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Abstract

In this paper, we investigate the Cauchy problem for the coupled generalized Korteweg-de Vries system
driven by white noise. We prove local well-posedness for data in H® x H*, with s > 1/2. The key
ingredients that we used in this paper are multilinear estimates in Bourgain spaces, the It6 formula and
a fixed point argument. Our result improves the local well-posedness result of Gomes and Pastor [24].

Keywords: stochastic; white Noise; KdV equation; Bourgain space

1. Introduction

The dispersive nonlinear systems appear in many physical applications. They can be used, for
example, to model wave propagation on the surface of water or to describe the interaction of nonlinear
internal waves. In this study, we focus on Hamiltonian systems.

i + 03¢ + nox (Ny (¢, ¢)) =0
1)
0t + a3 + udx (Ny(, 9)) =0, 0<a <1, (xt) €R?

where ¢ = ¢(x,t) and ¢ = ¢(x,t) are real valued functions, N is a smooth function, Ny and
N, denote the derivative of N with respect to ¢ and ¢, respectively, and y is real constant which we
normalize to be 1.

This system generalizes the classical Korteweg—de Vries equation [11], originally introduced to
model shallow water waves.

The question of the correct local and global definition of the initial value problem associated
with (1) has been a major topic in the theory of dispersive equations in the last few years. We shall
briefly recall some results of interest to us that are available in the current literature.

For Ny (¢, ¢) = ¢* Ny(¢, ¢) = ¢, the system (1) is a particular case of the Majda-Biello sys-
tem [30], which models the nonlinear interaction of long-wavelength equatorial Rossby waves and
barotropic Rossby waves. The well-posedness problem associated with initial value problem (1) in this
case was studied by many authors. Tadahiro Oh [2] proved that the initial value problem is locally and
globally well-posed in both cases

e In periodic case is locally well-posed for H*(T,) x H*(T,),s > sx, where sx € (1/2,1]) and
globally well-posed in H!(T,) x H'(T},) due to the conservation of the Hamiltonian.

e Innonperiodic case is locally well-posed for H*(R) x H*(R), where s > 0 and globally well-posed
in L2(R) x L?(R) due to the L? conservation law.

For Ny(¢, ¢) = ¢p¢*, No(¢, ¢) = ¢* @, the system (1) reduces to a special case of a broad class of
nonlinear evolution equations considered by Ablowiz et al. [31] in the context of inverse scattering. In
this case, questions of proper positioning as well as the existence and stability of solitary waves for
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this system have been extensively studied in the literature. Carvajal and Panthee [3] proved that the
IVP (1) is locally well posed for given data H°(R) x H°(R), where s > —1/2.

For Ny (¢, ) and Ny (¢, ¢) given by
Np(9,¢) = Ag?! + BpFghH! + HTzabk“(pk + Dyl gk

k+2
ko
Gomes and Pastor [24] proved that system is locally well posed for given data H*(R) x H*(R), where
s > 1 and globally well-posed in H'(R) x H'(R).

In [7], Gruji¢ and Kalisch establish local well-posedness for the initial-value problem

N(p(¢/ q)) — A¢2k+1 +B(Pk¢k+l + D(Pk+1¢k+cfpkil¢k+2

A + 93¢ + 909 =0

for initial data in G”°, where s > 0 for p = 1 and s > 3/2 for p > 2. The solution persists in
C([0,T], G7#) for some T > 0, remaining analytic on the same fixed strip of width 2 throughout the
time interval [0, T].

In [5], de Bouard and Debussche studied the stochastic KdV equation with white noise forcing.
They proved existence and uniqueness of solutions in H!(R) for additive noise, and existence of
martingale solutions in L?(RR) for multiplicative noise (e.g.,[4,25]).

Boukarou et al [6] proved that, the white noise driven KdV-type Boussinesq system

019 4 0x + 03¢ + 0x (¢p@) = a1 By (x, t)

01 + x4 03¢ + PpAxp = a2 By (x, 1),

is local well-posedness for given data H°(R) x H*(R), where s > 0 and global well-posedness in
L?(Q, L*(R)) x L*(Q, L2(R)).

We are interested in stochastic system with the Hamiltonian structure, which is a coupled system
of gKdV equations given by (2)-(3).

