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Abstract: The various forms of Airy’s differential equation are discussed in this work together with
the special functions that arise in the processes of their solutions. Further properties of the arising
integral functions are introduced and their connections to existing special functions are derived. A
generalized form of the Scorer functions is obtained and expressed in terms of the generalized Nield-
Kuznetsov functions. Complementary functions to the Nield-Kuznetsov functions are obtained
together with higher derivatives of all generalized functions arising in this work. Airy’s polynomials
and generalized Airy’s polynomials are derived and defined iteratively.
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1. Introduction

Airy’s differential equation and its associated Airy’s functions date back to the nineteenth
century, [1]. They are as relevant today as they were then due to their many applications in
mathematical physics, circuit theory, systems theory, signal processing, electromagnetism and in
fluid dynamic modeling (cf. [2,3,4] and the references therein). A large number of differential
equations in quantum theory can be reduced to Airy’s equation by an appropriate change of
variables, thus adding to the importance and relevance of studies of Airy’s functions and other arising
and related special functions, [3,4].

Although Airy’s equation has been largely studied in its homogeneous form, we consider it here
in its more general, inhomogeneous form, written as, [5]:

u'; —xu; = f(x) 1)

wherein the forcing function f(x) is a continuous function of the non-negative, real variable x.
In equation (1), and throughout this work, prime notation denotes ordinary differentiation with
respect to the independent variable.
When f(x) = 0 general solution to the homogeneous Airy’s equation (1) can be expressed in
the form:

w; = a;A;(x) + by B;(x) ()

where a, and b; are arbitrary constants, and A;(x) and B;(x) are Airy’s functions of the first-

and second-kind, respectively, defined by:

Ai(x) = %fm cos (xt + t3—3) dt 3)

1 t3 1 t3
Bi(x) = ;J- sin (xt + ?) dt + ;f exp (xt - ?) dt (4)
0 0

The Wronskian of 4;(x) and B;(x) is given by, [2,4]:
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1
W(A:(0), B () =~ ©)
When f(x) = ?% , Scorer [6] obtained the following general solutions using variation of
parameters. For f(x) = — %, general solution to equation (1) is given by
u; = a;4;(x) + by B;(x) + G;(x) (6)

and when f(x) = %, general solution to equation (1) is given by
u; = a3 A;(x) + by B;(x) + H; (x) @)

The functions G;(x) and H;(x) are known as Scorer’s functions, [4], or the inhomogeneous
Airy’s functions, and arise in Raman scattering in chemical physics [7,8]. The Scorer functions are

defined by:

G; (x) =%fmsin (xt+%t3) dt (8)

H;(x) = %fom exp (xt - §t3) dt 9)

and are related to Airy’s functions by
6,00 =4 [ B O+ B [ a©ar (10)
0 x
n =500 [ 4 @a-ac [ Boa an
Gi(x) + H;(x) = B;(x) (12)

In a generalization to the above, when f(x) = k, where k is any constant, general solution to
equation (1) has been obtained in the following form, [9]:

u; = a;4;(x) + by B;(x) — kmN; (x) (13)

where
M) =40 [ Bt~ .0 [ 4@ (14)
0 0

The function N;(x) was introduced by Nield and Kuznetsov, [10], in their analysis of flow in
the transition layer where the governing Brinkman’s equation was reduced to the inhomogeneous
Airy’s equation by a special choice of the permeability function. The function N;(x) is referred to as
the standard Nield-Kuznetsov function of the first-kind, and its main properties were studied by Hamdan
and Kamel [9].

In order to offer modelling flexibility in the study of flow through the transition layer, Abu
Zaytoon et.al. [11] introduced a permeability model that reduced Brinkman’s equation to the
generalized inhomogeneous Airy’s equation of index n, which takes the form

u'y = x"up = f(x) (15)

The homogeneous part of (15), that is when f(x) = 0, was studied by Swanson and Headley
[12], who expressed its general solution as

Uy = apAn(x) + byB, (x) (16)

wherein a, and b, are arbitrary constants, and the functions A4,(x) and B,(x)
are the generalized Airy’s functions of the first- and second-kind, respectively, defined

by:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202505.1495.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 May 2025 d0i:10.20944/preprints202505.1495.v1

