse is proved. [

Corollary 1. There is no I-perfect LS-poset code of Z";ﬁ if I is an ideal with partial count in P X ZP4.

Example 6. In Example 5, we have ay = 26151 ¢ B, with &y = 3, but aq,a5 ¢ E,. Consider the
poset P, = ([6], =p,) as in Figure 1. In the space Z,, with LS-poset metric, we let I = ((4,2B1501)) €

I(Py x P 4) as an ideal with partial count. By Theorem 3, we have By 15(0) ={(0,0,0,x,y,2) | x € (40) =
=130, and y,z € Zyno} is an I-perfect LS-poset code of ZS,.

5. MDS LS-Poset Codes and Codes in Chain Poset Structure

Theorem 4. (Singleton Bound) Let P x &4 be the poset on [n] x P (A) and C C Z}, be an LS-poset code.
Then

log,, |C] <n— VLS(L(;X)]lJ (©)
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Proof. Choose x,y € Csuch thatd, ;(x,y) = d,(C). Consider the ideal I generated by supp; s(x —y).

We haved, . (C) -1 < ¢,(I) < |A]- |w1f Uwy,|. From Proposition 2, there is a normal ideal | with
d.(C)—1 d(C)—1

full count of P x & such that |wy, | = {LS(LA)WJ Then ¢, (]) = {LS(LA)}J |A] <d(C)—1.

That is, there is no codeword ¢ in C such that supp;s(c) € ], and any two distinct codewords

of C will not coincide in all position j € [n]\w),. These imply that |C| < m" 1. 50 we have

log,, |C| <n— VLS(LZ)}_lJ O

Definition 3. An LS-poset code C of length n over Zy, is said to be a maximum distance separable LS-poset
code (or simply MDS LS-poset code) if it attains the Singleton bound as in (3).

Theorem 5. In the space Z, with the poset P x P4, let C C ZI' be an LS-poset code such that |C| = m'.
Then C is an MDS LS-poset code if and only if C is an I-perfect LS-poset code for all ideals I € Z(P x Py)
with full count such that |w1f| =n-—"L

Proof. Let I be an ideal with full count in P x &4 such that |w1f| = n — t. Itis clear that |B; 15(0)| =

ds(C)—1] B en
WJn t. Th

d,.(C) > ¢,(I), thatis, By 1s(x) N By rs(y) = @ for two distinct elements x,y € C. By |C| = m!, we
have C is [-perfect.

To show that C is MDS, we choose ¢ € C\{0} such that w,;(c) = d,;(C). Let ] = (supp;(c)).
Suppose ,(J) < |A](n — t). By Proposition 2, we can construct an ideal I with full countin P x &4
containing | such that {, (I) = | A](n — t). But this would imply that ¢ € B; 1 5(0), which is impossible

d -1
since C is I-perfect. This forces thatd,;(C) = (,(J) > |A](n —t). Then {LS(L%J > n—t. By
Theorem 4, we have C is MDS. O

m"~*. Suppose that C is an MDS LS-poset code. From (3), it follows that {

Example 7. Let A = 2BI3050 with | A] = 5. Consider C; = {(0,0,x,y,z,w) | x,y,2,w € Zy}, and
C, ={(0,0,0,x,y,2) | x,y,z € Z120}

* Under the poset Py x &4, where Py = ([6], =p,) as in Figure 1, it is clear that d,;(C;) = 11 and
d,(Cp) = 16. Then Cy and Cy are MDS. Moreover, the poset P, x &4 has exactly one ideal I =
({(1,A),(2,A)})) such that { , (I) = 10, and has exactly one ideal | = ((3, A)) such that {,(]) = 15.
Clearly, C1 and Cy are I-perfect and J-perfect, respectively.

* Under the poset Py x &5, where P3 = ([6], <p,) as in Figure 1, it is clear that d,;(C;) = 1 and
d,;(Cy) = 6. Then Cy and Cy are not MDS. In addition, there are two ideals I, = ((6,A)) and
I, = ((4,A)) such that {,(I;) = 10 and {,(I,) = 15 in which C; is not I -perfect, and C, is not
Ir-perfect.

Observe that with the full count property of ideals in P x &4, it was a main tool to study the
MDS LS-poset code C C Z! where |C| = m!,0 <t < n.

Next, we denote by C, the chain poset P = ([n], <p) with min P = 1. Observe that every ideal I
with full count in C,, x &4 has a unique maximal element. Suppose r = t| A] < n| A] for some t € N.
There is only one ideal I with full count such that {, (I) = t[ A]. It follows that B, 1 s(u) = B s(u) for
allu € Zj,.

The following results are some immediate consequences.

Proposition 6. In the space Zy;, with the poset C, X & 4, given an ideal I with full count in C,, x P4, let C be
an I-perfect LS-poset code of Z;,. Then

1. Cisan {,(I)-perfect LS-poset code.
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2. Cisan MDS LS-poset code.

Recall that the cardinality of an r-ball with center u € Zj}, as in (2). By considering m as a prime
power, we obtain the following result.

Proposition 7. In the space Z;‘ﬁ with the poset Cyy X P4, if B > 1, the cardinality of B, 15(0) is q" ", where
(t—1)(B+1)<r<t(p+1)for0<t<n.

Proof. As A = glPl, we have the poset (#(A), C,) becomes a chain. This implies that every ideal I in
Cn X P4 contains a unique maximal element. Since p > 1, |A] = f+ 1. Wewriter = (t —1)(f+1) +
s+ 1, where 0 < s < B. From (2), we have

T
1BrLs(0)| =1+ ) [Agiqy)|
i=1

O

From above Proposition, although |B, 15(0)| divides /", by Corollary 1, there is no r-perfect
LS-poset code of ZZﬂ' if B+ 1 does not divide r.

Next, we have thus established the sufficient condition of ideals with partial countin C, X &4
for an LS-poset code of Zj, to be an r-perfect.
Theorem 6. For m = pflpgz e pfk with k > 1, in the space Z}}, with the poset Cy, x P4, if there is a unique
p; such that B; = 1, then there is an (t| A + 1)-perfect LS-poset code of Z;, for 0 < t < n.

1]

Proof. By the assumption, we have |A] = |A|, and p;" is the unique element of &(A) such that

Lpl[.l]] = 1. Let 0 < t < n. By applying Proposition 2 (2.1), there is a unique ideal I with partial count in

Cn x Pasuchthat{,(I) =t|A] +1. Since plm € E4, by Theorem 3, it follows that B, ¢(0) becomes
an (| A] 4+ 1)-perfect LS-poset code. [J

Example 8. In the space Z3, with the poset C3 x P4 and the mset A = 2213011, we consider C =

{000, 003, 006, 009}. Observe that d,;(C) = w,(006) = 8. Then we have By 15(000) = Z1y X Z1p X (4),

B7,15(003) = Z1p X Z1a X (3+ (4)), B7,15(006) = Z12 X Z12 X (6 + (4)), and B715(009) = Z1a x Z1p %

(9+ (4)). It can see that C is an 7-perfect LS-poset code. Moreover, C is also an I-perfect LS-poset code when

the ideal I = ((3,3M)) with £, (I) = 7.

In the space Zgo with the poset C3 x & 4 and the mset A = 22130501 1ot D = {(0,0,0), (0,0,15), (0,0,30), (0,0,45)}.

By Theorem 3, it can see that D is an J-perfect LS-poset code, where the ideal ] = ((3,3M1511)) such that

¢, (J) = 10. Observe that d, (D) = w,(0,0,30) = 10. However, the space Z3, is not covered by the union of

r-balls centered at the codewords of D for any r < 10.
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