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Abstract: Students are getting confused and losing interest in theoretical computer science because
most instructors are doing a poor job in teaching the subject matter. Instructors are doing a poor job
in teaching because they do not have a well-organized theory to explain the concepts and they are
unwilling to spend the time to write up better lecture notes for the class. This paper presents a
rigorous mathematical approach to the theory of context-free languages which doesn’t currently exist
in the literature of theoretical computer science. Basic definitions are developed in mathematical
terms and used as the foundation for constructing mathematical proofs for theorems. It provides a
model for instructors to write better lecture notes and authors to write better textbooks for
educational purpose. It also corrects some critical errors and erroneous arguments that can be found
in many textbooks which are widely used for the education of theoretical computer science.
Students can use this paper for supplemental reading.

Keywords: Theoretical Computer Science; Computability Theory; Context Free Languages; Finite
Automata; Pushdown Automata; Pumping Lemma; Chomsky Normal Form; Discrete Mathematics

2.1. Context-Free Grammars (CFG)

In Chapter 1, we use finite automata and regular expressions to describe regular languages. In
this chapter, we introduce the concept of Context-Free Grammar which is a more powerful tool for
describing languages.

A Context-Free Grammar is formally defined as follows.

Definition 2.1. A Context-Free Grammar denoted by CFG is a 4-tuple G = (V,%, R, S), where

(i) V isa finite set of variables;
(ii) X is a finite set of terminals such that V N X = @;
(iii) S €V is the start variable; and
(iv) R cV x (V UZ)" is a finite relation
For any (A4,u) € R, we usually write A —» u and call it a rule.
Accordingly, the relation R is also called the set of rules for the CFG.
A is sometimes called the head of the rule whereas u is called the body of the rule.

Example 2.2. Let V ={< SENTENSE >,< NOUN PHRASE >,< VERB PHRASE >,<
PREP PHRASE >,
< CMPLX NOUN >,< CMPLX VERB >,< PREP >,< ARTICLE >,< NOUN >,< VERB >}

¥ = {a, the, boy, girl, flower, touches, likes, sees, with}

S =< SENTENSE >

Let R consist of the following rules:

< SENTENSE > — < NOUN PHRASE >< VERB PHRASE >

< NOUN PHRASE > — < CMPLX NOUN > | < CMPLX NOUN >< PREP PHRASE >
< VERB PHRASE > — < CMPLXVERB > | < CMPLX VERB >< PREP PHRASE >
< PREP PHRASE > — < PREP >< CMPLX NOUN >

< CMPLX NOUN > — < ARTICLE >< NOUN >
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< CMPLXVERB >— < VERB > | < VERB > < NOUN PHRASE >
< ARTICLE > — a | the
< NOUN > — boy | girl | flower
< VERB > — touches | likes | sees
< PREP > — with
G =(V,5R,S) isa CFG.
The following are examples of strings in £* that can be derived by G.
() < SENTENSE >
— < NOUN PHRASE >< VERB PHRASE >
— < CMPLX NOUN >< VERB PHRASE >
— < ARTICLE >< NOUN >< VERB PHRASE >
— a < NOUN >< VERB PHRASE >
— a boy < VERB PHRASE >
— a boy < CMPLX VERB >
— a boy < VERB >

— a boy sees

(ii) < SENTENSE >
— < NOUN PHRASE >< VERB PHRASE >
— < CMPLX NOUN >< VERB PHRASE >
— < ARTICLE >< NOUN >< VERB PHRASE >
— the boy < VERB PHRASE >
the boy < CMPLX VERB >
the boy < VERB >< NOUN PHRASE >
the boy sees < CMPLX NOUN >
the boy sees < ARTICLE >< NOUN >

Ll

— the boy sees a flower

(ili) < SENTENSE >
— < NOUN PHRASE >< VERB PHRASE >
— < CMPLX NOUN >< PREP PHRASE ><VERB PHRASE >
— < ARTICLE >< NOUN >< PREP >< CMPLX NOUN >< VERB PHRASE >
— a girl with < ARTICLE >< NOUN >< VERB PHRASE >
a girl with a flower < CMPLX VERB >
a girl with a flower < VERB >< NOUN PHRASE >
a girl with a flower likes < CMPLX NOUN >
a girl with a flower likes < ARTICLE >< NOUN >

el

a girl with a flower likes the boy

Definition 2.3. Let G = (V,X,R,S) bea CFG.

For any u,v € (VUZX)", wesay u yields v (or v is derivable from u) in one step (written as u
Svor simply u = v) if and only if
J3A€eV,y,aq,f € (VUX) and arule A — y such that u = ¢4Af and v = ayp.
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Note that the process of deriving v from u is basically a replacement of a variable in u by the
body of the variable’s rule to obtain v.

0
In addition, we define u=v iff u = v.
For any integer n = 0, we say u yields v (or v is derivable from u)in n + 1 steps (written as

n+1 n 1
u=v)iff Iw € (VUZX)" suchthat u=wand w=v.
If there are more than one CFG to be considered, (e.g. G and G') and if we need to distinguish
between derivations in G from derivations in G', we can write
nG
u = v to mean v is derivable from u in n steps by use of rules in G; and

nG'
u=v tomean v is derivable from u in n steps by use of rulesin G'.

Furthermore, if we need to specify the rule to be applied in each step, we can use

n,G,(Ry,Rz,Rn) . . . : i
u =————== v to mean v is derivable from u in n steps by use of rules in ¢ with rule R; to be

applied in the i*" step; and

n.G',(R1.Ry,Rn) . . . . .
u =———==—= v to mean v is derivable from u in n steps by use of rules in G’ with rule R; to be

th

applied in the i*" step.

Since there can be more than one way of deriving a string, it is sometimes useful to require the
derivation to be leftmost. A leftmost derivation is a derivation in which the leftmost variable at
every step is replaced by the body of its rule.

Formally, we define leftmost derivation as follows.

1l
Forany u,v € (VU ZX)", v is a leftmost derivation of u in one step (written as u = v or simply
1
ugv) iff Iwex, weWuUl), AeV,a e (VUX) and a rule A — a such that u = wAw' and
v =waw'.

n,lm . . . . n
For any integer n = 0,u = v is defined similarly as u = v.

Definition 2.4. Let ¢ = (V,X,R,S) be a CFG; > be a subset of Vuz)yxVuz).
We define the relation > as follows:
vu,ve (VUZI),u =*> v if and only if u 2> v for some integer n = 0.

n is called the length of the derivation of v from u.

n n'
Note that whenever there is an n such that u = v, there is a minimum n’ such that u=v.
If there are more than one CFG to be considered,

*G . n,G .
u=v if and only if u = v for some integer n > 0.

*'lm . . . . *
= is defined similarly as = .

* *Ilm
Proposition 2.5. = (respectively =) is reflexive and transitive.

0 .
Proof. Since u=u forall u e (VUZX)", u=u forall ue (VUL

.
Therefore, = is reflexive.

For transitivity, assume u =vand v=w.
There exist integers m = 0 and n = 0 such that

m n
u=>vand vow.
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There are two cases to examine, n =0 or n # 0
i) n=0

By definition, v = w.
X m m
Since u=>v, u=>w.
Therefore, u =>w.
() n#0
n
vaw
n—-1 1
v=a,_ = wforsome a, ; € (VUZ)".
With a backward induction argument, we have

VS = Ay = a,_; = w for some a;a, - a,_1 € (VUI)"

UDV = A = Ay =Sa,,=Ww.
. m m+1
Since (u:>v=>a1)=>(u=>a1 ),

m+1 m+2
u=—a,=a,) = (u=zx2 ),

With a forward induction argument, we have
m+n-1
U—>a, ;.

. m+n-1 m+n
Finally, (u—m a1, > w) = (u=w).
Therefore, u=>w.

Combining (i) and (ii), = is transitive.

*'lm . . LRl
With a similar argument, we can establish = is also reflexive and transitive.

Definition 2.6. Let G = (V,X,R,S) bea CFG.
The language of G is defined as
L(G) = {weE"|S>w)

n 0
Note thatif S=>w, n =1 because S =w implies S = w which is a contradiction.

Definition 2.7. Let ¢ = (V,%,R,S) bea CFG.
Let Q represent the rule A —» a in R.
Vu,v € (VUZX)", wesay u yields v (or v is derivable from u) using the rule Q (written as

Q
u = v ) if and only if there exist wy,w, € (V U Z)" such that u = w;Aw, and v = wyaw,.

Proposition 2.8. Let G = (V,%,R,S) bea CFG.
Forany A€V, a€ (VUZX)" and x,y,z€ (VUZL),
i) A—Dae=A=0a)
(ii) Ifthereisno a in (VUZX)" suchthat S — a isarule, L(G) = 0.
(iii) If fa€e (VUX)'|A— a}=0 and x = y, then A appearsin x = A appearsin y.

(iv) Let S=u;y = uy e eee = u, = w, where y; € (VUX)" forall i €{1,2,3,::-n}, w € LZ* and
n=1.
If AeV and A appears in u; for some i € {1,2,3,---n}, then 3a € (V UZX)" such that A — « is
arule.
Proof.

(i) If A— a isarule since € isin (V UZX)", €de = eae.
Therefore, A = a.
Conversely if A= a, 3Q € V,B,wy,w, € (V U Z)" such that A = w;Qw, and
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a=w,fw, and Q — S isarule.
Since A = w;Qw,, w;,w, mustbe € and A = Q.
Therefore, a =f and Q — 8 becomes A — «a.
(ii)) Assume for contradiction that L(G) # 0.
Aw € L(G).
3k € NU {0}, wy,wy,-ee e eee wy, € (VUZX)" such that S = w; = wy ooeeeeee = w,=>Wwor S=
w. (Notethat k=0= S5 =wy.)
By (i), S—w; or S —w.
This contradicts the assumption that there isno a in (V U X)" such that § — « is arule.
(iii) Since x =y, AB € V,wy,w,, B € (VU L) such that x = w;Bw,, y =w;fw, and B — f isa
rule.
Since A — «a isnotarule Va € (VUZX)*, A # B.
Since A appearsin x, A appears either in w; or w,.
In either case, A appearsin y.

(iv) Assume for contradiction 3A which appearsin u; for some i € {1,2,3--n} suchthat A — «
isnotaruleforall « € (VUZX)".
By (iii), A appearsin u;;.
By repeated application of (iii), we can conclude that A appearsin u;,,, U3, - U, and w, which
is a contradiction because w contains no variables.

Example 2.9. Let ¢ = ({$},{0,1},R,S) bea CFG.
Create the rules in R so that L(G) = {0"1?"*! | n € N}.
The ruleis S — 0511 |1 as can be seen from the following applications of the rule.

§ — 0511 (1t application of S — 0511)
— 0051111 (2 application of S — 0S11)
— 0005111111 (3 application of S — 0S11)
— 0"Ss12" (n*" application of S — 0511)
— Q12 (Application of § — 1)

Example 2.10. Let ¢ = ({S},{0,1},R,S) bea CFG.
Create the rules in R so that L(G) = {0?"13" | n € N}.
The ruleis S — 005111 | € as can be seen from the following applications of the rule.
S — 005111 (1st application of S — 00S5111)
— 00005111111 (2 application of S — 005111)
— 0000005111111111 (3 application of § — 005111)

— 02n513" (n*" application of S — 005111)
— 0%"e13" (Application of § — ¢)
— 02n13n

Example 2.11. Let ¢ = ({S},{0,1},R,S) be a CFG.
Create the rules in R so that L(G) = {0?"*713"*% | n € N}.
The ruleis § — 005111 | 071° as can be seen from the following applications of the rule.
S — 005111 (1st application of S$ — 00S5111)
— 00005111111 (2 application of S — 005111)
— 0000005111111111 (3 application of S — 005111)
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— 021513 (n*" application of S — 005111)
— 07"071°13" (Application of § — 071°)

N 02n+713n+9

Definition 2.12. Let G = (V,%,R,S) be a CFG.

Let Ry, R, Rg, -+ -+ R, and Q be rulesin R where n > 1.

(Ri,Ry, R3, -+ R,) and Q are equivalentif Vu € (V U X)", there exists v € (V U X)* such that u
,(R1,R2,"*Rp) Q
Y ) if and only if u=>wv

Proposition 2.13.

i A = a if and only if A — «a isa rule.

(ii) If A does notappearin a and A doesnotappearin f and 4 = a isa rule, then

A—
aAp ﬁyx iff x = ayp.
Proof.

A- A-
(i) If A—> a isarule, €de = eae and therefore, A = a
A-a
Conversely, if A= a, by definition A — a is a rule.
A-y A-y
(ii) If x = ayp, since A — y, by definition aAf = aypf. Therefore, aAf = x.

A-
Conversely, if aAf =}>,x, Juq,u, € (VUZ)* suchthat adf = u;Au, and x = uyyu,.

Since A does not appear in @ and A does not appear in S, there is only one appearance of A
in aAB.
Therefore, there is only one appearance of A in ujAu,.
Therefore, (adAB = u,Au,) = (@ =uy & B = u,).
Therefore, x = ayf.
Proposition 2.14. (A — a) & (B — f) are equivalent if and only if (4 = B) & (a = ).
Proof. If (A — a) & (B — f) are equivalent,

4—a)= (A= a) (Proposition 2.13)

Since (A — a) & (B — ) are equivalent, A B;g a.

There exist wy,w, € (V UZ)" suchthat A = w;Bw, and a = w,Bw,.

A =w;Bw, = A =B since A and B are both variables.

A=wAw, = w; =w, = €.

Therefore, a = S.

Conversely, if (A=B) & (¢ =f), (A— a) & (B — f) are the same rule and hence they are
equivalent.

Proposition 2.15. Let ¢ = (V,%,R,S) bea CFG.
VA,B€V and x,y,z€ (VUZX)", (A— xBz) & (B — y) are equivalent to 4 — xyz.
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Proof. Vu € (V U X)", let
R, be A — xBz
R, be B—y
R; be A — xyz
2,(R1,R2) . Ry Ry
If u=——wv, 3w; € VUZL)" suchthat u=w;=v
R
Since u =§w1, u=a,Aa, and w; = a;xBza, for some aq,a, € (VU X)".
R
Since R, = (B — y), ayxBza, ﬁzlexyzaz.
R
Thatis, w; = A xXYZa,.
2,(R1,Rz)
Therefore, 3v = a;xyza, such that u —=v.
R
Since R; = (A — xyz), a,Aa, = A XYZAy.
R
Thatis, u= A xXYZa,.
R
Therefore, u S0,
R
Conversely, if u = v, u=a,Aa, and v = a,xyza, for some a;,a, € (V UX)".
Let w; = a;xBza,.
R
Since R, = (A — xBz), a A«, = a,xBza,.
R
Since R, = (B — y), a1xBza, =§a1xyza2.
R R
Therefore, a;Aa, = a,xBza, = A XYZay.
. Ry Ry
Thatis, u=w; = v.
. 2,(R1.R2)
Thatis, u ——v
Combining both directions, (R;,R,) and R;3 are equivalent.

Proposition 2.16. Let ¢ = (V,%,R,S) bea CFG.

(a) VABEV, x,y,ze (VUYL if A= xBz&B =y then A ;xyz.
(b) Va,B,v,B'€ (VUL if B = ' then afy = afB'y.

© Va,B,y.8 €V UL, if B=p then afy=af'y.

(d) Let ay,az, - an B1, B2 B V1, V2 ¥n € (VU E)"

If B; ;Vi for i € {1,2,3,---n}, then a; B a,,a3P3 - anfn ; a1Y1Q2Y2Q3Y3 " An¥n-
In the special case of a; = ay,-* =a, =€, B1f.05 Bn ;ylyz)@ - Yn-
Proof.
(a)
By Proposition 2.8 (i), (B =y) & (B — y).
By definition of derivation, xBz = xyz.
Therefore, A = xBz = xyz.
Therefore, A > xyz.
(b)
Since § = B', 3B, B, € VUX), A€V, ne (VUZX) and arule A — n such that
B = P1AB2, B’ = PinpPa-
Therefore, afy = aBAB,y and afB'y = afinpB,y.
Therefore, afy = ap'y.

(©)
Since B = B', uy,uy - u, € (VUZL)* where n = 0 such that
B=uU = Uy, = Uz Uy, = U, = .

afy = auyy (B=u; & (b))
= au,y (U = u, & (b))
= auyy (un—l = Up & (b))

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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—=afy =& D)
Therefore, afy = af'y.
(d)
0:131‘75232“333 AP = Y1 A Br 3B AP Br=v11 & (9)

=*> A1Y1Q2Y 2303+ A fPn (B2 =*> Y2 & (0))
= Y1Q2Y23Y3 " Anfn Bz=vs & ()
= A1Y1Q2Y2Q3)Y3 " Apn Brn=vn & (0)

Therefore, a;B:102B,3B3 + Anfn = A1Y102Y203Y3 ** An¥n-
This completes the proof of Proposition 2.16.

l * *,1
By replacing = with = and = with =>m, we have the following proposition.

Proposition 2.17. Let ¢ = (V,%,R,S) bea CFG.

im im *Im
(a) VABEV, x,y,ze (VUL if A>xBz&B=y then A = xyz.
Im im
(b) Va,B,v,B'€ VUL, if B=p" then afy=afB'y.

*,1 *,1
© Va,B,7,8 € VUL, if B2 then afy = ap'y.

(d) Let ay,az, -y B1,B2 " B Y1, Y2 ¥ € (VU L)
*Ilm . *Ilm
If Bi=y; for i € {1,2,3,--n}, then a;5,a,6,a3P5* apnfn = a1¥102¥2A3Y3 " Ap¥n-

*,1
In the special case of ay = ay, - = a, =€, P15 Pn ﬁmylyz)@ Y-

Proposition 2.18. Let ¢ = (V,%,R,S) bea CFG.
A AL Ay, A, €V, aj,ay, ay, P, B2, Bn € (V UX)".
It A— a1A1p1, Ay — @405, Apoy — @y Anpy, then A > ay - A1 A Apfrfn-1 P1-
Proof.
The proof is by induction on n.
(n=1)
If A — a;4,p;, by Proposition 2.8 (i), A = a4, 6;.
Therefore, A > a,ABy.
m=k+1,k=1)
Assume 4 — a;A1f;, Ay _’*azAzﬁZ/ A — AP, Ak — A1 Ak Brra-
By induction hypothesis, A = a; - 1A AP -1 P1-
Since Ay — ay11Ax+1Bk+1, by definition of derivation,
Qq - ak—lakAlinBk—l P = g Uy A Qg1 A1 P 1 BreBr—1 7+ Pa-
Therefore, A =*> ay o Ay A PiPr—1 7 P1 = A1 Qo1 Ay Q1 A1 Bres1 B Pre—1 -+ Pa-
Therefore, A= a; -+ @ 1A, A414k41Br+1BkPr-1 - Pu-
This completes the proof of Proposition 2.18.

Proposition 2.19. Let ¢ = (V,%,R,S) bea CFG, B €V,R;,R;,Rs, -+ R, be rulesin R where n = 0.
Let ay,a,, a1, a5 € (VUZ)".
n,(Ry,R2,*Rp) n,(Rq,R2,-Rp) .
If ¢yBa, ———= aiBa; then a;xa,———= a;xa; Vx € (VUZ)" where the two B’s in
the two strings are the same B (Note that there can be more than one B in the string a,Ba,) and B
is not the head of any rule R; (i = 1,2, n).
(Note that when n = 0, the statement becomes

(a1Bay, = ayBaj) = (a1 xa, = ajxay Vx € (V U L)¥)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. For n =0, a;Ba, = a;Ba;

Since the two B’s in the two strings are the same B, replacing them with x must yield two
equal strings.

Therefore, a;xa, = a;xa;.

Therefore, the statement is true for n = 0.

For n=1,if a;Ba, 3 a;Bay,

Let A — a be the rule represented by R;.

By definition of yielding, 3uy,u, € (V UX)" such that

a,Ba, = u,Au, and a;Ba; = u,au,.

The B that appears in a;Ba, must also appear in u;Au,.

Since R;does not originate from this particular B, A and B cannot be the same object in the
string a;Ba, or ujAu, and hence there are only two cases to examine: B appears in u; or B
appears in u,.