3 of 16
An () = p ()Y 1) = I, (D] 17)
B (x) = (0x)'* [1I,($) + 1, ()] (18)
The Wronskian of A,(x) and B,(x) is given by:

W(4,0), B () = = p2 sinGpm) 19)

and the function I, is the modified Bessel function defined as:

_S 1 s
L© = mzm G 20)
1

with p = niz, { =2p(x)?», and I'(.) being the gamma function. It should be noted

that when the index n = 1 in equations (15)-(19), we recover Airy’s equation and its

"l'"

solutions (although we use subscript instead of 1 for consistency with notation

in the literature).
When f(x) =k, Abu Zaytoon et.al. [11] obtained and expressed the general solution to the
inhomogeneous generalized Airy’s equation (15) as

[
Up = anAn(x) + by By (x) — mNn(x) (21)

where the function N, (x) is the generalized Nield-Kuznetsov function of the first-kind,
defined by:

M) = 400 [ B Ot = B, [ 4, 0t 22)
0 0

Analysis of the Nield-Kuznetsov functions were discussed and documented, [9,10,13], and
include solution methodologies and methods of computations to the inhomogeneous Airy’s
equation, inhomogeneous generalized Airy’s equation, and inhomogeneous Weber’s equations, with
initial and boundary conditions. Recent work in this field also includes the elegant work of Dunster,
[14], on the Nield-Kuznetsov functions and the use of Laplace transform and uniform asymptotic
expansions, and the analysis of Airy’s polynomials that arise when higher derivatives are involved,
and has been carried out in the elaborate work of Abramochkin and Razueva, [15]. The same Airy’s
polynomials, and other polynomials, have been shown to arise in the higher derivatives of the
standard Nield-Kuznetsov function of the first-kind, and are important from both a theoretical and a
practical point of view, as discussed by Hamdan et.al. [16].

The above discussion of the importance of the inhomogeneous Airy’s and generalized Airy’s
equations motivates the current work in which we derive further properties of the Nield-Kuznetsov
functions. In particular, we initiate discussion, derivation and analysis of the generalized Scorer
functions and study their properties, and their relationships to the Nield-Kuznetsov functions and to
the modified Bessel functions. We also define and analyze properties of the complementary Nield-
Kuznetsov functions in the sense defined by Dunster [14]. Higher derivatives of the generalized
Airy’s, Nield-Kuznetsov, and Scorer functions, are then discussed and introduced together with their
associated generalized polynomials. These generalized functions and polynomials might find their
way in analysis of the Stark equation, [17], Schrodinger equation and Tricomi’s inhomogeneous
equation.

2. Airy’s Inhomogeneous Equation

Solutions to Airy’s equation (1) are streamlined into the following cases.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Case 1: When f(x) = 0, general solution to Airy’s homogeneous equation is given by equation
(2) as a linear combination of Airy’s functions of the first- and second-kind, A;(x) and B;(x),
respectively, that are defined by (3) and (4), and whose nonzero Wronskian is given by (5).

Airy’s functions 4;(x) and B;(x) take the following forms in terms of the modified Bessel

functions, [2,4], obtained from (17) and (18) with n=1, p = ﬁ = §' and { = 2p(x)% = gxg:
A;(x) =g[1_1(€)—lg(f)] (23)
3 3
x
(x) = |= 24
BL0O = 5 116+ L) o)

where the function Iz,,; is obtained from (20) as:

[oe]

— 1 Z 2m¥1/3
s Q) = Z m!T(mF1/3+1) @ ! 25)

m=1

Using (23) and (24), derivatives and integrals of A;(x) and B;(x), take the following forms in
terms of the modified Bessel function:

") = — -
i) = =312 - @) (26)
) = -
BL6) = = [120 + 120 @)
X 1 4
fo A(de =3 fo [1_%@ - I%(t)] dt (28)
x 1 4
fo B(Odt = = fo [1_%@) + I%(t)] dt (29)
Furthermore, the following integrals are important properties of Airy’s functions, [4]:
0
f B;(t)dt =0 (30)
fmAi(t) dt =1 (31)
@ 1
f Ai(t)dt = 3 (32)
0

_T1 . . . .
Case 2: When f(x) = +—, general solutions to Airy’s inhomogeneous equation (1) are given by

equations (6) and (7). The particular solutions are expressed in terms of the Scorer functions: G;(x)
when f(x) = — %, and H;(x) when f(x) = % Scorer functions are defined by equations (8) and (9),
and are related to Airy’s functions by equations (10)-(12).