N _ B

I + 93 +0x(Np(¢, 9)) = E5 =
- OB 2
0t + a3 + 0x(Ny (¢, ¢)) =B 0<a<l, @

with
3)
N¢(¢, (P) — A¢2k+1 + B¢k¢k+l + k—I—TZDq)k—H(Pk + C¢k—l¢k+2,

and k > 1 a natural number and A, B, C and D nonnegative real constants. Where, ¢ = ¢(x,t) and
¢ = @(x,t) are random processes defined for (x,t) € R x RT, & is a linear operator, and B is a
two-parameter Brownian motion on R x R*.

We will improve the local well-posedness result of Gomes and Pastor [24], we will use the
methods in [5-7] and prove that this system is locally well-posed with given data H°(R) x H*(R),
where s > 1/2.

To state our results precisely, let us first introduce the notation to be used. We begin with function
spaces. For s € R, H°(R) denotes the usual Sobolev space of order s, defined by the norm
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1/2
lellwey = ( [0+ D> 1oPdc)

where @ is the spatial Fourier transform
w(Q) = /]R w(x)e™ ¥ dx.

Similarly, for s, b € R, the Bourgain spaces X*?(R?) and X5P(R?) defined by the norms

1/2
[wllxsb 2y = llwllxse = (/Rz(l +HIEDF(+ ]y - §3|)2b|w(7,g)|2dgd7> ,

1/2
1wl g0 g2y = llwllxse = (/Rz(l +lgh*a+ |7-“€3|)2b|w(%€)|2d6d7> ,

where @ denotes the spacetime Fourier transform
@(¢,7) = /R L 0(x, )e” ) dxd,

For T > 0, we also use the spaces X;l} and X‘%h of restrictions to the time interval [0, T] of functions in

X5 and X5, They are endowed with the norms

||w||XsTb = inf{||z||Xs,;, : w(x, ) =z(x,t) on Rx]|0, T]}

sp = inf b - L) = St R x [0,T]?.
”wHXa',bT m{||z||Xa,b w(x,t) =z(x,t) on X [ ]}

Since we are dealing with system of equations, we will need to consider product function spaces.
For this, we define the product spaces

X5 = XU xbs, XVs = X< XUS and HT = HE x HF,

with norms
1@, @)l yos = max{[[@llxse, @l 50},
1609l ye = max {18l oo 91l ).

and
(@0, @0)ll2s = max{||gollrs, | poll s }-
The mixed L? — L7 -norm is defined by

1
p
[ullrre = < ‘/ (x,1) |th‘ dx)

Finally, we denote by LY* = LY(L?(R), H*(R)) the space of Hilbert-Schmidt operators from L?(R)
into H*(R) with the norm

o0
I812g: = Y- 12l
i=1

where (e;);>1 is an orthonormal basis in L2(R).
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With this notation in place, we may finally state the results to be proved. In the subsequent work,
let (Q), F, P) be a fixed probability space adapted to a filtration (F¢)¢>¢. For system (2), we will prove
the following local results:

Theorem 1. Assume thatk > 1and s > %,E S Lg’s, be (O, %) and b is close enough to % If (o, @o) €
H*(R x H*(R) for almost surely 0 € Q and ¢o, @o are Fo— measurable. Then for almost surely ¢ € Q, there
exists a constant T, > 0 and a unique solution u of the Cauchy problem (2) on [0, T,| which satisfies:

(9,9) € C([0,T], H*(R)) x C([0,T,], H*(R)) N X7,

Notation: Throughout this paper, we use the following standard asymptotic notation:

* a Sk, k btodenotea < cb with a constant ¢ > 0 depending on ky, ..., k. If ¢ is an absolute
constant, we shall write a < b.

®* g~ bmeans thata and b are asymptotically equivalent.

® g = bmeans that g and b are comparable in size, typically with implicit constants independent of
the parameters.

* a < bmeans that a is much smaller than b, typically in the sense that the ratio § is bounded by a
small constant.