(i) If B appearsin u;

Let u; be the string obtained by replacing B in u; with x.

Since ayBa, = u,Au,, replacing B with x on both sides would yield two equal strings.

Thatis, a;xa, = ujAu,.

Since a;Ba; = u;au,, replacing B with x on both sides would yield two equal strings.

That is, a;xa; = ujau,.

However, ujAu, gu{auz since A — a is arule.

Therefore, a;xa, 3 ajxay.

Therefore, the statement is true for n = 1.

(ii) If B appearsin u,, with a similar argument, we can show that the statement is also true for
n=1.
With the results established on n = 0 and n = 1 and an induction argument, we can conclude
that for n = 0,

n(Ry Rz Rn) | n(Ry,R2,Rp) | | X
(ayBay =——= a1 Bay) = (a1 xa, —= ayxa; Vx € (V U X))

Proposition 2.20.If G = (V,X,R,S) isa CFG and there exist uy,uy,--ux € (VUZX)*, w € * such that
S=u = u, = Uz = U, = = U, = w, then
The # of variables in u, < the # of steps remaining from u, to w.
Proof. Let n be the number of steps remaining from u, to w.
n=k+1-r
We'll prove this proposition by induction on n.
(For n=1)
=k
Therefore, u, = u, = w.
Since u, = w, 3a,B,y € (VUZX)" and arule A — y such that
U, = aAf and w = ayp.
Since w € X%, a,B € X",
Therefore, u;, has only one variable.
Therefore, u, has only one variable.
Therefore, # of variables in u, < the # of steps remaining from u, to w.
(For induction)
The # of steps remaining from u,_; to wisn+1=k+2—r.
Since u,_; = u,, 3a,B,y € (VU L) and arule A — y such that
U,_; = aAf and u, = ayp.
Let m be the number of variables in u,_;.
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# of variables in u, = m — 1+ (# of variablesin y) > m — 1.

By induction hypothesis, # of variablesin u, <n=k+1-r.

Therefore, m — 1 < # of variablesin u, <n=k+1-r.

Therefore, m—1<k+1-—r.

Therefore, m<k+2-—r.

Therefore, number of variables in u,_; < # of steps remaining from u,_; to w.
This completes the proof of Proposition 2.20.

Example 2.21. Let G = (V,%,R,S) be a CFG and there exist uy,uy, -u, € (V UZX)", w € £* such that
S=Du > U, = Uz = U, = -+ = U, = w. Show that the statement

(# of variables in u, = the # of steps remaining from u, to w) is not always true.

(Hint: Consider V = {S,A,B,C},X ={a,b,c},R ={S — AB,A — C,C — ¢,B — b} and

S—AB A—C C—c B—b
S=—= AB=—=(CB = cB=—cb.)

Definition 2.22. Vo, € (V U X)", a is a substring of § (writtenas a = ) if 3a’,a” € (V UZ)" such
that
B =a'aa”. a' is called the left complement of a in B, written as LC(a). a' is called the right

complement of « in g, written as RC(a).

Proposition 2.23. For any strings a;, a,, u such that aq,a, © u, if @y © a;, then
(i) LC(ay) = LC(ay) & LC(ay) -1 = LC(ay) for some string r
(if) RC(a;) = RC(a1) & 1-RC(a;) = RC(a;) for some string 1.
Proof. @y c u = u = x;a;y, for some strings x;,y;.

a; C U = U = x,a,y, for some strings x,,y,.

x1 = LC(ay) ; y1 = RC(ay).

x; = LC(az) ; y2 = RC(ay).

a; C a, = a, =ra,l for some strings v & L.

Therefore, u = x,a,y, = x,ra,ly,.

Since u = x a1yq, X101 = Xra,ly,.

Therefore, x; = x,r and y; = ly,.

Therefore, LC(a,) = LC(a;) r and RC(a;) =1-RC(a,).

Therefore, LC(a,) = LC(a;) and RC(a;) = RC(ay).

This completes the proof of Proposition 2.23.

Definition 2.24. For any strings a4, a,, u such that ay,a, = u, a; is said to be on the left of a, if

there exist strings x,y,z such that u = xa;ya,z.

Proposition 2.25. Let ¢ = (V,%,R,S) bea CFG.
Let ug = u; = uy, = ug - = u,, where ugy, U, Uy, Uz - U, € (VUZ)".
Let0<i<j<n.

If a; &y, then 3a;,4, @4z, @) Where @jyq C Ujpq, @jyp © Uy, -+ @ © U; such that

A1 A A3 A]‘—i
A= Qg = Ajyy = Ajyg e = a; where 15,4, Ai-; € {0,1}.
* . . .
Hence, @; = a; inno more than j —i steps.
.
a; is called the (j — i)-step expansion of a; within the derivation of u, = u, and it is written
as a; = Expan(a;,j — i).
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Proof. Let k =j —i.

1<k<n
This proposition can be proved by induction on k.
(k=1):

j=i+1

Since u; = u;44, 3,8,y € (VUX)" and arule A — y such that

u; = aAf and u;,, = aypf.

Since a; = u;, 3a’,B’ € (VU X)* such that u; = a'q;B’".
(i) If Acq

da”,B"” € (VUZX)* such that a; = a”AB".

y=aof =aa’AB"B.

Also, u; = aAp.

Therefore, aAB = a'a"’AB"'B’.

Therefore, a = a’'a” and B =B"pB’.

Since Ui = ayP, ujq = a'a”yB"p'.

Take a;.; = a''yB".

Since a; = a”"AB" and A — y isarule, a; = a;44.
(ii) If A isnot a substring of a;

Since u; = aAf and q; C u;, either a; C a@ or a; = B.

Since u;,4 = ayB, a S u;y; and f =y

Therefore (¢; S a or a; = ) = a; T Ujyq.

Take a;,, = «;.

Therefore, «; =0> Qg1

2
Combining (i) and (ii), a; > a;;1 where 4, € {0,1}.

(Induction):
By induction assumption,
A Az A3 Aj-i
A 2 Ajy1 = Ajyp = Ajgpg oo B ij where /‘11,/12, """ /-lj—i € {0,1} and

Ait1 T Uiy, Xiyp & Uy, a5 T U
Since @; = u; and u; = u;,4, by applying the same argument as in the case of (k = 1), we can

y
. Jj—i+1
find a;; C uj;q such that aj == a;,; where 4;_;;, € {0,1}.

M Az A3 Aj—i Ajeita
Wenow have a; = ;1 = iy = Ajyg oo = aj = @j4, Where
AyyAgy oo i Ajmivr €{0,1} and a@iyg © Ujpy, Qi © Ujyp, - & © W), Ay © Ujpg.

This completes the proof of Proposition 2.25.

Proposition 2.26. Let ¢ = (V,%,R,S) bea CFG.
Let ug = u; = u, = ug - = u,, where uy, Uy, Uy, Uz u, € (VUZI)".
Let 0<i<j<n a;cu, af cu;, o = Expan(a;,j —i) & aj = Expan(aj,j — i).
If @; is to the left of a; within u;, then q; is to the left of a; within u;.

Proof. Let k =j — 1.
0<k<n
We can prove this proposition by induction on k.
(k =0)
jEi=>a=0q & a; =qj.
Therefore, ai:0>aj & a; =0>aj’ .
a; = Expan(a;,0) and af = Expan(a;,0).
a; is to the left of aj = q; is to the left of «;.
The statement is true for k = 0.
(Induction)
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Induction Hypothesis:

(a; is to the left of a;) = (a;4 is to the left of a;, ;).

Since a;,y is to the left of a;,,, there exist x,y,z € (V U X)* such that

Uppk = XAy Ay Z-

Since uj,, = U;;r+1, there exists a rule A — y such that

Uik = QAR & Ujyper = ayp.

We now have five situations to examine: AC x,A = a;.,, AC Y, AC a4, AC z

(i) Aex
RC(A) =1-RC(x) (Proposition 2.23)
B =1 aiuyaiwz (RC(A) = B, RC(x) = @y y®ix2)

Uisrrr = VP = ayla; yai,z.
Take @jyps1 = Qipg and @jypqq = Ay
Therefore, a;,x S Aippr1 & Afpp = U ipyr-
In addition, ;i1 = QYA 1k 41V k12
Therefore, a;4,,1 is to the left of @/ ;4.
(i) A E
da’,B' € (V UZ)" such that
Ay = a'Ap'
Uppp = XAy Y @iz = xa' AB'yaj 2
Since U, = adpB, a =xa' & B = B'yaj .z
Therefore, w4y = ayf = xa'yB'ya 2.
Take ajype1 = a'VB' & Qjypsr = Ajpge
NOW, Ujpjq1 = X@itp41Y A sis12-
S0, @i k41 1S to the left of aj,piq.
In addition, ;. = @;,x4+1 because a; . = a'AB' & @jp41 = a'yB'.
Also, =0>a{+k+1 because @} ;41 = A4k
(i) A=y
With a similar argument as in (i), we can show that 3a; 41, Xizpsr IN Ujpger such that

1 Y
Qi = Aigrsr & Ajpy = Afppr1 Where 4,1" € {0,1} and

Q41 1S to the left of af p.q.
(iv) A& ajy

With a similar argument as in (ii), we can show that 3a; 41, Qiigsr IN Ujppyq such that
!

1 1
Qi = Aigrsr & Ajpy = Afppr, Where 4,1 € {0,1} and

Qiprs1 1s to the left of a@j,j ;.
(v) Acz

With a similar argument as in (i), we can show that 3 p41, Xizpsr IN Ujpger such that
!

1 1
Qipe = Uigrrr & Ao = Aipyq Where 4,1 € {0,1} and

Qiprs1 1s to the left of aj,j ;.

Combining all (i) to (v) and the induction hypothesis, we now have:

If a; is to the left of a; within u;, then a@; 4, is to the left of a;,,,.; within u; ;.
This completes the proof of Proposition 2.26.

Proposition 2.27. Let ¢ = (V,%,R,S) bea CFG.
Let uy = u; = - = u; = Ujyq - = Uy, Where Ug, Uy, U Uiy U, EVUE) & 05 i< n.
Let a;,B8; € (V U X)".
If a;8; = u;, then Expan(a;f;,1) = Expan(a;, 1)Expan(B;, 1).
Proof. Since a;8; = u;, u; = xa;f;y forsome x,y € (V UZ)".
Since u; = u;44, 3,8,y € (VUX)" and arule A — y such that
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u; = aAf & u;q = ayp.
Since A c u; & u; = xa;B;y, we have four cases to examine:
Acx, Aca;, AcC B, AcCy.
(i) Acx
x = x'Ay' for some x',y' € (VU X)".
u; = xa;fiy = x'Ay' a;fiy.
Since u; is also equal to aAB, aAf = x'Ay'a;B;y.
Therefore, @« = x" and B = y'a;B;y.
Since uiyy = ayp, U1 = x'vy'aipiy.
Now we have «;, B, a;f; = u; & a;, B, @iff; © Ujyq-
In addition, @; = a;, f; = Bi, @:fi= aiB;.
Therefore, Expan(a;B;,1) = a;B;, Expan(a;, 1) = a; and Expan(B;, 1) = B;.
Therefore, Expan(a;B;,1) = Expan(a;, 1)Expan(f;, 1).
(i) Aca;
a; = x'Ay' for some x',y' € (VUZX)".
Since u; = xa;B;y, u; = xx'Ay'B;y.
Since u; = aApB, aAp = xx'Ay’'B;y.
Therefore, « = xx’' and B =y'B;y.
Since Uiy = ayB, Uy = xx'yvy’'Biy.
Let a;y; = x'yy’. Then uiyy = xai15;y.
Since a; = x'Ay' and A — y isarule, a; = a;,;.
Since a; Cu; and a;; C U1, Expan(a;, 1) = a;,4.
Since B; = u; and B; = u;,, and f; =0>Bi, Expan(B;, 1) = B;.
Since a; = x'Ay’, a;5; = x'Ay'B;.
x'Ay'B; = x'yy'B; because A — y is arule.
Therefore, a;8; = x'yy'B;.
Therefore, a;f; = a;415; (aipr =x"yy")
Since a;f; = u; and ;1B © Uy, Expan(e;fi, 1) = aj41f;-
Therefore, Expan(a;B;,1) = Expan(a;, 1)Expan(B;, 1).
(iii) A = B;
With a similar argument as in (ii), we can show that Expan(a;f;,1) = Expan(a;, 1)Expan(B;, 1).
(iviAcy
With a similar argument as in (i), we can show that
Expan(a;B;, 1) = Expan(a;, 1)Expan(B;, 1).
This completes the proof of Proposition 2.27.

Proposition 2.28. Let ¢ = (V,%,R,S) bea CFG.
Let uy = u; = - = u; - = u,, where ug,uy, - u;, U, EVUL) & 0<i<n.
(i) For 0<k<n-—| Expan(ailaiz N k) = Expan(ail,k)Expan(aiz,k) --~Expan(aim,k)
where
a, ap, e T U
(i) If uy =X;X, - X, where X;,X,, X, EVUE & u, =w € X", then Iw;,w, ---w,, € L such
that X; > w; inno more than n steps &
W = WyWy - Wy,
Proof. Claim.
Va;, ;i € VUZL)" suchthat ;5 cu; and 0 <k <n-—i,
Expan(a;;, k) = Expan(a;, k)Expan(;, k)
This Claim can be proved by induction on k.
(k=0)
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Expan(a;f;,0) = a;p;.
Expan(a;,0) = a; and Expan(p;,0) = ;.
Therefore, Expan(a;f;,0) = Expan(a;, 0)Expan(B;, 0).
The statement is true for k = 0.
(Induction)
Induction Hypothesis:
Expan(a;B;, k) = Expan(a;, k)Expan(B;, k) where
Expan(a;B;, k), Expan(a;, k), Expan(B;, k) = Uj,x.
Expan(a;B;, k + 1) = Expan(Expan(a;f;, k), 1)
= Expan(Expan(a;, k)Expan(B;, k), 1) (Induction Hypothesis)
= Expan(Expan(a;, k), 1)Expan(Expan(f;, k), 1) (Proposition 2.27)
= Expan(a;, k + 1)Expan(B;, k + 1)
This completes the proof of Claim.
The proof of (i) is by induction on m.
(m=1)
LHS = Expan(a;q, k).
RHS = Expan(a;,, k).
Therefore, the statement is true for m = 1.
(Induction)
Induction Hypothesis: annan(u:ilzxi2 aim,k) = Expan(ail, k)Expan(zxiz,k) Expan(aim, k).
Expan(orilozi2 e W k) = Expan(u:ilzxi2 aim,k)Expan(aimH,k) (Claim)
= Expan(zxil, k)Expan(aiz, k) Expan(aim, k)Expan(aimH, k) (Induction Hypothesis)
This completes the proof of (i).
@)
Set i = 0 & k = n for the result in (i).
g, = Xy, ag, = X3, g, = X
Ug = X1 X5 - Xy = g, 0, *+ Ao,
Therefore, ay, @y, - ay,, = Uo.
By (i), Expan(ozolzxo2 o n) = Expan(aol,n)Expan(aoz,n) ---Expan(aom,n)
Therefore, Expan(X;X, --- Xy, n) = Expan(X;,n)Expan(X,,n) --- Expan(X,,, n).
Expan(X,X, -+ X, n) = Expan(ug,n) = u, = w.
Therefore, Expan(X;,n)Expan(X,,n) - Expan(X,,,n) = w.
Therefore, Expan(X;,n) = w; for some w; € X%, i € {1,2,---n}.
Therefore, w = wyw, - w,, &

.
X; = w; inno more than n steps.

Proposition 2.29. Let G = (V,%,R,S) bea CFG, a,f € VUE)", X€V and w € 3.

If aXE=*>W, then X =>w' for some w' € T*.

Proof. 3n > 1 such that aXp Sw.
Expan(aXp,n) = w.
Expan(a,n)Expan(X,n)Expan(f,n) =w (Proposition 2.28)
Expan(X,n) = w' for some w' € X*
X=w' for some w' € T* (Proposition 2.25)
This completes the proof of Proposition 2.29.

Example 2.30. Prove that the non-regular set A = {a"b"|n = 0} isa CFL.

Proof. Let G = (V,Z,R,S) bea CFG such that
V={S}, £={ab}, R={S — aSh,§ — €}.
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In short form, S — aSb|e.

+1
Claim 1. If S=a Vn > 0 where a € (V U )", then

1

3y € (VU X)* such that S;y and y=>a and y = a"Sh™.

Claim 1 can be proved by induction on n.

1 0 1

For n =0, if $= «a, by definition, 3y € (V UX)" such that S=y and y=a.

Therefore, S =y.

Therefore, y = a®Sh°.

Therefore, the statement is true for n = 0.

Assume the statement is true for n = k for k = 0.

k+1 k 1

That is, (S=>a) = (Ely € (VUZ) suchthatS=>y &y=>a &y = aka") for k=0 and a €

(Vuz).
k+2
For n=k + 1, assume S = a.
By definition, 3y’ € (V U Z)" such that
k+1 1
S=y' and y' > a.
k 1
By induction assumption, 3y € (V UX)* such that S=y and y=7y' and y = a*Sb*.
Since there are only two rules in R, namely S — aSbor S — e.
1 S—
If weuse S — € on Y=Y/, then a*Sb* =§y’.
By Proposition 2.13 (ii), y' = a*eb* = a*b*.
1

This contradicts the conclusion y'=a we derive above because a*b* does not contain a

variable.

Therefore, we must use rule S — aSh.
S—asb
Therefore, y — v

S—aSb ,

Therefore, a*Sh* —y'.
Again by Proposition 2.13 (i), ¥’ = a*aSbb* = a**1Spk+*.
This completes the proof of Claim 1.

n+1
Claim 2. S=a"b" ¥n = 0.

S—
For n =0, S=e¢ by Proposition 2.13 (i).

1
Therefore, S= a®bh® and hence the statement is true for n = 0.
For n = 1, by Proposition 2.13 (i) & (ii),

S—ash S—asb S—ash S—asb
S=——=aSh——= a?Sh?> ——= a3Sh3 -+ .- — a"Sb™.
Therefore, S =n> a™Sbh™.

S—
In addition, a™Sh™ = a"p" by Proposition 2.13 (ii).
1
Therefore, S 7; ab™.
This completes the proof of Claim 2.
It remains to show that L(G) = A.
UEA =>u=a"b"
n+1
= S=u (by Claim 2)
= u € L(G)

Conversely, if u € L(G), u € Z* and
+1
Sn=>u for some n = 0.

1

3y € (VU X)* such that S;y and y=u and y = a"Sbh™ by Claim 1.
S—aSb S5—

Since there are only two rules in R, either y —u or y =
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S—asShb
(=)
s—asb
= (a”S h'— u)
= a"tispntl =y (Proposition 2.13 (ii))

= a contradiction to u € X*.
S—e
Therefore, we must use y = u.

Therefore, a™Sbh™ S;E u.

a™eb™ = u by Proposition 2.13 (ii).

Therefore, u = a™b™ and hence u € A.

Combining both directions, L(G) = A.

Before proceeding to the proof of some important theorems in CFG, we need to review some
Tree terminology and Graph Theory. The readers are assumed to have some background in the
subject matter and the following are stated without proof.

T1. A tree is a directed acyclic graph (DAG).

T2. Trees are collections of nodes and edges.

T3.1If (A, B) is the directed edge from node A tonode B, A is called the parentand B is called
the child.

T4. A node has at most one parent, drawn above the node and zero or more children, drawn
below.

T5. There is one node that has no parent. This node is called the root and appears at the top of
the tree. Nodes that have no children are called leaves. Nodes that are not leaves are called interior
nodes.

T6. A simple directed path from v, to v, is represented by (v, vy,v,,::-v,,) Where (v;,v;11)
with i € {0,1,2,+--n — 1} are directed edges joining the nodes, vy, vy, v,, - v, of the tree and v; # v
for i # j. The length of the simple directed path is equal to the number of directed edges connecting
the nodes vy, vy, v,,* v, and is equal to n in this case.

T7. For any two nodes A and B, if there is a simple directed path from A to B, B is a
descendant of A and A is the ancestor of B. Since every simple directed path from A to B must
pass through a child of 4, there is simple directed path from one of A’s children to B.