Further relationships between Scorer functions and integrals of Airy’s functions can be obtained

by defining the following Wronskians:

Wy = W(A4;(x), G;(x)) = A;(x)G";(x) — G;(x)A";(x) (33)
Wy = W(A4;(x), Hi(x)) = A;)H';(x) — Hy(x) A (x) (34)
Ws = W(B;(x), G;(x)) = Bi(x)G';(x) — G;(x)B';(x) (35)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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W, = W(Bi(x), Hi(x)) = B)H' i (x) — Hi(x)B';(x) (36)

The right-hand-sides of (33)-(36) have been expressed in terms of [ : A;(t)dt and | gc B;(t)dt, [4].

We can then write:

[ 40t = 5+ n(6,004,00 ~ 4, ) =5~ s @)
0
* 2 2
[ a0t = =% ~ w0040 ~ AH' () = —5 + 7, 9)
[ B0yt = 6,080 =~ BIG () =~ 9)
[ .0t = ~tr B @) - B () = (40)
0

Case 3: If f(x) = k, where k is any real constant, then a particular solution to (1) can be
constructed using variation of parameters and takes the form

(uy)p = —kmN;(x) (41)

and general solution to (1) is given by equation (13), wherein N;(x) is the standard Nield-Kuznetsov
function of the first-kind, defined by equation (14). First derivative of N;(x) is obtained from (14) as:

Vi) = 440 [ B -5, [ Ao )
0 0

Using (23)-(29), we can express N;(x) and its derivative, defined in equations (14) and (42),
respectively, in terms of modified Bessel function as

2 ¢ ¢
N =35 {20 [ o -1 [ 1 wal )

¢ ¢
w0 =3 3 {1 [ nwa 150 [ 1 jwa (34

Connections between N;(x) and the Scorer functions G;(x) and H;(x) are established as
follows.
Using (37)-(40) and (32) in (43), we obtain the following expressions for Ni(x):

Ni(x) = m {W,B;(x) — W34;(x)} — %Bi(X) (45)

M) = 7 WA ()~ WaB () + 5 Bi() (46)
Furthermore, equation (10) can be written as
Gi(x) = A;(x) fxBl- (t)dt + B;(x) [fmAi (t)dt — foidt] (47)
0 0 0
Upon using (32) in (47), and invoking (14), we obtain
6,0 = NGO) + 5B, (x) (49)
and upon using (14) in (48), we obtain
HG) = 5 B0~ N0 )

Equations (48) and (49) yield

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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2 1
Ni(x) = 5 Gi(x) — Z H;(x) (50)
3 3
and upon using (8) and (9) in (50), we obtain
N()—Zfoo'(t+1t3>dt 1j°o <t 1t3)dt 51
ix—gﬂosmx 3 3ﬂ0expx 3 (51)

Scorer functions G;(x) and H;(x) take the following forms in terms of modified Bessel

function, obtained using (23), (24), (43), (48) and (49):

a0 =2 {0 [ [no]a-no [ o]l -3 Eno 0] -

¢ ¢
nw =3 f3ln©+ 0] -3 o [ wa o [ ol 63)
3 3 3 0o 3 3 o 3

and equations (48)-(53) help furnish the following results.

Result 1: General solution to the inhomogeneous Airy’s equation (1) when f(x) = —% is given

by equation (6), or equivalently by

w; = a;4;(x) + ¢, Bi(x) + N;(x) (54)

1
where ¢; = by + >

Result 2: General solution to the inhomogeneous Airy’s equation (1) when f(x) = % is given by

equation (7), or equivalently by

w; = a;4;(x) + ¢, Bi(x) — N;(x) (55)

2
where ¢; = by + >

Result 3: The standard Nield-Kuznetsov function of the first-kind, N;(x), is defined in terms of
Scorer functions by equation (50), and in terms of the improper integral definitions of Airy’s functions

by equation (51).