2. Linear Estimates

To prove our main results, we will need to introduce several important estimates. To state these
estimates, let us write the It6 form of the system in equation (2), namely

3
dp+ (g;ﬁ + a<N"’§f’¢)))dt — 2dW

(4)

Po  INe(¢ @)\, _ -

where W(t) = % is a cylindrical Wiener process on L?(R) which can also be given by W(t) =
Y2 Bi(t)e;, where (¢;);c is an orthonormal basis of L?(R) and (B;);cn is a sequence of mutually
independent real Brownian motions in a fixed probability space. The system (4) are supplemented
with the initial conditions

¢(x,0) = po(x), ¢(x,0) = @o(x). (5)

To understand the assumptions required for 5, it is useful to first consider the linear equation

3¢ _
deo + ﬁdt = EdW

3¢ _

$o(x) =0, ¢@o(x)=0.

which is given by the stochastic Itd integral

Pi(t) = [y LUt = 7)ZdW(7)
(6)
t —-
o1(t) = [y Ualt = 7)EAW (7).
where $(t) = e’tag,ﬂa(t) = ¢ 1%9% are the Airy group. Using the unitarity of {(t) and 4,(), one can

easily show that ¢(t) and ¢(t) belong to H*(R) only if Z is a Hilbert-Schmidt operator from L?(IR) into
H(R).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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We will solve (4) supplemented with the initial condition (5) by considering its mild form
P(1) = ()0 + Jo U(t = 7)3Np (¢, @) (1)dy + [ U(t = 7)ZAW ()

P(t) = Ua(t)Po + [y Ua(t — 7)xNg (¢, @) (7)dy + [y Uha(t — ¥)EdW ().

To construct mild solutions, we will need the following estimates:
Proposition 1 (Linear Estimates [3]). Foranys,b € R, we have
IL4CE)poll s S llpoll e,

1 (B)@oll s < liollrss.

Further,if—% <V <0<b<b +1and0< T <1,then
t !
| [ e = Npton panan| £ T I, o) o
T

and
ST ING(9(0), (1)) o

t
| [ e mnuton, planan|
0 XZ/,T T
3. Multilinear Estimates

The proof of multilinear estimates will be established using a number of auxiliary results. To state
these results, we first need to introduce some more notation. We note that the operators A, A F, and

F¢ are defined as
Aw(Z, ) = (1+[EDh@ (8, 7),

Aw(g,7) = 1+ [v)D(E,7),

=) _ f(gr/)/)
R
i __ f&)
D =T e

Lemma 1. ([7]) Let s and « be given. There is a constant ¢ depending on s and x such that

1 1
If x> 1 then HAZFK”L%L% < CHfHL%L,ZY’ (8)
1 1
If ®>g, then [JA2Ec|larp < Clifll2rzs ©)
1 1 .
If x> 5 and s> 5 then ||A™°F|rpre < C||f||L%L%. (10)
1 1 —STK
If K > E, and s> E, then ||A PK ||L§°Lt°° < C”fHL%L% (11)

Lemma 2. For x > %, s> % and % < b < « there exists a constant C depending only on x and s, such that

1A Fell 2 < Cllf 2z (12)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. We begin by applying the Sobolev embedding theorem in the time variable. For b > %, we have
the continuous embedding H?(R;) < L*(R;), which gives

1A= Feligage < |14 (AF) (s, )z

L2’
where A? is the Fourier multiplier operator in time defined by
Arw(y) = 1+ |y)'w(7).

Now observe that
18" (A= F) x, )2

— ||AbA_5FK||L§r.

L3

By Plancherel’s theorem in x, f, we compute
2
IAA=FR: = [[|FalalAEI @ )| dedy

2b
- // (1 + |€|)(215?—1 |_Z||),Y — €3|)2K |f(€/7)|2d€d7-

Thus, it suffices to show that the multiplier

(1+ |v)"
T+ |2)s (1 + |y = 2~

is bounded on R; x R,,. We consider two cases:
Case 1: || < [¢]°.
In this case, we have (1 + |v|) < (1+]])?, and also

M(gll)/) = (

T+ ]y =3 <1+ 7+ S 1+

Therefore,
(1+gph*

14 12])° (1 + [g])*

Since s > % and x > %, we can choose b such that % < b < xand 3b —s — 3x < 0. For example, take
b sufficiently close to % so that 3b < s + 3k, which is possible because s 4+ 3x > 2. Then M({, ) is
bounded in this region.

Case 2: |v| > []3.

In this case, we have |y — 3| > |y| — |¢|® = || for large ||, so that

= (1|l

M(,7) S (

1+ |y =21 21+l

Hence,

A+ L
M(ér')’) g (1 I |C|)s(1 + |7|)K o (1 + |€'|)s(1 + |'7|)K_b.