T8. There is a unique simple directed path from the root to any other node.

T9.Let d(r,1) = thelength of the path from the root r to aleaf l. The height of the tree is defined
as h = Max{d(r,)|r = root;l = a leaf}. Therefore, the height of a tree is the longest path from the
root to a leaf.

T10. The length of the path from the root to a node v is called the level of v.

T11. The simple directed path from an interior node to a leaf is called a branch. The
combination of all branches is the largest subtree with the interior node as the root. The length of any
branch is no longer than the height of the subtree which in turn is no longer than the height of the
parent tree.

T12. The children of a node are ordered from left to right. If node A is to the left of node B,
then all the descendants of A are to be to the left of all the descendants of B at the same level.

T13. A subtree is a tree of which the vertices and edges are also the vertices and edges of the
parent tree. If a subtree has a leaf, the leaf is also a leaf of the parent tree.

Definition 2.31. For any context-free grammar, G = (V,%,R,S), a parse tree for G is a tree that
satisfies the following conditions:
(1) Each interior node is labeled as a variable in V.
(if) Each leaf is labeled either as a variable in V, a terminal in X or e.
(iii) If an interior node labeled A (a variable) has children X;,X,, X3,--X,, where X; e V U X
for i € {1,2,---n}, then
A — X, X,X5-- X, isarulein R.
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(iv) If an interior node labeled A (a variable) has € as a child, then e is the only child of A
and A — € isarulein R.

Note that any subtree of a parse tree is also a parse tree.

Definition 2.32. The yield of a parse tree is the concatenation of all the leaves of the tree from left to
right.

Theorem 2.33. Let G = (V,%,R,S) bea CFG. The following statements are equivalent.

(i) 3 aparse tree withroot A €V and ayield w € X*.

.. *lm
(ii) A= w,wezx".

(i) A>w, wez"
Proof. “(i) =(ii)”
This can be proved by an induction on the height of the tree in statement (i).
Let h (= 1) be the height of the parse tree in statement (i).
ap =17
The parse tree looks like the following figure.

A,

). OFD, CYLIIRTIRTTRTT) FRTIRTRITPRTS) $HEPRY. ¢
X;eVUZXu{e}

Figure 2.1. Caption.

By definition of parse tree, A — X;X,X5 - X,, isarulein R.

By Proposition 2.8(i), A = X1 X,X3 - X,,.

Therefore, A= X,X,X5 " X,,.

The yield of this tree is X;X,X3 --- X, which is equal to w by statement (i).

Therefore, A N w.

Since A is the only variable in the string 4, it is therefore also the leftmost variable in the string

Therefore, A g w.

Hence, the statement “(i) =(ii)” is true for h = 1.

“Induction”

Let k be an integer such that k > 1.

Induction Hypothesis:

The statement “(i) = (ii)” is true for any parse tree with height h if h < k.

Consider now a parse tree Pt(A,w,k + 1) that has root 4, yield w and a height of k + 1.
This parse tree looks like the following figure.
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Parse Tree Pt(A,w,k+ 1)

. "'Xn—lﬁXn

w1 Wy Wi Wn-1 Wn

X; e VUZX, w; = yield of the subtree with root X;, height of parent tree = k + 1.

w = W1W2 Wy “'Wn—lwn

Figure 2.2. Caption.

Vie {12 n}, X;€VUZ.
There are 2 cases to examine.
(a) X; €
X; = w; for some w; € X.
X; % w;.
X; > w;.
X; g w; (X; is the only variable in the head)
Furthermore, since X; € X, X; = w; is a leaf.
Therefore, w; = w.
(b) X; €V
By T11 and T13, the combination of all branches of X; forms a subtree of Pt(4,w,k + 1) and
every leaf of the subtree is also a leaf of the parent tree.
Let w; be the yield of X;.
By definition of yield, every symbol in w; is a leaf and therefore a symbol in w.
Therefore, w; = w.
Since w € ¥, w; € X",
Claim: w = wyw, -+ wy,.
By T12, w; is to the left of w; for i <j since X; is to the left of X;.
Therefore, w = xow;x,W, *+* W, x,, where X, X, x,, € L*.
Let [ be a symbolin w.
l isaleaf in Pt(A,w,k + 1) because w is the yield.
By T8, there is a simple directed path from 4 to L.
By T7, there is a simple directed path from X; to [ for some i € {1,2,---n}.
Since [ has no children, [ must be a leaf descendant of X;.
Therefore, [ is a symbol in w; because w; is the yield of the subtree with root X;.
Therefore, [ isa symbolin w = [ is a symbol in w; for some i € {1,2,---n}.
Therefore, |w| < |wyw, - wy|.
Therefore, |xowix,Wy s Wpxy| < [wiwy - wy|.
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This means that xy = x; = -+ = x,, = €.

Therefore, w = wy;w, - wy,.

Now, back to the subtree with root X; and yield w;.
The height of this subtree = the length of the longest branch in the subtree
= the length of a simple directed path in the parent tree
from X; to aleaf [

= the length of a simple directed path in the parent tree
from A toaleaf | minus 1 (By T7 & X; is a child of A)
< the height of the parent tree minus 1

=k+1-1

=k

*Ilm

By induction hypothesis, X; = w;.
*,1
Combining (a) & (b), we now have X; ﬁmwi forall i € {1,2,-:n} and w = w;w, - wy,.
For the parent tree Pt(A,w,k + 1),
A= X, X,X3--- X, (Proposition 2.8(i))
m
A= X, X,X3 - X, (A is the only variable in the head)
*,1
Since X; = w; and by Proposition 2.17,
*,1
Xy Xy Xy oo Xy 2 Wy Wy e Wy,
Im *lm
Therefore, A= X, X, X5 - X, = wyw, - w,,.
*,1
A :n; WiWy = Wy,
*,1
Since w = wyw, - w,, A ﬁmw.
The statement “(i) = (ii)” is true for h = k + 1.
This completes the proof of “(i) =(ii)”.
“(if) = (iii)”
The proof of this statement is trivial because every leftmost derivation is a derivation.
“(iii) =(1)”
Since A= w, In = 1 such that 4 Sw. (Note that n # 0 because A €V and w € £*.)
The proof of this statement, “(iii) =(i)”, is by induction on n.
(n=1)
Awy, Wy - wy, € X such that w = wyw, - w,, & A= wyw, - wy,.
By Proposition 2.8(1), A — wiw, -+ Wy,.
The following is a parse tree with root A and yield w.

A

Wl Wlnnnnln ses ve6 060 080 604 l..l.le

w; e Xforalli€{1,2,:m}

Figure 2.3. Caption.
Therefore, the statement is true for n = 1.
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(Induction)

Induction Hypothesis:

Let k be an integer such that k > 1.

Forany n <k, if A 5 w, then 3 a parse tree with root A and yield w.
Now, consider n = k + 1.

If ASw,

Juy, uy, -y € (VU X)) such that

A= u = uy - Su,=>w

AX;, X5, - Xy €V UZ such that u; = X1 X, - X
Therefore, X, X, X = uy -+ -+ =y = w.

By Proposition 2.28(ii),

Xigwi with n; < k and wyw, - wp, = w.

By induction hypothesis, 3 a parse tree with root X; and yield w; which looks like the
following figure.

X;

Figure 2.4. Caption.
We now can construct a parse tree, Pt(4,w,k + 1) as follows.
(1) Start with a one level parse tree that has root A and yield X;X, - X, thatlooks like the

following figure.

Figure 2.5. Caption.
(2) Foreach i € {1,2,-:-m},if X; € L, set X; = w; for some w; € X.
If X; € V, add the parse tree as shown in Figure 2.4 to the parse tree as shown in Figure 2.5. The

resulting tree would look like the following figure.
Pt(A,w,k+1)
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Figure 2.6. Caption.

Clearly, this tree (Pt(A,w, k + 1)) with root A is a parse tree since the one level tree and all the
subtrees with root X; and yield w; are parse trees.

In addition, since wyw, - wy,, = w, the yield of this parse tree is w.

Therefore, the statement “(iii) = (i)” is true for n = k + 1.

This completes the proof of “(iii) =(i)” and also the proof of Theorem 2.33.

2.2. Chomsky Normal Form (CNF)

Definition 2.34. Let G = (V,%,R,S) be a CFG.
G is in Chomsky normal form if very rule of G is of the following form:
A — BC where AeV and B, CeV\{S}
A—a where aeX
S—e¢ where S = Start Variable

Lemma 2.35. For every CFG G = (V,%,R,S), there is a CFG G' with no e-rule (A — € where A # )
or unit rule (A — B where A, B € V) such that L(G) = L(G").

Proof. We can inductively construct a new set of rules, R' using the following procedure:
(i) Copy all the rulesin R to R'.
(ii) If B+ S,A— aBf and B — € arein R’, create A — aff in R'.
(iii) If A— B and B — y arein R’, create A — y in R".
We can further assume that R’ is the smallest one of all the sets that can be thus created because
we can always rename the smallest one to R’ knowing that the minimum exists.
Let ¢' = (V,L,R',S).
It’s clear from construction that R € R’.
Therefore, every derivation in G is a derivationin G' and hence L(G) < L(G").
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On the other hand, every new rule that is created in G’ is equivalent to the two rules that it is
created from by Proposition 2.15 and therefore, every derivationin G’ can be simulated by either the
same rules or equivalent rules in G.

Hence, L(G") c L(G).

It remains to show that all the € and unit rules in G’ are redundant for the production of any
x € L(G").

*,G !
Since L(G') = {x € £" | S = x}, knowing that minimum derivations exist, we can assume every

derivation of x € L(G") is the one of minimum length.
* G’
Claim 1. Any derivation S = x does not use an e-rule.

Proof of Claim 1. Assume for contradiction that B — € where B # S is used at some point of
the derivation.

* G’
S => X can be rewritten as

G 16" G’
S=>y36ﬁy6=>x where y,6 € (V U ZX)".
This B must have been generated at an earlier point of the derivation in the form of

1,6’

nA6 = naBB6 where n,a,B,0 € (V UZ)".

*,G’ .
Therefore, S = x can be further rewrltten as

S=nA0$nszﬁ0=>yBé‘ﬁy5=>x where k,m,n > 0.

(Note that naBpo => yB§ is a derivation in which the rule in each step does not originate from
this particular B.)
Since A — aBf and B — € arein R’, by construction (ii), A — af isin R’.

1,6’
Therefore, nA8 = naf is a valid productionin G'.

!

n,G
Furthermore, since naBB8 = yB4§, by Proposition 2.19, we can substitute € for B to obtain the

following valid production in G':

nafo = y6.
If we apply these two new productions at the corresponding points of the original derivation of
X, we have the following valid derivation:

1,6 nG' kG’
S=>nA0$na[m=>y6=x

We note that this new derivation of x has a length of k + m + n + 1 which is shorter than the
original one of k + m +n + 2.
This contradicts the assumption that the original derivation is of minimum length.

* G’
Claim 2. Any derivation §= x does not use a unit rule.

Proof of Claim 2. Assume for contradiction that a unit rule A — B is used at some point of the

*,G’
derivation S = x.

We can rewrite this derivation as
*, i 1, i *,G’
S = A = aBf = x.
This B must be eventually gotten rid of before reaching the final product of x € Z* and the
production that we need for getting rid of B is:

1,6’
nB6 = ny6 where B — y isarulein G'.
*,G’
We can now rewrite S =Xx as
1,6 1,6’ k.G
S:aAﬁﬁaBﬁ =>nBH =y = x.
Since A — B and B — y arerulesin R, A — y isarulein R’ by construction (iii).

1,6
aAB = ayp is a valid production in G'.
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nG'
Furthermore, since aBf = 1B6, by Proposition 2.19, we can substitute y for B to obtain the

following valid production:

n,G
ayB =nyb.
By applying these two new productions at the corresponding points of the derivation of x, we

have the following derivation:

mG' 1,6’ n,G' kG’
S = aAf = ayf = nyb = x.

This new derivation has a length of k +m + n + 1 which is shorter than the original one of k +
m+n+ 2.

This contradicts the assumption that the original given derivation of x is of minimum length.

Combining Claim 1 and Claim 2, we can conclude Lemma 2.35.

We now examine a method for converting a CFG into one in Chomsky Normal form.

Definition 2.36 (The Method (M)). From every CFG, G = (V,%,R,S), that doesn’t have e-rules or
unit rules, we can construct a CFG, G' = (V',L,R',S) using a method called Method (M) as
described in the following steps:

Step 1

For every a € X, create a variable A4, and a rule A, — a. Note that 4, is a newly and
uniquely created variable such that A, ¢ V and A, # 4, for any a,b € X such that a # b.

Step 2

Vr € R, r can be expressed as A — uju,---u, where A€V, uj,u,,-~u, EVUL & k>0.
Create a set of rules (called P(r)) and a set of nodes (called V(r)) according to the following steps:

(i) For k=0
r becomes A — €.
Since R doesn’t have any e-rule, except S — €, A must be equal to S and r becomes
S —e.
Copy § — € into P(7).
In this case, P(r) ={S — €} ={r} and V(r) = 0.
(i) For k=1
r becomes A — u;.
Since R doesn’t have any unit rule, u; € X.
Copy r into P(r).
In this case, P(r) ={A > uy} ={r} and V(r) = 0.
(iii) For k =2
r becomes A — u u,.
If uy;,u, €V, copy r into P(r).In this case, P(r) ={A — uwu,} = {r} and V(r) = 0.
If u; €X & u, €V, create A — U, u, and add this rule and U,, — u; to P(r). Add U,,
to V(r).
(Note that U,, — u,; was created in Step 1 above).
In this case, P(r) = {A — Uy u,, Uy, = w} and V(r) = {Uy, }.
If u; €V & u, € %, create A — u,U,, and add this rule and U,, — u, to P(r). Add
Uy, to V(r).
(Note that U,, — u, was created in Step 1 above).

In this case, P(r) = {4 — wUy,, Uy, — uy} and V(r) = {U,,}.
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If both uy,u, € %, create A — U, U,, and add it along with U,, — uy, Uy, — u, to
P(r). Add U,,, U,, to V(r).
(Note that U,, — u; and U,, — u, were created in Step 1 above).
In this case, P(r) = {A — Uy, Uy,, Uy, — uy, Uy, — u} and V(r) = {Uy,, Uy, }-
(iv) For k=3

/U]_ U2/U3/U4 ......... Uyuk 1
A A A Ay k-2 —Ug

Figure 2.7. Caption.
As depicted by the above figure, create the following rules and add them to P(r).
A — U A,
Ay — U4,
A; — UzA;

A > U4

Ag—z = Up-1Uy

where Ay, A4,,+- Ay_, are variables newly and uniquely created for each r and therefore, they
arenotin V.

For any i € {1,2,3,--k}, if w; €V, U;=w; and if u; €X, set U; =U,, and add U,, — u; to
P(r). Add Uy, to V(r).

(Note that U,; — u; for each u; € £ were created in Step 1 above).

In this case, P(r) includes all the rules:
A — UjA;
A, — U,A,
A, — UsA,

A; = U144
Ag—y = Up_1Uy

and the rules Uy, — U for any u; € X whereas
V() = {Uy,|w; € S} U{A]i = 1,2, k — 2}

Step 3
Set
V' =vu U V()
TER
And
R = U P(r)
TER

We note the following properties of the rules created by Method (M):

N1. All the rulesin R’ are in Chomsky Normal Form.

N2. For any r’ € R’, there exists r € R such that r' € P(r). Furthermore, P(ry) # P(r;) for
any 1y,7, € R such that r; # 7.

N3. For any r € R, r is equivalent to the rules in P(r) by Proposition 2.15.

N4. V and U,z V(r) are disjoint. Thatis VN U, V() = 0.
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N5. For any r' € P(r), either Head(r') = Head(r) or Head(r') € V. Or equivalently,
Head(r') €V = Head(r') = Head(r).

Né6. vr' € P(r), if |Body(r")| = 2, then r’ is unique for P(r). Thatis,

r' & P(ry) forany r, € R such that r # r;.

N7.If k=0 or |Body(r)| =0, P(r) ={S > €} ={r} and V(r) = @.

N8.If k=1 or |Body(r)| =1, P(r) ={A — uy} = {r} and V(r) = @ where u,; € X.

We now have the following theorem.

Theorem 2.37. Every context-free language is generated by a CFG in Chomsky normal form (CNF).

Proof. Since every context-free language is generated by a CFG, we need to show that every CFG
can be converted to an equivalent CFG in Chomsky normal form.
Also, because of Lemma 2.35, we can start with a CFG that has no e-rule (A — € where A # S) or
unit rule (A — B where A,B € V).
Let G = (V,%,R,S) be the CFG that hasno e-rule or unit rule except S — e.
Let G' = (V',L,R",S) bea CFG constructed from G by use of Method (M).
In the following, we shall show L(G) = L(G") by showing x € L(G) & x € L(G') Vx € I".
"=" (If x € L(G))

*,G
S=x.
Ary, 1y, 1y, T Trer € R and uq, uy, - uy, - u, € (VU X)" such that

71,G 12,G ri,G ™G Th+1,G
S=uy =>uy - Ui = U =D Uy — X
By N3, for any i € {1,2,---,n + 1}, 1; is equivalent to a sequence of rules from P(r;) which is a

subset of R'.
PG’ P(r2)G’ P(r)G’ P(r).G'  P(rn+1)G’

Therefore, S ——u;, —=u, =+ *** Uj_q Uj oo Uy, X

Note that uq,uy, - u;, - uy, € (V' U X)" because V c V'.

*,G’
Therefore, S = x.

Therefore, x € L(G").
“=" (If x € L(G"))

*_G’
S=x.

By Theorem 2.33, 3 a parse tree (in G') withroot S € V' and a yield x € Z*.
Let’s call this parse tree (T").
By definition of parse tree, S and its children must be the head and body of a rule in R'.
Let’s call this rule r’ and hence Head(r') = S.
By N1, r' must be in one of the following forms:
e S—e
e A—a wherea€eX AeV’
e A—UU, where A€V’, U, U, e V'\{S}
If ' is § — €, € is the only child of S.
Since € has no children and x is a descendant of S, this is possible only if € = x.
Furthermore, by construction of (M), S — € in R’ is created from § — € in R.
Therefore, S — € is also a rule in R.
16
Therefore, S=e. (Proposition 2.8(i))
16
Therefore, S = x.
*G
Therefore, S = x.
Therefore, x € L(G)
If r' is A — a, since S = Head(r'), S = A.
Therefore, ' is S — a and S has only one child which is a.
Since x is a descendant of S and a has no children, a = x.
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By construction of (M), A — a in R’ is created from A — a in R.
Therefore, A — a is also a rule in R.
Therefore, S — x isarulein R.

1,6
Therefore, S = x. (Proposition 2.8(i))

Therefore, S g x.

Therefore, x € L(G).

Ifr'is A— U,U, where A € V', Uy, U, € V'\{S5}

Since Head(r') =S and S €V, Head(r') € V.

Since Head(r') = A, A=S.

Therefore, ' becomes S — U,U, where U;,U, € V'\{S}.

By N2, 3r € R such that r’ € P(r).

Let v be A" — uquy -+ u, where A' €V, uy,uy,-u, €VUZ.

By N5, Head(r") € V = Head(r') = Head(r).

Therefore, S = A'.

Therefore, r becomes S — uu, -+ uy.

We now analyze the different situations for different values of k.

If k=0, r becomes S — €.

By construction of (M), P(r) = {S — €}.

Since ' € P(r), r' is S — €.

This contradicts the underlying assumption that r' is A — U;U, where A€V’, U, U, €
V'\{S}.

Therefore, k cannot be 0.

If k=1, r becomes S — u,.

Since R doesn’t have any unit rule, u; € X.

By construction of (M), P(r) = {S — w}.

Therefore, r' is S — u; where u; € X.

This contradicts the underlying assumption that r’ is A — U;U, where A€V’', Uy, U, €
V'\{S}.

Therefore, k cannot be 1.

Therefore, we can exclude the cases of k € {0,1} under the assumption that r’ is A — U,U,
where A € V', Uy, U, € V'\{S}.

