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ABSTRACT. In the paper, the authors express the Fuss—Catalan numbers as
several forms in terms of the Catalan—Qi function, find some analytic proper-
ties, including the monotonicity, logarithmic convexity, complete monotonicity,
and minimality, of the Fuss—Catalan numbers, and derive a double inequality
for bounding the Fuss—Catalan numbers.

1. INTRODUCTION AND MAIN RESULTS

It is stated in [I8] that the Catalan numbers C,, for n > 0 form a sequence of
natural numbers that occur in tree enumeration problems such as “In how many
ways can a regular n-gon be divided into n — 2 triangles if different orientations are
counted separately?” whose solution is the Catalan number C,,_5. The Catalan
numbers C), can be generated by

2 1-VI—dr & .
= = Cnx

14+ V1—4z 22 HZ:O
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Two explicit formulas for C,, with n > 0 read that
(2n)! B 4"T(n+1/2)
nln+1)! /al(n+2)’

Cp =
where -
F(z):/ Fletdl, R(z) >0

0

is the classical Euler gamma function. In [13] [18] [53], it was mentioned that there
exists an asymptotic expansion

4* 1 9 1 145 1
CIN\/;T(mW?8x5/2+128x7/2+“.> &8

for the Catalan function
4*°T(z + 1/2)
P Sl i ) S} 1.3
Jallz+2) (13)
In the newly published papers [32, [34] [36, 48], there are some new results on the
Catalan numbers C),, and others.
In [47], an alternative and analytical generalization of the Catalan numbers C,,
and the Catalan function C, was introduced as

r'®) (b\°T(z+a)
Cla,b;z) = -] =————=, R(a),R(b) >0, R(z)>0. 1.4
@i = (3) Tty R@RO>0. RE20. (L)
For uniqueness and convenience of referring to the quantity C(a,b;x), we call
C(a,b;z) the Catalan—Qi function and, when taking x = n > 0, call C(a,b;n)
the Catalan—Qi numbers. Comparing with the second formula in (1.3)), it is clear
that

C(;,Z;x> =C,;, z2>0. (1.5)

By the definition , we easily see that
C(a,b;x)C(b,c;x) = Cla,c;x), a,b,c>0, x>0.

In the recent papers [21], 23], 37, 38, [39, [44] 45l 46} (47, [50], among other things,
some analytic properties, including the general expression and a generalization of
the asymptotic expansion (1.2)), the monotonicity, logarithmic convexity, (logarith-
mically) complete monotonicity, minimality, Schur-convexity, product and determi-
nantal inequalities, exponential representations, integral representations, a gener-
ating function, connections with the Bessel polynomials and the Bell polynomials
of the second kind, and identities, of the Catalan numbers C,,, the Catalan function
C,, and the Catalan—Qi function C(a, b; x) were established.

In combinatorial mathematics and statistics, the Fuss—Catalan numbers A, (p, )
are defined in [I1] as numbers of the form

T np+r D(np+7)
An(p,r) = =r .
np+r n F'n+1)I(np—1)+r+1)
Comparing with the first formula in (1.3)), it is obvious that
An(2,1)=C,, n>0. (1.7)
A generalization of the Catalan numbers C,, was defined in [16], 17, 24] by

d 73 pn _ 1 pn
P n\n—-1) (p—1Dn+1\n

(1.6)
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for n > 1. The usual Catalan numbers C,, = 2d,, are a special case with p = 2. It
is immediate that

Anfl(pyp) = pdn
for n > 1. There exists some literature such as [2] [5] [7, 12| 20| 22] 26] 27, 28| 51, 52]

devoted to the investigation of the Fuss—Catalan numbers A, (p,r).

Considering the relations and , one may ask a question: what is the
relation between the Catalan—Qi numbers C(a, b; n) and the Fuss—Catalan numbers
Ay (p,r)? This question is answered by Theorem below.