Since k¥ > band s > 0, this is bounded as |y| — co and |{| — co. Therefore, M(Z,y) € L®(R; X R,),
and we conclude that

b —
IAPA=E 2, < Ml
O
Lemma 3. For x > %, s> %, % < b <min(x, 5 +¢€)and 0 < a < 1, there exists a constant C depending

only on x, s, and «, such that
AT Fell 20 < C”fHL%L%' (13)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. For b > 1, we have HY(R;) < L*(RR;), which gives

lAElge < e |lA"AE) ()l

2’
where A? is the Fourier multiplier operator in time. Then

1At (A= E) )l

b —
= [|APAE 2

L3

By Plancherel’s theorem in x, f, we compute
2
I AT = [[|Fulata B2, dedy

_ (L+|vD*
o // (1+ |§|)25(1_|_ |,Y_“€3|)2K |f(€/7)|2d§d')’-

Thus, it suffices to show that the multiplier

(1+]y])?
(T4 2N+ [y — alB|)"

is bounded on Ry x Ry. We consider two cases:
Case 1: |y| < |]3.
In this case, we have (1 + |v|) < (1+]¢])?, and also

M(Z,v) =

T+|y —al® <1+ |y +algP S @ +12))3

Therefore,
(1+gph*

(1+ 121> (A +12])%

Since s > % and x > %, we can choose b such that % <b<rxand3b—s—3k <0..Then M({,7) is
bounded in this region.

Case 2: |y| > |7)°.

In this case, we have |y — aZ®| > |y| — «|¢|® 2 || for large ||, so that

M(Z,v) S = (1+ |g])3%—s3x.

L+ |y —ag®| Z 1+ 7).

Hence,

Aty L
MEY) S G+ nF -~ AT AT

Since x > band s > 0, this is bounded as |y| — oo and |{| — co. Therefore, M(Z,y) € L®(R; x R,),
and we conclude that

IAPAZE 2, < M1 1fllz212-

O

Lemma 4 (Multilinear estimate). Let k > 1,0 < a < 1, then there exist b > % and —% <l < —}I such
that for all ¢ € X5 and ¢ € X5 we have

19:2™ T | e < Nll25T, (14)
9™ | xS ||(P||§§£3 (15)
19 (" ")l o S ||¢||’§<s,b||qvll’g3, (16)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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102 (@ ) o < I9115EE N5 (17)
[N I g - e [ (18)
105" D) o S lplenll ISl (19)
(Rl PSY 1 o ol ne (20)
026" 20"l S U2 Il 1)

hold for any s > %
Proof. Firstofall, fori =1,2,..,2k+1andj=1,2,..,2k + 1, we define

filGr) = A+ ZD A+ by = D1bi(E, )]
&&= L+ 12D A+ |y = al®)) 1952, 7)]-
We begin by proving (14) and (15); the proofs of the remaining inequalities are similar.

We first prove the case k = 1, as the proof for general 2k + 1 will then be more transparent, that
means we prove

10219203 [ s < Cllpall s 1211 x50 |93l 0
029192031 v < Cligallys 92l ool
Inequality (14): We have

195 (P123) [l e = || (1 +12)° (1 + |7 = )Y 10x (916203) (T, 7)]

L33

—[la+1zh a+1v = 2DY1211(19205) (T )]

12

2
Ly

= A+ 12D @+ lr = DIE] |1 % f2 x $3(2,7)]

L2L3
= 1@+l (b= ED71e [ Ai@m)EE -~ a7 = 72)

X §3(Co — 1,72 — 71)|d§1d71d52d72||L§L%

- H“ I A+l =207l [, <<1+ |cl|>-5f1<¢m>>

1+ =23

« A+12- D) *hAC-t1—7)
(T4 1y —=72) — (T —22)%)?

7

272
1213

o[ A6~ Gl f(— 01,72 — 1) ”
I+ [r2—71— (2 —1)%)b

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where dy = d{1dy1d{rdy,dldy.
Using duality, we prove this estimate, where m(Z, ) is a positive function in L?(R?) with norm
|m||12(r2) = 1, then

(L4 12)%12lm &) (L+ 181D *AE, )
S A e T e

(A+1[0—0)°f2(C— 2,7 — 712)
(I+]y=—712—(C—22)3)°

A+ 182 — 1) f3(82 — C1, 72 — Wl)dy
I+ 1r2—m— (G2 —0)3)° '

Now, split the Fourier space into six regions as follow

region1: [0 —0o| < |02 — 01| < 01|, region2: [0 —0o| < (01| < (02— 0,
region3: [01| <[0a— 01| [0 —Cal,  regiond: |0y| <[ — ol < 02— Cu/
region5: [0o — (1| < [0 — 02 <[G1],  region6: [0 — 01| < |01 < |0 — Cal-

We begin by the region 1:
10— 0ol <102 =Gl < |Gl

SO

A+ >0+ -0l >0 +]al) " (22)

We assume that || < Tor |{]| > 1.
Firstly, case || > 1:
(1412 < (gl +121)* = 2°[¢]° = ClgP.