If k =2, r becomes S — u u,.

By construction of (M), P(r) is one of the following;:

(1) P(r) ={S > uu,} if u,u, €V

(ii) P(r)={S = Uy up, Uy, m wy} if uy EX&u, €V

(iii) P(r)={S 2> wU,,, U, D u} if uy EV&u, €X

(iv) P(r) ={S — Uy, Uy,, Uy, = uy, Uy, > up} if uy,u, €X

For (i), r' is § — w u,.

In this case, r and r’ are the same and the sub parse tree in (T') with root S and children
uy,u, as shown on the right of the following figure can be replaced by a parse tree in G with the
same root and children as shown on the left.
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Figure 2.8. Caption.
For (ii), v’ is either § — U, u, or U,, — u;.
However, since Head(r') =S whichisin V and U,, € V, ' cannotbe U,, — u,.
r" mustbe S — U, u,.
By N3, § — u,u, isequivalentto S — U, u, and U,, — u,.
We have the following equivalent parse trees with the same root and yield.

U1 e, u, €V

u; Uz ug Uz

)

Figure 2.9. Caption.

The one on the left is a parse tree in G whose root and its children are the head and body of a
rule in R whereas the one on the right is a sub parse tree of (T"').

Therefore we can replace a sub parse tree of (T') with an equivalent parse tree in G whose root
and yield are the head and body of a rule in R.

For (iii), by a similar argument, we have the following equivalent parse trees with the same root
and yield.

ueEV,u, €EX

u;

Figure 2.10. Caption.

The one on the left is a parse tree in G whose root and its children are the head and body of a
rulein R whereas the one on the right is a sub parse tree of (T").

Therefore we can replace a sub parse tree of (T') with an equivalent parse tree in G whose root
and yield are the head and body of a rule in R.

For (iv), by a similar argument, we have the following equivalent parse trees with the same root
and yield.
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U, Uy EX

S S

/N

u Uz uy uy
(r)

u Uz
()

Figure 2.11. Caption.

The one on the left is a parse tree in G whose root and its children are the head and body of a
rule in R whereas the one on the right is a sub parse tree of (T"').

Therefore we can replace a sub parse tree of (T') with an equivalent parse tree in G whose root
and yield are the head and body of a rule in R.

If k=3, ris S — uguy - u.

P(r) consists of the following rules:
S — U;A;
A, — U, A,
A, — UsAs

A > U144

Ag—z = U1 Uy
Uy — w; if u; €X Vi€ {1,23,k}
where U; = u; if u; €V and U; = Uy, if u; € X.
Since Head(r') =S, r' is § — U;4A;.
Since (T') is a parse tree of G', by definition of parse tree,
U,A, are children of S.
U,A, are children of A4,.
U;A; are children of A,.

Uyx_1Uy are children of Aj_,.
By N3, r is equivalent to the sequence of rules contained in P(r).
Therefore, we have the following equivalent parse trees with the same root and yield.
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w,EVUI

u; )
5
u;
A2
Up-1 Ux

where U; = y; ifu; € V.
Ifu; € %, U; = Uy, and add Uy, — w;.

Figure 2.12. Caption.

The one on the left is a parse tree in G whose root and its children are the head and body of a
rule in R whereas the one on the right is a sub parse tree of (T").

Therefore we can replace a sub parse tree of (T') with an equivalent parse tree in G whose root
and yield are the head and body of a rule in R.

Combining all cases, we conclude that there is a sub parse tree in (T") with root S that can be
replaced by an equivalent parse tree in G whose root and yield are the head and body of a rule in R.

We can write thisruleinR as S — u u, - u, where k>0 and u; EVUZ for i € {1,2,-- k}

(a) If all u;’s are terminals

In this case, uyu, - uy = x, the yield of the parent tree (T").

The reason is that a leaf of a subtree is also a leaf of the parent tree.

Therefore, u; = x Vi € {1,2,--- k}.

On the other hand, if [ is a leaf in x, there is a simple directed path from S to I. This simple
directed path must pass through one of the nodes uy,u, - u; because uju, ---u; is the yield of a sub
parse tree in (T") which is obtained by branching out from S in all possible directions.

Therefore, | must be one of the nodes uq,u, -+ uy.

After replacement, we now have a new tree which is a parse tree in G, and furthermore, the root
and yield of this tree are respectively S and x.

By Theorem 2.33, § i X.

Therefore, x € L(G).

(b) If some u;’s are variables

For each u; that is a variable, we can repeat the above replacement process to replace the sub
parse tree (with root u;)in (T') with a parse treein G whose root (u;) and the root’s children are the
head and body of a rule in R.

Since every time we do a replacement, we get down to a lower level of (T") and since the height
of (T') and the number of subtrees of (T") are both finite, this process of replacement must come to
a stop after a finite number of operations. When this happens, we have a new tree in which every
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interior node and its children are the head and body of a rule in R. This means that the new tree
thus created is a parse tree in G.

Furthermore, this replacement process only affects the nodes which are variables. Therefore,
the yield of (T'), namely x, is untouched and remains at the bottom after the replacement is
complete.

This means that x is also the yield of the newly created tree.

We now have a new tree with root S and yield x and the tree is also a parse tree in G.

By Theorem 2.33, S L.

Therefore, x € L(G).

Combining (a) and (b), we complete the proof of Theorem 2.37.

On the basis of Theorem 2.37 and the results proved in Lemma 2.35, we can now develop a set
of operational rules for the conversion of a CFG to one in CNF.

Let G = (V,%,R,S) bethe CFG to be converted.

Let G' = (V',%,R',S,) be the CFG to be created in CNF.

CR-1.

Create S, — S and add itto R'.

(Note that this creation will ensure that the start variable will not occur on the right hand side
of a rule.)

CR — 2. (Elimination of e-rules)

If 3 arule B — € in R, do the following:

(i) Foreveryrulein R in the form A — u;Bu,BuzBuy--- - Up_1Buy, By
(1) For each single occurrence of B, onthe RHS, create a rule with that occurrence deleted

and add itto R’.

For example, A — u u,BuzBuy -+ Up_1Bu, By
A — u BuyuzBuy - U,_1Bu,Bu, 4
A — wy BuyBuzBuy -+ Up_1Bu iy

(2) For each group occurrence of 2 B’s on the RHS, create a rule with that group occurrence
deleted and add it to R'.

For example, A — uyu,uzBuy -+ U,_1Bu,Bu, 4
A — uwyu,Buguy - U,_1Bu,Buy, 4
A — wy BuyBuzBuy -+ Up_1UnUptq-

(n) For each group occurrence of n B’s on the RHS, create a rule with that group occurrence
deleted and add it to R'.
For example, A — ujuyuzty -+ Up_1UnUptq-
(ii) Repeat (i) until all rules of the form of B — € are eliminated.

CR — 3. (Elimination of unit rules)
If 3 rules A— B and B — u in R, do the following:
(1) Create A — u and add itto R'.

(if) Copy B—u to R’ .
(iii) Do not copy A — B to R'.

(iv) Repeat (i) and (ii) until all unit rules of the form A — B are eliminated.
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CR — 4. (Conversion of remaining rules)
For every remaining rule A in R, A — uyuy -+ u; whereeach u; EVUZX for i € {1,2,::- - k}.
Createin R’ the following sequence of rules and add the corresponding created variables to V'
A — UjA,
A, — U, A,

A; — Us4;

Ag—y = Up_1 Ay
Ag—1 — Uy
where U; = u; if u; €V andif u; € £, add U; — u;.

Example 2.38. Let G = (V,%,R,S) be the CFG consisting of the following rules:
S — ASA|aB
A — B|S
B — ble
Convert G to G' = (V',%,R',S,) in CNF.
Step 1. (Applying CR —1.)
So— S
S — ASA|aB
A — B|S
B — ble
Step 2. (Removing B — € using CR — 2)
So— S
S — ASA|aBla
A — B|S|e
B—b
Step 3 (Removing A — € using CR — 2)
So— S
S — ASA|aB|a|SA|AS|S
A — B|S
B—b
Step 4 (Removing S — S because of redundancy)
So— S
S — ASA|aB|a|SA|AS
A — B[S
B—b
Step 5 (Removing S, — S using CR — 3)
So — ASA|aB|a|SA|AS
S — ASA|aB|a|SA|AS
A — B[S
B—b
Step 6 (Removing A — B using CR — 3)
So — ASA|aB|a|SA|AS
S — ASA|aB|a|SA|AS
A— b|S
B—b
Step 7 (Removing A — S using CR — 3)
So — ASA|aB|a|SA|AS
S — ASA|aB|a|SA|AS
A — b|ASA|aB|a|SA|AS
B—b
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Step 8 (Conversion of remaining rules into CNF)

. SO_)AAl SO—)UB
SmceSo—>ASA<:>{A1_)SA andSo—>aB<:>{ U—oa’
S — AA, S — UB
S—>ASA<=>{A1_)SA andS—>aB<=>{U_>a,and
A — AA, A — UB
A—>ASA<:){A1_)SA andA—>aB<:){U_)a,

the rules in R' now become
S, — AA,|UB|a|SA|AS
S — AA|UB|a|SA|AS
A — b|AA,|UB|a|SA|AS
B—b

A, — SA
U—a

Example 2.39. Convert S — aSh|e to CNF where S €V and a,b € X and show that there is more

than one way of deriving the string a®b?

using rules in CNF.
Conversion of rules.
S — aSh|e

< S — aSb|ab
S — ASB|AB
@{

A—a

B—b
{S—>AC|AB;C—>SB

A—aB—b
Derivation of a®b?

2

There is more than one way of deriving the string a®b?. Below are a few examples.

S—AC C—SB A—a B—b S—AB A—a B—b
(i) S == AC = ASB = aSB = aSb —= aABb = aaBb = aabb.

S—AC c C—SB S—A

. B A—a A—a B—b B—b
(ii) S ASB > AABB = aABB = aaBB = aabB = aabb.

S—AC C—SB S—AB B—b B—b A—a A—a
111 =4 =4 — Aa = aabb.
(iii) S AC ASB AABB AABDb AAbb Aabb bb

2.3. Pushdown Automata (PDA)

Pushdown automata is another kind of nondeterministic computation model similar to
nondeterministic finite automata except that they have an extra component called stack. The
purpose of the stack is to provide additional memory beyond what is available in finite automata.

Pushdown automata are equivalent in power to context-free grammars which will be proved
later. In addition to reading symbols from the input alphabet X, a PDA also reads and writes
symbols on the stack. Writing and reading on the stack must be done at the top. Either symbol from
input or stack can be € thereby allowing the machine to move without actually reading or writing.
Upon reading a symbol from the input alphabet, the PDA decides to make one of the following
moves on the stack before entering the next state:

(i) Replace

Replace the symbol at the top of the stack with another symbol. This move is referred to as the
“Replace” move.

(ii) Push

Add a symbol to the top of the stack. This move is referred to as the “Push” move.

(iii) Pop

Erase or remove a symbol from the top of the stack. This move is referred to as the “Pop” move.
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(iv) Untouched

Do nothing to change the stack. This move is referred to as “Untouched” move.
A PDA is formally defined as follows.

Definition 2.40. A PDA is a 7-tuple, M = (Q,%,T,8,qo, L,F) where Q,%,T & F are finite sets such
that

(a) Q is the set of states

(b) X is the input alphabet

(c) T is the stack alphabet

(d) 8:Q xZ, XTI, — (Q X T.) is the transition function

(e) qo € Q is the start state

(f) L €T is the initial stack symbol signaling an empty stack

(g) F c Q is the set of accept states.

M computes as follows.

Let w = wyw, - w,, where w; € X, for 1 <i<m.

M accepts w iff 3ry, 1y 1, € Q and sg,S; - Sy, €' such that the following conditions are
satisfied:

(i) ro = qo al’ld SO =1

(11) (ri+1'bi) € 5(ri,wi+1,ai)) for 0 <i<m-1 where ai,bi € FE and S = aiti, Siv1 = biti

where t; € T'*

(iii) 1, €EF

When m = 0,w = ¢ and only conditions (i) and (iii) are valid which then becomes 1, = q, and
SOZJ_ al’ld T‘OEF.

Therefore, we define a PDA to accept € whenever the start state is also an accept state and the
stack is signaled to be empty.

Wit1,a;—b;,8

If we write r; Lﬂ‘iﬁ for (r;4q,b;) € 8(r;, w41, a;), conditions (i), (ii) and (iii) can be

written as follows:

w1,a0—bo,6  Wa,a1—b1,8 Wi+1,0;—b; 8 Wm,Gm—1—bm-1,8
= cee P 3 cee _
Qo =To 61 T 1 Ti41 " Tm-1 T T € F.

When there is only one transition function under consideration, the showing of § in the
computation is usually omitted and the following shorthand is used instead:

wi1,80—bg  Wz,a1—b;y Wit1,ai—b; Wm,dm-1—bm-1
= e — 3 7 cos _—_
Qo =To 41 T Tit1 " Tm-1 Tm,Tm € F.
w,*,8

For simplicity, we sometimes can use the notation q, — r;,, to represent a computation of w
from q, to 7, without showing the intermediate states.

We now can use the transition function to describe the four basic moves of the PDA as
mentioned above:

(i) Replace

b—
r signifies a replacement of b by c at the top of the stack upon reading symbol

a from input.

(ii) Push
r S signifies adding the symbol ¢ to the top of the stack upon reading symbol a
from input.

(iii) Pop
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b—
r Sy signifies removing the symbol b from the top of the stack upon reading symbol

a from input.

(iv) Untouched
r S signifies nothing is done to change the stack upon reading symbol a from

input.

€,EDE

We further note that when a =€, r —— 1’ signifies a change of state from r to r’ with no
input read and no change made to the stack.

Example 2.41. Let M = (Q,%,T,6,q,, L, F) bea PDA where
Q=1{91,9293 9.}, Z={01}, T ={0,L,$}, F = {q4,q,4} with the following state diagram:

0,e—0

|1,0—rE

1,0—¢

M recognizes the language {0"1"|n = 0}.

If the stack is signaled to be empty at the beginning, M accepts the empty string (¢ = 0°1°),
because q; is both a start and accept state. Furthermore, if the input string is not empty at the start
state, the PDA would not read anything from the string except to push $ onto the stack.

M accepts the string 0°1® with the following computation:
€,6—$ 0,e—0 0,e—0 0,e—0 1,0—€ 1,0—€ 1,0—€ €$—e€

91 9z 9z 9z 9z qs qs qs qs, 94 € F.
Note that the above illustration is not a proof that M recognizes the language

{0™"1"|n = 0}. To make such a proof, one must argue that every string of the form 0"1" is
accepted by M and every string accepted by M is of the form 0"1™.

€,e—9% €$—€ €,6—€
Note also that the steps q¢; — g, and q3 — q, can be replaced by q; — q, and gq;
€,E—0€
— q, to transition to another state without making a change to the stack.

Example 2.42. Let M = (Q,%,T,6,q91,L,F) bea PDA where

Q=1{91,92939439539697}, Z={ab,c}, T ={a L,$}, F={qsq,} with the following state
diagram:

b,a—¢& C,E—E

N

€.6—¢ @ £, 8—¢ @

a,e—a b,e—¢g c,a—

m

M recognizes the language {a'b/c*|i,j,k > 0and i =jori=k}.

M accepts the empty string (¢ = a’bh°c?) with the following computation:
€,e—$ €,6—€ €,$—€

q1 ’p) qs 4s, qs € F.
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M accepts the string a?b?c?® with the following computation:
€,e—$ ae—a ae—a €,6—€ b,a—e€ b,a—e €%$—€ c,e—€ c,e—€ c,e—€
a1 ’p) ’p) ’p) qs q3 q3 qs qs qs Gs, 94 € F.
M accepts the string a?b3c? with the following computation:
€,e—$ a,e—a a,e—a €,6—€ b,e—e b,e—e€ b,e—e €,6—€ c,a—e€ c,a—e€ €,$—e€
q1 q: q: q: qs ds qs ds de de e q7 ’
q; EF.
. €08 €$—€ €$—€
Note also that the computations q; — q,, g3 — q4, and g4 — g, can be replaced by g,
€,6—€ €,6—€ €,6—€
—q, and q3 — q, and g4 — q; to transition to another state without making a change to the
stack.
Example 2.43.

Let M = (Q,%,T,8,q,,L,F) bea PDA where
Q=1{01,92939} Z={0,1}, T ={0,1, 1, %}, F = {q4, 9.} with the following state diagram:

M recognizes the language {(ww®|w € {0,1}*}.

If the stack is signaled to be empty at the beginning, M accepts the empty string
(€ = €€®), because q, is both a start and accept state.

M accepts the string 001100 with the following computation:

€,e—$ 0,e—0 0,e—0 1,e—1 €,6—€ 1,1—e€ 0,0—€ 0,0—€ €,$—e€
q1 qz qz qz a2 q3 q3 q3 q3 qs, 94 € F.
€,e—$ €$—e €,6—€
Note also that the steps g, — g, and q; — g, can be replaced by ¢, — q, and ¢
€,6—€
— q, to transition to another state without making a change to the stack.

Instead of writing symbols one at a time to the stack, we can actually design PDAs which can
write a string of symbols to the stack in one step. These PDAs are called extended PDAs. It turns
out that the two kinds of PDAs are equivalent in power in that given one, we can construct the other
such that the two recognize the same language. The equivalence of these two kinds of PDAs will be
proved later.

Definition 2.44. An extended PDA is a 7-tuple, My = (Q,%, T, 8, qo, L, F) where Q,%,T & F are finite
sets such that

(a) Q is the set of states

(b) X is the input alphabet

(c) T is the stack alphabet

(d) 8:Q x %, xT. — (Q X T*) is the transition function

(e) qo € Q is the start state

(f) L €T is the initial stack symbol signaling an empty stack

(g) F c Q is the set of accept states.

M computes as follows.

Let w = wyw, - w,, where w; € X, for 1 <i<m.

M accepts w iff 3ry, 1y 1, €Q and sg,S; - S, €' such that the following conditions are
satisfied:

(1) ro :qo al’ld SO =1
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(2) (ri+1' bl) € S(ri,wiﬂ,ai)) for 0 <is<m-1 where a; € FE/ bi er* and S = aiti, Siv1 =
biti where t; € re
3) n",€EF
When m = 0,w = € and only conditions (i) and (iii) are valid which then becomes 7, = q, and
So =L and ry € F.
Therefore, we define the extended PDA to accept € whenever the start state is also an accept
state and the stack is signaled to be empty.

Wit1,a;—b;8 . - .
If we write 13 ———— 11,, for (ri;1,b;) € 8(ri,W;41,a;), conditions (i), (i) and (iii) can be
written as follows:

W1,a0—bo8  W,a;—b1,8 Wig1,0;—b; 8 Wim,@m-1—bm-1,8
Qo =Ty n Ty Ty Tig1 Tmeg ———————————> Ty, T € F.

When there is only one transition function under consideration, the showing of § in the
computation is usually omitted and the following shorthand is used instead:

w1,a0—bg  Wz,a1—b; Wiy1,a;—b; Wm,am-1—bm-1
= e — 5 7. ces _
do To T 27 Tit1 """ Tm-1 T Tm € F.
w,%,6

For simplicity, we sometimes can use the notation q, — r;, to represent a computation of w
from q, to 1, without showing the intermediate states.

Theorem 2.45. For any extended PDA, (Mg), there is a PDA (M), such that L(Mg) = L(M) and vice

versa.

Proof. Construction of M from M.

Let Mz = (Qz,%,T,6,qo, L, F) be an extended PDA.

Construct PDA, M = (Q,%,T,6,q,, L, F) where Q and § are to be defined as follows.

For every (q,a,s) € Qg X Z. X I, we define §(q,a,s) as follows.

(i) If 6(g,a,5) =0, 6(q,a,5) = 0.

(i) If 8(q,a,s) # @, 3 atleastone (r,u) € 5(q,a,s).

Let 8,(q,a,s) = {(r,€)|(r,€) € §(q,a,s)}.

v(r,u) € §(q,a,s) where (r,u) € Qz xI'* and u#¢€, Ju,u,-+u, €T, 1 =1 such that u =
UqgUy Uy

(Note that none of uy,u, - u; is €.)