Result 4: Scorer functions G;(x) and H;(x) are defined in terms of modified Bessel functions

by equations (52) and (53).

We conclude this section by tabulating values at zero of A4;(x), B;(x), G;(x), H;(x), and N;(x),

and their derivatives:

Table 1. Values of the integral functions and their derivatives at x=0.

Function Valueat x =0

First Derivative Valueat x =0

4;(0) = V36,(0) = 7L32
36T'(3)
3
B;(0) = 3G,(0) = -
36T'(3)

A0 1

Gl(o) = 7
s

2 2
H;(0) = §Bi(0) =—7F"
36 (5)

A'(0) = —V3G'(0) = Q—ﬁ
36 I'(3)
3
B';(0) =3G';(0) = SRR
36I'(3)
G'.(0) = _LA'.(O) -t
T s
2 2
H'y(0) =3B(0) = 5—
36T
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N;(0) =0 N':(0)=0

3. Complementary Function of N;(x):

Dunster [14] introduced the concept of a complementary function to the standard Nield-
Kuznetsov parametric function by extending its definition to [x, +o). Aspnes [18,19] introduced a
function A4;; (x), defined by, [4]:

4 = | T4 = T 6 () — A (G0} (56)
Following the concept introduced by Dunster, [14], we define the complement of N;(x) as
M0 =400 [ B0t~ B [ 4w 7)
x x
Now, using (37), we can express (56) as
f mAi ®dt = W, (58)
x
and use (58) to write (57) as
M = 400 [ B Ot — ;8,0 (59)

X

The sum of N;(x) and its complement N;(x), given by
M)+ W) = 4,66 | "B, (0dt - B, | RO (60)
can be written, with the help of (32), as
MG+ R = 400 [ B e =35,00 (6

Furthermore, upon implementing (48), (49) and (50), we obtain the following three expressions
for N;(x), respectively:

A =400 [ B Ot - 6) (62
0
A =400 [ B Ot =BG + (o) (©3)
0
~ @ 1
N;(x) = Ai(x)f B; (t)dt — §{Bi(x) +2G;(x) — H;(x)} (64)
Upon using (3), (4), (51) and (61), we obtain the following two expressions for N;(x):
~ @ 1r® 1
NG = 4,(x) fo B ()t -~ fo sin (xt +§t3)dt (65)
_ 1 [ ¢3 o 1[° 1
N;(x) = {Ef cos (xt + ?) dt}f B; (t)dt — Ef sin (xt + §t3) dt (66)

The above derivations yield the following result.
Result 5: The complementary function N;(x) to the standard Nield-Kuznetsov function of the
first-kind, N;(x), is defined by the equivalent expressions (57) and (59)-(66).

4. Generalized Airy’s Inhomogeneous Equation

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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4.1. Generalized Airy’s and Nield-Kuznetsov Functions

Consider the generalized, inhomogeneous Airy’s equation (15) in which n > —2 is an integer
and f(x) isasmooth function of its real, non-negative variable x. Solution to the homogeneous part
of this equation is given by (16), with the generalized Airy’s functions given by (17) and (18). The
following two cases arise.

Case 1: If f(x) =k, where k is any real constant, then a particular solution to (15) can be
constructed using variation of parameters and takes the form:

KTt

2 p sin(pm) N () (66)

(un)particular =

where N,(x) is the generalized Nield-Kuznetsov function of the first-kind, defined

by equation (22). General solution to (15) thus takes the form given by (21).
From equations (17), (18) and (22) the following derivatives of the functions A,(x), B,(x) and
N,(x) are obtained, respectively:

A () = = ()T 1 p(©) = lp1 ()] (68)
Bln(x) = pY2 ()7 [ly1 () + hp()] (69)
N'y(x) = A () f B, (0t — B, (0) f ", @t (70)
Integrals of the generalized Airy’s functions are obtained from (17) and (18) as
foxAn(t)dt —p f:[l_p(t) — L(D)]dt (71)
J: B,(t)dt = \/EJ:[IP () + 1_,(0)]de (72)

Upon using (17), (18), (68), (69), (71) and (72) in (22) and (70), we obtain the following expressions
for N,(x) and N',(x):

