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Abstract

We propose a mechanism for generation of vorticity in a rotating cylindrical shear flow and predict the
effect of background rotation through three-dimensional linear stability analysis and direct numerical
simulations (DNSs). Our linear theory predicts a positive feedback of angular momentum for moderate
rotation rates that agree well with early time evolution of DNSs with weak rotation. These runs show
the growth of low azimuthal wavenumber modes of instability at early times with subsequent onset of
centrifugal instabilities that arrests the initial spin-up of the core. For stronger background rotation,
we observe the emergence of helical modes of instability from very early times which drain angular
momentum out of the vortex core. We discuss a possible caveat of the DNS results with regards to
the choice of our domain size that appears to influence our prediction for low Rossby numbers and
its implications for understanding the emergence and growth of large-scale vortices as commonly
observed in DNSs of turbulent convection as well as natural flows in astrophysical and geophysical
contexts.

Keywords: rotating flows; cylindrical shear flow; vortex stability; angular momentum transport;
centrifugal instability; direct numerical simulation

1. Introduction

Direct numerical simulations of a variety of rotating turbulent systems, such as convection
(Guervilly et al. 1, Julien et al. 2), stratified turbulence (Marino et al. 3, Oks et al. 4) and double-diffusive
convection (Moll and Garaud 5, Sengupta and Garaud 6) have reported the emergence of large scale
vortices (LSVs) that is indicative of a basic underlying instability that works towards sustaining
these coherent structures in rotating environments. In an attempt to possibly identify this inherent
mechanism that drives LSVs in rotating turbulence, we present a simplified analytical model of a
vertical shear flow in a uniformly rotating system and study the growth of interfacial instabilities
across the boundary of the flow. Through an asymptotic method, we investigate the linear stability of
the flow and quantify the radial flux of axial angular momentum to predict regimes that could possibly
spin up the core of the flow.

The stability of a column of fluid in a rotating environment has been a topic of many studies
beginning with the early works of Hocking and Michael [7], Ponstein [8], Gillis [9], Alterman [10],
Pedley [11] to later investigations using linear stability theory (Chaudhary and Redekopp 12, Sun
13, Weidman et al. 14) as well as experiments reporting helical modes of instabilities in the context
of rotating jets (Kubitschek and Weidman 15). Most of these works investigated the development of
the capillary instabilities which are dominated by effects of surface tension balancing the outward
centrifugal force leading to the saturation of the growing instability. The effect of viscosity has also
been investigated on the growth and saturation of these instabilities by Hocking [16], Kubitschek
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and Weidman [17], Coppola and Semeraro [18]. The effect of a uniform circulation surrounding a
cylindrical vortex sheet has been explored by Rotunno [19] with linear theory predictions for growth of
unstable modes. In this work, we explore the effect of a uniform background rotation on the stability of
a analogous flow as a simplified model for studying the growth of large scale vortices (LSVs) reported
in recent numerical studies and also observed on various scales in nature. Recent efforts to explain
the formation of such patterns in the oceanic context have concluded of its dependence to relevant
parameters (Radko 20) albeit with semi-analytic or two-dimensional numerical simulations. This work
attempts to simultaneously present DNSs of a idealized model for a vortex in form of a shear flow in a
uniformly rotating triply-periodic domain.

In Section 2, we present a linear stability analysis of our toy model setup in a perturbative
approach to deal with the full rotating problem in order to estimate the effect of the instability on the
angular momentum budget of the shear flow. Section 3 presents numerical calculations incorporating
effects of viscosity (for moderate values of Reynolds numbers) to test the predictions of our linear
theory and also predicts the final non-linear outcome of this simplified picture of our vortex model.
We conclude in Section 4 by discussing our findings and its implications for generation of LSVs in
rotating environments and suggest improvements possible to make our proposed model approach
more realistic conditions encountered for these environments

2. Linear Stability of a Rotating Cylindrical Shear Flow

We begin by investigating the linear stability of a simple cylindrical shear flow in a rotating
incompressible fluid, ignoring effects of viscosity and stratification. We consider a fluid rotating at
an angular velocity )y, whose direction defines the vertical (z-axis). Within that fluid, we consider
a cylindrical region of radius R, aligned in the z-direction, centered at (x,y) = (0,0). Within this
cylinder, the fluid is assumed to rotate with an angular velocity, ()4 (with respect to the background),
and flow along the z- direction uniformly with velocity 1. Outside the cylinder, the fluid has vertical
velocity u_, and is rotating at a rate (3_ with respect to the background (see Figure 1). We calculate
the unstable eigenmodes associated with this flow field and study their role in the evolution of the net
angular momentum of the fluid in the cylinder. For simplicity, we assume the system is periodic in z,
and study it in the interval [0, L;] only.

Figure 1. Cartoon illustrating our model setup for a cylindrical shear flow as described in Section 2.
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2.1. Governing Equations

For the model described above, the background velocity of the fluid (on top of the global rotation)
is given by

(0,rQ4,uy) r<R

1
(0,rQ_,u_) r>R @

u= (O,ﬁ(p,ﬁz) —

where ¥ = /x%+y? is the cylindrical radius. To ensure that this flow is in a steady state, the
background pressure § must satisfy

ops

o =100+ 04)?, @)

with the + and — signs corresponding to the regions inside and outside r = R, respectively. As a result,
note that the radial pressure gradient is discontinuous at r = R when (3} # Q)_, but p can be made
continuous by suitable matching i.e.

p+(R) = p-(R). 3)

We now consider perturbations u and p to the flow and pressure respectively satisfying u < @ and
p < p. Linearizing the full equations around the background state and assuming incompressibility for
the flow, the perturbation equations are given by

%‘t‘ﬂ-vwﬁ-vwzﬂoézxu:—vp (4a)

V-u=0, (4b)

where, u = (ur, Up, uz) in cylindrical coordinates (r, ¢, z) and as mentioned earlier, viscosity has been
ignored. Using the following ansatz' for each of the velocity components and for the pressure p

q(r,¢,z,t) = Re[j(r) exp(i(kz + m¢) + At)], (6)

where k = ZL%, and both m and n are both integers, we can reduce the set of perturbation equations

within and outside the cylinder to

_ ap
Asity, —2(Q + Qs iy, = —% (7a)

5 imp
Axiip, +2(Qo + Qp)ily, = — fi (7b)
Ayil,, = —ikps (7¢)

1d, _ im _ o
;E(Wu) T s+ ikii;. = 0. (7d)
with

Ay = A+imQy +ikuy, (8)

where, as before, the 4 and — signs correspond to inner (r < R) and outer (r > R) regions respectively.
Taking the complex conjugate of the above equations, we can readily see that if a solution with growth
rate A(m, k) satisfies these equations, then its complex conjugate also satisfies the same equations with

1 It is worth noting that this ansatz satisfies mass conservation (as shown in Appendix C), which requires

Ly 2
/ur(r, ¢,z,t)dpdz = 0. (5)
00

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202601.2079.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 January 2026 d0i:10.20944/preprints202601.2079.v1

4 0f 32

growth rate A(—m, —k). This implies that it suffices to describe the unstable modes in half of the k — m
parameter space. Hence, we restrict our study to k > 0 but allow m to take both positive and negative
values, as is commonly done in the literature in studies of temporal flow instability (e.g. Gallaire and
Chomaz 21).