Create new states q,, q,, - q;—1 that satisfy the following conditions:

g——q (by making (q;,u,) € §(q,a,s))
€,E6—Ul_1,0 X
@ —1; a0 (by making 8(qy,€,€) = {q2,w1})
€,6DU_7, i
q; S qs (by making 8(qz2,€,€) = {q3,w-2})
€,6—Uq,0

G —57r  (by making 8(q_,€,€) = {r,u1})

Note that the states qq,q5, - q;—; thus created are not in Q and that

6(q;,a,s) = @ for any other combinations of (a,s) # (¢,¢€) and i € {1,2,--1 —1}.

Note also that there can be more than one set of states q,q,,-q;—; and stack symbols
Uy, Uy - U; to be created from each combination of (g, a,s) because there can be more than one
(r,u) € 8(q,a,s) based on which the states and the stack symbols are created.

Let 6,(9,a,5) = Upyesqasi(@uw)} where u =wu,u, 121, u; €T and

q, is created from (ii) above.

Let §(q,a,s) = 8,(q,a,s) VU 8,(q,a,s).

For each (q,a,s,7,u) € Qg X 2. X I. X Qg X I'*, where (r,u) € §(q,a,s) and u # ¢, define

Q(q,a,s,7,u)={q;|1 <i<l—1;1l&q; are created from (ii); (r,u) € S(q, a,s);u # €}
(Note that q; € Q(q,a,s,1m,u) = q; € Qg.)
Let P(q' a, S) = U(r,u)e@(q,a,s);u#a Q (q' a,s,T, u)
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Set Q =Qg U (U(q,a,s)EQExEEXFEP(q' a, S))

SO/ M= (QE U (U(q,a,s)eQExZexFE P(q, a, S)),Z, T, 5: qo, L, F)~

The construction is now complete and it remains to show that L(Mg) = L(M).
Suppose w € L(M).

Aw,, w, - wy, € X, such that w = wy,w, ---w,, where n > 1.

Ary, 1 1, € Q, a;, b; € T, such that
wi1,a0—bo,6  wz,a1—b1,6 Wi+1,0;—b; 8 Wn,an-1—bn-1,6
Qo =Ty n Ty Ty Tig1' Ty ————————— T, 1, EF.

Claim: VO <i <n—1,if r; € Qg, then

. . . Wit1,8;—8 . .
Jjand u €T" suchthat i<j<n, n——r and wy =€ for i+2<k <j.

Proof of Claim. From r; MM 141 in the given computation, it follows that (1;44,b;) €
8(ri, wity, ;).

By assumption, 1; € Q.

By construction (ii), §(r;, Wi41, a;) = 81(1y, Witq, a;) U 6,(13, witq, @p).

Either (ri41,b;) € 8;(ry, Wiyq,a;) or (Tiya, by) € 82(ry, wigq, ai).

(@) If (riya b)) € 61(1;, Wivs, @)

Since 8, (ry, Wis1, @) = {(r,€)|(r,€) € §(r;, W1, a)}, by, = € and

(11, €) € 8(r, Wisy, @)

Wit1,8i—€38
Therefore, r; ——— > 17,4.

Since i <i+1<n and e € I'", Claim is proved by taking j =i+ 1 and u =e.

(b) If (ri41,b;) € 6;(ri, wiss, a;)

Since  6,(r;, Wiy1, @) = U(r,u)eS(ri,le,ai){(%'ul)} ’ (ri+1' bi,) =(quw) for some (ru)cE€
8(r, Wis1,a;) where u =uu,-~u;, 1 >1, u; €T and gq, is created from construction (ii) above.

Therefore 1,4, = q; and b; = u;.

Witr1,8;—b;8 Wit1,a;—ULé

1, ————> 1;,; Now becomes 1}, ————— 1;,;.
Wit2,8i+1—bit+1 6
Furthermore, from 7;,, mw ™
(Ti42, biy1) € 6(Tiy1, Wiga, Qit1) = 6(q1, Wig2, Qig1)-
Since 6(qq,a,s) = @ forall (a,s) # (€,€), we must have w;;, = a;4; = €.
Therefore, (7i42,bis1) € 6(q1, €,€) = {(q2, 1) }-

Therefore, 1;,, = q, and b;;q = u;_4.
Wit2,8i+1—biy1,8 €,6—Ul-1,6
Tjyq ———————D> T;,, becomes T, ———— Tj,,.

Ti+ in the given computation, we have

By repeating the above argument, we can obtain the following computation:

Wit1,a;—up8 €E€—U_1,0 €E€—U_2,0 €,6—>Uq,0
T Tit1 Tiy2 Tivz " Titi-1 — > Titl-
where 1.1 = qq, Tiy2 = G2, Tigie1 = Q—1, Tigr =7 and Wiy = Wiz = Wiy = €.
Let j=i+1L
77 =741 =7 and 7 € Qg = 7; € Q.
AlSo, Wiy, = Wiyz - =wj = €.
(r,w) = (1j,w).

Since (T, u) € é‘A(ri' Wit1, ai)/ (7}! u) € 6‘A(‘ri' Wit1, ai)-
Wig1,a;—u8
Therefore, ry —— 7.

IZ21=i+l>i=j>Ii

Assume for contradiction that j > n.

i<n<j—-1

i<n<i+l-1.

Therefore 1, € {41,742, itz Tivi-1} = {1, 92, 43, -1}

This implies 7, € Qg, which is a contradiction because 7, € F and F c Q.
Therefore, i <j <n.
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Claim is also true under condition (b).
Combining (a) and (b), we conclude the proof of Claim.
Since 1y = qy € Qg, we can apply Claim on r, to obtain j, such that

. W1,a90—Ug,0 . .
0<jo<m wy=wz=:-=w, =¢ 1, ——71j, with 7j, alsoin @y and u, €.
Since 7, € Qg, we can again apply Claim on 7;, to get 7;, sAuch that
, , Wijg+1,8jg —Ujg,0 . . N
0<jo<j1SM Wjppa =Wj43=w;, =€ 1,, —————1;, with r; alsoin Qp & w; €T".
By repeating this process a number of times, we will obtain 0 < j, <j; < <jju_q1 <jm <n
such that

W1,80—>U8  Wjg+1,8j,—Ujg,0 Wim_1+1@jm_q =%y 1,0
Tio iy " Ve
Since n is finite, this process of creation must stop at some point and at this point, j,, = n.

Therefore, Mg accepts wiw; 1Wj, 41" W), 41-

«
o 7., where uo, w; --u; €T

By Claim, we have

W2=W3="'=Wj0=6
Wip+z = Wjg+z " = Wj; = €
Wi 42 =Wj 43 =W =€ where j,, =n.

Therefore, wiwj 1Wj, 11" W), 41 = WiWy =Wy, = W.

Therefore, My accepts wy, w, ==-w, = w.

Therefore, w € L(Mg) and hence L(M) c L(Mg).

Conversely, assume w € L(Mg).

Ary, 11, €EQg; a; ET,, b ET" for 0 <i<n—1; w;,w,-w, €X, such that
w = w;Ww, - w, and

W1,a0—bo8  W,a;—b1,8 Wig1,0;—b; 8 Wn,Qn—1—bn-1,8
= ces . A cee _—
qo =To £} Ty Tig1 " Th-1 Tty € F.

Since Qp € Q, 1y, 1y 1, € Q.

Forall 0 <i<n-—1, (141, b) € 6, wipr, a;) = 8, wipq,a;) # 0.
[If b; = €]

(Tis1,€) € 811, Wis1, @) X

By construction (ii), 8;(r;, Wi+1, a;) = {(r,€)|(r,€) € 8(r;, wi41, a))}.
Therefore, (1;,1,€) € 6,(1;, W41, a;).

Also by construction (ii), §(r;, Wiyq, ;) = 61 (1;, Witq, a;) U 6,(1;, wipq, @p).

Therefore, (1;,.1,€) € 6(r;, Witq1, a;).
Wit1,8;—€,8
Therefore, 1, ———— 1;,4.
Wit1,%,06
Therefore, r; —— 1;,4.
[If b; # €]
3b;(1),b;(2) - b;(1) €T, I = 1 such that b; = b;(1)b;(2) - b;(1).

By construction (ii), 3q4,q,, - q;—1 € Q such that
Wit1,a;—bi(1),6

hn—————— @
€,e—bi(l-1),6

G1— 42
€,e—bi(1-2),6

Qp—q3

€,e—b;i(1),6
-1 —Tit1-

Wit1,%,0
Therefore, r; —— 1;,;.
Combining both cases of [b; = €] and [b; # €], we have
Wit1,%0
riL)riH forall 0 <i<n-1.
Therefore,

wi,%8 w08 Wiy1,%6 Wn*8
i+1
qo =To £} Ty Tig1 " Th-1 —— T Ty € F.

Therefore, M accepts wyw, - w, = w.
w € L(M).
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L(Mg) € L(M).

This completes the proof of L(Mg) = L(M) for the construction of M from M.
(A) Construction of My from M.

Let M = (Q,%,T,5,qy, L, F) bea PDA.

Construct My = (Q,%, T, 8, 4o, L, F) where

§:Q x %, xT. — p(Q xT'*) such that

V(q,a,s) €Q XX, X I‘E,S(q,a,s) =6(q,a,s).

(Note that this is possible because T, c I'*.)

It remains to show that L(My) = L(M).

Let w =wyw, ---w,, where w; €XZ, for 1<i<n & n=>1

Suppose w € L(M).

Arg, 11, €Q, a; €T, b; €T, for 0 <i <n—1 such that

wi1,a0—bo,6  wz,a1—b1,6 Wi+1,0;—b; 6 Wn,an-1—bn—1,6
qo =Ty n Ty Ty Tig1 ' Ty ————————— T, 1, EF.
For0<i<n-1,

. Wit1,a;—b; 8
since 1; ————> 741, (Tiv1, b)) € 8(ri, Wiy, ap).

since 6 (1, Wiy1, @;) = 8(13, Witq, @), (Tis1, by) € (1, Wigq, @;).
Wit1,.a;—b;8 .

Therefore, r; ———— > ;44 for 0 <i<n-—1.

Therefore,

W1,a0—bo8  W,a;—b1,8 Wig1,8;—b; 8 Wn,Qn—1—bn-1,8
= ces . A cee _—
qo =To £} Ty Tig1 " Th-1 Tty € F.

Mg accepts w.

w € L(Mpg).

L(M) < L(Mj).

Conversely, suppose w € L(Mg).

W1,a0—bo8  W,a;—b1,8 Wig1,8;—b; 8 Wn,Qn-1—bn-1,8
= e . A cee —)
qo =To n L] Tiv1 " Tn-1 Tty €F,

where a; €T, b el for 0<i<n-—-1.

, Wit1,a;—b;8 a
For0<isn-—1 n——r4 = (iy, b) € 0(r, wigg, ).

Since 6(r;, Wiyy, @;) = 6(1, Wigr, @;), (Tiy1, bi) € 8(ry, wiyy, ;).
Wit1,a;—b;8

Therefore, r; Ty for 0<i<n-—1.

Therefore,
wi1,a0—bo,6  wa,a1—b1,6 Wi+1,0;—b; 8 Wn,an-1—bn-1,6
= el P ) . N
qo =To £} Ty Tig1 " Th-1 Tty € F.

Therefore M accepts w and hence w € L(M).

Therefore, L(Mg) c L(M).

This completes the proof of L(Mg) = L(M) for the construction of My from M.

Combining (A) and (B), we conclude the proof of Theorem 2.45.

Now that we have proved the equivalence of PDA and extended PDA, we shall no longer
distinguish between M and Mg or between § and 8. From here on, we shall be using extended
PDA exclusively because it is a much more convenient tool for solving problems. We shall be using
M and § for all PDAs with the understanding that the PDAs that we are dealing with can write a
string to the stack in one single step.

Definition 2.46 (Configurations of a PDA). A configuration of a PDA,M = (Q,%,T,6,qy, L, F) is an
element of Q X X* x I'" describing the current state, the portion of the input still unread and the
current stack contents at some point of a computation. For example, the configuration

(p, baaabba, ABACL) describes the situation as shown in the following diagram.
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Q|

Note that the portion of the input to the left of the input head, namely abab, has been read and
cannot affect the computation hereon.

The start configuration on input w is defined as (qo, w, L). That is, the PDA always starts in
its start state q,, with the input head pointing to the leftmost input symbol and the stack containing
only the start stack symbol L.

The next-configuration relation (denoted by 2 or simply 2 ) describes how the PDA moves
from one configuration to another in one step. It is formally defined as follows.

Definition 2.47. Let M = (Q,X%,T,8,q,, L, F) bea PDA.
Vp,gE Q,a€X ATl ,yeX,BeTl",yer?,

(p aAzr q) pac ((p, ay, AB) > (4,7, Vﬁ))-

For any configurations C, D of M,
(c®p)E (¢ =b).
(c™5D) S (3t ¢S E & E-5D).
(cZp)E(an=0c"p).

Proposition 2.48. Let M = (Q,%,T,6,qo, L, F) bea PDA.

* M
For any w = wyw, ---w,,, where wy,w,-wy, €X., M accepts w iff (qo,w,L)—(q,€¥) for
some q EF and y €T".

Proof. By Definition 2.44, M accepts w = wyw, -~ wy, iff 31,11, €Q, a; €T, b €™ for 0 <

i <m —1 such that
w1,a9—bg  wz,a13—by Wiy1,a;—b; Wim,am—1—bm-1
— cee P ., cee -
Qo =To 61 o Ti41" Tm-1 Tm)Tm € F.

By Definition 2.47, each one-step transitional movement is equivalent to one step of
configuration movement.
Forall 0 <i<m-—1, 3 configurations C; and C;,; such that

Wit1,a;—b; LM
(Ti —_— Ti+1) < (Ci - Ci+1)

The above transitional computation is equivalent to

LM 1M 1M ,

Co—=C—C > Chyq Gy > Gy, 1y EF.
nM

Thatis, C;—C,,, 1, EF.

*M
Thatis, €, — Cy,, 1, EF.

Since Cy = (qo,w, L) and C,, = (1, €,7) where y € T* is the final stack content, we have

*M
(Go,w, L) = (1in, €,7), Ty € F.
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*M
Therefore, (qo,w, L) — (q,€,y) forsome q €F and y €T,
This completes the proof of Proposition 2.48.

Proposition 2.49. Let M = (Q,%,T,8,q¢, L, F) and M' = (Q',%,T',8',qy, L', F") be two PDAs such
that

QcQ, TcrI'and

6'(q,a,4) =6(q,a,A)V(q,a,A) € Q X . X T,.

Vp,q €Q, u,v €L and a,f €I, the following statements hold:

@ [puoZaep]=|oua e

® [Gu0™@vp] e |Ewa™ @up)| foray nzo

Proof.
(a)
1M a,A—y,8
(p:u:a)_’(qfvyﬁ) = p —)q Where u= avl ae€ ZG/ a = An/ ﬁ = yr)/ A € 1—‘é'/ V;n € F*
Since Q € Q', p,q €EQ =p,q€Q’.
Since TcT', AET, = A €T
Since T'cTI', T c (I'')* andhence y eT* =y € (I')".
Since §'(p,a,A) = §(p,a,A) forall (p,a,A) € Q XX, XTI, wehave

a,A—y,5 a,A—y,8'
p >q=p > q

1M’
= (P; avr’Anr) B (q, v, )/T])

1M
= (p,u,a) —(q,v,p)
Conversely,
(p,u,a)ﬂ(q,v,[?) where p,q € Q, u,v€X" and a,f €T

a,A—y,58’

& p——q where p,q€Q, wvEX, a,fET, a€X, AET, ye '), a=4n, B =yn.
Since a €ET* & a =An, A€T, and n €T".

Since ET* & f=yn, yET" and n €T".

Therefore (p,a,A) € Q X Z, X I, and hence 6'(p,a,A) = 6(p,a, A).

Therefore,
a,A—>y,6’ a,A—y,8 1,M
p——q=p——q= (p,u,a) —(q,v,p).

(b)
This part can be proved by using the result of (a) along with an induction argument on the

number of steps.
This completes the proof of Proposition 2.49.

Proposition 2.50. Let M = (Q,X,T,6,qo, L, F) bea PDA. Itis true that
Vp,q € Q,x,y,w EX%,a,f,y EI'",integer n > 1,

((p, X, a) = @ B)) = ((p, xw,ay) = (q,yw, ﬁy)>

Proof. The proof is by induction on n.

1,M
For n =1, assume (p,x,a) — (q,y,B).

daeX, A€T, and 1,0 € I'* such that
,LA—0,6
x=ay, a =An, B =6n and pa—>q.
,A—0,6
Since p B q, and xw = ayw, ay = Any, and By = 0ny,

1M
(», xw, ay) — (q,yw, By).
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Therefore, the statement is true for n = 1.
For induction hypothesis,

((p, X, a) 11)\4 (q,y,ﬁ)) = ((p,xw, ay) 11)\4 (q,yw, ﬁ’y)) for any integer k > 1.

k+1,M
For n =k + 1, assume (p,x,a) — (q,y, B).
Ap' € Q, x' € X*, a' €T* such that
kM 1M

(p,x, @) = (p',x",a’) and (p',x", @) = (q,y,B).

By induction hypothesis, we have

(2w, ay) > (', x'w,a'p).

Since the statement is true for n = 1, we also have

@', x'w,a'v) = (. yw, BY).

Combining the two computations, we have

(. 2w, ay) = (,yw, BY).

This completes the proof of Proposition 2.50.

The PDAs that we have dealt with thus far accept an input by entering an accept state upon
reading the entire input. We call this kind of PDA a PDA that accepts by final state. There is
another kind of PDA that accepts an input by popping the last symbol off the stack (without pushing
any other symbol back on) upon reading the entire input. We call this kind of PDA a PDA that
accepts by empty stack. It turns out that the two kinds of PDAs are equivalent in that given one, we
can construct the other such that the two recognize the same language. Before we prove the
equivalence of these two kinds of PDAs, we need a formal definition for PDAs that accept by empty
stack.

Definition 2.51. A PDA that accepts by empty stack is a 6-tuple, M, = (Q,%,T,J, gy, L,) where
Q,%,T,8,q, L, are defined similarly asin a PDA that accepts by final state.

M, computes as follows:
Let w =wyw, ---w,, where w; €X, for 1<i<m & m > 1.
*Mg
M, accepts w iff (qo,w,L.) — (q,€,€) forany q € Q.
(Note that the set of accept states, namely F, is not needed in the definition of acceptance by
empty state.)

Lemma 2.52. For any PDA, M,, that accepts by empty stack, thereisa PDA, M, that accepts by final
state such that L(M,) = L(My).

Proof. Let M, = (Q,%,T,6,qo, L.) where L, €T is the initial stack symbol of M,.

Construct My = (Qf, 3, Ty, 8¢, Qstarts J_f,{qampt}) where qgqre and qqecepe are newly created
states (notin Q) with qgy¢ serving as the start state of My and {qaccept} serving as the set of accept
states of M;.

1 is anewly created stack symbol (not in T') serving as the initial stack symbol of M;.

Qf = Q Y {Gstarts qaccept}
The transition function &y of My is defined as follows.

€Lf—lelsd

T 6f(qstart' €, J—f) = {(qo, J_eJ_f)} (<:> Qstart et qo)
€,1Lr—€,8

T2: df(q' & J‘f) = {(qaccept: E)} Vg €Q ((:) q e i qaccept)

T3: 6;(q,a,A) = 6(q,a,A) forany (q,a,A) € Q x Z, X I, where
6:Q XX, XTI, — (Q xT).
T4: 6;(q,a,A) = @ for any other (q,a,A4) € Q X Z, X (Ff)e'

The construction is now complete. It remains to show L(M,) = L(M).
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Suppose w € L(M,).
;Me
(qo,w, Le)n—> (q,€,€) forsome n >0 & q € Q.
By T1, &¢(qstare € L7) = {(do, LeLy)}-
I,Mf
Therefore, (qsmrt, w, Lf) — (qo, w, _LeJ_f).
By Proposition 2.49, we have

n,Me nMg
(oW, 10" @e o) = {@w 10" (e )
By Proposition 2.50, we have

M M
{(qu w, Le) n_f) (q; €, E)} = {(qO, WE, _LeJ_f) n_f> (q, €€, ELf)}

That is, {(qo, w,L,) il (q.€ 6)} = {(%, w, Lely) i (a6 J—f)}-
Also by T2, 5f(q. €, J—f) = {(Qaccept' E)}

1M
Therefore, (q, € J_f) =t (qaccem, € E).
Combining, we have

1,M nM 1,M
(qstart' w, J—f) _,; (qO' w, J-eJ-f) _f; (q' €, J—f) _j; (Qaccept' €, E)'

Therefore, (qmm, w, J_f) ﬂ (qaccept, €, e).
Therefore, My accepts w.
w € L(Mg)
Therefore, L(M,) c L(Mp).
Conversely, assume w € L(My).