Theorem 1.1. Forn,r >0 and p > 1, we have

i C(55= 1)

Ap(p,r) =1 = g (1.8)
HZ:}C(’;fl,l;n)
Forn,p e N and r > 0, we have
r—1
Anp.r) = ' ) Clponp—1)+ 1), (19)

" nB(n(p—1)+1Ln) [n(p—1)+1]"

where B(z,y) denotes the classical beta function.
Forr+1>n>0 andp >0, we have

1 T np
Anlp,r) = nB(n,r —n+1) (T —n+ 1) Clrr =n+1imp). (1.10)

Whenr+1>n2>1 andp >0, we have

1[B(r—f—l—n,n)]p_l7171 r+k r—n+k+1
An(p,r) = — : ip - 1.11
(p.7) n [B(r,n)|P kl;[() n n b (1.11)

Forn>2,r+1>n, and p € N, we have
B(r+1—n,n—1)"!
An(por) = 12 Bln — 1,2) ’

(p,?”) rp (’I’L ) )[B(r+1fn+p,n71)]”

(1.12)

p—1
" HC<T+k,T+k+1 n;n).

Pl b p

Recall from [25] pp. 372-373] and [54] p. 108, Definition 4] that a sequence
{itn fo<n<oo is said to be completely monotonic if its elements are non-negative and
its successive differences alternate sign, that is,

(71)kAk,“n >0
for n,k > 0, where

i k
Akﬂn = -1 m< >/1'n k—m-
mz::O( A .
Further recall from [54, p. 163, Definition 14a] that a completely monotonic se-
quence {a,}n>0 is minimal if it ceases to be completely monotonic when ag is
decreased.

Applying the identity and several analytic properties of the Catalan—Qi
function C(a, b; z), we find several analytic properties, including monotonicity, log-
arithmic convexity, complete monotonicity, and minimality, of the Fuss—Catalan
numbers A, (p, ).


http://dx.doi.org/10.20944/preprints201708.0056.v1
http://dx.doi.org/10.3390/math6120277

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 August 2017 d0i:10.20944/preprints201708.0056.v1
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Theorem 1.2. Whenp > r > 0,
(1) the sequence {An(p,7)}n>0,
1, n =0,
A, (p,r) = 1 . neN, (1.13)
Vv An(p,7)
is logarithmically convex, completely monotonic, and minimal;

(2) the sequence of the Fuss—Catalan numbers {A, (p,r)}n>0 is increasing and
logarithmically convez.

Finally, by applying a double inequality of the beta function in the papers [3]
and [9, pp. 7881, Section 3|, we derive a double inequality for the Fuss—Catalan
numbers A, (p,r).

Theorem 1.3. Forn > 2 and p,r € N, we have

T(p+ ;) < An(p,7)

r 1
< — 1.14
- r<p+ n> 1 —min{D(n —1)D(np+r),ba(n —1)(np+r)}’ (1.14)
where
x—1 1 T%(x)
D) = —— = — - =0. 1.... 1.1
(2) T and ba I;lgfLﬂ F(2x)] 0.0873 (1.15)
2. LEMMAS

In order to prove Theorems[I.2)and [I.3] we need the following notion and lemmas.

Recall from [4] 35, [49] that an infinitely differentiable and positive function
f is said to be logarithmically completely monotonic on an interval I if 0 <
(—=1)*[In f(x)]™® < oo holds on I for all k € N.

Lemma 2.1 ([44], Theorem 6]). The function
1 =0
Cﬁ:l , b, — ’
(CL -73) {[C’(a,b;m)]il/z, x>0
is logarithmically completely monotonic on [0,00) if and only if a 2 b.

Lemma 2.2 ([44] Theorem 7]). Let a,b >0 and x > 0. Then

(1) the unique zero xq of the equation

Pz +b) —Y(r+a)

=1
Inb—1Ina

satisfies xg € (0, %), where 1 is the logarithmic derivative of the gamma
function T';

(2) when b > a, the function C(a,b;x) is decreasing in x € [0,x¢), increasing
in x € (xg,00), and logarithmically convez in x € [0,00);

(3) when b < a, the function C(a,b;x) is increasing in x € [0,x0), decreasing
in x € (xg,00), and logarithmically concave in z € [0,00).
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Lemma 2.3 ([3] and [9, pp. 78-81, Section 3]). For z,y > 1, we have

1 . [ D(x)D(y)
ngy—B(x,y)gmm{:vy,bA}, (2.1)

where D(x) and ba are defined as in (1.15]).

3. PrROOFs oF THEOREMS [L.1] To [[3]

We now start out to prove our theorems.