The first three equations can be combined to express the velocity fields in terms of the pressure
perturbation as

ALY 20+ QL) pa

i, (r) = (9a)
b AL +4(Q+ Q)
ap i ~
8 2(0+ Q)5 — ALy
iy, (r) = = Vo~ e (9b)
AT +4(Q0+ Q)
ik
i, (1) = ——P=+. 9c
Z4 ( ) A:l: P+ ( )
Using these expressions in the incompressibility condition (7d) yields an equation for the pressure,
namely
d*p ap
207P+ ap+ . 2 2 2Vs
"2 +7r I (m” 4+ uar®)p+ =0, (10)
with 5
W2 =214 At Q) ] (11)
AL

By imposing that the pressure has to be regular at = 0 and tends to zero for large r, we can write
solutions in terms of the modified Bessel functions given by

+(r) = pIn(rpy), forr <R
p—(r) = p_Ky(ru—), forr > R (12)

h

plr) =

where, without loss of generality, we selected the root of Eq 11 so that Re(y+) > 0. Indeed, using
the parity properties of the Bessel functions, it can be readily shown that solutions for cases with
Re(p+) < 0 are obtained simply by reversing the sign of . Using these solutions, and the standard
recursion relations for the derivatives of the Bessel functions given by

dl(rps) _ m

” S (i) + p L (rps), (13a)
AKnlT=) Mg (i) — Ko (1), (13b)
dr r
we define
L dhn(rpy) Dy (rpy) | m
T - - v 14
(i) poplm(rpy)  dr In(rps)  rpy (14
1 AK(rp—) _ Kya(rp—) — m

Kn(ru-) =— = - 14b
WS TRy e Kalre) e (14
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The solutions for the velocity components can then be expressed as
] i, (1) = oy yz [~ Aps Tn(rpes) = 200D g1 (rey) 7 <R
ur(i’) = . (1,) _ [A K (r ) M] K R (153)
- Az v} H—Aom(TH— p-Kn(rp-), r>
() iy, (r) = o= Hz [ Qo+ )ps Im(rpy) — iﬂ/\+} P Im(rps) r<R (15b)
e\ =19 .
wwﬁ[ 2(Q0 + Q) Kon(rp-) = A | p-Ku(rp-), r>R
i =—4kp,1 <R
iy (r) = L~‘Z+(T) ,?]: lj+ m(rps) 1 (15¢)
i, (r)=—4-p-Ku(rp-), r>R.

The so far unknown amplitudes p4 and p_ are related to one another through the matching conditions
at the interface between the inner and outer fluid. At any point in time, this interface is located at the
position r;(¢,z,t) = R+ 1(¢,z,t), where 7 is its radial displacement with respect to the rest position
atr = R.

The kinematic condition relates the function # to the radial velocity of the fluid at any point along the
interface, and implies

Dy _on  updy 17
ur(R+1,¢,2,) = 5, §+7%+z (16)

Linearizing this equation for small displacements, we get
0 Hdpad _ 0
ur (R, ¢,z,t) = (at++”zaz>’7’ (17)

which, using the ansatz (6) and a similar one for 77, namely

1(¢,2,t) = Re[fexp(i(kz + m@) + At)], (18)
reduces to
Axf) = iy, (R), (19)
where, for simplicity, we define
B Iim
i, (R) = s Rs ity () (20)

Note that without loss of generality, we can chose 7 € R™ so that
7 = fjcos(mep + kz + Art) exp(Agt), (21)

where
A= AR +iA;. (22)

As a result, using Eq 8, we see that
Re[il;, (R)] = Relii;_(R)] = AR7. (23)

This expression, when combined with Eq 15, provides two equations that effectively relate 7 to p4 and
p—, respectively.

A third equation between 7, f1 and f_ can be obtained from the only other allowable interfacial
matching condition in an inviscid fluid, namely the matching of the pressure. Recall however that,
for a differentially rotating fluid (i.e. Q4 # Q_), the local centrifugal force induces a jump in the
background pressure gradient at ¥ = R (see Eq 2) which has to be taken into account in the matching
procedure. We therefore match the total pressure pyr = p(r) + p(r, ¢, z,t) at the interface located at

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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r = R + 1. After linearization, this implies the continuity of #(R) + 9% + p(R, ®,z,t) across the
Ul p yotp or r:R’7 p

interface, which (using Eq 2 and the ansatz for p and 77) becomes
P In(Rp+) + (Qo + Q4 )?Rf) = pKin(Rp—) + (9 + Q- )*R). (24)

The second term on both sides is the contribution from the centrifugal force, which cancels out unless
QL #£Q_.

Combining Eqgs 15a and (24), we can now eliminate all unknown amplitudes 7, f1 and p_ to obtain
the dispersion relation for the growth rate A as

Kn(Ru_) _ 2im(Q+0Q-)

Zn(Rpy) _|_2im(00+0+)_|_

A2 RA3 112 _AZ RA3 112
H+ A ' THY H-AZ ‘ o _ RkZ |:(QO + 07)2 _ (QO + Q+)2] ] (25)
Zin(Rpt+) + 2im(Qo+Q4) | | _ Km(Rp-) + 2im(Qp+Q-)
AL RAL 3 A2 RA 2

This equation must usually be solved numerically for growing modes (Re(A) > 0) to reveal different
regimes of instability in the flow. However, in some limiting cases, analytical or semi-analytical
solutions exits which are discussed next.

2.2. Limiting Cases:
2.2.1. Non-Rotating Case (04 = Q_ =y =0):

Without any background or differential rotation of the tube, we have y4 = k; so, the dispersion

relation becomes (0) (0)
Iy K, (26)
AL AL

with the superscript denoting quantities associated with the non-rotating flow, i.e.

73 = T,u(Rk),

K = K (RK),

AD =20 iy
Eq (26) can now be solved analytically for A(?), and the solution corresponding to the growing mode
of instability is
70 4w ) TVK

0 O 70 e )] @)

With a little algebra, this result can be used to show that

A0 = jl=

(0)
A A
ATJB) =i W(k(u+ —u_)), (28)

which will be used in what follows. Eq (27) also illustrates the basic nature of the shear instability
with the shortest wavelengths being the fastest growing ones as is typically obtained for the standard
inviscid planar shear instability. The information about the geometry is solely contained in the
quantities I,S?) and IC,(S ), Note that in the limit of large m,k, I,s?) = IC,(S )1 (Abramowitz and Stegun
22), using which we further recover the growth rates for the plane parallel shear case with

U_ +uq 1

A = —ik + Sl —uo)]. (29)

| 2

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202601.2079.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 January 2026 d0i:10.20944/preprints202601.2079.v1

7 of 32

2.2.2. Rigid Rotation (04 = Q_ = 0):
In this case, the centrifugal term of the right hand side of the dispersion relation given by (25)
vanishes, and so it reduces to
Tn(Rps) | 2imQy  2imQy  Kw(Rp-)
up A2 RASZ T RA3 2 uA2

(30)

This equation must usually be solved numerically, but can be solved asymptotically in the regime of
weak rotation for which ,
20)
1420 :k+0(03). (31)
A
+

pe =k

Using the following ansatz for the growth rates in the above form of the dispersion relation
A=A 4@, (32)
which implies
A = AD 4 iam), (33)

where A(1) is assumed to be O((Y). By linearizing Eq (26) in small (), we can compute the correction
to the growth rate A due to rotation, as

1
0

1
mQy AP? AP
kR 70 . x0

Lo+
0)3 0)3
A8 T A0

AW = (34)

S5E)

>

Using the expression for the non-rotating growth rates given by Eq 27 in the limit of large k, it can
further be shown that

A = in;{—(;o(k(mr —ul)). (35)

We see that, when combined with the ansatz given by Eq (32), the first-order corrections to the non-
rotating growth rates have opposite sign as m i.e. positive-m are stabilized by weak rotation whereas
negative-m are further destabilized. Furthermore, this ansatz also reduces to the expression given by
Eq 29 in the limit of vanishing g. In other words, weak rotation only affects the growth rates to linear
order in Q) for large values of k.