*'Mf N

(qstartr w, Lf) I (qacceptr €, Y) for some Y € l—‘f .
Since there exists no transition in one step to go from qsqr¢ tO Guecepe, there must exist
Conﬁgurations (qllull YI)/ (qZ,uz, Vz)/ (qi'uiJ Yi)/ (an Un, Yn) where n = 1, u; € Z*, Vi € F;

for 1 <i < n, such that
I,Mf I,Mf I,Mf I,Mf 1,Mf 1,Mf
(qstartr w, Lf) - (qlr Uy, yl) 0 (qi: u;, yi) — (qn: Un, yn) B (qacceptr €, Y)-

Note that q; # gsqre because each g; has both incoming and outgoing arrows whereas qs¢qrt
has only outgoing arrows and q; # qgccepr because quecepe has only incoming arrows.
Therefore, for 1 <i<n, q; €Q.
Claim 1. (qy,uy,v1) = (%: w, -LeJ-f)-
8¢ (aseare € L5) = {(q0, Le-Ly)} by T1.
1,Mf
Therefore, (qmm, w, J_f) — (qo, w, J_EJ_f).

Since (qmm, w, J_f) 1—Mf> (q1,u1,v1), and by T4, 8;(qseqre, @, A) = @ for any other combination of
(a,A) # (€, L), we must have

(quupv1) = (QO;W' -LeJ-f)-

Claim 2. For 1 <i<mn, 3y; €I suchthat y; = y; ;.

Claim 2 can be proved by induction on i.

For i=1,

(quu,v1) = (qo,w, LeLy) (By Claim 1)
Therefore, y; = L, 1y.

Take y; = L.

Y1 = Vil

l,elr=1,elr=y er.
The statement is true for i = 1.
For induction hypothesis (i = k), assume y, =yl for 1<k<n-1, y, €I

Consider configuration move of
I,Mf X . . a,b—>c,6f
(1 Ui, Vi) — (Qi+1 Uis1, Vi) Which is equivalent to g, ——— g4 where

a€l, be(ly), c€If, w = aupyy, Vi = bV Vir1 = Vi Vi €T}
Since 1<k<k+1<n, q qrs+1 €0.
This configuration move could not have come from T1 because q;, # qstart-
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By induction hypothesis, y, = y;L1; & y; €T
We examine two situations: (i) y; = € and (ii) y, # €.
()If v = €

Yk = Ly
b=¢€or b=_14.

a,J_f—>c,6f
If b=1f g —— qg41-

This transition must have come from T2 where
/(@6 L7) = {(Guccepr )} 1 = €, ¢ =

Therefore, qx+1 = qaccept, Which contradicts gy, € Q.
Therefore, b = €.

Therefore, (g, a,b) = (qx, a,€) € Q X . X I.

By T3, §;(qx,a,b) = 8(qy, a, b).

a,e—c,d
Therefore, q, —— qj41.

Therefore, ¢ € T*.

Vie= Ly =byi.

Since b =¢, y, = Ly.

Therefore, yy41 = CYy = cly.

The statement is true for i = k + 1.

(i) If y, + €

Since y, €T, 15 isnotasymbolin yy.

Since y, = yxLy, the leftmost symbol of y, cannotbe L;.

1,M
Therefore, the configuration move of (qk,uk,yk)—f>(qk+1, Uk+1, Yierr) could not have come
from T2.
Therefore, it must have come from T3 where § = &;.

1,M,

Therefore, (qy, ux, ¥r) — (Qx+1, Ur+1, Yi+1) by Proposition 2.49.
,b—c,6

Therefore, q; e Qr+1 Where

a€Z, beT,, c €T, Uy = Alyyq, Vi = Vi Yir1 = Vi Vic E I}

Note that b # Ly because L; €& I.

By induction hypothesis, v, = yxLr & y; €T

Therefore, i = yiLs = byy.

Vi =€= YrLls = b = y,Ls € I, which is a contradiction because L, ¢ T,.
Therefore, y, # €.

The rightmost symbol of y,, mustbe L;.

nr

vk
Therefore, y;Lr = by’ L;.

nr

€ Iy such that Yi = Vi Ly
Therefore, y;, = byy".

Since y; € I'" by induction hypothesis, y;" € T'".
Vi1 = CVy = V' Ly = Vier Ly where iy = o

Since ceT* & v/’ €T*, yppr €T

The statement is also true for i = k + 1.

Therefore, the statement is true for i = k + 1 whether or not y; = €.

This completes the proof of Claim 2.
Claim 3. (g, Up, Vo) = (qn, €, _Lf).
1M
We know from above that (g, u,, ¥n) = (qaccem, €, y).

The only way to transition from a state in Q to qgccepe is via T2 where
8¢ (qn' € J—f) = {(qaccept' E)}

. E,Lf—>E,5f
Equlvalently, qn — > Qaccept-

LMg " " " .
Therefore, (qn, Un, ¥n) — (QacceptsUn ¥n) Where ¥, = Lry, & ¥, €T},
Therefore, (qaccept: Un, Vn) = (qacceptr € Y)-
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Therefore, u, =€ & y = y,.

By Claim 2, y,, = y, s where y, €.
Therefore, ¥, = ¥nlf = Ls¥n.

If y,, # €, its rightmost symbol must be L.
Let y,, = v Ly for some y," € I}.

nr

Therefore, y,Lr = Lgy," Lg.
Therefore, y, = Lsy, ", whichis a contradiction because by Claim 2, y, € I'* but L, isnotin I'".
Therefore, y, = €.
Y=Y =€
Yn = Lf¥n = Ly
G Uy V) = (qn, €, J_f) and Claim 3 is proved.

1,Me , )
Claim 4. (q;, %y, ¥{) — (qis1, Uir1, Vig) for 1<i<n—1.

1,Mf

From above, we have (q;, u;, ¥i) — (Qi+1, Uiv1 Vier)-

. , I,Mf ,
By Claim 2, (q;,u;,v; lf) — (qiss ui+1'Yi+1lf) where

’ * ’ * _ *
yiEF,yiHEF, aeze/ U; = QuUjyq, U, ui+lez'
a,b—c,8

Equivalently, g; —— q;4; where y/1; =bn & y,,1y=cn, b€ (Ff)e’ cely, nery.
Since q; # qstqre, the above computation could not have come from T1.

Since qi41 # Gaccept, the above computation could not have come from T2.

Therefore, it must have come from T3 where 8¢(q;,a,b) = §(q;, a, b).

,b—c,8
Therefore, b €T, & ¢ €T and g; uqiﬁ.

Since y; 1 = b, the rightmost symbol of n mustbe L;.
Therefore, n = 6L for some 6 € I7.

Therefore, y;1; = b1y and y;, 1y = cOL1;.

Therefore, y; = b6 and y{,, = 6.

Since y; €T* by Claim 2, 6 € I'".

Therefore, (qi,us,¥) —5 (ds1, Uis 1, Visn):

This completes the proof of Claim 4.

By Claim 4, we now have
o LM . LMe 1M, , 1My ,
(quunv1) — (@2 U2 ¥2) — - — (Gn-1, Un-1, Vn-1) — (@ns Un, ¥V)-

By Claim 1, (qy,uy,v1) = (qo,w, LeJ_f).
Therefore, q; = qo, wy =w, 1 = Lo Ly
By Claim 2, y; = y; 1.

Therefore, y; Ly = L,Ly.

Therefore, y; = L,.

Therefore, (q1,uq,v1) = (qo, W, L,).

By Claim 3, (qn, Un, Vn) = (qn, €, Lf).

U, =€ & v, = Ly

By Claim 2, y,, = ypLs.

Therefore, y, Ly = L.

Therefore, y, = €.

(G Uy ¥n) = (Gn, €, €).

Therefore,
1,M, , LMe 1M , 1My
(qo,w, L) — (G2, Uz, ¥2) — = (qn-1, Un—-1,Yn-1) — (Gn, €, €).

(@0, L) ™ (4. €,).

M, accepts w.

w € L(M,).

w € L(M,) © w € L(Mp).

This completes the proof of Lemma 2.52.
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Lemma 2.53. For any PDA, M, that accepts by final state, there isa PDA, M,, that accepts by empty
stack such that L(M,) = L(My).

Proof. Let My = (Q,%,T,8,qo, Lr, F) where Ly €T is the initial stack symbol of M.

Construct M, = (Q,,Z,T,, 0, Gstart, Le) Where

Qe = Q Y {Gstares qempty}/' [=TUL,;

Qstart aNd Gempey are newly created states (notin Q) with ggq.r serving as the start state of M,
and (empty serving as the state in which M, begins the process of emptying the stack (without
further consuming input);

1, is a newly created stack symbol (not in T') serving as the initial stack symbol of M,.

The transition function 6, of M, is defined as follows.

€Lle—Llfrlebe
T1: 8e(qstares €, Le) = {(qO' J—fJ-e)} (@ Astare — %)
T2: V (q,a,4) € Q X X, XTI, where 6:Q XX, XTI, — $o(Q xT), 8.(q,a,4) = 6(q,a,A).
€,6—€,00
T3: v qE€ F, Se(qr €, E) = {(qempty: 6)} ((:’ q— qempty)-
€,A—¢€,6¢
T4: VA€ (Fe)e/ 5e (Qempty: E:A) = {(Qempty: 6)} ((:) Qempty — qempty)~
T5: For any other (q,a,4) € Q, X Z, X (Tp)e, 6.(q,a,4) = 0.
The construction is now complete. It remains to show L(M,) = L(M).
Suppose w € L(M;).
M
(qo,w,J_f)n—f>(q,e,y) forsome n>0 & q€F, y er”.
By T1, 8.(qstare €, Le) = {(qOr J—fJ-e)}-
1,M,
Therefore, (qsiqre) W, Le) — (qo, w, _LfJ_e).
By Proposition 2.49, we have
nMg n,Me
{(qo. w,1;)— (q.€, Y)} = {(qo. w,1;)— (g€, Y)}-(Q c Q. &6.(q,a,4) = 5(q,a,4))
By Proposition 2.50, we have
nMe nMe
{(@qow. 1) = @.en} = {(0we, 1,1.) =5 (g, e6,v1.).
. nMe n,Me
That is, {(qo, w, _Lf) —(q,€, y)} = {(qo, w, J_fJ_e) —(q,€, yLe)].
1,Me n,Me
Therefore, (qstare: W, Le) — (qo, W, J_fJ_e) —(q,6,7L,).
*Mg
Therefore, (qsiare, W, Le) — (q,€,vL,).
1,M,
By T3, (@, 6,7L) — (qempty: €YLe)
*Me
By repeated application of T4, (qemptys €, ¥ Le) — (dempty, € €)-
. Mg 1,M, Mg
Combined, (qstart' w, J—e) - (q' € ]/J-e) - (Qempty' €,YLle) — (Qempty' €,€).
*Mg
Therefore, (qstart' w, J—e) - (Qempty' €,€).
Therefore, M, accepts w.
w € L(M,)
Therefore, L(M;) c L(M,).
Conversely, assume w € L(M,).

There exist configurations (q1,uy,¥1), (@2, U2,¥2), (@i Ui Vi), *** (@n, Un, ¥n) Where
n=0 u, €X,y; €, for 1<i<n, q,q; g, € Q. such that
1,M, 1M, 1M, 1M, 1M, 1,M,
(qstart: w, -Le) — (qll Uy, YI) — e (qi' u;, yl) —e (an Un, Yn) — (q: €, E)-
Note that qgqr¢ € {q1, 1 *** G} because g4+ doesn’t have incoming arrows.
1,M,
If n=0, Gstare»W, Le) — (q, €, €).

By T1, (stare:W,-Le) e (q0,w, J_fJ_e) and this is the only configuration move out of
(Gstare W, Le) because  8,(qseare, €, Le) = {(%: lfJ-e)}-

Therefore, (q,€,€) = (qo, w, J_fJ_e), which is a contradiction because L1, # €.

Therefore, n > 1.

In addition, we have (qq,uq,7;) = (qo,w, J_fLe).
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To move from (qo, w, _LfLe) to the final configuration (q,€,€), M, must pop L, at some point
which can only be done by T4 because T1 does not pop L, and T2 and T3 cannot move on L,.

Therefore, we must have a ey, somewhere between (qo,w, J_fJ_e) and (q,¢,¢€).

However, we can only transition into qemp., via astate p € F (T3).

Therefore, there must be a p € F somewhere between (qo,w, J_fJ_e) and (q,¢€,¢€).

Im = Max{i|l <i<n;q; € F}.

Claim 1. For 1 <i<m, q; # qempty and hence y; has L, asits rightmost symbol.

To prove Claim 1, we assume for contradiction 3k suchthat 1 <k <m & qx = Gempry-

By T4, qx+1 = Qr+2 = ** = dm = Qempty-

This contradicts g,, € F.

Therefore, q; # Gempey for 1 <i<m.

As mentioned above, (q;,uy,71) = (qo, w, _LfLe).

Therefore, y; = Ly L,.

Since the only way to pop L, is by using T4 that requires the existence of geppe, and we cannot
have any qempe, between q; and g, we must conclude that L, remains sitting at the bottom of
the stack as the machine moves from q; to q,.

Therefore, y; has L, asits rightmost symbol for 1 <i <m.

Claim 2. For configuration (g, Um, ¥m), Um = €.

To prove Claim 2, we assume for contradiction u,, # €.

At this configuration, there are two possible ways for the machine to move: (i) is to continue to
simulate My using T2 and (ii) is to enter Gepyp¢y using T3.

For (i), the machine will continue to read the input but will never enter an accept state again
because it has passed q,, which is the highest accept state in this computation. By the time the
machine completes reading the entire input it will come to a stop and has never had a chance to enter
the state Gempry- Thus, L, remains sitting in the stack when everything comes to stop. This is
contradictory to the assumption that the computation ends at (g, €, €).

For (ii), the machine enters Gemps, using T3 transition:
€,6—€,0¢
dm > empty-

Am+1 = 9emptyr Um+1 = Ums Ym+1 = Vm-
1,Me
(qm! Um, Ym) (qempty: Um, Ym)
€,A—¢€,6¢

Once the machine has entered gempey, it will follow T4, which is Gempty = Gempry, t0
continue to pop symbols from the stack while remaining in gemp¢, and not reading any input.

Therefore, qmi1 =qmiz = =qn =9 = Qempty &

Up =Upyq = Upgp = =Uy =€ (Last configuration is (g, €, €)).

Therefore, both (i) and (ii) contradict the original assumption that u,, # €.

Therefore, u,, = €.

Claim 3. For 1 <i <m, 3y € I* such that y; =y L,.

The proof of Claim 3 is by induction on i.

We show at the beginning that (qy,uy,¥1) = (qo, W, L5 L.)

Therefore, y; = Ly L,.

Since L€l cT”, L€l

If we take y; = Lf, ¥1 = ¥1le.

The statement is true for i =1.

For induction hypothesis, y, = yyLl, for 1<k<m-—1, y, €I

We show at the beginning that qstare € {1, 92 Gn} & dempty € {91, 92 " @m} by Claim 1.

Therefore, q1,q1 " g € Q.

Consider configuration move of

1,M,
(o Ui Vi) — (Grer1 Uks 1 Yiern)-

This move could not have come from T3 or T4 because qx # Gempty & qr+1 # Gempty-
The move must have come from T2 where §, = 4.
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By Proposition 2.49, we have

I,Mf
(@i Wi Yie) = (Qres1r U 15 Vi1 -
a,b—c,8

Therefore, q, — qx4+1 Where

a€Z, beT, c €T, uy = AUyyy, Vic = Vi, Yir1 = Vi Vic E TG
Note that beT, = b # L,.

By induction hypothesis, y, =yl & yr €T

Therefore, y;L, = byy.

Yi=€=7Vil.=b= (y,=¢€)&(b=L1,) = Contradiction.
Therefore, y, # €.

The rightmost symbol of y, mustbe L, (because y;, L, = byy)

nr

3y’ € Iy such that y, =y L,.

nr

Therefore, y; L, = by}’ L,.
Therefore, y;, = byy".

Since y; € I'" by induction hypothesis, y;" € T'".
Vier1 = CVie = €V Le = Vipa Lo where iy = cyy’.
Since c €ET" & v}/ €T, yp4 ET™.

The statement is also true for i = k + 1.

This completes the proof of Claim 3.
. N TMp / .
Claim 4. (q;,u;,vi) — (Qiv1, Uir1 Vigy) for 1<i<m-—1.

By assumption, (Cli,ui;Yi)lj\;—Mi (Giv1 Wivs Vier)-

By Claim 3, (q;,us,¥{Le) = (@ir1 Uirs Vi1 Le)

By Claim 1, q; # Gempty & qiv1 # Gempty for 1<i<m—1.

Also, we point out at the beginning that q; # qgq,¢ for 1 <i < n.
Therefore, this computation must have come from T2 where 6, = 8.
By Proposition 2.49, (q;,u;,viLe) = (Gi+1, Uirs VierLe)-

. a,b—c,6
Equivalently, g; — q;+1 where

a€X, bel, celyiL,=bn & yj, L, =cn, n €T, u; = au;q.
Note that b e, = b # L,.
n=e=y/l,=b= (y; =€) & (b =1,) = Contradiction.
Therefore, n # €.
The rightmost symbol of n mustbe L, (because y; L, = bn).
Let n =601, where 6 €T3.
Therefore, y/ L, =b0L, & y{, L, = cOL,.
Therefore, y{ = b0 & y;,, = cb.
Since y; € I'* by Claim 3, 8 € I'".
CET & BET = y/, €T,
Therefore, (q;,u;, ;) Rl (Qi+1 Uis1 Vier)-
This completes the proof of Claim 4.
By Claim 4, we now have,
1M LMy 1Mf 1My
(@1, u1,¥1) = (@2, Uz, ¥2) =+ = (Gm-1, Um-1, Ym-1) = (@m> U, Vin)-
(quuq,y1) = (qo, w, _LfJ_e) as shown at the beginning.
Therefore, y; = L5L,.
By Claim 3, y; = y1L,.
Therefore, y; = L.
Therefore, (qy,uy,¥1) = (qo, W, J_f).
By definition, q,, € F.
By Claim 2, u,, = €.
Therefore, (qm, Um Vm) = (dms €, Ym)-
Therefore, (qo,w, J_f) i (Gm, €, Ym) where q,, € F.
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Therefore, My accepts w.

w € L(Mg).

L(M,) © L(M;).

This completes the proof of Lemma 2.53.

Combining Lemma 2.52 and Lemma 2.53, we have the following theorem.

Theorem 2.54. For any PDA, M,, that accepts by empty stack, there is a PDA, My, that accepts by
final state such that L(M,) = L(Mp).
Conversely, For any PDA, Mg, that accepts by final state, there is a PDA, M,, that accepts by empty

stack such that L(M,) = L(My).

2.4. Equivalence of CFG and PDA

In this section, we shall prove that context-free grammars and pushdown automata are
equivalent in power in that any language that is context-free is recognized by a pushdown automata
and vice versa.

Definition 2.54. Let G = (V,%,R,S) be a CFG.

Let A€V, ye (Vu2x).

A is called the leftmost variable in y iff 3x € £* and a € (V U X)" such that y = xAa.

x is called the head of y (writtenas x = Head(y)), Aa is called the body of y (writtenas Aa =
Body(y)) and a is called the tail of y (written as a = Tail(y)).