Proof of Theorem[I.1. By virtue of the Gauss multiplication formula
nnz71/2 n—1 k
[(nz) = anen ;IIOF(Z+ n) (3.1)

in [IL p. 256, 6.1.20], the Fuss—-Catalan numbers A, (p,r) defined by the second
expression in (|1.6) can also be rewritten as

rI'(p(n+r/p))

A, (p,r) =
) = T (- Dt (r+ /= 1)
-1
pnp+r—1/2 p k+r
r /2 HF n+
_ (277)(17 )/ by P
)
(p o 1)n(p71)+7‘+1/2 p ( k+r+ ]_>
I'(n+1 'fn+ ——
( ) (271.)(1)72)/2 o p— 1
1/2 pﬁlr(n + M)
1 rpptr=1/ fralr P

— 1)n(p=1)+r+1/2 p—2
Vet Dt 1) T 1+ E252)
k=0

(e o el 3) T 552)

Var \p=1) Bl = DML =07 b p g ke
k=1

- (p ) r [ |t p) Pt 5
Var \p—1) [p(p—=DI"2 [(p—1)7'] T(n+1) .0 T(n+ =)
_ ( p >T r [ PP

Ver \p—=1) [p(p—1)]V/2 [(p— 1)~}

) (1 "Dt 5) = PG (5255 "Tln+ 57)
w37 () Tt M () rorveiy

F(%) p—1 F(k-;)—r) ’f’/ np—1 k—;—r n

ST T () S\
_ 1 p Y\ r 2
Jﬂ(p—l) [p(p—l)]l/Q[(p—l)”‘l]
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T(c P—lr k41 p—1
LTG) (;ﬁ ) ><C’< ,l,n) O<k+r,k+r’n>
(1) k:1r(p—§) k=1 p p-1
1 ( p > et F(%)Iﬁf(’“?)
Vor \p—1 1) o D(5)

_ 1 P F(%) = F(k?)
V2 (p— 1) [p(p — 1)]*/2 kl;[l L(5%)

p—1
k4+r k+r
X r”“C(T, 1;n> C( ,'n>
Slin ) 11

k=1

1 » \’ 1 Hi:(l)F
:m<p—1> [p(p— D2 T[22 (5
n+1c<p’17n>HC(k+r k:—i—r )

k=1

_ 1 < P >” 1 D(r)(2m)tr= D72 /pr—1/2
~Ver \p—1) [p(p— D2 T(r +1)(2m)#=2/2/(p — 1)r1/2

k
xr"JrlC'(T,l;n) HC<k+r, +T'n)
p k=1

p 'p—1

p—1
:r"C(T’l;n> HC(k+T,k+r;n).
P Pty P -1

p

Further making use of
1
Cla,bjz) = ——— b>0 >0
(CL, 7$> C’(b,a;:c)’ a, > ) T =

can rearrange the above result as

r = k+r k+r
A, (p,r)=r"C|—,1;n C ,Ln |C 1,;n>}
=) T (57 am)e (135

P IC k+r717 P—1 k+r 1:
_,mc< w)H(kL)ﬂ"c( N )H (W i)
p k=1 C( L ’l’l) H (p 1717n)

P 1 b
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IESho(sE ) T, (s )

r 0 P - : P
- k+r 1. - k+r 1. ’
H£:1C(pt1’1vn) H£:1C(pt1’1’”>
The identity (1.8)) thus follows.
It is straightforward that

B r L(r + np)
An(pm) = Fn+1)T(r+np—n+1)
_ [(np) np " B ,
T(n+1)T(np—n+1) (np—n—i— 1) Clnp,np —n + Li7)
~ rI'(n) T(np+1) np " B )
S npl'(n+1)T(np—n+ 1DC(n) \np—n+1 Clnp,np —n +17)
r (np)" "

= C(np,np — 1;
nBnp—n+1,n) (np—n+1)" (np,np =+ 1i7)

and, interchanging the role of r by np,
r L(np+r1)
A, (p,1) =
) IF(n+1)Pnp+r—n+1)
_ r L'(r) r
ST+ )T(r—n+1)\r—n+1
_ 1 [(r+1) T
Sl —n+1)\r—n+1
1 r np

= O _ 1. )

nB(n,r—n—i—l)(T—n—i—l) (ryr —n+ Lnp)

Therefore, the identities ((1.9) and (1.10) follow.