2.2.3. Differential Rotation (QO4 # Q_):

For the differentially rotating case, the full dispersion relation (Eq (25)) needs to be solved
numerically. It can, however, also be solved analytically when both rotation and differential rotation
are weak. As before, we assume the ansatz given by Eq 32, with A(1) now assumed to be O(Q, Q1.).
This implies

A=20 4ima, +ir®, (36)

To linear order in )y and 4, we also have yu+ ~ k; so, linearizing the full dispersion relation (Eq 25)
in the limit of small (), ()4, we obtain

03

0) 0)
Q+Q Qp+Q- .79 | a_k{
Q + 0 OB kR + ) :|

A m LAy A Ay A (37)
kR 20 kY
AEP)3 A<70)3
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(0)
Using the expression for 2 given by Eq (33), one can write the expression for the growth rates in the

limit of large m and k as

Ag_%(MH,)—%m(m+0,)+%|k(u+—u)|+ Q) — Q)sgn(k(us —u_)),  (38)

the real part of which illustrates the contributions to the growth rate in terms of the vertical and
azimuthal components of shear instabilities.

2.2.4. Axisymmetric Mode (m = 0):
When m = 0, Eq (25) reduces to

Zo(Ru+) | Ko(Rp-) 2 2 2
=R (Q+0-)" —(Q+OQ 39
,M+A%|- ‘u,A2_ [( o+ ) ( 0+ +) ] (39)
: _ h(Rpy) _ K(Rp) : : ; :
with Zg To(Rits) and Ky Ko (R’ which must again usually be solved numerically. In the special
case of pure rotation with no vertical background flow i.e. u; = u_ = 0, for which A4+ = A and
U+ =ky/1+ M , we recover the dispersion relation for a jet in pure rotational motion inside a

rotating medlum, as derived by Alterman [10]:
2 0(Rp+) Ko(Rp-) B
A [umRy R R = R[(Qo+04)* = (0 +0-)’], (40)

which is identical with their Eq 66 (which follows from their Eq 62, but for an error in the sign of the
first term on the right hand side) when both the fluids inside and outside the cylinder have uniform
density (of 1) and there are no capillary effects.

2.2.5. Asymptotic Limit of Large k:

In the limit k > 1, Re(p+) > 1 as well, and we can use series expansion for the modified Bessel
functions (Zhang and Jin 23) to write

1 1

1 1
]Cm(RV—>—1+2RV+O<R2yz>, (41)

independently of m, as long as k >> m. Neglecting the terms of O ( ]/112> for large values of k, and
noting p+ =~ k, the full dispersion relation then reduces to

A%+ A2 = RE[(Qo+ 04 )" = (o + O )°] (42)
This can be solved analytically for the growing mode of instability as

u+—|—u,

A= —ik 5

- SO0+

3 — ) (@ — 0P+ TR0+ 007 — (0 +0 7, @)

and recovers Eq 38 in the limit of weak rotation. The real part of this general expression clearly
shows the contribution from the shear (both vertical and azimuthal) and centrifugal terms. The
centrifugal term is always destabilizing for an angular momentum profile that decreases outwards (i.e.
(Qo + Q4 )% > (Q9 + Q_)?) which is the condition for the occurrence of the well-known centrifugal

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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instability. The shear term is also destabilizing but its contribution is determined by the relative signs
ofk,m,(uy —u_)and (Qy —Q_).

2.3. Numerical Solutions of the Dispersion Relation

In this section, we present few representative numerical solutions of the dispersion relation for
given set of values of m, k, (09, (O and Q)_, (25) using the numerical root-finding method described by
Barrodale and Wilson [24] (see Gosselin and Paidoussis 25 for a discussion on the limitations of this
method) combined with the Bessel function approximation routines provided by Zhang and Jin [23].
To do so, we first non-dimensionalise our system with respect to the radius R and the vertical shear

u4 (= —u_) and hence define the non-dimensional quantities as
k=kR, (44)
« RA
A= — 4
iy (45)
= B0 o, - RO g RO (46)
U4 u4 u4

We select only the roots of (25) for the growth rate A that have positive real part, and when more than
one exist, we report only the largest one as a function of the background rotation rate () to illustrate
the effects of rotation and differential rotation in determining the fastest growing modes.

2.3.1. Comparison with Analytical Results Without Rotation

We first test the results of our solver in absence of rotation ((0; = Q_ = )y = 0) and compare
the numerical values of maximum growth rates with the analytical expression given by Eq (27). Figure
2 illustrates the exact agreement obtained between the two as a function of the vertical wavenumber k
for two choices of the azimuthal wavenumber m = 0, 1. For higher values of m, both the numerical
and analytic solutions become indistinguishable from the solutions for m = 1 with increasing values

of m, but the agreement between the two remains exact. Also, the solutions for the mode (—m, 7() is

identical to that for the mode (m, IV<> due to the symmetry properties of the modified Bessel functions,
which is why they are not shown. As expected from pure inviscid shear instabilities, the growth rate
of the modes increase with increasing wavenumbers (i.e. increasing |m| and |k|).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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m=0 °
analytics
10 m=1 . ]
analytics

Re(Mmax)

Figure 2. Comparison of numerical solutions (solid lines) of the non-rotating dispersion relation given by Eq 26
for m = 0,1 with the exact analytical values (open circles) given by Eq 27.

2.3.2. Comparison with Large k Asymptotic Formula for Differentially Rotating Case

We next test our numerical solutions in the limit of large k against the asymptotic approximation
(Eq 43) for a differentially rotating case. Figure 3 illustrates the agreement between the numerical and
asymptotic predictions for m = 0,1 and 2 with increasing values of k for an example case in which we
have selected 0. = —Q)_ = )y = 1. As is readily seen, for large enough values of k, the numerical
and asymptotic results agree well with each other, illustrating that the numerical solver works well
in this limiting case as well. The effect of rotation and differential rotation on the growth rate of the
modes is discussed in Section 2.4.
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Re(Mmax)

15 16 17 18 19 20
k

0.1 | | | | | | | | |
0 2 4 6 8 10 12 14 16 18 20

Figure 3. Numerical solutions of the dispersion relation given by Eq 42 for varying values of m compared with
the asymptotic expression for large k (solid lines) given by Eq 43.