It is clear from this definition that y = Head(y)ATail(y) = Head(y)Body(y) and if y € ¥*, then
Head(y) =y and Body(y) = Tail(y) = €.

Definition 2.55. Let G = (V,%,R,S) bea CFG.
Vx,y € (VUZX)", x isaprefix of y (written as x <pgpp y)iff 3z € (V U X)" such that xz = y.

Proposition 2.56. <p;; is a reflexive and transitive relation from (V U X)"* to (V U X)".

Proof. vx € (VU ZX)", 3e € (VU )" and xe = x.
Therefore, x <ppz x and <pgp is a reflexive.
Vx,y,z € (VUZX),if x <pgg y and y <ppg Z,
Ax',y' € (VU X)" suchthat xx' =y and yy' = z.
Therefore, xx'y' = z.

Since x'y’' € (VUZX)*, x <pgg Z.
Therefore, <pgp is transitive.
This completes the proof of Proposition 2.56.

Proposition 2.57. Let ¢ = (V,%,R,S) bea CFG.
Let we X', y;e(VUX) forall i € {123, n}

Ai—Bilm

Let A; be the leftmost variable in y; and A; — f; be the rule such that y; —— y;,, for all
i€{123,-n}
Im m

lm
Let S=y, =2y, 273 =y, =w.
The following statements are true:

(@) Head(y;) <pgrg Head(y;1+1)
(b) V1<i<j<n, Head(y;) <pgr Head(y;) & hence
Head(y,) <prg Head(y;) <prg *** <prp Head(y,) =w
(c) Head(yi+1) = Head(y;)Head(B;) & Body(yi+1) = Body(B)Tail(y;)
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(d) If y; € (VUZX) suchthat Head(y;)y; = w, then Head(B;) <prg Vi-

Ai_)Bi'l
Proof. Since y; —>myi+1, & y; = Head(y;)A;Tail(y;), we have y;,, = Head(y;)B;Tail(y;)-
Therefore, y;.; = Head(y;)Head(B;)B;Tail(B;)Tail(y;) where B; is the leftmost variable in S;.
Since Head(y;) € * & Head(f;) € ¥, B; is also the leftmost variable in ;.
Therefore, Head(y;;,) = Head(y;)Head(B;).
Therefore, Head(y;) <pgrg Head(y;41)-

(a) This follows (a) to be true because <pgg is transitive.
(b) Head(y;y+1) = Head(y;)Head(f3;) is established in the proof of (a).

It is also established in the proof of (a) that y;4; = Head(y;)Head (B;)B;Tail(B8;)Tail(y;).
Body(yi+1) = BiTail(B)Tail(yy).
= Body(B;)Tail(y;) (B; is the leftmost variable in ;)
(c) From (b), Head(yiy+1) <pre Head(y,) = w.
Therefore, 3y;,; € L* such that Head(y;;1)yi41 = W.
Therefore, Head (y;+1)yi+1 = Head(y;)y;.
By (), Head(y;)Head(B;)yis+1 = Head(y,)y;.
Therefore, Head (B;)y;+1 = Vi-
Therefore, Head(B;) <prg V-

Lemma 2.58. For any CFG G, 3 a PDA M, such that L(G) = L(M,).
Proof. Let G = (V,%,R,S) bea CFG.
Construct M, = ({q},X,VUZ,8,q,S) where § is the transition function defined as follows.
T1: 6(q,€,4) = {(q,B)|A — B isarulein R}.
T2: 6(q,a,a) = {(q,€)} Va € Z..
T3: For all other (q,a,4) € {q} x I, x (VUZX),, 6(q,a,4) = Q.
Note that the start variable of G is the start stack symbol of M,.
It remains to show L(G) = L(M,).
To prove L(G) c L(M,), suppose w € L(G).
Ay, Y2 ¥n € (VU Z)* such that
im im im im
S=EV=V22V3 Vi Vi1 DV = W.
Vi € {1,2,3,---n}, Head(y;) <prg W by Proposition 2.57(b).
Therefore, 3y; such that Head(y;)y; = w.
Claim. Vi € {1,2,3,---n}, (q,w,$) i (q,y1,Body(y;)) where Head(y)y; = w.

This Claim can be proved by induction i.
lm lm lm Im
For i=1, S=y, because S =y; 2V, 2 V3 ViDVit1 " =Vn = W.

Head(y,) = Head(S) = €. Body(y,) = Body(S) =S.
0,M,

(qw,$)—(qw,S) = (g1 y1,a1)-

Therefore, g =q;, y, =w & a; =S.

Therefore, q = q;, Head(y;)y; = ew =w & a; = Body(y;).
*,Me

(q,w,S) — (4, y1, Body(y1).

The statement is true for i = 1.

For induction hypothesis, we have

*,Me
(q,w,8)— (q,yk,Body(yk)) where Head(y, )y, =w for 1<k<n-1.
Let A, be the leftmost variable in y,.
1
Since y; gykﬂ, A, — Bx where B, € (VU Z)".
*,Me
(q.w,$) — (4, Y1, Body (v1))
= (¢ yrAkTail(y))
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5 (4,70 BTail(r))  (by T1)

= (4,7 Head(Bi)Body(Bi)Tail(yy))

By Proposition 2.57, Head(By) <pgrg Vk-

Ay 1 € (VU X)* such that Head(Bx) Vi1 = Vi

Therefore, (q, Vi, Head (ﬁk)BOd}’(ﬁk)Tail(Vk)) = (q, Head (Bi)Yi+1s Head(ﬁk)BOdY(ﬁk)Tail(Vk))

|Head (Bi)|.Me . . .
———(q, Yi+1, Body(B)Tail (vy)) (by repeated applications of T2 |Head ()| times)
= (q, Vi+1s Body(yk+1)) (by Proposition 2.57(c))

Therefore, (q,w,S) = (4, Yics1, Body(¥es1)).

Since Head(Bi)Yi+1 = Yk,

Head(y)Head(Bi)yi+1 = Head (yi) k-

By Proposition 2.57(c), Head(yy+1) = Head(yy)Head(By).

By induction hypothesis, Head(y,)y, = w.

Therefore, Head (Yi4+1)Yi+1 = W.

Therefore, the statement is true fori = k + 1.

To complete the proof of L(G) c L(M,), set i =n in Claim.

(@ w,5) "5 (, yn Body(v,))) where Head(y,)y, = w.

Since y, =w, Head(y,) = Head(w) = w & Body(y,) = Body(w) = €.

(Head(y,) = w) & (Head(yn)yn = W)= wy, =w =y, = €.

Therefore, (q,w,S) % (q,€,€).

w € L(M,).

Therefore, L(G) c L(M,).

(Note that at this final configuration of (g, €, €), we could have used the transition, 6(q,¢€,€) =

{(g,€)} or q ﬁzq, to loop on without stopping. However, this machine is nondeterministic,
which means that we don’t have to take an option which is a bad one. On the other hand, if bad
choices are made, we can loop ourselves to infinity.)

To prove L(M,) c L(G), let w € L(M,).

(4w, (@, €0).

Claim. Vx € X%, if (q,x,A) % (q,€,€), then A =*>x.

Proof of this Claim is by induction on the number of steps.

An = 1, such that (g, x, A) Tﬂi (q,€,€).

For n=1, (q,x,4) e (q,€€).

Since A € V, we must use T1 and thatis, §(q,€,4) = {(q,8)|A — B isarulein R}.

Therefore, (q,x,A) % (q,x,B8) = (q,¢,€).

Therefore, x = = €.

Therefore, A — € is a rule.

A = € by Proposition 2.8(i).

Therefore, A BN €.

The statement is true for n = 1.

For induction hypothesis, assume the statement is true for all n < k with k > 1.

That is, if (q,x,A) % (q,€,€), then A BN x forall n <k.

For n =k + 1, assume (q,x,A) Iﬂf (q,€,€).

Since A € V, the first move must be based on T1.

Therefore, (q,x,A) e (@, x, V1Y Y) L (q,€,€) where

A—- VY, Y, & Y,eVUZ for i € {1,2,---m}.

Since (q,x, V1Y, Y,) L (g, €, €), the machine must pop all the Y;s off the stack by the time it
finishes reading input x and empties the stack.

Let x; be the portion of x that the machine consumes while popping Y; off the stack and
returning its stack head to the position right before popping Y;,, off for i = 1,2,3,--m — 1.
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Let also x,, be the last portion of x that the machine consumes while popping Y,, off the stack
and emptying the stack eventually.

Note that if ¥; is a terminal, x; =Y;. The PDA will pop Y; using T2 and then scan the same
symbol x; from the input. The stack head will then point at Y;,;.

By these assumptions, we have x = x1x, «* Xp,.

In addition, we have the following sequence of
*,M, *,M,
computations: (q, x1%5 -+ X, 1Y - Vo) = (q, x3%3 %, Yo Yo oo Vi) - (q,x3%4 X, Y3 ¥y - Vi)
*,Meg *Me *Me
XX Ve For) T (@ X i Vi i)
*,Me *Me

*,M, e
> (q, Xm., Ym) — (q: €, 6)-
Since the stack head does not go below Y;,; whilethe PDA consumes x;, we have the following
equivalent computations:

*,Me
(q,x1,Y1) _M’ (q.€,€)
(0,22, Y2) — (q,€,€)

*,Me )
(@,x,Y)— (q,€,€)

(@ % Y = (@,6,€)
Since the sum of all the numbers of steps in all these computations is equal to k, the number of
steps in each of these computations is less than or equal to k.
Therefore, we can use the induction hypothesis to derive the following;:
Y; ; X1
Y, =*> Xy

.
Yi=x

Yin =*> Xm

Since A — V1Y, Y, A= 1Y, Y, by Proposition 2.8(i).

Since Y; = x; Vie{l1,2,---m}, ,Y, Y, = X1X5 -+ X by Proposition 2.16(d).
Therefore, A = X1 Xg 0 Xy

Therefore, A BN X.

The statement is true for n = k + 1.

To complete the proof of L(M,) € L(G), put A=S & x =w in Claim.

[@w.) @ e0] = [s5w]
w € LM,) = [(q,w.S) i (g€ e)] = [So>w] = w e L(G).
This completes the proof of L(M,) € L(G) and hence the proof of Lemma 2.58.

Lemma 2.59. For any PDA M,, 3 a CFG G such that L(G) = L(M,).
Proof.
Let M, = (Q,%,T,8,q,L.) bea PDA that accepts by empty stack.
Construct CFG G = (V,%,R,S) where V & R are defined as follows.
V ={S}u{lpXqllp.q € QX € T}
Note that V is finite because Q & T are finite.
Let (P) be the procedure for creating rules in R defined as follows.
V(q,a,X) € Q xE. XT,if 6(q,a,X) # @, 3(ry, V1Yo V) € 8(q,a,X).
Thatis, q w 7.
For every 1,13, 1, €Q, a € I, let
[qX7,] — a[reYiri][rnYore] - [fim_1Ym"m] be arulein R.
Note that the total number of rules thus created based on each
(ro, V1Y, - Y)) € 8(q, a, X) is finite because Q, m, & X, are finite.
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Furthermore, the set §(q,a,X) is finite & the total number of such sets, §(q,a,X) is finite
because the total number of (q,a,X) € Q X X, X T is finite.

Therefore, the total number of rules thus created for any given PDA, M, is finite.

Let R, = the set of rules created by (P).

Ry ={S — [qoLcplIp € Q}-

R =R, UR,.

The construction of G is complete and we now proceed to prove L(G) = L(M,).

Claim 1. S w iff [qo-Lep] Sw for some p €Q.

<Proof of Claim 1>

"IE S S w"

In > 1 such that S S w.

S=1>ﬁn=_§w where g€ (VUZX)".

By Proposition 2.8(i), S — f is a rule.

This rule must be from R,.

Therefore, S — [gy-L.p] for some p € Q.

Therefore, S > [qo-Lep] = w.

Therefore, [qoL.p] gw.

Therefore, [qyL.p] Sw for some p EQ.

"If [qo-Lep] =*>wfor somep € Q"

By construction, S — [goL.p] isarulein R,.

By Proposition 2.8(i), S > [qo-Lep].

Therefore, S =1> [qoLep] Sw.

Therefore, S 5 w.

This completes the proof of Claim 1.

Claim 2. ¥p,q € Q, X €T, w € X°, [qXp] > w iff (q,w,X) = (p, ¢, €).

<Proof of Claim 2>

g

Assume (q,w, X) e (p, € €).

An = 1 such that (g, W,X)% (p, € €).

The proof of [qXp] Swis by induction on n.

For n=1, (q,w,X) % (p, € €)

Therefore, g ‘L_)ip where a €, & w =ae =a.

By (P), if q XNt 19, then 3 a rule [gXn,] — a[roViri][nYars] - [fm-1Ymhn] for some
T, Ty, T € Q.

In this case, Y;Y; Y, = € which means m = 0 and hence 7, = 7;.

Therefore, 3 arule [gX1y] — a.

Since p =1, & w = a, the rule becomes [gXp] — w.

By Proposition 2.8(i), [qXp] = w.

Therefore, [gXp] Sw.

The statement is true for n = 1.

Assume the statement is true for all n < k where k > 1.

That is, {(q, w, X) % (p, e, E)} = {[qXp] ;W} forall n < k.

For n =k + 1, assume (q,w, X) Iﬂi (p, € €).

v, Y, Y, €T, a€X, x €X', w=ax, ry € Q such that qwro.

Therefore, (q,w,X) e (1o, x, V1Yo - Vi) L (p, € €).

Since (ry,x,Y1Ys V) % (p, €, €), using the same argument as used in the proof of Lemma 2.58,
we can deduce the following computations:
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*,Me
(r0, %1, Y1) — (11, €, €)

*,Me
(r, %2, Y2) — (12, €, €)
*,Me
(ri—1, x, ;) — (1, €, €)

(=1 X Yor) e (hn, €,€)  where

T, T2 T €Q, Ty =,

x; is the portion of x that the machine consumes while popping Y; off the stack and returning
its stack head to the position right before popping Y;,, off for i =1,2,3,--m —1 and x,, is the last
portion of x that the machine consumes while popping Y, off the stack and emptying the stack
eventually.

Note that the machine goes from state r;_; to state r; after completing the above actions & x =
X1Xg Xy

Since each computation (71, %;,Y;) s (r,e,e) is  part of the computation
(ro, x, 1Y, - Y L (p, €, €), each one makes no more than k moves.

By induction hypothesis, [r;_,Y;r;] ;xi for i =1,2,:--m.

As shown above, q wro & since 1y, 13 Ty—1,0 € Q, by (P),

3 arule [gXp] — a[rYini][rYars] - [Tn-1Ymp]-

By Proposition 2.8(i), [qXp] = a[roYiri][r1Yare] - [Tm-1YmP]

Since a;a & [r;_1Yir] ;xi for i =1,2,:--m.

a[roYir][nYers] - [fme1Ymp] = ax;x, -+ X, by Proposition 2.16(d).

Therefore, [gXp] > AX1Xg Xy

Since w = ax = ax;x; - X, [qXp] Sw.

Therefore, {(q, w, X) ]ﬂi (p, €, e)} = {[qXp] =*> W}

Therefore, the statement is true for n = k + 1.

This completes the proof of the “If” part of Claim 2.

“Only if”

Assume [qXp] Sw.

An = 1 such that [gXp] Sw.

The proof of (q,w,X) % (p, €, €) is by induction on n.

For n =1, [qXp] =1>w.

By Proposition 2.8(i), [qXp] — w isarulein Ry (It'snotin R, because [gXp] # S).

Since every rule in R; is of the form [qXn,] — a[ryYiry ][ Yors] -+ [Tm—1Ym?in] Where

qwro & 1y, 1y T_1, T € Q.

In this particular case, w is not a variable.

Therefore, [roY ][ Yors] o [tme1Ymtn] = € or m = 0.

Therefore, a =w & 1, =1,.

Since [qXp] = [qX7n], D =T = T1p-

a,X—e
We must have g — p.

Therefore, (q,w,X) % (p, x,€) where w = ax.
As shown above, a = w.

Therefore, x = €.

Therefore, (q,w,X) % (p, € €).

Therefore, (q,w,X) % (p, € €).

The statement is true for n = 1.

For induction hypothesis, assume it is true that

{[qXp] ;w} = {(q,W,X) s (p, e, e)} for all n < k where k = 1.
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k+1
For n =k + 1, assume [gXp] = w.

Therefore, [gXp] =1>B 5 w where g € (VUZX)".

By Proposition 2.8(i), [qXp] — B isarulein R;.

This rule must be of the form [qXp] — a[roYiri ][ Yar2] - [Tm1YmPp] Where

aX—Y,Yy Y

To,T, 2" Tme1 €Q, a€ X, V1,Y,, Y, ET, q——— 1.

[qXp] > a[roYiry][r1Yars] - [fim-1Ymp] by Proposition 2.8(i).

Therefore, [gXp] é a[roVir ][ Yers] - (-1 YmpPl é w.

By Proposition 2.28(ii), 3wy, w, - wy, € £* such that [r;_,Y;ni] > w; in no more than k steps for
i=12,-m and w = aw;w, - w,,.

By induction hypothesis, (1;_1,w;,Y;) ! (r;,€,€) for i =1,2,--m.

By Proposition 2.50,

(s WiWias = Wi, V¥igg = ¥or) “ (1, Wiy = Wi, Vg ¥y for i = 12,000,

(o, wawy - wp,, 1Y, - ¥,) e (r,wy o wp,, Yy o+ ¥,) for i = 1.

*_Me
(r,wy - wpy, Yy - Yy ) — (ry, wy o wy,, Yo o0 V) for i = 2.

*Me i
("1, Wi, Yrn) — (13, €, €) for i = m — 1 where 1, = p.
a,X—Y1YyYim
Furthermore, as shown above, g ————— 15,

Therefore, (q, aw;w;, -+ wy,, X) % (To, Wwawy == Wy, V1Y - YV,
Since w = aw,w, - wy,, (q,w,X) e (ro, waiwy - wy,, 1Y, - Y1)
Connecting all the computations, we have
(g, W’*i\(/:) % (1o, Wi Wy =+ Wiy, Y11:2M“' er%’% (r,wy - Wm; };2 = Y)
=5 (1 w3 Wi, Y3 V) = 55 (T, Win, Y) — (0, €,€).
Therefore, (q,w,X) % (p, € €).
Therefore, {[qXp] I;l w} = {(q, w, X) % (p, e, e)}.
This completes the proof of Claim 2.
We now get back to the proof of L(G) = L(M,).
weEL®G) & S>W
< [qoLep] Sw for some p € Q (Claim1)
S (Go W, L) 5 (p, 6, ) (Claim 2)
< M, accepts w
< weL(M,)
Therefore, L(G) = L(M,).
This completes the proof of Lemma 2.59.
Combining Lemma 2.58 and Lemma 2.59, we have the following theorem.

Theorem 2.60. For any CFG G, 3 a PDA M, such that L(G) = L(M,).
Conversely, for any PDA M,, 3 a CFG G such that L(G) = L(M,).

2.5. The Pumping Lemma for Context Free Languages

In this section, we shall develop a tool for showing that a language is not context free. This tool
is called “The Pumping Lemma for context free languages.” This Pumping Lemma is analogous to
the pumping lemma we study in Chapter 1 for regular languages. The difference this time is we are
pumping two strings rather than one and the string that we are dealing with is broken down into five
substrings in contrast to three substrings in the case of regular languages.

Theorem 2.61. Let ¢ = (V,%,R,S) bea CFG in Chomsky Normal Form.
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Let Pt(A4,w, h) be the parse tree corresponding to this grammar in accordance with the meaning
of Theorem 2.33 where A(€ V) is the root, w(€ X*) is the yield and h is the height of the parse tree.
Then it is true that |w| < 2"71.

Proof. The proof of this theorem is by induction on h.

For h =1, Pt(4,w, h) is a 1-level tree with A at the zero level and w at the first level.

The only forms of rules in Chomsky Normal Form are:

A — BC where AeV and B, CeV\{S}

A—a where aeX c £*

S—e where § = Start Variable.

Since w € X*, we have either A — a or § — €.