By the Gauss multiplication formula (3.1)) again, when r + 1 > n, the Fuss—
Catalan numbers A, (p,r) defined by the second expression in (|1.6) can be rear-
ranged as

np
) C(r,r —n+ 1;np)

np
) C(r,r —n+1;np)

L(n(p+ 7))
L(n+ 1) (n(p+ =24L))
nnp+7‘—1/2 n—1 r k
7T Iyl
B r (2m)(n=1)/2 kl;lo (p-i— n + n)
o F(TL + 1) nn(p71)+r+1/2 n—1 r—n-+ 1 ]{7
(%ﬂm*mﬂigr<p++ )

An(p,r) =1

n—1 n—1 r+k

S Clp+57)
C T(n+1) 24 D(p 4 t=nthil)

o nl:[l F(T;tk) r+k P
_F(n+1)kzor(%) r—n+k+1
) (ront k1) Tt )

I(=EE) r+k I(p + t=nthtl)

k=0
AT s VS I TR
- D(n+1) 14 r(m=ntd 4 k) r—n+k+1

k=0

d0i:10.20944/preprints201708.0056.v1
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n—1
r+k r—n+k+1
X C ;
11 (Ft )

n—1 r k
'f—+-
n" 1l kl;[() (n n)

_ [F(r+n)F(r—|—1—n)]p
F'n+1)n=t _(r—n+1 k L'(r(r+1)
kl;loF< n i E)
o (r4k r—n+k+1
X C ) ;
[e(= =)
9r)(n—1)/2
ol (737—1/21—‘(74) {F(r +n)(r+1-— n)r
" T'(n m)(n—1/2 T(r(r
ey (721r)—n+1/2 P(r—n+1) ey

I(r) [F(r—l—n)I‘(r—Fl—n)r
Mr—n+1) L(rT(r+1)

)
" C(r—i—k‘ r—n—i—k—{—l’p)

ol e

+1)
C<7’—|—k r—n—i—k—«—l’p)

_ n) )[F(r—i—n)} [F(r+1_n)p(n)]p—1

- 7"—|—k: r—n+k+1
II ip
n
k=0
r
(n+

??‘

,’2
:

zﬁ

>
Il
=)

/\

B F(n+ 1) | T(r)'(n) I'(r+1)
i <r+k r—n+k+1 )
xJl1C ; ;P
n n
k=0
n [B(r,n)]P paes n n

The identity (L.11)) is thus proved.
Similarly, by virtue of (3.1)) once again, we have

_ rI'(p(n+1/p))
F'n+ 1T (p(n+ (r+1—n)/p))
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p—1
r+k r+k+1—n
X H C , in
p p

rptt Hi;ér(% + %) ﬁ r+k !
T+ 5\ 1=

T T(n+1) 14
e <r+k r+k+1-—n >
X C ) ;
0 p p

rp?t p D) [D(r4p) Tr+1-n) |"
'n+1)p—12T'(r+1-n)| T'(r) T(r+1-n+p)
1

xp_ C(rJrk r+k+1n;n>
0

p P
= rp**T(n —1) [F(T +1-—n)T'(n— 1)]71_1 [F( : F<r+p))r( 1):|n
r+1—n+pTln—

P(n+1) I'(r)
p—1
1—
XHC<T+k,T+k+ n;n>
0 p p

[B(r+1—n,n—1)"!
[B(r+1—n+pn—1)"

p—1
k kE+1-—
><1_[C’<rjL ’r+ i n;n).
o p D

=7rp'/?B(n —1,2)

The identity ((1.12)) is demonstrated. The proof of Theorem [1.1|is complete. O

Proof of Theorem[I-3 Recall from [25] Chapter XIII], [49, Chapter 1], and [54}
Chapter 1V] that an infinitely differentiable function f is said to be completely
monotonic on an interval I if it satisfies 0 < (—1)*f(*)(x) < oo on I for all k > 0.
The inclusions
LIl CC[I] and &\ {0} C L[(0,0)] (3.2)

were discovered in [6l, [I5] B5], where L[I], C[I], and S denote respectively the set of
all logarithmically completely monotonic functions on an interval I, the set of all
completely monotonic functions on I, and the set of all Stieltjes transforms. See
also the monograph [49] and plenty of references therein.

By Lemma since % < 1 and % < ’;f’{ forallp > 1, p > r > 0, and
1 <k <p-—1, the functions

1 1
and

C(r/p,1;2) C((k+7)/p,(k+7)/(p—1);x)
are logarithmically completely monotonic on [0,00). It is easy to see that the
product of finitely many logarithmically completely monotonic functions is still
logarithmically completely monotonic. Hence, the function

1
rC(r/p. 1;2) T2 C((k + 1)/, (k +7)/(p = 1); )
is logarithmically completely monotonic on the interval [0,00). A a result, the
sequence (|1.13)) is decreasing and logarithmically convex.