2.3.3. Obtaining Solutions for High Rotation Rates or at Low Values of k

In general, finding numerical solutions of the full dispersion relation given by Eq 25 using the
root-finding method employed here (which is based on a Muller algorithm) requires the user to
supply a sufficiently accurate guess to initialize the iterative solver. To do this, we use one of two
possible alternatives (depending on which one is more successful). In some cases we fix m and k to
the desired values, and use the exact non-rotating expression given by Eq 27 as a starting guess and
gradually increase the rotation rate and differential rotation towards the target parameter values, each
time using the numerical solution obtained for one set of parameter as a guess for the next set of
parameters. Alternatively, we can also fix the value of m and of the rotation rates €y, ;, ) and
use the asymptotic approximation given by Eq 43 for a sufficiently high value of k as a starting guess
instead, and gradually decrease k to obtain numerical results at the desired wavenumber. With this
continuation technique, we have been able to find solutions of Eq 25 for almost all sets of parameters.
We discuss these results in the following section illustrating the nature of the associated (centrifugal
and shear) instabilities.

2.4. Effect of Rotation

In this section, we present results on the linear stability of the rotating sheared tube model
described in Section 2.1 and clarify the effects of shear, rotation and differential rotation.

2.4.1. Shear with Uniform Rotation

We begin by considering the uniformly rotating case i.e. when Q0 = ()_ = 0. Figure 4 shows
the growth rate, Re(}\max) for two different vertical wavenumbers k = 1 and 5, for m = 0, +1, +2, as
a function of the rotation rate (). We also compare the asymptotic predictions for the growth rates
for low rotation rates (as given by Eq (32)) with our numerical solutions which shows agreement
with the numerical values for Qg < 0.2. It clearly shows that the negative - modes are destabilized
while the positive m-modes are stabilized by rotation. This trend, which is predicted by the low ()
asymptotic theory, persists and intensifies at higher rotation rate. We therefore predict that for rapidly
rotating systems, negative m-modes could prevail, while for slowly rotating systems, both negative
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and positive m-modes could be present during the linear growth phase of the instability. We also see,
as expected, that higher k modes are more unstable, at least in this inviscid limit.

54

il

333

33
[Nl

52

Re(hmax)

4.6

4.4

2

Figure 4. Numerical solutions for fastest growing modes as function of the background rotation () for varying
values of m and two different vertical wavenumbers k = 1 (left) and k = 5 (right), compared with the analytic
estimates (solid lines) for weak background rotation Q) (solid lines) given by Eq 32.

2.4.2. Shear with Background Rotation and Differential Rotation

We now present illustrative results showing how the growth rate of the m = +1,k = 5 modes vary
with both rotation )y and differential rotation €0, — Q_ . For simplicity, we assume 0, = —)_ =
AQ), so positive values of AQ) correspond to centrifugally destabilized systems, while negative values
of AQ) correspond to centrifugally stabilized systems. As in Figure 4, we also compare these numerical
results with the asymptotic predictions for weak rotation (see Eqs. 32-34). Figure 5 demonstrates that
the numerical results agree well with the asymptotic predictions for growth rates for )y < 0.1 with
different choices of AQ) < (). We also see that the difference between the behavior of the m = 1
and m = —1 modes with increasing AQ (at a fixed value of €)p), that makes the m = 1 modes more
unstable but stabilizes the m = —1 mode. This effect can be understood from the asymptotic expression
for the growth rates at large k (given by Eq 43) with the contribution from the centrifugal instabilities
given by the term m(Q); — Q)_), being of different signs depending on the sign of m.

AQ/QG=0—e—
AQIQ =0. 5 ——

A
55 AQ/E]O -1 ——

Re(hmax)
Re(rmax)

45

2

Figure 5. Effect of rotation on the growth rates Compared to the asymptotic results for low rotation rates (see

() for m = 1 (left) and m = —1 (right) and k=
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2.5. Transport of Angular Momentum

Having studied the stability of the system to small perturbations, we now investigate how these
perturbations influence the rotation of the cylinder itself. In this section, we go back to dimensional
quantities. The specific angular momentum expressed in cylindrical coordinates is given by

L(r) = r*Q(r) + rug, (47)
where

0o+ Qy, <R
Q)= 0Tt TS (48)
Q+Q-, r>R

In a non-dissipative system, the conservation of angular momentum requires

d

L V. (L) =0, (49)
ot

which, upon integration over the volume of the cylinder between 0 and L, gives the net rate of change

of angular momentum within as

oL
cyl:ﬁ/cd‘,:,/v.(ug)dv:f/Lu-ndS, (50)
ot ot
15 G

dg

where ¢ denotes the volume of the cylinder contained in 7 < R, n is the unit vector directed normally
outward on the surface element 9, so [ f(r,¢,2)dV = [, dz 02” d¢ fOR rf(r,¢,z)dr and, given the
periodicity in z, [; f(R,¢,z)dS = RfOLZ dz Oznf(R, ¢,z)d¢ (i.e. only the integral over the r = R
surface matters).

Using Eq (48), at 7 = R, we then have

aﬁ L, 2 L; 21
o / / Ruy(R2Q4 + Ruy)dpdz = —R? / / upddz, (51)
00 00

where the first integral vanishes due to mass conservation (Eq (5)). The remaining integral over ¢ and
z needs to be taken with care since the quantities u, and u, are evaluated differently depending on the
sign of the displacement . The calculation is presented in Appendix B, and provides the net expression
for the angular momentum flux into the tube:

ag;yl _ 77‘(L;R2 ezx\Rt[< iy, g, >+ < dly_ily. >]r:R, (52)
where we have defined
< tyily >= Relil;|Re[dip] + Im[i,|Im]iiy)
- % (a;‘mp + ﬁrﬁ;}‘,), (53)
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and [ ],_g indicates that the quantity is evaluated at r = R. Using the solutions ii,, and 7y, given by

)

(15), we can write

.
P2 — |EE

i, ] _14(Q0+ Q)R (m?
r=R 2 or

% R?

im (9Pt 9pe ) Al —4(Qo+0x)°
R ( or T PEr P2 O
r=R
where we have defined )
P2 = HA%E+4(QO+Qi)2H . (55)

Using the solutions for the pressure given by Eq 12, and the kinematic boundary condition expressed
by Eq (19), we can finally express the rate of change of angular momentum in the cylinder explicitly as
a function of #j and other properties of the unstable modes (see Appendix B for detail), as

Loy 2R 2AREA R 2(20 + Q4 + Q=) if m =0, and 6
ot %ezARtﬁZ [é—i + %] otherwise,
where the functions f+ and D+ are given by
m? im .
o= s 3000 + 0w (s = - R ) & R e = e (I - 400 + 0. |
2im 2
Dy = HAiﬂiCi + T(Qo +Q4)| (57)

with {4+ = Z,,(Rpu+) and {— = K,,(Ru—). Using this expression, we can obtain the angular momentum
change of the tube for the limiting cases considered already:

1.  Non-rotating case (04 = Q_ = )y = 0) : In the non-rotating limit, 4+ = k and thus,

fr _im G+ — Q1)

=5 =0 (58)
De Rk |zs)?

since (+ are real according to Eq 14. Hence, it is readily seen that there is no net change of angular
momentum of the tube in absence of rotation, as expected.
2. Rigid rotation (34 = Q)_ = 0) : for this scenario,

m? im
i = I 4000 (sl Pl=el? - R ) & R st — izt (1< P - 408) | 69)

If we further assume that () is small and since p+ ~ k + O(Q3), then

f:l: mz 1
£ — ~4OoAR| 1 — ————= |. 60
D, 0AR R =, | (60)

Hence, the rate of change of angular momentum can further be simplified to

OLeyr  27*R* 5yt m? 1 1
TR I e el B R
V% Kk

m

+0(03), (61)

which can be shown to be positive (see Figure ) for growing modes (Ag > 0), implying that there
is a net flux of angular momentum into the tube. Note that this expression can also be recovered
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independently by working with the low (), () asymptotic expressions for u,, and uy, (see
Appendix A).
3. Axisymmetric mode (m = 0): In this case, fo = 4(Qg + Qs )Ag||ps ||| Ax|*||=+|? and D4 =
| Ak psZ< |?, hence
a‘Ccyl o 271°R?