¢ ¢
%) =25 {150 [ Tyl = 1,0 [ [y @l | 73)
0 0
n+1 ¢ ¢
N = 2pp ()7 {1,,_1(0 [ hwde=1,0 | 1_,,<t)dt} 74)
0 0
Complementary function to the generalized Nield-Kuznetsov function of the first-kind is
defined by:
T = 400 [ B0t =B, [ a0t 75)

and the sum of functions N, (x) + N, (x) is given by:

M) + 1,00 = 4, [ B, 0t~ B,() [ 4 (76)
0 0

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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4.2. Generalized Scorer Functions

For the special cases of f(x) =k =+ %, general solutions to the inhomogeneous Airy’s equation

(1) are expressed in terms of Airy’s and Scorer’s functions, as given by (6) and (7). Scorer [6] obtained
these solutions using variation of parameters and defining the functions G;(x) and H;(x) using
(10)-(12). Following Scorer’s approach, we assume that the general solutions to (15) are given as
follows. When k = — %, general solution to (15) is given by

Uy = apAn(x) + bpBy(x) + Gr (%) (77)
and when « = %, general solution to (15) is given by
Uy = anAn(x) + bpBy (%) + Hy(x) (78)

The functions G,(x) and H,(x) are termed the generalized Scorer functions, defined and
related to the generalized Airy’s functions by

6,00 = 4, [ B, Ot + B, () [ 4, (79)

1) =B, [ 4Ot -4, [ B, @ (80)

We can relate G,(x) and H,(x) to N,(x), defined by (22) as follows. When f(x) = k = —%,
solution to (15) as given by (21) takes the form

Up = Ay An (%) + By (x) + (%) (81)

—Nn
2./p sin(pm)

When f(x) =k = %, solution to (15) as given by (21) takes the form

Up = Ay An (%) + By (x) — (%) (82)

_ Nn
2./p sin(pm)

In order for solutions (81) and (82) to reduce to the corresponding solutions when n = 1, namely
solutions (54) and (55), we select ¢, = b, + p in(81)and c, = b, + 2p in (82). General solutions (81)
and (82) can thus be written as:

Uy = apAn(x) + by By (x) + Np(x) + pB,(x) (83)

1
2\/5 sin(pm)

Up = anAn(x) + Can(x) - Nn(x) + Zan(x) (84)

2\/5 sin(pm)

The particular solutions in (83) and (84) can thus be compared to the particular solutions in (77)
and (78) to yield:

6ux) = ————No () + PBo () )
2./p sin(pm)

Hy(x) = 2pB,(x) — (x) (86)

—Nn
2./p sin(pm)

with first derivatives given by

! _ 1 ! ’
Gh(x) = 25 sin(p) Ny (x) + pB'n(x) (87)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Hu(6) = 2pB' () — —=——— N, (&)
n(x) = 2pB'y(x 2/p sin(pm) nlX (88)
Adding (85) and (86), we get
Gn(x) + Hy(x) = 3pB,p(x) (89)
Solving (85) and (86) for N, (x), gives:
2 1
Na@) = {5 6u(0) = 5 GO 24 sinGom) (90)

Whenn=1, p = § and (85), (86), (89) and (90) reduce to (12), (48), (49) and (50), respectively.
Upon using (18) and (73) in (85) and (86), the generalized Scorer functions are expressed in the
following forms in terms of Bessel’s modified functions:

Gn(x) = py/px [1,(D) + 1, (D]

pVx ¢ ¢ (91)
* sin(pm) {’—p(o fo [1,(®]dt = 1,(D) fo [1_p(t)]dt}
H,(x) = 2p/px [1,(D) + 1_,(D)]
pVx ¢ ¢ (92)
B sin(pm) {I—p(f)-[) [Ip(t)]dt_lp(()j(; [1_p(t)]dt}

The above yields the following results.
Result 6: Particular solutions to the generalized inhomogeneous Airy’s equations:
" n _ 1 " n _ 1 . . . .
u'y —x"u, = ——and u’, —x"u, = -, are given, respectively, by either:

1
Gn(x) o1 S Nn (%)

and
H,(x) or —

m Ny (x).