By the last inequality and (22), we obtain

(L+2)[gIm(E, )(1+|Cl|)7sf1(§1,71)
(1+|y—23)" (1+|n -2

192 (@160263) | e \/

(A+16 =G *f@—Cr—7) A+[L—al) (2 =02 =),
I+ [y—72—(—02)°)° I+ ]r2—m— (G2 —21)3))?

<c CFIgm(Z, ) A +1GD A1)
TR (Tl =D (T -G

A+ =0)fo(C—= T2y —72) A+ 102 —T1l)°f3(C2 — 1,72 — 1)
(I+[y—72—(C—22)°%)° I+ ]r2—71— (G2 —1)%))°

du

g m(Z, ) (A+18]) " fi(Cu 1)
R (1+ |y =23)7Y  (A+In-3°

A+ (C—C0r—72) A+ 102 —T1l)°f3(L2 — 1,72 — 'Yl)dy_
A+ |y—712—(C—22)3))b (T4 lv2—m — (2 —21)%)?

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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By
A+ [8]) s < 2P alE < clglzlal?,
we get
glim@,y) (410D AlLm)
ax s, b/ S C /
odate)laes =€ e T =) T (Tt -1
I+ =0l -y —72) A+ 102 —01l) °f3(02 — G172 — ')’l)dy.
(I+ly =72 (- 0)%)° (IT+]r2—7— (203"
We suppose that
T __lgEm&)
M &) = gy
A _ (+lah A m)
A2F (G1,m) = 0+ - QI
A sp2 (s o 1800 — G — 12)
A e e ey N )i
E Y oy A+ -G (G =2 —n)
R e i Py e o A 1L
Then

/ (12)2m(Ey)  A+1aDiACLN) A+1E—0)hE— Gy —1)
R (14 [y—N)Y (1+m -GN A+]7—72—C-0)?

A+ =) f(2 = Civ2 —711)
(T4 lr2—71— (G2 —21)3)°

du

= [ AM_p (@A (G, 1) A GL(E — G2 = 12)A GG — G112 — 1)
-

= [ (4 M@=

< s A3Fy (81, 71)A™SGHE — G0y — 1) AGE(C2 — G172 — 71)01@1017111@21172) dgdyy

= [ (At ) (43R AR 478 ) (€ m))dcy

—

— /R2 (A%/]\Zb,(g,ry)> ((A%Fbl A2 A*SFS> (C,v))dCdv

1 Lrl A-sp2. p-sp3
:/RZAzM_b,(AzFb CATF} - ATR ) dxat.
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By using Cauchy-Schwarz’s inequality for the variables x and ¢, we get
1 1 _ 1
102 (¢1293) | orr < CIAZM_y [l 4121 AZEy | 412 [ A E] ] 210 | A2 B | onse-
Hence by Lemmas 1 and 2
102 (@19293) o < Cllmlizapz 1 fll2ez 1 fall ez [1fsll 2z
< Cllgn [ xsellp2ll xsoll P xse-
Secondly for the case |{| < 1: We have

A+IEDIEIA+ 16 < ca+I2)* A +1al)?,

then

14 1(2])°|¢|m(C, 1+ 21])°f1(C1,
e < |, CEEVEE (el

A= GD) AR~ Cr—7) A+[0—a)f(C —C1 12— 1),
(T4 |y —72— (T —0)3)° (T4 r2=71— (G2 —01)3])°

1

¢/ (A+[gDimE,y) A+ 10D A m)
2 (Lt |y =D (14 m-g

AHE =D hRC—Cr—7) A+ —CiD) " fl—Curn—") 4
(I+]y—72—(C—-22)3%)° (14 r2—71— (G2 —01)3])°

Then, by the inner product, we have

1 1 _ _
105 (¢12¢03) || yorr < C{AZM_}y; AZE} - A—F} - A™°F})

1 1.9 52 _
< ClAM_pllpsp A2 B i AT F [l 21 1A F] oge-
Hence by Lemmas 1 and 2

[[0x(p12¢93) HXs,b’ < C||m||L§L% A1 ||L§L% ||f2||L§L% ||f3”L§L%

< Cllgn llxse 192l s 13l s

The inequalities in the other five regions are proved in a similar manner.