P TY eREPZAR (2000 + Q) +Q1), (62)

which could be either positive or negative depending on the signs and relative values of ()9 and

AL, . . o
Q.. However, the only way to have —* L < 0 is to have the outer cylinder counter-rotating (i.e.

Op + Q_ is sufficiently negative).
4. Asymptotic limit of large k: in this limit, y4+ ~ k, Z,, = K, ~ 1 which implies

L 1A+ 00
D, D_ ’

oL 2p2 2 2
yl _ 27°R 2rtg2) <k2 _ m) [||A+|| (O + Q) 63)

at k| R2

which can only be negative if m itself is larger than k or if Qg + Q_ is sufficiently negative.

To find the direction of angular momentum transport in general (i.e. not in one of these above limits),
we directly compute the expression given by Eq 56 using the numerical solutions for the fastest
growing modes obtained in Section 2.3. Figure 6 shows illustrative results obtained for m = +1,k = 1
and m = +4,k = 1 modes for a range of values of the rotation rate Q) and for a range of values of
O = —O_ = AQ. Red regions in the figure imply net influx of angular momentum into the cylinder
and blue regions imply net outflux of angular momentum from of the cylinder. For the m = 1 case, the
numerical results show a distinct region in the (Qy, AQ)) parameter space with positive flux of angular
momentum into the cylinder which becomes negative for sufficiently large rotation rate or sufficiently
large differential rotation. This predicts a spin-up mechanism for the shear flow for low to moderate
rotation rates if m = 1 is the dominant mode of instability in the flow. For m = —1, we predict a similar
spin-up through the linear instability across almost the entire parameter space in (Qg, AQ)), except
in the case of very weak rotation for a narrow range of values of AQ) or AQ) much greater than ().
For modes with k > 2, the numerical solution always predicts an inward flux of angular momentum
into the cylinder for all values of )y, AQY < 1, which are hence not plotted in Figure 6. This is also
consistent with the asymptotic expression for large k (give by Eq 63) for |m| < k. In the following
section, we test these predictions for the spin-up mechanism of our idealized shear flow setup through
direct numerical simulations.
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Qo

f

Figure 6. Numerical solutions for the term — (é—i + D;,) in the angular momentum change expression given by

Eq 56 (as calculated in Section 2.5) for m = £1,k = 1 (top panels) and m = +4,k = 1 (bottom panels).

3. Numerical Simulations

In order to test our findings regarding the nonlinear evolution of the rotating cylindrical shear
flow, we now run some direct numerical simulations (DNSs) of a model that is similar (though not
exactly identical) to the one described in Section 2. For this purpose, we use the pseudo-spectral
triply periodic PADDI code (Stellmach et al. [26], Traxler et al. [27]) that has been modified to include
rotation (Moll and Garaud [5], Sengupta and Garaud [6]) as well as the imposed forcing term. In all
that follows, we non-dimensionalize the flow velocity with “*5"= and the distances with the radius of
the cylinder so that R = 1. With this setup, we define the background flow to be the following top-hat
form for the z-component of velocity:

@Oﬂ:tmm(lgr> (64)

with 6 = 0.08 (though we also present a test case with § = 0.04) and r = /(x — x¢)% + (¥ — y¢)?

Ly Ly

being the distance from the center (x.,y.) = (7", 7) of the tube. The computational domain is of

dimensions Ly X Ly x L.

3.1. Non-Dimensional Governing Equation

The non-dimensional Navier-Stokes equations for our problem setup are given by

Ju 1 1 _»
§+u~Vu+%ez Xu= —vp+§v u+f,
V-u=0. (65)
Note that for the DNSs, the effect of viscosity must be retained to ensure stability. We see the usual
non-dimensional parameters appear, such as the Reynolds number Re = % (where v is the

viscosity) and the Rossby number, Ro = ”IR};’O’ . A forcing term f = f(r)e, is imposed on the system,

which drives the desired cylindrical shear flow i, (given by Eq 64) provided f(r) is defined as:

421, 1dﬁz> (66)

1
ﬂ”:_m<m2+rm
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To test the predictions of our model, we investigate the sign of the angular momentum transport
during the early development of the instability by computing the flux of angular momentum through
the cylinder of radius r centered at (x., ), at each time ¢, as:

L, 27

F(r,t) = //rZuru(pdgbdz. (67)
00

To do so, we first calculate #, and uy from the Cartesian components of the velocity vector u = (u, v, w)
returned by PADDI using the following transformations:

Ur = U COS P+ vsing

up = —usin¢$ + vcos ¢ (68)

and, where at each position (x,y, z),

— % sing = L, (69)

x
cos ¢ = p

Using the azimuthal velocity uy, we also compute the average angular velocity as a function of the
radial distance from the center of the domain at a given time :

L; 27
_ 1 ugp(r, ¢,z,t)
Or 1) = 5 0/ 0/ 22 dgaz. (70)

3.2. Typical DNS

We first present results for a single DNS at Ro = 8, and fairly large Reynolds numbers, to ensure
that the results are not dominated by viscous effects (which were ignored in the analytical computations
presented in Section 2).

For our DNSs at Ro = 8 (that corresponds to a Oy = 0.0625), Figure 7 shows isocontours of
vertical components of velocities for two runs A2 and A3 (as in Table 1) during the linear growth
phase (left panels). Both these runs clearly show the emergence of a preferred mode with low values
of the azimuthal wavenumber (m ~ 1) and fairly high vertical wavenumber (k ~ 5), irrespective of the
domain aspect ratio (the run Al with the same aspect ratio as A3 also emerged with a similar mode).
We now look at the results of our simulations more quantitatively.
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Figure 7. Isocontours of vertical components of velocity field in the DNSs A2 (right) at t ~ 8.4, and A3 (left) at
t ~ 7.6 (see Table 1 for parameters and aspect ratio) showing the initial growth of the linear instability.