(3.3)
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Further, by virtue of the first inclusion in and the logarithmically complete
monotonicity of the function , the function is also completely monotonic
on [0,00). From [54, p. 164, Theorem 14b] which reads that a necessary and suf-
ficient condition that there should exist a completely monotonic function f(x) in
0 <z < oo such that f(n) = a, for n > 0 is that {a,}5° should be a minimal com-
pletely monotonic sequence, we arrive at the complete monotonicity and minimality
of the sequence A, (p,r) defined by (L.13).

Similarly, by Lemma the identity , and Ag(p,r) =1 for all p > 1 and
r > 0, we conclude that the sequence of the Fuss—Catalan numbers {A,,(p, ) }n>0 is
increasing and logarithmically convex. The proof of Theorem is complete. O

Proof of Theorem[I.3. Applying the inequality (2.1)) to
T 1

Anlp,r) = n(n—1)B(n—1,np+r)
results in
W < Au(p,7)
r(np+r) 1
n 1—(n—1)(np+r)min{C(n—1)C(np+r1),ba}
which can be rearranged as ([1.14). The proof of Theorem is complete. [

4. REMARKS
Finally, we give several remarks on our main results.

Remark 4.1. The Catalan—Qi function C(a,b;z), the second expression in (1.6
of the Fuss—Catalan numbers A, (p,r), and all the identities from (1.8]) to (1.12
in Theorem [I.1] can be extended to real values, even to complex values, that the
variables a, b,z and n,p,r can take.

Remark 4.2. The identity (L.8) is more informative than the others in Theorem [I.1}
because the form of the identity (1.8]) is simpler, more regular, and with less re-
strictions to n, p, and r.

Remark 4.3. Theorem means that the Fuss—Catalan numbers A, (p,r) can be
represented in terms of the Catalan—Qi functions C(a,b;x). This fact shows that
introducing the Catalan—Qi function C(a,b;x) in [47] is analytically significant.
However, we need the combinatorialists to combinatorially interpret the Catalan—
Qi function C(a, b;z) or its special cases.

Remark 4.4. By the definition of the classical beta function, we easily see that

I'(z+a) B(b—a,z+a) (41)
L(z+b)  T(b—a) '
We can use the inequality and the formula to bound the Catalan numbers
C, the Fuss—Catalan numbers A, (p,r), and the Catalan—Qi function C/(a, b; x).
There has been an amount of literature on the ratio of two gamma functions,
see, for example, the expository and survey articles [10, 19, [30, BT, 4T} 42] 43] and
plenty of references therein. Applying results in these literature, we can estimate
the Catalan numbers C,,, the Fuss—Catalan numbers A, (p,r), and the Catalan—Qi



http://dx.doi.org/10.20944/preprints201708.0056.v1
http://dx.doi.org/10.3390/math6120277

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 August 2017 d0i:10.20944/preprints201708.0056.v1

SOME PROPERTIES OF THE FUSS-CATALAN NUMBERS 11

function C(a, b; x) in terms of inequalities and asymptotic formulas of the gamma
function I'(z). For example, the double inequality
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for m € N and a,b > 0 was derived in [44, Theorem 11], where B; for i > 0, which
can be generated by
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denote the classical Bernoulli numbers and
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for o, B > 0 with « # (3 stands for the identric mean [8]. One more example is the
double inequality
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in [29, [40], where ¢ (z) = - (x) is the digamma function and
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is called the logarithmic mean [g].
In the paper [14], some inequalities for the beta function B(x,y) are reviewed
and surveyed. Hereafter, the main result in [I4, Theorem]| states that, for every

k > 1 and every point z,y > 0, the quantity (—1)k_1Dg(c]2(X, Y') is positive for
X,Y > 0 and, if k is even, positive definite in X,Y’, where Dé’fﬁ,(& Y’) denotes the
kth differential of F(z + X,y +Y) in X and Y and

P+ DIy +1) (z+y)* Y
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As said in [I4] p. 1430], this theorem can produce lower and upper bounds for
F(x,y) and every bound for F(z,y) is actually a bound for B(z,y). By inequalities
for the beta function B(x,y), we can derive more inequalities for the Fuss—Catalan
numbers A, (p, 7).

It seems that there are more identities than inequalities in combinatorics.

Remark 4.5. This paper is a revised and extended version of the preprint [33].
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