The case k > 2 is handled virtually identically. The only difference is that we need to split the
Fourier space in ((2k +1) + 1)L

We want to prove that

2k+1

o [T ¢
i=1

2k+1

< CTT lgillxss,
i=1

Xs.b'
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We have

—

2k+1

H LDl = o [T e )

-

2k+1

=H<1+|§|>5<1+|7—53 BT oe

2k+1

axl‘[cm

7

272
1212

s,b

')‘
By the same way, by the inner product, we have

2k+1

Oy ]‘[4;1

V= —— 241 _—
< ATM_ p; ATFLx A=SF2 % [] A—SFi)
X! i=3

— 2%+1 ,
< C(ATM_y; AZF} - A=F2 [] A—SFi)
i=3

2k+1

[T 47

<C||A2M b’||L4L2||A2Fb ||L4L2||A SFh2||L2L°°

LeLe
2k+1

< CIT lgillxss-
i=1

Inequality (15): We have

(1 + (2D 1elm (g, v) A+ 18l)*81(1, 1)
R (14 [y —aB3))7" (14 ][ —alf])?

19x (P12903) | s <

(1+ 10— 02l)°82(C = T2, v —72) (1 + (82 — 011) °83(02 — T1, 72 — ’Yl)d
(T4 [y =72 —a( —2)3))° (1472 =1 —a(l2—21)3))°

We begin by the region 1: We assume that || < 1or |{| > 1.
Firstly, case || > 1:

u.

clZm(Z,y)  (1+10]) 281 (Cum)
oclor0205)le < C o T T (1 b il
><(14'|C 02]) 82(C — Cz,’Y—’Yz)(1+|€2—§1|)_Sg3(52—§1,72—’h)d
14|y — ’Yz—“(g 22)3)b 1+ |y2— 71 —a(f2 — C1)3))?

1.
We suppose that

T cin
AZM_b/(ér v) = (1 _||_ ||’)/Ti<a€,3y|))_b

AIGT (71 ) = 10D 281 (@ m)
) = G g

(1+1[—202l) 20 —C2,7 — 72)
I+ ]y —r2—a(l—22)%)°

ATGE (L= T2y —72) =

(14102 —211)°83(02 — C1, 72 — 11)
(14|72 =1 —a(l2—21)3))°

A=G (L2 = G712 —m) =
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Then

/ Z12m(g,y)  (A+10D28GL 1) A+ 12— )50 — 7 —72)
o (14 [y —ag®) Y (14|11 —aBB))l  (T+ ]y — 72 —alg—32)3))?

« (1+ 102 —C1l)°83(82 — G172 — 'Yl)d

(14|12 —m1 —a(l2—21)3))° :

T - — —
= /Rs AZM® (5, 7)AZGY (51, 1) ATSGE L (C = G2, 7 — 12)AT3GY ,(Ga — G172 — m)dp

- /}R2 AEM®, (A3GL,  ATGE, - AT5GY, ) dx.
By using Cauchy-Schwarz’s inequality for the variables x and t, we get

1 1
102 (@10203) | o < CIIAZME || 142 A2Gy ,

o Gi,b

Hence by Lemmas 1 and 3

19 (910293l o < Climll 212181111212 182l 202 83l 1212

< Cllpillygs g2l oo 93l oo

Secondly for the case || < 1: Similar, here we use

A+ 12Dl + 18 <Cc1+ ICI)%(l e’

Case k > 2: we have

2k+1 » A1
Pp1le| = |a+irasn-aya Tl oen|
X3! i=1 212
" %41
=@+ izt sl TT 02)
L
By the same way, by the inner product, we have
2k+1 — T 24l
‘Bx H il < C{ Az M~ b/,AzG * A~ SGZ *HA SG;Z)
Xy i=3
S 1 /\Zk-‘rl ]
< C{AzM*,; A2Gl, - A=G2, ] A—°Gl,)
i=3
2k+1
< C||A2M b/||L4L2||A2G SG H A
L?Lr
2k+1
<CTT ligill -
i=1
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We choose a function @ such that @(t) = 0 fort < O and [t| > 2 ,@(t) = 1fort € [0,1] , with
@ € C. Note that such a @ belongs to HY = H’([0, T],R) for any b > 1, where

l@(m) — (1) |?
i I

||‘9||i,§a = ||@||%2 + dnydn,.
We show the following lemma.