Table 1. Properties of DNSs for varying values of parameters and problem setup/geometry

Ro Re ) Resolution Ly X Ly X Lg
Al 8 3125 | 0.08 | 128 x 128 x 128 8x8x8
A2 128 x 128 x 256 8x8x16
A3 625 | 0.08 | 128 x 128 x 128 8x8x8
Bl | 24 | 3125 | 0.08 | 128 x 128 x 128 8x8x8
B2 625 | 0.08 | 128 x 128 x 128 8x8x8
B3 128 x 128 x 64 8x8x4
B4 256 x 256 x 64 16 x 16 x 4
B5 0.04 | 256 x 256 x 256 8x8x8
C1 | 0.08 | 312.5 | 0.08 | 128 x 128 x 128 8x8x8
C2 625 | 0.08 | 256 x 256 x 512 8x8x16

3.2.1. Early Phase:

We compare the evolution of the run A3 with the predictions from our linear theory presented

in Section 2, with regards to the direction of angular momentum transport. The left panel shows

the profiles of the total angular momentum flux F(r,t) as a function of r, at selected times during

the growth of the linear instability, showing a clear negative spike at # = 1, which should result in a
positive flux of angular momentum into the cylinder. The right panel of Fig 8 shows the evolution
of Q) during the exponential growth phase of the linear instability, clearly demonstrating that the
angular velocity within the region » < 1 grows with time, and thus validates the feedback mechanism
of angular momentum predicted from our linear theory (given by Eq 56).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202601.2079.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 January 2026 d0i:10.20944/preprints202601.2079.v1

19 of 32

0.003 ‘
W
0.002 | [

TITT
© NP
Ao oo

e

0.001

-0.001

F(r,t)

-0.002

-0.003

-0.004

-0.005

-0.006 ‘ : : : ‘
0 05 1 15 2 25 3

Figure 8. Time evolution of the Reynolds stress term F(r, t) (left) and average angular velocity Q) (left) for the

DNS run A3 in Table 1.

We also calculate the average rate of rotation for the cylinder as

R
Qo (t) = % / rOL(r, t)dr, 71)
0

Fig 9 follows the evolution of (), (calculated according to Eq 71) for our DNSs Al and A3. All these
simulations illustrate the initial positive flux of angular momentum into the tube that significantly
spins up the region inside r = R.

Figure 9. Evolution of ()4, at early times for the DNSs Al and A3.
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3.2.2. Growth of Centrifugal Instabilities

Fig 8 shows that F(r,t) becomes positive near r = 1 around t = 9.4, which halts the growth
of the angular velocity for » < 1. To understand why this happens, we plot the vertically and
azimuthally-averaged angular momentum profile, defined by

- 1
) = Q) + 5 | 72
o01) = (00,0 + 57 ) 72
Fig 10 shows a radial decrease in the angular momentum profiles around r = 1, starting at the earliest
time snapshot presented (t ~ 6.8). When ¢ is decreasing with increasing r, this angular momentum
distribution is well-known to be unstable according to the generalized Rayleigh criteria for centrifugal
instabilities (Billant and Gallaire 28) which requires

2
r%aai; >0 (73)
for any flow to be stable to perturbations. Any centrifugal instability is known to work against
its causing mechanism and thus would act to stabilize this negative angular momentum gradient.
However, from Fig 9, we see that the tube still continues to spin up (manifested in an increase of (), )
until the associated instabilities reach finite amplitudes (at f ~ 8.6) for them to arrest further spin-up of
the tube. The competing effects of an unstable angular momentum gradient and associated instabilities
control the ultimate outcome of the nonlinear evolution of the spin of the tube, as narrated in the
following section.

— — o~ —
110

0.1

0.01

0.001

Figure 10. Evolution of the angular momentum ¢ at early times for the Re = 625, Ro = 8 run.

3.2.3. Nonlinear Evolution: Emergence of Negative Helical Structure

We followed the evolution of one of our low (A1) and high (A3) Reynolds number runs until a
quasi-steady state was achieved to check for the final nonlinear outcome for the direction of rotation
of the cylinder. At late times, as shown in the Fig 11 for the run A3, the flow through the cylinder
(inside r = 1) does not remain perfectly coherent anymore but gradually evolves into a weakly helical
structure.
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Figure 11. Isocontours of vertical velocity for the DNS A3 at times t ~ 560 and t ~ 700, showing the emergence of
a helical flow pattern in the nonlinear phase.

Fig 12 shows the time-evolution of the average rotation rate of the tube, (), (t) (as defined by
Eq 71) for both runs. Beyond the early phase of positive growth, the onset of centrifugal instabilities
over time appears to make the tube marginally counter-rotating. In order to determine whether the
negative rotation rate is intrinsic to the tube, or may be contaminated by the presence of its helical
twist, we also propose an alternative way of measuring the average angular velocity of the tube by
re-defining the center of the tube at a particular height z as

_ fOLy foLx xuz(x,y,z,t)H(uz)dxdy

xc(z,t) = 1)
fOLy fOLx Mz(x, Y,z, f)'H(uz)dxdy
Ly X
uz(X,y,z,t H(uy)dxd
yc(Z,t)=f0Lyf0 yuz (%Y, 2, ) H (uz) dxdy -

0 fOL" uz (x,y,z,t)H(uz)dxdy

where H is the Heaviside function. We over-plot the results (shown as symbols) in Fig 12 , which
demonstrates the helical shape of the flow only influences our results beyond the initial phase of
linear growth, when the center (as defined by Eq 74) does not shift much from the center of our
domain. In the nonlinear regime, our alternative method gives a more continuous pattern in the
evolution of the averaged rotation rate with time although the general conclusion with regards a
weakly counter-rotating (i.e. with marginally negative ();,) flow seems to hold till the tube reaches a
quasi-steady state.
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Figure 12. Evolution of (), with time for the Ro = 8 runs at Re = 312.5 and 625 illustrating the emergence of a
helical tube.

3.3. DNSs at lower Ro values

While our DNSs A1-A3 affirm the prediction from our model (described in Section ) for positive
feedback of angular momentum into the tube at early times, our preliminary runs (B1-B3, C1-C2) for
lower values of Ro did not show any signs of spin up of the core of the tube (for r < R) even for the
initial few snaps shots. This is demonstrated in Fig 13 for two set of runs (B1 and B2) Ro = 2.4 which
both show a decrease in the averaged rotation rate (as defined in Eq 71) early on in the simulations.

0.02

-0.02
-0.04
-0.06 -
-0.08
0.1}

Q av

-0.12
-0.14
-0.16
-0.18

Figure 13. Evolution of average rotation with time for the runs B1 and B2 (refer Table 1 ) showing early spin-down
of the tube.
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We also checked for the radial profiles of the Reynolds stress function F(r, t) (given by Eq 67) and

the average angular velocity (given by Eq 70) at early times for one of these runs (B2) as shown in

Fig 14,
0.0025 ;
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Figure 14. Time evolution of the Reynolds stress term F(r, t) (left) and average angular velocity () (right) for the

DNS run B2 in Table 1.

which indeed demonstrates a negative flux of angular momentum from the region r < R at

all times. These runs still emerged with similar modes (low m, fairly high k) as the higher Ro cases,

but clearly do not conform to the expectation from the linear theory that predicts positive angular

momentum feedback into the tube for such linearly unstable modes. In following section, we discuss a

plausible cause of this discrepancy, to with our periodic domains that seems to problematic at low Ro

values when the results seem to be dependent on the horizontal extent of the domain.