Therefore, w = a or w = €.

w=a=|w|=1=|w|=20<2" 1

w=€e=|w|=0=|w| <20 <21,

Either case, we have statement being true for h = 1.

For induction hypothesis, assume the statement is true for all h < k where k > 1.

Consider a parse tree, Pt(A,w,k + 1), that correspond to G according to the meaning of
Theorem 2.33.

Since k = 1, the height of Pt(4,w,k + 1) is greater than or equal to 2. Hence the children of
A which appear in the first level cannot be a or e.

They mustbe B and C with B, CeV\{S}.

Using similar argument as we use in proving Theorem 2.33, we can show the following:
(i) The combination of all branches of B (respectively C ) form a subtree Pt(B,wy, h;)

(respectively Pt(C,w,, hy))
(ii) hy <k & h, <k

(i) w = wyw,.

By (ii) and induction hypothesis, |w;| < 2M™1 & |w,| < 2R271,
(wl = lws| + [ws]

< oMl 4 gt

< 2kt 42kt

= 2.2k

=2k

— 2(k+1)—1

This completes the induction proof of Theorem 2.61.

Proposition 2.62. Let Pt(4,z,h) be a parse tree for CFG,G = (V,%,R,S) and Pt(B,w,k) be the
largest subtree of Pt(4,z,h) where w, z € 2*. Then 3x,y € £* such that z = xwy. Furthermore,

the nodes on any path from A to x (respectively y) cannot be a node in Pt(B,w, k).

Proof. By T13, every leaf of a subtree is also a leaf of the parent tree.

Therefore, w C z.

Therefore, z = xwy for some x,y € £*.

Let (A,vy,v,, - vy, 1) be apath from A tol where [ isasymbolin x.

There exists a v;(i = 1,2,---n) on this path such that v; and B are at the same level.

If v; and B are the same node, (v;, vy, 1) is a branch rooted at B and by T11, it is a path
inside Pt(B,w,k).

This means that [ isasymbolin w and this contradicts the assumption that [ is a symbol in x.

Therefore, v; cannot be the same node as B.
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Since [ is to the left of every symbol in w and v; is an ancestor of [, by T12, v; is to the left of

B.

Let v; be a node on the path (4, vy, vy, - v; - vy, D).

If j <i, vj is above the level of B and hence v; is not anodein Pt(B,w,k).

If j > i, v; isa descendant of v; and hence by T12, v; is to the left of all descendants of B at the
same level.

Therefore, v; cannot be anode in Pt(B,w, k).

With similar argument, we can also prove that if v; is a node on a path from A to any I’ in y,
v; cannot be a node in Pt(B,w, k).

This completes the proof of Proposition 2.62.

Theorem 2.63. Let Pt(S,z, h) be a parse tree for CFG,G = (V,%,R,S) and Pt(A,w,k) be the largest
subtree of Pt(S,z, h) rooted at A such that z = xwy where x,y,w,z € X",
If Pt(A,w, k) isreplaced by another parse tree Pt(4,w’, k), to form anew tree Pt(S,z’,h"), then z’' =

xw'y.

Proof. By Proposition 2.62, we can write z' = x'w'y’ for some x’, y' € £* because Pt(A,w', k') isa

subtree of Pt(S,z',h").
See Figure 2.13 below.

S Pt(S,zh) S Pt(s,z',h)
A Pt(AwW, k) A Pt(A,wik")
R e e g o e "
X w v xl W’ y,

Figure 2.13. Caption.

Let [ be aleafin x.

By T8, there is a unique path from S to [ in Pt(S,z,h).

Let’s call this path (S, vy, vy, v; == v, 1) where v; is at the same level of A.

By Proposition 2.62, (S, vy, v, v; - vy, 1) is not affected by the removal of Pt(4,w,k) and in
addition, v; is to the left of A.

Therefore, (S, vy, vy, v; - vy, 1) remains a path in the new Pt(S,z’, h').

Therefore, | is aleafin z'.

l isnotin w' because w' consists of all the leaves created from the addition of Pt(4,w’, k).

If  isin ', the ancestor of [ at the level of A, namely v;, must be to the right of A which
contradicts what we have shown above and that is v; is to the left of A.

Therefore, | cannot be in y'.

Therefore, | isin x'.

Therefore, x = x'.

Conversely, if I' isaleafin x’,

by T8, there is a unique path from S to ' in Pt(S,z',h").

Let’s call this path (S,vq,v5, v - vy, 1") where v; and A are at the same level.

By Proposition 2.62, vy, vy, v; - vy, 1" arenotin Pt(A,w', k') and v; is to the left of A.

These nodes must have come from Pt(S, z, h).
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In addition, they are not in Pt(A,w,k) either because if they were, they would have been
eliminated by the replacement of Pt(4,w,k).

Therefore, I’ isnotin w.

If I isin y, v; would be to the right of 4, which contradicts what we have shown above and
thatis v; is to the left of A.

Therefore, I' cannot be in y.

Therefore, I’ isin x.

Therefore, x' C x.

Therefore, x = x'.

With similar argument, we can also prove that y = y’.

This completes the proof of Theorem 2.63.

Theorem 2.64A (The Pumping Lemma for CFLs). Let L bea CFL.
Ip > 0 such thatif z € L and |z| = p, then
z = uvwxy for some u,v,w,x,y € X" with the following conditions satisfied:
() Vi =0, uv'wx'y € L
(i) vx # €
(iii) |vwx| < p

Proof. By Theorem 2.37, there exists a CFG, G = (V,%,R,S) in Chomsky Normal Form such that L =

L(G).Let p = 2™ where m = |V| = the number of variables in V.
If ze L, z € L(G).
S =*> z
By Theorem 2.33, there is a parse tree for ¢ with root S and yield z.
Let this parse tree be represented by Pt(S,z, h) where h is the height of the tree.
By Theorem 2.61, |z| < 2"~1.
If |z| = p=2m 2m < 21,
m<h-1
hzm+1.
By T9, 3 a path from S to a where a is aleaf in z such that the length of this path is equal to

(Note that this is the longest path in the tree.)

Since h = m + 1, there are at least m + 2 nodes on this path.

Let (Vy,Vy, oo+ Vin» Vims1, @) be the lowest portion of this path where
Vi, Vs, oo Vi, Vinaq E V.

See Figure 2.14 below.

Figure 2.13. Caption.
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Note that this is the longest path from V; to a leaf.

Since m = |V|, by the pigeonhole principle, 31 < i < j <m+ 1 such that V; = V;.

Let Pt(V;,w, h;) be the largest subtree rooted at V; and Pt(V;,w’,h;) be the largest subtree
rooted at V.

See Figure 2.15 below.

U2 <€CV><—w <

%

Figure 2.13. Caption.

As can be seen in Figure 2.15, Pt(V;,w, h;) is a subtree of Pt(V;,w’, h;) whichin turnis a subtree
of the parent tree Pt(S,z, h).

By Proposition 2.62, we can write the yield of Pt(V;,w', h;) as vwx where v,x € £* and the
yield of Pt(S,z, h) as uvwxy where u,y € L".

Thatis, z = uvwxy and w' = vwx.

Since V; = V;, we can replace Pt(V;,w,h;) by Pt(V;,vwx, h;) to form a new parse tree.

By Theorem 2.63, the yield of this new parse tree is uvvwxxy = uv?wx?y.

By repeated application of this replacement procedure, we can create new parse trees
Pt(S, uvtwxly, k;) for i > 2.

By Theorem 2.33, S = uviwax'y for i > 2.

If we replace Pt(V;, vwx, h;) by Pt(V;,w,h;), we obtain a new parse tree Pt(S,uwy, k).

Again by Theorem 2.33, S > uwy.

Or §= uv®wx%y.

When i =1, z = uvwxy and we know S Sz

Therefore, S = uviwx'y for i > 0.

Therefore, uviwx'y € L for i > 0.

This proves Condition (i) is satisfied.

The only three forms of rulesina CFG in CNF are:

A — BC where AeV and B, CeV\{S}

A—a where aeX

S—e where S = Start Variable

a and € cannot be the children of V; because a and € cannot have descendant V;.

Let B,C €V be the two children of V;.

Let Pt(B,b,h,) & Pt(C,c,h.) be the largest sub parse tree with yields b,c € £* and roots
B,C€eV.

Using similar argument as used in the proof Theorem 2.33, we can show that bc = vwx.

By T7, V; is either a descendant of B or C.

If V; is a descendant of B, Pt(Vj,w,h;) is a subtree of Pt(B,b,h;).

By Proposition 2.62, w = b and b = wyww, for some w;, w, € Z*.

Therefore, vwx = bc = wyww,c.

v=w; & X = w,cC.
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Since C and all its descendants are not S, ¢ cannot be e.

X # €.

Therefore, vx + €.

If V; is a descendant of C, with similar argument, we can show that v # € and hence vx # €.
In all cases, Condition (ii) is satisfied.

Since V; is a descendant of V;, Pt(V;, vwx, h;) is a subtree of Pt(V;,zy, hy).
By Proposition 2.62, vwx C z;.

lowx| < |z,].

By Theorem 2.61, |z,| < 2M~1.

Therefore, |vwx| < 2M171,

Since (Vy,Vy, -+ Vis Vg1, @) is the longest path from V; to a leaf,

hy = the length of (Vy, V5, Vi Ve, @) = m+ 1.

Therefore, |[vwx| < 2m*171 = 2Mm = p,

Therefore, Condition (iii) is satisfied.

This completes the proof of Theorem 2.64A.

Theorem 2.64B Pumping Lemma (contra positive form). ~(S) = L is not context free where
~(S) is equivalent to:

Vp = 1,3s € L with |s| = p such that whenever s = uvwxy, at least one of the conditions (i),
(ii), or (iii) cannot be satisfied.

The contra positive form of the Pumping Lemma is used to prove a language is not context free.
The general strategy is to find an s € L with |s| = p for any given p = 1 so that whenever s is
broken into s = uvwxy, at least one of the conditions of (i), (ii), or (iii) must be false. This can be
usually accomplished by showing one of the following:

(1) Condition (i) alone is false.

(2) Condition (iii) = ~ Condition (i)

(3) (Condition (ii) and Condition (iii)) = ~ Condition (i).

Example 2.65. Show that L = {a"b"c"|n = 0} is not CFL.
Vp = 1, construct s = aPhPcP.
See figure below.

s €L and [s| = p.

Assume s = uvwxy.

If Condition (iii) is true, |vwx| < p.
There are 5 cases for consideration.

(1) vwx = a™ where n <p

(2) vwx = a™b™ where n<p&m<p
(3) vwx = b" where n <p

4) vwx =b"c™ where n<p&m=<p

(5) vwx = c" where n <p

For case (1), vwx = a® = v?wx? = a".

If Condition (ii) is true, vx # €.

Either v # € or x # €.

This means n' > n.

s = uvwxy = ua™y contains the same number of a’s, b’s and c’s.

uv?wx?y = ua™y contains more a’s than s and therefore has more a’s than b’s and ¢’s in
itself.

Therefore, uv?wx?y isnotin L.
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Therefore, (Condition (ii) and Condition (iii)) = ~ Condition (i).
Similar arguments can be made in cases (3) and (5) to arrive at the same conclusion as in case
@D-

For case (2), s = uvwxy = ua™b™

y contains the same number of a’s, b’s and c’s.
If Condition (ii) is true, vx # €.

Either v # € or x # €.

nbm

WX = a = v2wx? will increase the number of a’s or the number of b’s or both.

uv?wx?y will have more a’s than ¢’s or more b’s than c's.
Either way, uv?®wx?y isnotin L.

Therefore, (Condition (ii) and Condition (iii)) = ~ Condition (i).

Similar arguments can be made in cases (4) to arrive at the same conclusion as in case (2).
Combining all 5 cases, we conclude (Condition (ii) and Condition (iii)) = ~ Condition (i).
By Theorem 2.64B, L is not context free.

Example 2.66. Show that L = {w#w|w € {0,1}"} is not CFL.
Vp = 1, construct s = 0P1P#0P17.
s€L and |s|=4p+1>p.
Assume s = uvwxy.
If both Conditions (ii) & (iii) are true, we have the following cases to consider.
(1) vwx is to the left of #

See figure below.
p P P P

00 c-ccoe Q0L crcvrvee e 1THEOO e oer e Q0 1L e cvvvee e 11
= VWX -l
Condition (3) = |vwx| < p which makes it possible for vwx to be contained in 0717.

Since Condition (ii) is true, vx # €.

Pumping up to uv?wx?y will increase the number of symbols on the left of the # sign ~ while
not changing the symbols on the right.

This makes it impossible for uv?wx?y to remainin L.

Therefore, (Condition (ii) and Condition (iii)) = ~ Condition (i).

(2) vwx is to the right of #

Similar argument can be made to lead to same conclusion as in (1).

(3) vwx contains the # sign

(i) w contains # (See figure below.)
P P P P

I T Tk T I T e B

=V Sl W Sl X S

v contains only 1's if v # € and )
x contains only 0's if x # €
Condition (ii) = vx # € = one of v or x isnot €.

Condition (iii)) = |vwx| <p = (

Pumping down = uwy = 0P1:#0/1P.
vEE=Ii<p=0P1#0/1P ¢ L = uwy ¢ L.
x#e=j<p= 0P1#0/1P ¢ L = uwy ¢ L.

Therefore, (Condition (ii) and Condition (iii)) = ~ Condition (i).

(if) w is to the left of # (See figure below.)
P P P P

I Tk T I T e B

= W =Slk= X -1

Since vwx contains the # sign, x # €.

Therefore, x contains #. (See figure above.)

Pumping down will eliminate the # sign making it impossible for uwy to remainin L.
Therefore, uwy isnotin L and Condition (i) cannot be satisfied.

(iif) w 1is to the right of #
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Similar argument will lead to the same conclusion as in case 3(ii) above.
Combining all possible cases, (Condition (ii) and Condition (iii)) = ~ Condition (i).
By Theorem 2.64B, L is not context free.

Example 2.67. Show that the intersection of two CFLs may notbe a CFL.
Let L; = {a™b"c™|n,m € N}
L, = {a™b™c™|n,m € N}
Ly N L, = {a™b™c™|n € N}, which is not context free as shown in Example 2.65.
L, can be generated by the following CFG rules:
S—TD
T — aTble
D — Dcle
L, can be generated by the following CFG rules:
S — AB
A — Aale
B — bBcle
Therefore, L, and L, are CFLs.

Example 2.68. Show that Show that L = {ww|w € {0,1}"} is not CFL.
Vp = 1, construct s = 0P1P0P1P.
s€L and |s| =4p > p.
Assume s = uvwxy for some u,v,w,x,y € {0,1}*.
Claim 1. If i < p, the strings 0°1P0P17,0P1'0P17,0P71P0'1P,0P1P0P1 are notin L.
Assume for contradiction that 0170717 € L.
3r € {0,1}* such that 0{1P0P1P = rr.

Therefore, |[rr| = (i +p) + (p +p)
_ (+p)+(p+p)
Irl=—"=—
Since |r| is the arithmetic mean of (i +p) and (p +p) and (i +p) < (p +p),

[r] >i+p and |r| <p+0p.

Therefore, |r| =i+ p + 1.

The leftmost i +p + 1 symbols of 0°170P17 form the substring 0°170.

The leftmost |r| symbols of 0170717 form the substring .

Since |r| = i+p+1, 0/1P0 = 7.

Therefore, 10 = 0{1P0 = 7.

Similarly, the rightmost 2p symbols of 0170717 form the substring 0717 and the rightmost
|r| symbols of 0:170P17 form the substring 7.

Since |r| <p+p, r = 0P1P.

Therefore, 10 = r = 0P 1P,

This is a contradiction because 10 cannot be a substring of 0P17.

Therefore, 0170717 ¢ L.

Similar arguments can be made to show 071!0P17,0P71701?,0P1P0P1’ are notin L.

Claim 2.

If at least one of i,j is less than p, the strings 0°1/0P17,071'0/17,0P1P0'1/ are notin L.

Assume for contradiction 0:1/0P1? isin L.

0{170P1P = rr for some r € {0,1}".

Therefore, [rr| = (G +j) + (p +p)

| = D)

Since |r| is the arithmetic mean of (i +j) and (p+p) and (I +)) <(p+p),

|rl>i+j and |r|<p+p.

Therefore, |r| =i+j+1.
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The leftmost i +j + 1 symbols of 0:1/0P1P form the substring 0°1/0.

The leftmost |r| symbols of 0:1/0P17 form the substring 7.

Since |r|>i+j+1, 0170 .

Therefore, 10 = 0170 = r.

Similarly, the rightmost 2p symbols of 0:1/0P1P form the substring 0717 and the rightmost |r|
symbols of 0170717 form the substring 7.

Since |r| <p+p, r = 0P1P.

Since 10 r & r = 0P17, 10 = 0P1P.

This is a contradiction because 10 cannot be a substring of 0717,

Therefore, 0170717 ¢ L.

Similar arguments can be made to show that 071°0/17,0P1P0‘1/ are notin L.

Returning to the proof that L is not CFL, we assume both Condition (ii) and Condition (iii) are
true.

Since |vwx| < p, we have 7 cases to consider.

(1) vwx is a substring of the first block of 07.

P P

P P
00 - 0011 ALl Q0o QOLL - 11
= VWX
(2) vwx is a substring of the first block of 17.
P P P P
00 - - 0011w dL1QQ e QOLL - oo 11
- VWX

(3) vwx is a substring of the second block of 07.
P

P P P
000011 oAl 00 o QOLL - 11
- UWX
(4) vwx is a substring of the second block of 17.
P P P P
00 - 0011 dLQQ v QOLL - eeoer 11
- UWX
(5) vwx straddles the first block of 0P and the first block of 17.
P P P P
00 - 0011 ALl 00 o QOLL - 11
= VWX
(6) vwx straddles the first block of 1P and the second block of 07.
P P P P
00 - 0011 dL1 00 QOLL - 11
- UWX
(7) vwx straddles the second block of 0P and the second block of 17.
P P P P
Y T K T N i T T T R )
- VWX

In case (1), v consists of all 0’sif v # € and x consists of all 0’sif x # €.

Pumping down would only affect the first block of 07 and not the other 3 blocks.

Therefore, uwy = 0‘170P 1P,

Since vx # € by Condition (ii), one of v and x isnot €.

Pumping down would reduce the number of 0’s in the first block of 07.

Therefore, i < p.

By Claim 1, uv®wx®y = uwy = 0'1P0P1P ¢ L.

Therefore, Condition (i) is not satisfied.

For cases (2), (3) and (4), similar arguments can be made to lead to the same conclusion as in (1).

For case (5), |[vwx| <p = pumping down can only affect the first and second blocks of
symbols.

We can write uwy = 0170717,
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Furthermore, the first symbol of vwx is 0 and the last symbol of vwx is 1.

If v # €, the first symbol of v is 0.

If x # €, the last symbol of x is 1.

Since Condition (ii) is true, vx # €.

One of v and x isnot €.

Pumping down will either reduce the number of 0’sin 0? or the number of 1’sin 1P.
Therefore, either i < p or j <p.

By Claim 2, uwy = 0'1/0”1? isnotin L.

Therefore, Condition (i) is not satisfied.

For cases (6) and (7), similar arguments can be made to lead to the same conclusion as in (5).
Combining all 7 cases, we conclude that

(Condition (ii) and Condition (iii)) = ~ Condition (i).

Hence, by Theorem 2.64B, L is not context free.

References

Sipser, Michael. Introduction to the Theory of Computation, Third Edition.

Dexter C. Kozen. Automata & Computability.

John E. Hopcroft, Rajeev Motwani, Jeffrey D Ullman. Introduction to Automata Theory, Languages, &
Computation, Third Edition.

Seymour Lipschutz, Marc Lars Lipson. Discrete Mathematics, Second Edition.

Kwan, Chac. A Mathematical Approach to the Theory of Finite Automata, 10.6084/m9.figshare.26232644,
https://figshare.com/articles/journal_contribution/A_Mathematical _Approach_to_the_Theory_of Finite Aut
omata_pdf/26232644?file=47541602

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202506.0158.v1
http://creativecommons.org/licenses/by/4.0/