Lemma 5 (Stochastic convolution). Let s, b € R, with b > 1, and assume that E € Lg’s, then ¢;(t), p;(t)
defined by (6) satisfies

g € L* (Q Xb’s)' @@ € L (Q xg/s)

and
E(l0gil30s) S 12120 E(l0gis) Soeo 1]

Proof. Let us introduce the function
t
e =) [ h(-1)2aW(), teR". 23)
This implies that 4, (¢) f (-, t) = @(¢)¥(t). Thus, we have
n 2
B(lotl,,) =B( [0+ )@+ 2] dc)
. 2
= [avize(|fe], )

According to the expansion W(t) = Y2 Bi(t)e; of the cylindrical Wiener process and (6),
we have
“

© o,
&y = ) |Eei
i=0

~ 2
7@

>=61+(‘52

where,

E@magwwwm>

2
o)

s m i’ya?d ; _ 2 i'ylxgsd ;
. DEE‘Z[EORZ | @(p) J e dpi(y) — @ () fP e dpi() ’dﬂld’h)]-
i=0

|771 _ 172‘14*211

From the It6 isometry formula, we have
o 2 b 2
& = Tl [ loPE( | [ eneapin)| |
i=0 0 0
2 o0
L? ig

1t}

e
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To estimate &, we get

o @ M pivag® g ; —® 2 pivad® g ;
e s s

I — 12|

. X 2
. B(| @0m) i 7 api() - @) € dpi () |
=2 Ee; / / dmdny
(=Sl A PR

. 2
@) PE (| i e apic)| )
T+20 dmdia

[ee] ~ 2
< E Zei|” |2 /
! | l| 772>0 171<0

I — 2|

. . 2
E(| @m) i em€dpi(v) — @(ma) i 7€' di(7) + @(ma) [ 7' dpi(7) )
+2/ / 12 diydiz
ﬂ2>0 0<711<i72 |;71 ;72|

2
OOE » 172 2]E ( ’ f”z l'yags dﬁ ( ) ’ )

= - 2 / / dmd
72>0 J111<0 1 ‘ 14+2b manz

2
@(112)] E(\f’“ e 1E 4B (v )‘ )
4 / / dnd
* 12>0 JO<i <12 | 7172|1+2h mamnz

@O |2 )
+4/ / Py
12>0 Jo<im < i — |2 man2

I A

(o)

= Z’EAE,'|2[11 + L+ I3).

We now bound J1, J,, and J3 separately,

2 2 1 b
5 <2 [ mle(n)] dd < |1}

m<0 |1’]1 _ ;72|1+2b

Using Eq. (23) and the assumption that 2b € (0,1), we have

2 ’71|@ m) —@(p)>
<4/ / 172||1+2b dn1dy;

2 ’71|@(’71) — ()|
< 4/ dmdn
0 Jo |m—mW%

/ / ’71|¢0 )l
ddia
17 ||1+2b

/ /2 1 dnd
. ———— 5y dmdn
Lo Jo gy — M

LE

1
< 8|12 + o, | 1

Similarly,

2 a)
33 < 4/ / || 172 d1’] d172 < 93?1,H|t|
=1
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So, we have
s

where &(b, @) = smb(ncoan + Hm%@

4. Local Well-Posedness
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f@,, ) < 5@ L[ P

i=0

2+Huﬁme>. O
Lf Lf

Using the stochastic estimates from the previous section and the Banach fixed-point theorem, we
now establish a local well-posedness result for system (2). This section is therefore dedicated to the

proof of Theorem 1. Let
ITi(t) = sU(F)ug,

V(1) = [ ut -~ y)zaw(y),
and

1) = [ 4t =12 Ny (0, 9) (1),

Then, we may rewrite (7) in terms of

ITo(t) = Ua(t) o,

Ya(t) = [ st - m)zaw()

2(6) = [ talt = 1)2:(Ng 9, 9)) (1)