4. Discussions

We have studied an idealized setup of an inviscid vertical shear flow through a cylindrical tube

using linear stability analysis and predicted a positive feedback mechanism transporting angular

momentum into the tube. Direct numerical simulations for an analogous setup at Ro = 8 support our

theoretical predictions for the positive feedback of angular momentum at early times, before the onset

of centrifugal instabilities that arrest the growth of the spin-up of the tube. However, our preliminary

DNSs with moderate (Ro = 2.4) to strong (Ro = 0.08) rotation seemingly do not agree with our model

predictions. In context of studies of vortex dynamics, it has been pointed out in the literature by

Pradeep and Hussain [29] that the use of triply periodic domains can often give incorrect results due

to artificial zero circulation constraint inherent in periodic simulations. Following the recent work of
Sutyrin and Radko [30], we performed additional runs (B3, B4 in Table 1) with half the vertical extent

(for both B3 and B4) but double the horizontal extent (B4).
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Figure 15. The evolution of the averaged rotation rate for two sets of runs B3 and B4 (refer n Table 1 for details)
illustrating the effect of domain size on the prediction of spin-up of the tube.

The corresponding time evolution of the average rotation rate of these two runs are compared in
Fig 15 which clearly shows that the wider domain run spins up during early times (consistent with our
linear theory predictions) unlike the other ones (B1-B3), all of whom showed no such signs of positive
feedback of angular momentum with narrower horizontal extent of domains. These computations
are substantially more expensive due to the larger resolutions (2567 in the horizontal direction for
the B4,B5,C2 runs) needed to resolve the shear layers at the edge of the tube that occupies only a
very small region at the center of the domain. However, from these numerical experiments, it is
apparent that particular caution needs to be exercised in the choice of the domain size (compared to the
radial extent of the tube) in order to ensure the DNS predictions are not influenced by the periodicity
assumptions. The increasing computational cost for lower Ro and/or higher Re simulations inhibits
us from performing such robustness tests for our most rapidly rotating runs (C1, C2) at Ro = 0.04, but
they would be important to establish the theory at very low Ro values, particularly in context of the
regime of emergence of LSVs as discovered in Sengupta and Garaud [6] for astrophysical flows.
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Appendix A Appendix A
Appendix A.1 Asymptotic Approximations in the Limit of Weak Rotation

In this appendix, we present approximate solutions to the full rotating problem in the limit of
small rotation rates (0 + Q+ < “g). We use the general ansatz for all perturbations given by

=90 +igV (A1)

where the (0) superscript represent non-rotating values of the perturbation g = {il,,, g., #>,, f+},
and assume g1 < (%), Thus,

Ax = A0 4 id® im0y +ikuy = AY +ial (A2)

with AY = 2O 4k, AD = A0 4 w0 with A < AD.
For the non-rotating problem (i.e. for (3g = Q01 = —Q_ = 0), the velocity components (given by Eq

15) are given by
(0)
R ’"(O)k P01 (kr) (A3a)
A
+
(0)
70 _ Kn K pOKO (k) (A3b)
A0
L(0) _ __im_(0)(0)
dy, = — py I (kr) (A3¢c)
¢ 0) F+
- rAi)
(0) _ 1M (0)(0)
dy = A© P Ky’ (kr) (A3d)

where I,(no) and ICE,? ) were defined in Eq 14. The pressure continuity condition at r = R implies
P I (kR) = p' K (kR). (Ad)

Further, imposing the kinematic condition (given by Eq 16) gives us the dispersion relation (Eq 26) and
the non-rotating values of growth rates (Eq 27) from which we obtain

A0 [70
7+0) =1 ngn( (ug —u-)). (A5)
AT /Cm

Using the ansatz Al in the set of governing equations (Eq 4b), we obtain the set of governing equation
for the corrections to the perturbations in presence of rotation as

(1)

d
iaDa) +inlall —2(09 + 0u)af) =~ (A6a)
mp0)
in L) +ialaf) +2(00 + 0l = - F (A6b)
zA( ) ( )—I—ZA( Vi (i) = —zkp(l) (A60)
1d, gy, i
() + ) 4 ikaly) = (A6d)

2 https://manjusri.ucsc.edu/2017/10/30/paddi-on-stampede2 /
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These equations can be combined to obtain a new equation for the pressure correction term as

~(1) > .
Lld [ dpy meo 2\ (1) Ld, )y _im_©0)) _
rdr( I > + <r2 +k )pi +2(0+ Q1) dr(m ) i =0. (A7)

The last term can be shown to vanish using the non-rotating solutions given above, so Eq A7 reduces
to

d2~(1) d~(1)
2B e el =0 (A8)

(0)

which is the same equation as for the non-rotating pressure f}’, and hence, without any loss of

generality, we can therefore assume ﬁ(il ) =o. By solving Eq A6a, we then find that the corrections to

the velocity perturbations in presence of rotation are

200 + 00)a) — AP

7(1) Ut

ily, = ©) (A9a)
iAY
- A (1) ~(0
P+ 2 (0)
IAY
(1)
A
) = — 2= 500 (A9¢)

Finally, using the kinematic condition at = R, we can obtain an expression for the correction term to
the growth rate as

(0) (0)
Oy+0O Oo+0_ O 72y, (kR Q_K,,’ (kR
0 + _ 220 OF kR < + (O)g ) ( ) > :|

A A A A
A1) — m + - + - , A10
kR Z9%R) |, k¥ kR) (A10)
A(f)3 A(Bﬁ

which recovers the earlier result (Eq 34) obtained directly from linearizing Eq 25 for weak rotation
rates.

Appendix A.1.1 Angular Momentum Transport:

Using the analytical expressions derived above in the limit of small rotation rates, we can arrive
at an approximate expression for the angular momentum transport. Using the following ansatz for

(1)

iy, and ﬁ((;i)

a\) = (ax +ibn)al?, il = (co +ids)a), (A11)
it can be shown that the rate of change of angular momentum into the cylinder, as derived in Section
2.5, is then given by

accyl 2,27t
R
s S L R L R A L

With some algebra, the required coefficients in the above ansatz are determined as

_ ety —u) \/I (kR)Kon” (kR) L S PR _ o)
TG ><kR>+,c<>< a0 (o) s =20 £ =
| Uy —U_ \/I kR )

dir =— (Qp + Q). (A13)

|9 ( ><k1<>+/c“< R))
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Hence, we can express the angular momentum flux expression as
oL 2712R? 2 [ Og+ 0O Qg+ O
A Q) 200+ O + 0o o (T T (A1)
ot k R2k T\ (kR)2 Kl (kR)z
¥k

where we denote the real part of the non-rotating growth rate as A{f ) = |k(uy —u_)] (I(0> R (kR)) .

This also recovers the rigidly-rotating expression given by Eq 61 for O, = Q) = 0.