Result 7: The generalized Scorer functions G,(x) and H,(x) are defined in terms of the
generalized Nield-Kuznetsov function of the first-kind by equations (85) and (86).

We parallel properties (30), (31) and (32) by stating the following conjecture, where when n =
1, the integrals reduce to (30)-(32).

Conjecture 1: The following integrals follow from properties (30)-(32):

J-O B,(x)dx =0 (93)
fooAn(x) dx =3p (94)
[ Az =y 95)

We conclude this section by tabulating values at zero of A,(x), B,(x), G,(x), H,(x) and N,(x),
and their derivatives:

Table 2. Values of the generalized integral functions and their. derivatives at x = 0.

@7 _
r'l-p) I'(p)

An(o) =
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_ @Y 1
R B'n(0) = - (?2:)2
N, (0) = 0 N'.(0) =0
6. (0) = pBu(0) = i~
I'1-p) G'n(0) = — o)
()7 ()2

H,(0) = 2G,(0) = 2 H'..(0) = 2G",,(0) = —2

Ir'1-mp) I'(p)

4.3. Computational Algorithm of Generalized Functions

Following Swanson and Headley, [12], the generalized Airy’s functions are evaluated using the
following relationships:

_ P _ P
"=t 4 en =1 (96)
x(n+2)k
x)=1+ Z 2k 1_[ 97
j=1
o k x (2K
— 2k
() = x 1+,Z_1p UJ(HP) (98)
= j=1
Ay (x) = Pnn1 (x) — Pnn2 (x) (99)
1
B,(x) = ﬁ [PnGn1 (%) + @ngna2(x)] (100)

Based on the above algorithm, the generalized Nield-Kuznetsov function of the first-kind and
the generalized Scorer functions can be evaluated using the following expression:

2 X X
Np(x) =ﬁpn§0n {gm(x) fo In2(O)dt — gn2 (¥) fo gm(t)dt} (101)
__ Pufn ¥ B ¥
o) = S {gmo«) || gt = g.20) | gm(t>dt}+ﬁ[pngm<x> o
+ Pngn2 (x)]
o P ) _ )
o) = =00 [ a0t = ) [ 0]+ 2Flon gD

+ Pngn2(x)]
When n = 1, equations (96)-(103) reduce to the following;:

1
3

1.2 1
oy = (§)23 and o, = (_)1 (104)
r(3) r(3)
gi(x) =1+ Z( =) HLkl (105)
j=1] ( - g)
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i 1 Zkﬁ x3k
g2(x) =x[1+ ) (3) — < (106)
= j=1j('+%)
Ai(x) = p1g11(x) — ©1912(%) (107)
B1(x) = V3[p1911(x) + 91912(x)] (108)
N;(x) = 2V3p; {911(x)f g12(O)dt — g1z()’)f 911(t)dt} (109)
0 0
X X 1
Gi(x) = 2\/§P1<P1 {911(35)];) g12(H)dt — 912(}’)fo 911(t)dt} + ﬁ[ﬁgn(x) (110)
+ ¢1912(%)]
X X 2
H;(x) = —V3p1¢, {911(x)j; g12(t)dt — g12()’)_f() 911(t)dt} + ﬁ [P1911(x)
+ ¢1912(%)] S

5. Higher Derivatives of N;(x), 4,(x), B,(x) and N,(x)

5.1. Higher Derivatives of N;(x)

In a recent article Hamdan et.al. [16] discussed higher derivatives of the standard Nield-
Kuznetsov function of the first kind, N;(x), and arrived at the following iterative definition of its k+1st
derivative, where k > 1:

NI () = Py GON; (%) + Qpp1 (N3 (%) —

where Pj11(x), Qx+1(x), and —Rj.1(x) are the polynomial coefficients of N;(x),

Rk+_1(x) (112)
/s
N’;(x) and the Wronskian W (4;(x), B;(x)) = %, respectively, in the k+1st derivative

of N;(x). These polynomial coefficients are obtained from the known polynomial
coefficients in the kth derivative of N;(x) using the following relationships:

Pk+1 = P,k(x) + ka(X) (113)
Qi+1 = Q" () + Pr(x) (114)
Rk+1(x) = R’k(x) + Qk(x) (115)

5.2. Higher Derivatives of A,(x) and B, (x)

In what follows, we derive expressions for higher derivatives of the generalized Airy’s functions,
Ap(x) and B,(x), and the generalized Nield-Kuznetsov function of the first-kind, N,(x). The
Wronskian of 4,(x) and B,(x) is given by equation (19) as: W (A4, (x), B,(x)) = %p% sin(pm).