Y1=¢-Y1 11,

Yy =@ —Yy—1I,

as
1
¥1(8) = 5 o 4t —7)9x(Ng (9, 9)) (1)dy
(24)
Y(t) = fot Ug (t = 7)0x(Ng (¢, @) (7)d7,
with o
N¢(¢/ q)) — A¢2k+1 + B¢kq)k+1 + %C(Pk+lq0k + D¢k714)k+2
(25)
Nq?((l)' (P) _ A([)2k+l + B¢k¢k+l + kJrTZDq)]H-l(Pk + C¢k—l¢k+2’
then (24)-(25) is equivalent to
Yi(t) = % fo‘ Ut — 7)oy (A(‘Yl + Y1 4+ I £ B(Yy + Yy + TR (¥ + Yo + [1)F 1
+E2C(F) + Yy + I (W2 + Yo + ID)K + D(¥1 + Y1 + 1)1 (¥ + Yo + Hz)kﬂ) (7y)dy
(26)

Next, we define the ball Bz T, by

Ya(t) :ﬁma~m4ﬂ%+n+mﬂﬂ+M%+n+mW%+h+HM“

+52D(¥o + Yo + ID) N (Wq + Yq + I )R+ C(¥2 + Yo + IL)F 1 (¥1 + Yy + Hl)"+2) (7)d,

Brr = {(¥1,¥2) : [(¥1,%2) ] s <R, R >0}

The goal of this section is thus to prove that the mapping (‘¥1(t), ¥2(t)) is a contraction on By 1.

According to Lemmas 1, 4, and 5, we obtain
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IO S T8 (R 0, Xa) [ + 6o g0l ).

WT
_ ’
IOy, S T2 (R 400, Ya) [ + 6o g0l ).

SO

IO B ey S T (RE 400, Y1 + 00 90 B ).

Xt
Therefore, for (¥11,¥21), (Y12, ¥22) € Br,1, we get

I (Y11 = ¥1)llyes S TIobth (R2k+|l(Y1,Y2)|2k +“(470r4’0)||7-£5>

b,s
Xa, T

X[[(¥11 — Y12, ¥21 — ¥22) ]

bs s
Xa,T

(21— ¥az)llge S T2 (R 1000 o) . + 6o, g0l

X
X[ (¥11 = ¥12,¥21 = ¥22) | yis
a,

SO

(321 = ¥az) Ta(¥ar = FaDllyy 5 170 (R¥ 41000, Y 2, + | ) e

xps
x[[(¥11 — Y12, ¥21 — ¥22) ||Xb,;'
Let us choose T, such that
CTH Y (R, Yl + g0} ) <1,

where

Rq = zc(n(Yl,Yz)nz'f“ g0, wn%)

AT
One can easily verify that (I, I2) maps Bg 1 into itself and is a strict contraction on Bg t with respect

to the norm || (Y1, ¥2) || yos,
«, T

1
(I (Y11 —¥12), I2(¥21 — Yo2)) lyos < =|[(F11 — ¥12, Y21 — ¥22) | bs -
Xu,T 4 th,T

Hence, (I3, I3) has a unique fixed point in X' f’ 7, which is a solution of (26) on [0, T].
Now observe that

() = Th(t) + ¥ () + Ya(t) € X775 + X7
(27)

Ua(t) = T () + ¥a(t) + Ya(t) € XU7 + X075
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We complete the proof by showing that (¢, ¢) € C([0, T,], H*(R)) x C([0, To], H*(R)). Recall that
V' < Jand b > 1. By the Sobolev embedding theorem, we have (IT;, IT,) € C([0,T,], H*(R)) x
C(l0, T,], H ().

We need the following theorem

Theorem 2 ([4]). Assume that A generates a contraction semigroup and E € N3, ([0, T], Lg’s ) Then the

process Wﬁ() has a continuous modification and there exists a constant C such that

E( up \wiw)(z) < CE( A ||a<v>||igdv), te (0,1,

ve[0t

Under the condition that & € Lg’s and the fact that $4(¢) and 4, () are a unitary group in H*(R),
an application of the Theorem 2 implies that (Y1, Y3) € C([0, To], H*(R)) x C([0, T,], H*(R)).

By Lemma 4, we have 3,(Ny(¢, §)) € X* and 9x(G(¢, §)) € x3" for any extension ¢ of ¢ in
X5t 4+ x5? and @of pin X,fgb, + X3, where —% <V <0<b<V+1,and applying Lemma 3.2 in [23],
we get

| [ =2 2| < CoNo 9o

H/Otu,x(t - 7)ax(N¢((ﬁr¢))d7HX;,b < C|ox(Ng (¢, 9))]

X;’h,.
Since 1 +b' > %, then
(§,¢) € X < C([0,T,], H (R)) x C([0, T,), H¥ (R)).
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