Appendix B
Appendix A.2 Derivation of Expression for Angular Momentum Transport
Axisymmetric case (m = 0)

For the axisymmetric mode, u, and uy at r = R depend only on z and ¢, so

2

/u,u¢d¢ = 27turig, (A15)
0
and hence, from Eq 51, we get
L,
oL
a;yl = —27TR2/M7(R,Z, tugp(R, z, t)dz. (A16)
0

The difficulty in evaluating this integral becomes apparent when we recall that

u;(R,z,t) = Re[il;(R) exp(ikz + At)] (A17)
up(R,z,t) = Re[iiy(R) exp(ikz + At)], (A18)
where
o R { . (R) ify >0 A9
i, (R) ifn <0

and similarly for 7y. So, the integral needs to be split into intervals of positive and negative values of
1, respectively (illustrated in the left panel of Figure B.1). Recalling the ansatz for # given by Eq 21, we
define zp, z1 and z; to be three successive nodes of cos(kz + Ajt), such as, e.g.

kzo + At = —g, kzy + Agt = g kzp + Agt = 37" (A20)

Then, we let

21

Iy = /ur(R,z,t)u(p(R,z,t)dz
0
21

= 2kt / [Re[ﬁ” (R)|Relily, (R)] cos?(kz + Ajt) + Imliiy, (R)]|Zm g, (R)] sin?(kz + )th)} dz
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where the integral containing sin(2kz + 2At) vanishes. Likewise, we can evaluate

22
I_ = /ur(R,z,t)u(p(R,z,t)dz

21

= ! T [Rely (R)]Rely (R)] -+ Im(a, (R)}Imay(R)]].

Finally, we find that the rate of change of the total angular momentum of the cylinder is

oL
a;yl = —27R%ePMRIp (I, 4 1]

TLR? 5, B B . . . B - .
— 2! [Re[ity, |Reliig, | + Im[ity, | Im[flp, ] + Relit;_|Re[fig_] + Iml[it;_|Im[iy_]],_p

(A21)

_ nL;R? 2Rt
4

[ﬁ;; fp, + fr Ty, + 0 Gy +ir ﬁH e (A22)

where we recall that from Eq 6, n = kz_an Note that, in the last step, we have made use of the complex
identity

Relit,|Re[iig) + Im[d,| Im[iiy] = % [a:a¢ + ara:;,} . (A23)

From Eq 9, the axisymmetric solutions for iI,, and 7y, are given by

afJi
. At
B, = — T (A24)
AL +4(Q0+ O4)
o5
8 2(Q + Q1) B
M¢i = 2 or 5 (A25)
AL +4(Qp + Q)
which further reduces the expression for angular momentum flux into the cylinder to
ar 252 ‘aﬂz (Q+Q4) op |2 (Qo+0Q)
cyl 2ARTR eZARt " =R o |,_Rr (A26)

o  k "Ai+4(00+0+)2"2 A2 +4(Qo+Q_)Hz

Thus, if Qg + Q4 > 0, this expression is always positive implying positive influx of angular momentum

. . . . . oL . .
into the cylinder. However, for sufficiently negative (_, a?'l could become negative resulting in the

drainage of angular momentum out of the cylinder.
We can also rewrite the above expression in terms of 7 by using Eqs 23 and A24, as

212
aﬁcyl — ZART( R ﬁzez/\Rt
ot k

200+ Q) +0Q ] (A27)
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Figure B.1. Illustration of the shape of the interface perturbed from r = R (blue line) with an amplitude # for
axisymmetric (left) and non-axisymmetric (right) modes.

Appendix A.2.1 Non-Axisymmetric Case (m # 0):

Using a method similar to the one described above for the axisymmetric case, we can rewrite the
integral of the Reynolds stress term over ¢ as

2 ] $2
/uru¢d¢ = |m| /ur(R,z, Hug(R,z,t)dp + [ ur(R,z,t)up(R,z, t)de (A28)
0 $o ¢

where ¢g, ¢1 and ¢, are successive zeros (Ppg < ¢1 < ¢2) of 17 (see Eq 21), as illustrated in the right
panel of Fig B.1. For m > 0, they are for instance given by

m kz+ At T _kz+/\1t _37r_kz+)\1t

=t BTAR L, T _or BETAR A29
Po 2m m a4 2m m : 92 2m m (A29)

while for m < 0, they are

At
_37r_kz+)\1t T _kz+A1t m kz+ it (A30)

= —— —

L A L T om m

For a given mode with wavenumbers m, k, we can we can evaluate the integral given by Eq A28 in a
manner very similar to I and I_ in the axisymmetric case above, to obtain

L, 27
L
//uru¢d¢dz = —%eZARtk dy flg, >+ <y fig. >]| _p. (A31)
00
This finally yields
L;2m
0Ly nR2L
Y _ DAgt z [ % - k- -

T —R //uru(pdgb = ¢k — [u;‘+u¢+ +u,+u;;+ iy g —l—ur_u;‘,_]r:R. (A32)

00
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Now, combining Eq (15) and (19), we can write
5 di Ay
pilm(rps) = ; ,
" —Appi T(rpg) — Qo + Q)
d_A_7
pK(rp) = : - (A33)

A K(rp-) = 2 (Qo + Q)

7

with d4 given by Eq 55. Inserting these expressions for the pressures in Eq (15), with some algebra, the
net flux of angular momentum for the cylinder can be expressed in the form

Loy 5 yTR?L o[ fr fo
Ty 2Apt MY Rz g2 A S
at 4 4 ’7 |:D+ + D_ :| r_R/ (A34)

where the functions f+ and D+ are given by

m? im . ¥
i = s 24000 + 0t (s = = B ) & s =0 (121?400 + 02 |
2

2im
D. = HAi#iCi + T(Qo + Q1) (A35)

with { = Im(RVJr) and [ = K:m(R.u*)'

Appendix C
Appendix A.3 Derivation of Mass Conservation

To show that mass is exactly conserved in the formulation of the model setup described in Section
(2.1), we compute the net flux of the flow across the cylinder by evaluating the integral

L; 21
d =R u; (R, ¢,z,t)dpdz (A36)
i

which has to be done separately for axisymmetric and non-axisymmetric cases, in a similar manner as
Appendix B.

Axisymmetric case (m = 0)

21

22
® = 27tRne®! (/ ur, (R, z,t)dz +/ur_ (R, z, t)dz)
21

Z0
21
— kLMt / (Re[dy, (R)] cos(kz + Art) — Im[dy, (R)] sin(kz + At))dz
20

4 KLoeM®! / (Re[iiy_(R)] cos(kz + Art) — Im[ii,_(R)]sin(kz + Aqt))dz
= nL.e"® (Re[it;, (R)] — Re[it,_(R)])
-0, (A37)

. . . . kL,
by using the identity given by Eq (23), where n = 7=.
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Non-axisymmetric case (m # 0):
As in Appendix B, we can rewrite the integral over ¢ in Eq (A36) as
27 1 $2
/u,d(p = |m| / ur, (R, z,t)dp + [ ur_(R,z,t)d¢p
0 $o 1
¢
= |m| / (Re[dy. (R)] cos(kz + Art) — Im[dy, (R)] sin(kz + Aqt))dz
$o
¢2
+|m] / (Re[iy_(R)] cos(kz + Art) — Iml,_(R)]sin(kz + Art))
$1
— 25gn(m)(Re[ti,, (R)] - Rel,_(R)])
-0, (A38)
due to Eq (23), thereby implying
L, 2
&= / / ydgp = 0. (A39)
0 0

Thus, both for axisymmetric and non-axisymmetric modes, the net mass flux across the cylinder
vanishes identically, guaranteeing mass conservation.
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