Consider the homogeneous generalized Airy’s equation, written in the form

u'n = xMuy (116)

The first few derivatives of (116) are:

"

u'"'y = x™u, + nxt

Un (117)
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u', = 2nx" "'y + (22" + n(n - Dx"2Ju, (118)
Wy = [x*" +3n(n — Dx" 2wy + [4nx® T+ n(n - D(n — 2)x"u, (119)

Each of the above derivatives of u,, is expressed in terms of u,, and u’,. Their coefficients are
polynomials for any given index n > —2. The generalized Airy’s functions, A4,(x) and B,(x)
satisfy the homogeneous generalized Airy’s equation and the derivatives above. We can thus express
the kth derivatives of A,(x) and B,(x) in the following forms:

AP () = P () A" (%) + Qe(x)An(x) (120)
B (x) = Po(x)B (%) + Qi ()Bn(x) (121)

where P, (x) is the polynomial coefficient of A',(x) and B',(x), and Q(x) is the polynomial
coefficient of A,(x) and B,(x) in the kth derivatives of A,(x) and B,(x). A few of these
polynomials are shown in the Table below.

Table 3. The Polynomials P,(x) and Q,(x).

k P (x) Qn(x)

0 0 1

1 1 0

2 0 x"

3 x™ nx™ 1

4 2nx™ 1 x?" +n(n —1)x"2

5 x?" + 3n(n — 1)x"2 nx?™ 1 +nn—-1Mn—2)x"3

Now, from (120) and (121), we obtain the k+1 derivatives, and express them as:

A% () = Pyy (DA (1) + Qs () A () 2
B‘r(lk+1)(x) = Py (0B (%) + Qppq ()B, () (123)

where the polynomial coefficients in the k+1¢ derivatives are obtained with the knowledge of the
polynomial coefficients in the kth derivatives using the following relationships:

Pri1(x) = P (x) + Qi (x) (124)
Qr+1(x) = x™P(x) + Q' (x) (125)

The above derivations furnish the following results.

Result 7: Higher derivatives, of all orders, of A,(x) are expressible in terms of A,(x) and
A", (x), and higher derivatives, of all orders, of B,(x) are expressible in terms of B,(x) and B',(x).
Furthermore, the k+1st derivatives of the generalized Airy’s functions are defined iteratively by
equations (122) and (123).

Result 8: The generalized Airy’s polynomials arising from higher derivatives of the generalized
Airy’s functions are defined iteratively by equations (124) and (125).

5.3. Higher Derivatives of Ny(x), G, (x) and H,(x)

The inhomogeneous generalized Airy’s equation (1), when f(x) = k, can be written as:

" _.n
u,=x"u,+kK (126)
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The function N,(x) satisfies the particular solution (67) to the inhomogeneous generalized
Airy’s equation (126). We thus have

N (x) = x" Ny (x) — W (An(x), By (x)) (127)

Repeated differentiation of (127) gives
N, (x) = x"N',,(x) + nx" "IN, (x) (128)

N@_ (x) = 2nx" "IN’ (x) + [x%™ + n(n — 1)x""2]N,(x) — x™"W (4, (x), B, (x)) (129)

NV, (x) = [x*" + 3n(n — D)x"2]N',(x)
+ [4nx?™ 1 + n(n — 1)(n — 2)x" 3N, (x) (130)
- 3nxn_1W(An(x): Bn(x))
NP () = PeGON' 3 (%) + QueGONo () = Ry ()W (An (1), B () (1s1)
The k+1st derivative of N,(x) is obtained from (131) and takes the form
NP0 = Pipa CON'n (0 + Ques s CIN(X) = Rieys COW (A (), By () (132)

where the polynomial coefficients Py.;(x), Qx4+1(x) and Ry.,(x), inthe k+1s derivative are obtained
from P,(x), Qr(x) and Ry(x), in the kth derivative using the relationships:

Pyyq(x) = P'(x) + Qe (x) (133)
Qk+1(x) = Q’k(x) + ank(x) (134)
Ri41(x) = R (x) + P (x) (135)
The k+1¢t derivatives of generalized Scorer functions can be obtained using (85), (86), (123) and
(132), as:
G-,(lk+1) (x) — 1 N-,(lk+1) (x) + pB-,(lk+1) (x)
2./p sin(pm)
_ 1 , (136)
= = [Pa1(COON"5(%) + Qpes1 (INp (X) = Ry 1 ()W (A (), B, ()]
2./p sin(pm)
+P[Pir1 () B0 (%) + Qi1 () B (x)]
HE () = 2pBE () — —=——— N0 ()
2,/p sin(pm)

_ 1 , (137)

= == [Pea1(CON"5() + Qpes1 (INp (X) = Ry 1 ()W (A (), By ()]

2./p sin(pm)

+2p[Pres1 () B3 (%) + Qi1 () B (x)]

The above derivations furnish the following results.
Result 9: Higher derivatives, of all orders, of N,(x) are expressible in terms of N,(x) and
N', (x). Furthermore, the k+1st derivatives of the generalized Nield-Kuznetsov function of the first-
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kind is defined iteratively by equation (132), and those of the generalized Scorer functions by
equations (136) and (137).
Result 10: The generalized polynomials arising from higher derivatives of the generalized Nield-
Kuznetsov function of the first-kind are defined iteratively by equations (133), (134) and (135).
Using (17), (18), (26) and (27) in (122) and (123), and using (73) and (73) in (132) we obtain the
following expressions for the k+1st derivatives of A, (x), B,(x) N,(x) interms of the modified Bessel
functions:

AT @) = =5 P () [1_§<<> - ’g(o] +P ()2Qur () [1- () = ,(D]  (138)

(k+1) _ X 1/2
n _4 = 14 -p
B (x)——ﬁPkﬂ(x) [1 g(é)+1§(5)]+(px) Qu+1(0) [, +1-,(O] (139

n+ ( (
N,Ekﬂ)(x) = Zpﬁ(X)TlPkﬂ(x) {Ip—1(()j L,(t)dt — Il—p(()_]- I—P(t)dt}
0 0

(140)

1 4 4
+ 29 P ()7Qks1 (X) {1_,,@ f [L(O]dt - L) f [1_p(t>]dt}
0 0

— Ri+1 (x)W(An (x): Bn(x))
Using the above derivatives, we tabulate in Table 4 the values of the k+1st derivative at x = 0
for each of the integral functions.

Table 4. Values at x = 0 of the k+1¢ derivatives of generalized integral functions.

(p)? (p)'P
(k+1)
4,00 TG )Pk+1( )+ g =y e (O
By (0) O 2 (p)V/2P
F( ) Pk+1( )+F(1 )Qk+1( )
ND(0) —#m(m) Ri.1(0)
¢ (0) 1 NED (0 + pEHD (0)
2./p sin(pm)
H,(lkﬂ) (0) ZpBr(lk+1) 0) — 1 (k+1) 0)

2\/p sm(pn)

6. Conclusions

The main theme of this work has been the study and analysis of Airy’s and generalized Airy’s
differential equations, and the integral functions that define their particular solutions. We attempted
to fill in gaps that exit in the knowledge-base of the Nield-Kuznetsov and the Scorer functions. This
includes defining the generalized Scorer functions, studying some of their properties and their
relations to special functions that exist in the literature. We also provided further analysis and
properties of the Nield-Kuznetsov and the generalized Nield-Kuznetsov functions and their
relationships to the generalized Airy’s functions. All functions have been expressed in terms of
modified Bessel functions. Furthermore, as higher derivatives of the Nield-Kuznetsov and Scorer
functions give rise to important Airy’s polynomials and generalized Airy’s polynomials, we provided
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in this work iterative definitions of the higher derivatives together with an iterative method of
generating these polynomials. It is expected that this work will make its way into the many
applications of the Airy’s family of differential equations and their emerging integral functions.
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